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HOLOMORPHIC EQUIVALENCE PROBLEM FOR REINHARDT
DOMAINS AND THE CONJUGACY OF TORUS ACTIONS
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Abstract. In this paper, we give an answer to the holomorphic equivalence problem
for a basic class of unbounded Reinhardt domains. As an application, we show the conjugacy
of torus actions on such a class of Reinhardt domains, and discuss the relation between the
holomorphic equivalence problem for Reinhardt domains and the conjugacy of torus actions.

Introduction. Torus actions are used in various field of mathematics. Meanwhile, torus
actions themselves have very interesting properties. The conjugacy of torus actions (cf. Sec-
tion 4) is one of such properties and has fundamental importance in the study of torus actions.
When we are discussing torus actions on complex manifolds, the investigation of the conju-
gacy of torus actions has a close connection with some problem on several complex variables.
In fact, the holomorphic equivalence problem for Reinhardt domains in several complex vari-
ables is nothing but the investigation of the conjugacy of torus actions on a Reinhardt domain.
The purpose of this paper is to clarify this fact by giving an answer to the holomorphic equiv-
alence problem for a basic class of unbounded Reinhardt domains. Our results in this paper,
together with those in a sequent of papers [3], [4], [S], [6], [7], give illustrative examples of
the phenomenon that, in complex analysis, when some object admits a torus action, its torus
action direct an interplay between the analytic and algebraic structures of the object.

This paper is organized as follows. In Section 1, we recall basic concepts and results on
Reinhardt domains, and state as Theorem 1.2 a main result of this paper on the holomorphic
equivalence problem for a basic class of unbounded Reinhardt domains, which generalizes
results of [5], [6]. Our proof of Theorem 1.2 is done by making use of tube domains which
are covering manifolds of Reinhardt domains. In a sense, Reinhardt domains are rigid for
doing a change of coordinates, while tube domains are rather flexible for that. We utilize this
flexibility of tube domains. Observations on tube domains needed to prove Theorem 1.2 are
given in Section 2 together with a lemma from linear algebra. Section 3 is devoted to the
proof of Theorem 1.2. The conjugacy of torus actions on a Reinhardt domain is discussed
in Section 4. Section 5 gives a remark on automorphisms of unbounded Reinhardt domains
obtained from the proof of Theorem 1.2.
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1. Holomorphic equivalence problem for Reinhardt domains. We first collect
some notations and terminology. As a general notational convention, we denote elements
of Z"', R", or C" by column vectors. When dealing with matrices, we denote by I, and O
the unit matrix of degree p and the zero matrix, respectively. The diagonal matrix of degree n
with the i-th diagonal entry o; is denoted by diag («1, ..., a,). For an n x [ matrix M = (v;;)
with n > [ and an [-tuple i1, ..., i; of indices with 1 < iy < --- < i; <n, we define an/ x /
matrix M(iq, ..., i) by

Uiyl - Uiyl
My, ... i) =
Vi1 Vi)l

The set of non-zero complex numbers is denoted by C*. The multiplicative group of complex
numbers of absolute value 1 is denoted by U (1). An automorphism of a complex manifold
M means a biholomorphic mapping of M onto itself. The group of all automorphisms of M
is denoted by Aut(M). Two complex manifolds are said to be holomorphically equivalent if
there is a biholomorphic mapping between them.

We now recall basic concepts and results on Reinhardt domains (cf. Shimizu [3], [4]).
Write T = (U(1))". The group T acts on C" as a group of automorphisms by the standard
rule, i.e.,

a-z="(121,...,auzy) for @ ="(at1,...,ay) €T and z ="(z1,...,2,) € C".

By definition, a Reinhardt domain D in C" is a domain in C" which is stable under the
action of T, thatis,« - D C D foralla € T. The group T then acts on D as a group of
automorphisms. The subgroup of Aut(D) induced by the action of T is denoted by T (D).

An automorphism ¢ of (C*)" is called an algebraic automorphism if the components of
@ are given by Laurent monomials, that is, ¢ is of the form

@ (CY' 3z, . zn) > H(wr, ..., wy) € (CH,

ai a; .
wp =a;zy ez, i=1,...,n,

where (a;;) € GL(n,Z) and (a;) € (C*)". The set Autye((C*)") of all algebraic automor-
phisms of (C*)" forms a subgroup of Aut((C*)").

Let ¢ be an algebraic automorphisms of (C*)" and write ¢(z) = "(¢1(2), ..., ©,(2)). In
general, the components ¢, .. ., ¢, have zeroes or poles along each coordinate hyperplane.
If, for two domains D and D’ in C" not necessarily contained in (C*)", they have no poles
on D and ¢ : D — C" maps D biholomorphically onto D’, then we say that ¢ induces a
biholomorphic mapping of D onto D’.

Consider a biholomorphic mapping ¢ : D — D’ between two Reinhardt domains D
onto D" in C". The following proposition gives a necessary and sufficient condition for ¢ to
be equivariant with respect to the 7T -actions.

PROPOSITION 1.1 (cf. [4, Section 2]). The mapping ¢ is induced by an algebraic au-
tomorphism of (C*)" if and only if T (D)p~! = T(D").
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Biholomorphic mappings between Reinhardt domains equivariant with respect to the 7'-
actions induce a natural equivalence relation between Reinhardt domains. In view of this
obsevation, we say that two Reinhardt domains in C" are algebraically equivalent if there is a
biholomorphic mapping between them induced by an algebraic automorphism of (C*)". We
are led to the following problem.

PROBLEM (x) (Holomorphicequivalence problem for Reinhardt domains). If two Rein-
hardt domains D and D’ in C" are holomorphically equivalent, then are they algebraically
equivalent?

The answer to this problem is affirmative when D and D’ are bounded [3, Section 4, The-
orem 1]. Furthermore, the proof in [3] is also valid for the class of Reinhardt domains whose
automorphism groups have the structure of Lie groups with respect to the compact-open topol-
ogy, which includes the class of Reinhardt domains that are holomorphically equivalent to
bounded domains. In the proof, we used the conjugacy of the torus actions on such Reinhardt
domains, which will be discussed in Section 4.

On the other hand, the unbounded case, that is, the case where D and D’ are not holo-
morphically equivalent to bounded domains, was treated in [5], [6], and [7], and an affirma-
tive answer to Problem () was given for the two-dimensional pseudoconvex case. Besides,
arguments in [5], [6], [7] showed that a consideration of Reinhardt domains containing no
coordinate hyperplanes has basic importance for the study of Problem (x) in the unbounded
case. When dealing with Reinhardt domains containing no coordinate hyperplanes, it seems
to be natural to put the assumption that the domains are pseudoconvex. In fact, for example,
to each pseudoconvex Reinhardt domain D in (C*)", there is a naturally associated integer
£(D) between 0 and n which indicates the measure of the unboundedness of D, and it holds
that D is algebraically equivalent to a bounded Reinhardt domain precisely when ¢(D) = 0
(see Section 2).

Now, our main result of this paper can be stated as follows:

THEOREM 1.2. If two pseudoconvex Reinhardt domains D and D' in (C*)" are holo-
morphically equivalent, then they are algebraically equivalent.

It should be remarked here that if two pseudoconvex Reinhardt domains D and D’ in
(C*)" are holomorphically equivalent, then we have £(D) = £(D’) (see Section 2), and when
(D) = £(D’") = 0, Theorem 1.2 is an immediate consequence of [3, Section 4, Theorem 1],
because D and D’ are algebraically equivalent to bounded Reinhardt domains.

The proof of Theorem 1.2 will be given in Section 3 after making some preparations in
Section 2. Also, in Section 4, we present an application of Theorem 1.2 to the conjugacy of
torus actions.

2. Some observations. There is a useful correspondence between Reinhardt domains
and tube domains. A tube domain T, in C" is a domain in C" given by T = 2 + +/—1R",
where 2 is a domain in R”. We call £2 the base of T;. For each element n of R", we define
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an automorphism o, of Ty, given as a translation of C" by 0,(¢) = ¢ + +/—1nfor¢ € Tg.
Now consider a mapping ord : (C*)" — R”" defined by

t
1 1
Ord(t(Zl,...,Zn)) = <_Elog|zlls ceey _Zloglzl’l') fOr I(Z17'~-1Zn) € (C*)Vl

If D is a Reinhardt domain in (C*)", then ord(D) is a domain in R”, and it is well known
that D is pseudoconvex if and only if ord(D) is a convex domain in R”. To each Reinhardt
domain D in (C*)", there is associated a tube domain Ty in C" with £2 = ord(D). The
tube domain T, naturally becomes a covering manifold of D. Indeed, introduce a covering
w : C" — (C*)" defined by

@1y n) ="(e728, . e ) for (¢, ..., L) € C".

Then we have T, = @~ (D), and the restriction @ : T — D is the covering projection.
The covering transformation group for @ : T — D is given by {0y, ; n € Z"}. We call T
the covering tube domain of D and @w : T — D the canonical covering projection. Note
that if D is pseudoconvex, then @ : T — D gives the universal covering of D. Indeed, if D
is pseudoconvex, then T, is simply connected, since §2 is convex.

Let D be a pseudoconvex Reinhardt domain in (C*)" and write £2 = ord(D). Since £2
is convex, there exists an affine transformation f of R" such that

(2.1) f(2)=50 xR,

where [ is an integer between 0 and n and ZV is a convex domain in R"~! containing no
complete straight lines (cf. [2, Section 1.4]). This implies that if, for each point & of £2, we
denote by Vg the maximal vector subspace of R" such that £ + Ve C 2, then the vector
subspaces Vg, & € §2 coincide with each other, and its dimension is equal to /. As a con-
sequence, [ is independent of the choice of f satisfying (2.1). Therefore the integer [ is an
invariant associated with D, which we denote by ¢(D).

Here are some observations about £(D). Let D be a pseudoconvex Reinhardt domain in
(C*)" and write 2 = ord(D). When £(D) = 0, the domain D is algebraically equivalent
to a bounded Reinhardt domain in (C*)" (see [2, Lemma 1.4.12]). On the other hand, when
£(D) > 0, write an affine transformation f of R” satisfying (2.1) as f(¢§) = L& + b for
& e R", where L € GL(n,R) and b € R". If we define an affine transformation F' of C" by
F(¢) = Lt + b for ¢ € C", then we have

F(To) =Tro) =Tzoyywrury = Tzay X Treny = Tgy X cto ,

and hence T is holomorphically equivalent to 7z ) X C!D)_Since Ty, is a covering manifold
of D, this shows that D admits a nonconstant holomorphic mapping from C*?). Note that
£(D) = n if and only if D = (C*)".

The following lemma implies that £(D) is a biholomorphic invariant.



REINHARDT DOMAINS AND TORUS ACTIONS 277

LEMMA 2.1. Let E x C! and E' x C' be two domains in C", where both E c C"~!
and E' c C"!" are holomorphically equivalent to bounded domains. If there exists a biholo-
morphic mapping @ : E x C! — E’ x C'. thenl is equal to I'. Moreover, if we write each
pointw € C" = C"! x Cl as

(1)
w= <w(2)) ;o wD e, w?® e,
w

then @ is of the form

(¢)) D w®
) ! _(w o (w) ro
@:ExC aw—(w(z))|—><q)(2)(w) €eE xC

for a biholomorphic mapping ®V : E — E'.

PROOF. We define ¥, 1) = {wP} x C! for w) e E. Since E is holomorphically
equivalent to a bounded domain, the collection {X, 1)}, ¢cg is the Liouville foliation on
E x C' in the sense of [5]. Analogously, the collection {2, 0}, 0 definedby X' ) =
{w’(l)} x C!" for w' " € E’ is the Liouville foliation on E’ x C'". Note that X, and 2/w,(1)
are holomorphically equivalent to C! and cl, respectively. By [5, Proposition 2.1], there
exists a bijection T : E — E’ such that

(2.2) D (Z,0) = Ty foreveryw e E.

As a consequence, @ induces a biholomorphic mapping from X, o) to Z"r(wa)), which im-
plies the first assertion. The second assertion also follows from (2.2). O

COROLLARY 2.2. If two pseudoconvex Reinhardt domains D and D’ in (C*)" are
holomorphically equivalent, then £(D) is equal to £(D").

PROOF. Let T and Tg be the covering tube domains of D and D’, respectively. Since
D and D’ are pseudoconvex, @ : To — D and w : Ty — D’ are the universal coverings
of D and D/, respectively. Since D and D’ are holomorphically equivalent, T; and T are
also holomorphically equivalent. On the other hand, as observed before Lemma 2.1, T, is
holomorphically equivalent to T 1) x CHD) where Tz is a tube domain in C"—tD) whose
base £ is a convex domain in R"~¢(P) containing no complete straight lines, while T
is holomorphically equivalent to T-,a1) x Ce(D,), where T, is a tube domain in Ccrn—unh
whose base &'V is a convex domain in R"=¢(?") containing no complete straight lines. We
thus conclude that 75y x Ct®) and T X CUD) are holomorphically equivalent. Since
both Tz () and T, ) are holomorphically equivalent to bounded domains, Lemma 2.1 implies
that £(D) = £(D’). O

We denote by GL(n,Z) x C" the group of all complex affine transformations of C"
whose linear parts belong to GL(n, Z). We discuss the relation between Autye((C*)") and
GL(n,Z) x C". Let @ be any element of GL(n,Z) x C" and write ®({) = A¢ + B for
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¢ € C", where A = (a;;) € GL(n,Z) and B = (B;) € C". Then we can define an element ¢
of Aut,g((C*)") by

(p : (C*)n BI(ZI,...,Zn) > t(wla"'awn) € (C*)n’
w; :e_znﬂ"z‘f” coegpin o i=1,...,n.

The mapping p : GL(n, Z) x C" — Autyy((C*)") sending @ to ¢ is a group homomorphism.
Note that the kernel of p is given by {0y, ; n € Z"} C Aut(C"), and p is compatible with the
covering projection @ : C* — (C*)" in the following sense:

(2.3) wo® =p(@)ow forevery® € GL(n,Z) x C".

Let D and D’ be Reinhardt domains in (C*)", and T¢; and T the tube domains in C" given
as the covering of D and D', respectively. If @ is an element of GL(n, Z) x C", then, by
(2.3), we have p(®@)(D) = D’ precisely when @ (T2) = Tgr. As a consequence, we see that
if there exists an element @ of GL(n, Z) x C" such that ®(Tp) = Tg/, then D and D’ are
algebraically equivalent.

If @ : To — Tg is a biholomorphic mapping between T, and Ty and there exists
A € GL(n,Z) such that

2.4) DL +v—1m)=D()+~—1Am forevery¢ € T andevery m € Z",

then, since the covering transformation groups for w : To — D and @’ : T — D’ are
given by {oy,; n € Z"} C Aut(Tg) and {0y,; n € Z""} C Aut(Tg), respectively, it follows
that there exists a biholomorphic mapping ¢ : D — D’ with @’ o @ = ¢ o w. Conversely,
when D and D' are pseudoconvex, every biholomorphic mapping ¢ : D — D’ between D
and D’ has a lifting @ : To — Tg, i.e., a biholomorphic mapping @ : T — Tg such
that @’ o @ = ¢ o w, satisfying (2.4) for some A € GL(n,Z), because w : T — D and
@’ : Tgr — D’ are the universal coverings of D and D', respectively. As a consequence, we
have the following proposition, which is a useful tool in our investigation.

PROPOSITION 2.3. Let @ : To — Tg be a biholomorphic mapping of tube domains
in C" such that the convex hulls of 2 and 2’ contain no complete straight lines. Suppose that
there exist A, B € GL(n, R) such that

(2.5) P& +~—1Am) = D) +~—1Bm forevery ¢ € T andevery m € 7" .
Then @ is an affine transformation of C"* whose linear part belongs to GL(n, R).

PROOF. We define linear automorphisms F4 and Fp of C" by F4(w) = Aw and Fp(w)
= Bw forw € C". Then FA_1 (T) and FB_1 (Tg) are tube domains in C”. Indeed, writing
E=A"'2and &' = B~'’, we have F4 ' (T) = Tz and Fz~'(T) = Ts'. Note that,
since the convex hulls of £2 and £2’ contain no complete straight lines, so do the convex hulls
of £ and E'. We set E = @w(Tz) and E' = @ (Tg/). By the definition of @, E and E’
are Reinhardt domains in (C*)", and Tz and Tz are the covering tube domains of E and E’,
respectively. Applying [3, Section 6, Corollary to Theorem 2] to E and E’ yields that every
biholomorphic mapping of E onto E’ is induced by an algebraic automorphism of (C*)".
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Now consider a biholomorphic mapping ¥ : Tz — Tz’ between Tz and Tz’ given by
¥ = Fg~! o @ o F4. Then we see from (2.5) that ¥ satisfies ¥ (w + ~/—1m) = ¥ (w) +
~/—1m for every w € Tg and every m € Z". Therefore, as observed above, there exists
a biholomorphic mapping ¥ : E — E’ such that @’ o ¥ = ¥ o @w. By the result of the
preceding paragraph, ¥ is induced by an algebraic automorphism of (C*)". This implies that
we can find an element ¥y of GL(n, Z) x C" such that ¥y(Tz) = Tsr and @’ oWy = Yo w
on Tz. Note thatboth ¥ : Tz — Tz and ¥y : Tz — Tz are liftings of 1. Replacing ¥, by
oy o ¥ for some n € Z" if necessary, we may assume that ¥ (wo) = ¥p(wp) for a point wy
of Tz. Then we have ¥ = ¥ by the uniqueness of lifting, i.e., ® = Fp o ¥y o FA_I. Since
Fg oWy o F4~ ! is an affine transformation of C”, this completes the proof. O

We conclude this section with a lemma from linear algebra.

LEMMA 2.4. Let U be any real n x n matrix. Then there exists a diagonal ma-
trix diag (e1, ..., &) of degree n with the i-th diagonal entry ¢; = =1 such that I, +
Udiag (¢1,...,&,) € GL(n,R).

PROOF. Write I,, = (eq --- e,), where {ey, ..., e,} is the standard basis of R". Write
U = (u1 -+ up) with uy,...,u, € R". Then the assertion of Lemma 2.4 is equivalent
to the assertion that there exist constants £; = £1, j = 1,...,n, such that n elements
e1+euy, ..., ey +equ, of R" are linearly independent. We prove this assertion by induction

on n.

When n = 1, our assertion simply inplies that, for any u € R, we have 1 +u # 0 or
1 — u # 0. Clearly, this is true.

Suppose n > 1. Write

/ / / /
e e u u,
er=1),....epc1 = 7! and u; = L)oo upn = n=11
0 0 Up,1 Un,n—1

where {e}, ..., e, _,}isthe standard basis of R"~ 1, wy, .o eR" ! and Un sy Unn—1
€ R. By the induction hypothesis, there exist constants ¢; = £1, j = 1,...,n — 1, such
that n — 1 elements e/1 + elu’l, A e;l_l + 8n—1u;_1 of R*! are linearly independent. We
observe that n — 1 elements e + e1u1, ..., e,—1 + en—1u,—1 of R” are linearly independent.
If n elements e; + e1u1, ..., e4—1 + En—1Un—1, en + u, of R" are linearly independent, then
our assertion holds for ¢, = 1. Assume that e; + gjuq,...,€4—1 + En_1Un_1, €y + U, are
linearly dependent. Since e; +¢€1uq, ..., en—1 +&,—1up—1 are linearly independent, it follows
that e, +u, = A(e1 +e1uy) +---+ rp—1(en—1 + &p—1ty,—1) forsome Ay, ..., A,—1 € R,
which implies that e, — u,, = 2e, — A1(e1 +&1u1) — - — Ap—1(en—1 + €n—1u4n—1). On the
other hand, it is readily verified that n elements e; + ejuy, ..., e,—1 + &4—1Un—1, €, of R”
are linearly independent. We thus conclude that e; + €juy, ..., e,—1 + En—1Un—1, €y — Uy
are linearly independent, i.e., our assertion is valid for ¢, = —1. This completes the proof of

Lemma 2.4. O
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3. Proofof Theorem 1.2. We first note that, to prove Theorem 1.2, we may replace D
and D’ by domains algebraically equivalent to them. Precisely speaking, if we take Reinhardt
domains E and E’ in (C*)" which are algebraically equivalent to D and D’, respectively, then,
to prove Theorem 1.2, it is sufficient to prove that E and E’ are algebraically equivalent.

Now, by assumption, there exists a biholomorphic mapping ¢ : D — D’. In view of
Corollary 2.2, we can set I = £(D) = £(D’). We also set k = n — . If [ = 0, then, as
remarked after Theorem 1.2 in Section 1, D and D’ are algebraically equivalent. If [ = n,
then D = D’ = (C*)", and, clearly, D and D’ are algebraically equivalent. Therefore suppose
that 0 < [ < n. Replacing D and D’ by domains algebraically equivalent to them, we may
assume that D 3 (1,...,1)and D' 3 ’(1,..., 1). Let T, and T denote the covering tube
domains of D and D’, respectively. Note that £2 > (0,...,0) and £2' > (0, ...,0). Let
@ : To — Tg be a biholomorphic mapping given as a lifting of ¢ : D — D’. Then ¢
satisfies the condition that, for some A € GL(n, Z), we have

P& +V—=1m) =¢() + v—1Am

3.1)
forevery ¢ € T and everym € Z" .

We may assume that A = I, in (3.1). To see this, write Al = (bij). Since Al e
GL(n,Z), we can define an algebraic automorphism v of (C*)" by

w:(C*)n at(zls'-~vzn)'—)t(w17'~-1wn) € (C*)n’
wi:Zlfil-~-Zﬁin, l=l,,n

Let D” be a Reinhardt domain in (C*)" given by D” = (D’) and Tq the covering tube
domain of D”. By the definition of v/, the mapping ¥ : D’ — D" has a lifting ¢ : T —
T given by

(3.2) V(@&)=A""c forc e Ty .

Also, since D’ 3 '(1,..., 1) and ¥((1,...,1)) ='(1,...,1), we have D" 5 (1, ..., 1).
Now, as noted at the beginning of this section, to prove Theorem 1.2, we have only to prove
that D and D" are algebraically equivalent. Then, for the biholomorphic mapping ¥ o ¢ :
D — D", its lifting m : To — Tgn satisfies

Vo9t +~=Tm) = 0 p() + ~—Im

forevery ¢ € Tp andevery m € Z",

because of (3.1), (3.2), and the fact that m(g) = & o ¢(¢) for ¢ € Tg. Therefore we may
replace (3.1) by
P+ V=1Im) =¢()+~v—1m

(3.3)
forevery ¢ € To andevery m € 7" .
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For further discussion, we need a method of simultaneous permutation of coordinates. To
explain this, let T be a permutation of the set {1, . .., n}. We define an algebraic automorphism
fr of (C*)" given as a permutation of coordinates by

f‘[ : (C*)n > t(zlv"‘azn) [ — t(wla 7w}’l) [S (C*)n’

wi =26y, i=1,...,n.
Clearly, f; : (C*)* — (C*)" has a lifting F; : C" — C" given by

FT:Cnat(é‘la"‘aé‘n)}—)t(a)l5"'aw}’l)ecna

wi =iy, i=1,...,n.

Note that F; (T) and F;(Tq/) are the covering tube domains of f7 (D) and f; (D'), respec-
tively. Now consider a biholomorphic mapping f: o ¢ o fi ! : f(D) — f.(D’') between
Reinhardt domains f; (D) and f7(D’) in (C*)". Then a lifting (fr oo fr_l)w P (Tg) —
F(Ta) of fropo fi =1t fr(D) — fo(D') is given by

(34) (fropo i ) @) =FrogoF ™) for ¢ € Fr(Tq).
It follows from (3.3) and (3.4) that the lifting (fr o@o f,_l)N : Fr (To) — F(Tg) satisfies

(fropofi ) €+ vV=Im)=(fropo i) (©) ++/~1m

forevery ¢ € F;(T) andevery m € Z".

This shows that if necessary for our argument, we can take f7 (D), fr (D), F;(Te), F:(Tg/),
frogo fi7 i fo(D) = fo(D), (fropo fi™!) i Fe(To) = F(To) as D, D', To, Toy,
¢:D— D, §:To — Tg without changing the condition (3.3). We call this procedure a
simultaneous permutation of coordinates.

Before proceeding to the next step, we make a few preparations from linear algebra. Let
{vi, ..., v} and {vy, ..., 17} be two sets of linearly independen / elements of R”, and let
{vi, ..., y}r and {vy, ..., v;}r denote the vector subspaces of R" spanned by {vy, ..., v}
and {v1, ..., vy}, respectively. We define n x ! matrices M and M by M = (v --- v;) and
M = (01 --- 9;). Then we have {v1, ..., y}r = {01, ..., U }r if and only if there exists an
element P of GL(I, R) such that M = M P. Now, let V be an /-dimensional vector subspace
of R". For each basis {v1, ..., v;} of V, we define an n xI matrix M by M = (v --- v;). Then
M is of rank [, that is, there exists an [-tuple iy, ..., i{; of indices with 1 <ij <--- <i; <n
such that det M (i1, ...,i;) # 0. We call M a representative of matrix expressions of V
or simply a representative of V. By what we stated above, any representative M of V is
obtained from one representative M of V by M = MP, where P € GL(I,R). Note that
when M and M are two representatives of V, for every [-tuple iy, ..., i; of indices with
1 <i;j<---<ij<n,wehavedetM(iy,...,i;) # 0if and onlyifdetM(il, ey i) #0.

Turning to the proof of the theorem, let V denote the maximal /-dimensional vector sub-
space of R” contained in £2 and let M be a representative of matrix expressions of V. Simi-
larly, let V' denote the maximal /-dimensional vector subspace of R” contained in £2’ and let
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M’ be a representative of matrix expressions of V’. The following lemma plays an important
role in our proof. Note that the proof of the lemma depends crucially on the condition (3.3).

LEMMA 3.1. There exists an l-tuple iy, ...,i; of indiceswith 1 <i; < --- <ij <n
such that det M (iy, ..., i) #0anddetM'(iy, ..., i) # 0.

PROOF. Suppose contrarily that, for every [-tuple iy, ..., i; of indices with 1 < i} <
<. < i <n,wehavedetM(iy,...,ij)) =0ordetM'(iy,...,i;) =0.

Since rank M’ = [, by a suitable simultaneous permutation of coordinates, M’ has the
form

MmO
(3.5 M = (M/(2) :
where M’ is an [ x  matrix and det M’ # (. Write

MO
where M® is an [ x [ matrix. Since det M’(k + 1,...,n) = det m'® # 0, our hypothesis

yieldsthat0 =detM(k+1,...,n) = det M@ orrank M® <. Wesetr =1 —rank M@,
and write

(2) (2)
(3.6) M = (Mli M1§>>
: 2) ( ’
MQ.I M22

where Mg) is an r x r matrix. By taking another representative of V as M if necessary, we

have
2)
My _
rank o] = l—r.
M21

Therefore we may assume that det M ﬁ) # 01in (3.6) after a suitable simultaneous permutation
of coordinates from the k 4 1-th through the n-th. Then, again by taking another representative
of V as M if necessary, we have Mﬁ) = [;_, and Ml(? = 0. Sincerank M@ = [ — r, it

follows that Mz(g) = O, so that
mo = (1 9)
My o

Note that M’ still has the form (3.5) with det M'® # 0.
We look into MV Since rank M = I, by a suitable simultaneous permutation of coor-
dinates from the first through the k-th, M (D has the form

(1) (D
MO = (Mn M12)
- (1) OO0 B
My My,
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where Mg) is an r X r matrix and

(1 (D
MY M

(3.7) det( 2! 21 £0.
I, (0]

Since det Mz(é) # 0 as a consequence of (3.7), by taking another representative of V as M if
necessary, we have Méé) = I, and M;i) = 0. Moreover, again by taking another representa-
tive of V as M, we conclude that M has the form

(1) (1
My My,

I 0

. M =
(3.8) o .
o M

Note that we have necessarily k > r. We set s = k — r. Note also that M’ still has the form
(3.5) with det M'® £ 0.
We look into M. Since det M'® # 0, by taking another representative of V' as M’ if
necessary, we have M’ @ _ I;. Write
iy s
(3.9) M = ngll) Mlglz) ,
I—, (0]
0 I,

where M’;lz) is an r x r matrix. Sincedet M (s + 1,...,n —r) # 0 by (3.8), our hypothesis
yields that det M'(s + 1, ..., n — r) = 0. Therefore, in (3.9), we have

(1 (1)
det (M2r M) _y.
I_, (0]

This implies that det M'S} = 0.
We now define elements L and L’ of GL(n, R) by

(1) (1) () (D
Iy =M,y —My,; o Iy O _M/u _Mllz
(2) (1 1)
L= 0] (0] M, I and L — o I —M’21 —M’22
o I, 0] 0] 0O O I, o
o (0] I, 0] 0O O 0] I,

It is readily verified that

(3.10) LM = (0> and L'M' = <0> )
I I

Write & = L2 and £’ = L'$2’. Then (3.10) implies that

(3.11) E=DxR and 5 =580UxR,
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where Z( and £’ are convex domains in R¥ containing no complete straight lines. We
define automorphisms F7 and F7/ of C" given as linear transformations by
(3.12) Fr(Q)=L¢ forteC" and Fp(¢)=L't for¢zeC".
It follows from (3.11) that
Fr(Tg)=Ts = Tz X Tyt = Tgay x C!
G139 and  Fr(To) = Ter = Toa) X Tt = Ty x €

Consider a biholomorphic mapping @ : Tz — Tz givenby @ = F/ 0@ o FL ™. Then,
by (3.3), @ satisfies

D (w+ vV—1Lm) =P (w) +/—1L'm

(3.14)
forevery w € T and everym € Z" .

On the other hand, because of (3.13), an application of Lemma 2.1 to @ yields that if each
point w € C" = CF x Cl is written as

(€Y
w= (w(2)> , w® e Ck, w® ¢ Cl,
w
then @ has the form
(1)
D :Tg =Tz X Clsw= <w(2)>
w

@(U(w(l))
< @(2)(w)

3.15)
> (S TE’(” X Cl =Tz,

where @D Tz 2 w > W) ¢ T gives a biholomorphic mapping of Tzq)
onto T,). Therefore we see from (3.14) that @1 satisfies

oV w® + VZTLOm) = oD w®)y 4 V=11V

(3.16) X
for every wh e Tz andevery m € Z",

where

(1) (D (1) (1)
L (B M =My 0\ (s 0 MY =M
0o 0w 0 1 ) -l

Write LD = (u;j) and L'V = (u;;). Then we have form = (m1, ..., my) € Z",
LYm="(d,....dy),

(3.17) d; :mi—i—Z];:SH uijm; —I—Z?;;H uigmj, i=1,...,s,
di=m1+i+z;'-;2+luijmj, i=s+1,...,k,
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and
LOm=",....dp)),
(3.18) dl=mi+ Y ump+ Y5 i, =1,
d] = m; —}—Z;'-;ZH ugjmj +Zl;:s+lu;,l+jml+j’ i=s+1,... k.

We show that @ (Dis an affine transformation of C¥whose linear part belongs to GL (k,R).
In (3.16), write

m="my,....,my) and m‘V ="(my, ... ms,mei1,..., mp),
and put
mi=0 fori=k+1,....n—r and my; =¢em; fori=s+1,...,k,

where g; = +1,i =5+ 1,..., k. Then (3.17) shows that

I, P

(3.19) LWm = (0 Q) m

where Q is an r X r matrix given by Q = diag (¢5+1, - .., &k). On the other hand, (3.18)
shows that

M I, P\

(3.20) L'Ym = (0 Q,) m

where Q' is an r x r matrix given by Q' = I, + Ndiag (¢5+1, ..., &), N being some r x r
matrix independent of ¢;, i = s + 1, ..., k. Note that, by Lemma 2.4, a suitable choice of
g, i =5+ 1,...,kyields that Q' is a nonsingular r x r matrix. Wheneg;, i =s +1,...,k

are chosen so, k x k matrices C and C’ given by

I, P . (I, P
CZ(O Q) and C‘(O Q’)

are nonsingular, and, by (3.16), (3.19), and (3.20), @V satisfies
dﬁ(l)(w(l) + \/—_ICm(l)) _ (p(l)(w(l)) +v=1¢'m®
forevery w'" € Tz and every mV e Z¥.

Since the bases £ and &’V of the tube domains Tz and TE,a) are convex domains in
R¥ containing no complete straight lines, it follows from Proposition 2.3 that @1 is an affine
transformation of C¥ whose linear part belongs to GL(k, R).

What we have shown in the preceding paragraph implies that @ is given by

(3.21) DDy = vw® + D for wh e Toq),
where U € GL(k,R) and 8V € C*. In (3.16), write

0 t
m="(my,...,m,) and m©® = my,...,mg,My—rs1,...,My),
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andputm; =0fori =s+1,...,n —r. Then (3.17) shows that
(3.22) LOm =m© .
On the other hand, (3.18) shows that
/(1)
(3.23) LY = (IS M 312)) m©®
0 —-M,

Note that det M'{!) = 0. Therefore a k x k matrix D’ given by

2 =
(D
D = (I; _M/12>
- (D
o —M/22
is singular, and, by (3.16), (3.22), and (3.23), @1 satisfies
(p(l)(w(l) + /_1m(0)) — (p(l)(w(l)) +/=1D'm©®

for every wh e Tz () and every m©® ¢ 7k,
It follows from (3.21) and this relation that Um© = D'm©® for every m©® e ZF, and hence

that U = D’'. Since D’ is a singular k x k matrix, this contradicts the fact that U € GL(k, R),
and the proof of Lemma 3.1 is completed. |

Lemma 3.1 implies that, after a suitable simultaneous permutation of coordinates, we
may assume that M and M’ have the form

M(l) , M/(l)
M= <M(2>> and M =\, @)
where M@ and M'® are I x | matrices and satisfy the condition that det M® = 0 and
det M"® =£ 0. Then, by taking another representatives of V and V' as M and M’ if necessary,

we have M® = [; and M'® = ;.
We now define elements L and L’ of GL(n, R) by

I —MD , I _M/(l)
L= d L'= :
(0 I an o I

It is readily verified that

(3.24) LM = <0> and L'M' = <0> .
I; I

Write & = L2 and &/ = L'2’. Then (3.24) implies that & = 51 x Rl and &' =
2'D % R, where £ and &’V are convex domains in R¥ containing no complete straight
lines. We define automorphisms Fz, and F7/ of C" given as linear transformations by (3.12).
Then we have (3.13).
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Consider a biholomorphic mapping @ : Tg — Tz givenby @ = F o0 @ o Fr~\.
Then, as in the proof of Lemma 3.1, we have (3.14) and (3.15). It follows from (3.14) that the
mapping @V given in (3.15) satisfies

DD + V=1LDm) = 2V D) + V/=11'Vm

(3.25)
for every w") € Tzq) and every m € Z",
where
(3.26) LO=( -MV) and L'V = (Ik —M’“)) .
We show that @D is a translation of CK. In (3.25), write m = '(my,...,my) and

mY = "(my,...,my), and put m; = 0 fori = k + 1,...,n. Then, by (3.26), we have
LOm =m® and L'VYm = m D, and hence & satisfies

(p(l)(w(l) + /—lm(l)) — (p(l)(w(l)) +/—1m®

(3.27)
forevery w") € Tz0) and every mV e Z¥.

Since the bases £ and 2! of the tube domains Tz and Ty are convex domains in
R containing no complete straight lines, it follows from Proposition 2.3 that @1 is an affine
transformation of C¥ whose linear part belongs to GL(k, R), so that &) is given by

(3.28) oDy =uw® 4+ Y for wh e T5n,

where U € GL(k,R) and 8V € C*. Substituting (3.28) into (3.27) yields that Um" = mD
for every m() € Z¥, which implies that U = I, or @ is a translation of C.
Since @1 is given by

(3.29) oWy = w® 4 g0 for wh e 750,

we see from (3.25) that LOm = L'Vm for every m € Z", which implies that L) = L/,
Consequently, we have L = L’. On the other hand, since ®V(Tz()) = T, 1) and since @
is given by (3.29), it follows that if we define a translation S of C" by S(w) = w + 8 for
w e C", where '8 = (‘1 0,...,0), then S(Tz) = Tz, so that S(F1.(Te)) = Fr/(To).
Therefore we obtain T = Fi ~ ' (S(FL(T@))) = FL =Y (S(FL(Ta))). Since F1 ' o So Fy :
T — Tg is given by a translation of C", which is an element of G L(n, Z) x C", we conclude
that D and D’ are algebraically equivalent. This completes the proof of Theorem 1.2.

4. Conjugacy of torus actions. As a closely related problem to Problem (x) stated
in Section 1, we have the following problem.

PROBLEM (x%). Suppose that T = (U(1))" acts on a Reinhardt domain D in C" not
necessarily by the standard rule stated in Section 1, but by the abstract rule that to eacha € T
is associated a biholomorphic mapping z +— « - z of D onto itself such that:

M ap-z=a-(B-z) forze Danda,B €T,
(2) the mapping (a, z) — « - z is a C'-mapping of the product manifold 7 x D onto D.
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Suppose further that T acts effectively on D, or the unit element of the group 7 is the only
element of 7 which leaves each z € D fixed. If we denote again by T the subgroup of
Aut(D) induced by the action of T, then does there exist an element ¢ of Aut(D) such that
¢To~ ! = T(D)?

Dealing with, as an illustrative example, a Reinhardt domain whose automorphism group
has the structure of a Lie group with respect to the compact-open topology, we explain the
connection between Problem (x) and Problem (). To begin with, we reproduce from [3] a
result that an affirmative answer to Problem () is given for such a Reinhardt domain.

THEOREM 4.1. Let D be a Reinhardt domain whose automorphism group Aut(D) has
the structure of a Lie group with respect to the compact-open topology. If T is a torus in the
Lie group Aut(D), that is, a connected compact abelian subgroup of the Lie group Aut(D),
—1 c T(D). Consequently, any n-
dimensional torus in Aut(D) is conjugate to T (D) under an inner automorphism of Aut(D).

then there exists an element g of Aut(D) such that gT g

SKETCH OF PROOF. The point is the fact that 7(D) is a maximal torus in Aut(D).
Indeed, let 7’ be a torus in Aut(D) containing 7 (D), and take any element f = '(f1,..., fn)

of T', where fi,..., f, are holomorphic functions on D. Since f commutes with every
element of 7' (D), it follows that the functions fi, ..., f, satisfy the condition that, for i =
1,...,n,
fil(izi, ... onzn)) = @i fi(2)
forall z="(z(,...,zz) € D andall «,...,a, € U(1).

By the uniqueness of Laurent expansions, we see from this fact that f is given by f(z) =
"Wizis ..., yuzn) forz = '(z1,...,2,) € D, where y1, ..., yn € C*. If we write y(f) =
"(1, ..., ¥n), then the mapping y of T’ into (C*)" sending f to y (f) is a continuous group
homomorphism between the Lie groups 7’ and (C*)". The assumption that 7" is a torus in
Aut(D) containing T (D) implies that y (T") is a torus in (C*)" containing (U (1))". Since
(U(1))" is a maximal torus in (C*)", we obtain y (T’) = (U (1))", and therefore T’ = T (D),
which shows that 7 (D) is a maximal torus in Aut(D). Once we know that 7 (D) is a maximal
torus in Aut(D), the assertion of Theorem 4.1 is an immediate consequence of the conjugacy
theorems in the theory of Lie groups. 0

By a well-known theorem of H. Cartan, if a Reinhardt domain D in C" is holomorphi-
cally equivalent to a bounded domain, then Aut(D) has the structure of a Lie group with
respect to the compact-open topology, and hence Theorem 4.1 applies. We observe that the
above proof of Theorem 4.1 relies heavily on the fact that Aut(D) is small in the sense that
Aut(D) is a space of finite dimension. Therefore, when Aut(D) is not small, another approach
to Problem (:x) is needed. Actually, if D is not holomorphically equivalent to a bounded do-
main, then Aut(D) is in general very big, and far from being of finite dimension.

As an immediate consequence of Theorem 4.1, we obtain an affirmative answer to Prob-
lem (*) for Reinhardt domains as in Theorem 4.1 (cf. [3, Section 4, Theorem 1]). Indeed,
let D and D’ be two Reinhardt domains in C" whose automorphism groups Aut(D) and
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Aut(D’) have the structure of Lie groups with respect to the compact-open topology. If D
and D’ are holomorphically equivalent, and if ¢ : D — D’ is a biholomorphic mapping
between D and D', then T (D)¢~! is an n-dimensional torus in Aut(D’), and hence an ap-
plication of Theorem 4.1 to T(D’) and ¢ T (D)¢~! yields that T(D’) = g(¢T (D)p g~ =
(g 0o )T (D)(g o @)~ for some g € Aut(D’). By Proposition 1.1, we see from this fact that
the biholomorphic mapping g o ¢ : D — D’ between D and D’ is induced by an algebraic
automorphism of (C*)", or D and D’ are algebraically equivalent.

Now, consider Problem () for the unbounded case where a Reinhardt domain D in C"
is not holomorphically equivalent to a bounded domain. The case of D = CF x (C*)"* was
treated in Barrett, Bedford, and Dadok [1]. On the other hand, combined with a result of [1],
Theorem 1.2 has the following consequence.

THEOREM 4.2. Let D be a pseudoconvex Reinhardt domain in (C*)" with0 < £(D) <
n. Suppose that a subgroup T of Aut(D) is given as in Problem (xx). Then there exists an
element ¢ of Aut(D) such that (pTgo_1 =T(D).

PROOF. By [1], there exists a biholomorphic mapping ¥ of D onto a Reinhardt domain
D’ in C" such that

4.1 YTy~ =T(D).
Then D’ is contained in (C*)", because the pseudoconvex Reinhardt domains D and D’ must
be homeomorphic. Note that D’ satisfies 0 < £(D’) < n. Since D and D’ are holomorphically

equivalent, we see by Theorem 1.2 that there exists an algebraic automorphism 6 of (C*)"
such that (D) = D’. Then we have

4.2) 0T (D)~ =T(D').
It follows from (4.1) and (4.2) that Ty~ = T(D') = 6T(D)#~", and hence that (6~! o

WNTO o)™l = T(D). Since 6~ oy is a biholomorphic mapping of D onto D, or an
automorphism of D, this concludes the assertion of Theorem 4.2. O

5. A remark on automorphisms of unbounded Reinhardt domains. We first ob-
serve thatif ¢ : D — D’ is a biholomorphic mapping between two Reinhardt domains D and
D’ in (C*)", and if it has a lifting ¢ : T — Tgr, where Tg; and T/ are the covering tube
domains of D and D’, respectively, then an element A of GL(n, Z) for which we have

P& +~v—1m) =)+ ~v—1Am forevery ¢ € Tp andevery m € Z

is uniquely determined by ¢ independently of the choice of the lifting ¢. We denote this
element A of GL(n, Z) by A(p).

Now, for a pseudoconvex Reinhardt domain D in (C*)" with £(D) > 0, we define a
subgroup Aut(D)° of Aut(D) by

Aut(D)® = {p € Aut(D); Ap) = In}.

In this section, by making use of our argument in the proof of Theorem 1.2, we give a descrip-
tion of automorphisms of D belonging to Aut(D)°® when 0 < £(D) < n.
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Let D be a pseudoconvex Reinhardt domain in (C*)" with 0 < £(D) < n and write
| = ¢(D) and k = n —[. We denote by T, the covering tube domain of D and assume that £2
contains the origin. Let V denote the maximal /-dimensional vector subspace of R" contained
in £2 and let M be a representative of matrix expressions of V. After a suitable permutation
of coordinates, we may assume that M has the form

MO
= (1),

where M? is an [ x/ matrix and satisfies det M ® = 0. Then, by taking another representative
of V as M if necessary, we have M @ = I;. We define an element L of GL(n, R) by

MM
I Iy M ’
o I;

and write & = L$2. Then we have & = £ x R/, where £U is a convex domain in R¥
containing no complete straight lines. Therefore, for an automorphism F7 of C" defined by
Fr(¢) = L¢ for ¢ € C", we have F.(Tq) = Ts = Tz x C.

Let ¢ be any element of Aut(D)°. Let ¢ be an automorphism of Ty, given as a lifting
of g and set ® = Fy o ¢ o F;~'. Then, by the condition A(¢) = I,, the automorphism @
of Tz satisfies (3.14) with Tz = Tz and L’ = L. On the other hand, & has the form (3.15)
with Tz = Tz and T,y = T5a), where @1 2 Ty 3 w® > @M (wM) € Tz givesan
automorphism of 7z, while, for each fixed w® e Tz (), the mapping

(1
C>uw? > 0@ (Z(2)> ec

gives an automorphism of C'. As a consequence of (3.14) with Tz» = Tz and L’ = L, the
mapping @V satisfies (3.25) with To) = Tg and LY =10 By the same argument
as in the proof of Theorem 1.2, we see from this relation that @D s a translation of CF, or
@M is given by @ (w) = w® + W for w) e T5q). Since the base Z1 of T is
a convex domain in R¥ containing no complete straight lines, it follows that 8 € /—TR¥.
We observe that @ satisfies

DD (w+v—1Lm) = @P(w) + vV/—1m® for every w € Tz andevery m € Z",

where we write m® = (my,1, ..., my) form ="(my, ..., my).

As a consequence of our observations above, we know how to construct an element of
Aut(D)° from an element of Aut((C*)")°. To see this, let # be any element of Aut((C*)})°
and take an element 6 of Aut(C!) given as a lifting of #. We define an automorphism & of
Tz by putting @D (w™) = w® and @@ (w) = Gw?) in (3.15) with Tzr = Tz and
Ty =Tsw. Then, noting that

P (w4 v=1Lm) = 6(w® + vV/=1m?)
=0w?) +vV=1m® = 6@ W) + vV/=1m®

forevery w € Tz andevery m € Z",
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we see that @ satisfies (3.14) with Tsr = Tz and L’ = L. Therefore the automorphism
Fr. Lo @ o Fy, of Tp, satisfies

FL_1 o®@o Fr(t+v—1m) =FL_1 o@oFr(¢)+~—1m
forevery ¢ € T andevery m € 7",

and induces an automorphism ¢ of D with A(p) = I,.
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