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Abstract. The multiple zeta values are multivariate generalizations of the values of
the Riemann zeta function at positive integers. The Bowman-Bradley theorem asserts that
the multiple zeta values at the sequences obtained by inserting a fixed number of twos between
3,1,...,3, 1add up to arational multiple of a power of 7. We show that an analogous theorem
holds in a very strong sense for finite multiple zeta values, which have been investigated by
Hoffman and Zhao among others and recently recast by Zagier.

1. Introduction.

1.1. Finite multiple zeta values. The multiple zeta values and multiple zeta-star val-
ues are real numbers defined by

1
C(klsnwkn): Z ﬁ’

myp>--->my>1 my .-y

1
Stk = Y

kn
my=-zmy=1 M1 M

for positive integers k1, . . ., k, with k1 > 2. They are generalizations of the values of the Rie-
mann zeta function at positive integers and are known to be related to number theory, algebraic
geometry, combinatorics, knot theory, and quantum field theory among others. Research on
these numbers has mainly been focused on their numerous linear and algebraic relations; see
for example [3, 12] and the references therein for an introduction.

Hoffman [4] and Zhao [11] among others developed a theory of modulo p values, for
primes p, of the finite truncations of the above-mentioned infinite sums, where the indices of
summation are all restricted to be less than p. Following an idea of Zagier [7], we look at
the truncations in the ring A = (] » L/ pZ)/ (<) » L/ pZ), where p runs over all primes; the
elements of A are of the form (a,),, where a, € Z/pZ, and two elements (a,) and (b,) are
identified if and only if a,, = b, for all but finitely many primes p. Note that A is a Q-algebra.
We shall simply write a, for (a,) since no confusion is likely.
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DEFINITION 1.1. For positive integers k1, . . ., k,, we define

1
catki k)= Y € A,

p>my>-->my>1 ml T
1
* J— S
k)= Y o <A
p>my>-->my>1""1
and call them finite multiple zeta(-star) values in this paper.
The finite multiple zeta(-star) values are similar to multiple zeta(-star) values in many

respects as we shall see in this paper. They do, however, have some differences, of which one
of the most striking is the following:

PROPOSITION 1.2 ([4, Theorem 4.3]). We have {4 (k) = C;l(k) = 0 for all positive
integers k.

PROOF. Let p be an arbitrary prime larger than k 4 1. Taking a primitive root @ modulo
p, we have

R B )
WEZWEWEO (mod p) .
m=1 i=0
Since we have proved that 251;11 m~% = 0 (mod p) for all but finitely many primes p, it
follows that ¢ 4 (k) = ¢ (k) = 0in A. O
1.2. Bowman-Bradley theorem. Bowman and Bradley [1] proved that the multiple
zeta values at the sequences obtained by inserting a fixed number of twos between 3,1,...,3,1
add up to a rational multiple of a power of 7 ; Kondo, Tanaka, and the first author [9] obtained
the same result for multiple zeta-star values. Let {ay, ..., a;}"" denote the m times repetition
of the sequence ay, ..., a;:
{at,...,q)Y" =ai,...,a;,...,a1,...,q; .
Im

For the empty sequence {J, we conventionally set ¢ (9) = ¢*(¥) = 1.

THEOREM 1.3 ([1,9]). For all nonnegative integers m and n, we have

D203, 21" 1L {2, L 3 (2 L 2y € QT

2,
Yiloni=n
np,...,n2, >0

D3 2 L2, L3 (2 L (2 ) € QiR

2,
Yiloni=n
ng,...,n2, >0

The theorem is a common generalization of the previously known results that

3, 1™, A3, 1M e Q™ c(21M), £ (21" € Qe

for all nonnegative integers m and n.
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For finite multiple zeta(-star) values, Hoffman [4, Equation (15)] proved that

tad{c}) =3 ({c}”) =0

for all positive integers ¢ and n, and Zhao [11, Theorem 3.18] proved that

cala, bY") = £ ({a, bY") = 0

for all odd positive integers a and b and for all positive integers m, of which the special case
a = 3 and b = 1 was conjectured by Kaneko [6]. Our aim in this paper is to generalise
Zhao’s result by giving the following Bowman-Bradley type theorem, which is a corollary of
our main theorem:

THEOREM 1.4. If a and b are odd positive integers and c is an even positive integer,
then for all nonnegative integers m and n with (m, n) # (0, 0), we have

Z cale}™,a, {e}", b, {c}™, ..., a, {c}"*=1, b, {c}"m)
21‘220 ni=n

nQ,...s 12 >0

= Y ey a ey b fc)™, ... a, {1 b, {c)"m)

2m
Zizo ni=n
nQ,---s n2m >0
=0.

Setting n = 0 in Theorem 1.4 gives Zhao’s result.

1.3. Statement of the main theorem. To state our main theorem, we find it con-
venient to use an algebraic setup, due to Hoffman [2] in the case of ¢ and ¢*. Let fl =
Q(z1, z2, . . . ) denote the noncommutative polynomial algebra in countably many variables.

The product it on $3', due to Muneta [10], is the Q-bilinear map fit: $! x $! — $'! defined
inductively by

Imw=wml=w, zmwigw =zwiizygpw)+zpzwmw)
forw, w’ € H' and k, k' € Z>1.
EXAMPLE 1.5. We have
2k W2 = 2k2 + 2Tk 2k T 212y = Zk2i2r + 22k2r + 2202k
fork,l,lI' € Z>;.
Define Q-linear maps Z 4, Z4: $' — A by setting
Za)=Za) =1,
ZAGh, -z) =Calkn, k) ZaGar o a) = Cake, k)
For (m, n) € Zzzo \ {(0, 0)}, let I, , denote the set of all sequences

a:(al,...,am;b],...,bm;C1,...,Cn)
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where ay, ...,ay and by, ..., b, are odd positive integers and c1, ..., ¢, are even positive
integers. Fora = (ai, ..., am; b1, ..., bm;c1,...,¢cn) € Lyn, set
ta = Z Lag(1)Lbet) """ Lla ) Sorm T Lep) " Lepm)
0,7€6,,
PG,
_ ~ ~ ~ 1
- Z“rf(l)zbr(l) e Zari(m)zbr(m) ox ch or...HmZc, € f») ’
0,7€6,,

where &; is the symmetric group of degree /.

THEOREM 1.6 (Main theorem). Forall (m,n) € Z;O\{(O, 0)}anda € I, ,, we have
ZA(za) = ZA(za) = 0.

PROOF THAT THEOREM 1.6 IMPLIES THEOREM 1.4. Puta = (a,...,a;b,...,b;c,
..., C) € I, ». Then since

Za= Y. Za%cZaZp W zer 2o =mPnl(zazp)" H 2
0,7€6,
PG,
Theorem 1.6 shows that ZA((zazh)’” m zé’) = ZA((zaz;,)m m zz,') = 0, which is equivalent to
Theorem 1.4. O

2. Proof of the main theorem.

2.1. Outline of the proof. For (m,n) € Zio \ {(0, 0)}, write Py, , for the statement
that Z 4(zq4) = Z A(zq4) = O forall a € I, ,. Then the main theorem says that P, , is true for
all (m,n) € Z2>0 \ {(0, 0)}. Our proof consists of the following four lemmas:

LEMMA 2.1. The statement Py, is true for all positive integers n.

LEMMA 2.2. Suppose that m is a positive integer such that Py, o is true. Then Py, , is
true for all nonnegative integers n.

LEMMA 2.3. Suppose that m is a positive integer such that P,y ,, is true whenever m’
is a positive integer less than m and n is a nonnegative integer. Then Z A(zq) + ZA(2q) = 0
foralla € I .

LEMMA 2.4. Suppose that m is a positive integer such that P,y , is true whenever m’
is a positive integer less than m and n is a nonnegative integer. Then Z (2q) = Z A(2q) for
alla € I o.

It is easy to see that the lemmas imply the main theorem. Indeed, P o follows from
Lemmas 2.3 and 2.4 because m = 1 vacuously satisfies the assumption; Lemma 2.2 then
shows that P , is true for all nonnegative integers n; it follows that m = 2 satisfies the
assumption of Lemmas 2.3 and 2.4, and so P» g is true; induction proceeds in this manner.

2.2. Proof of Lemma 2.1. Although Lemma 2.1 is a direct consequence of [4, The-
orem 4.4], we give a rather detailed proof of the lemma for the convenience of the reader,
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partly because our notation differs from that of [4] and partly because some of the concepts
introduced will also be necessary afterwards.

DEFINITION 2.5. The harmonic products * and * on H! are the Q-bilinear maps
%, %: H' x H! > H! defined inductively by

lxw=wx*x1l=w, Zkw ok Zpw = i (w * zpw') + zp (Zew * w') + g (w * w'),
lxw=wxl=w, zw F zpw =z (w ¥ zpw') + zp(zrw ¥ w) — Zpap (w x w')
forw, w’ € H' and k, k' € Z>.
EXAMPLE 2.6. We have
Tk * 21 = Zk2 + 2UZk + Tkt k% 2] = 2kl + Uk — Tkl
fork,l € Z>.

We remark that $! is a commutative Q-algebra with either s or ¥ as its product.
As illustrated by

1 1
ZAz)Za(z1) = Eak)sal) = < Z ﬁ)( Z J)

p>m>1 p>n>1

(T X+ o

p>m>n>1  p>n>m>1 p>m=n>1
= Ak, D)+ A k) + Calk +1) = ZA(zxz1 + 212k + 2kt1)
= Z Ak *z21),

the harmonic products have been defined so that Z 4 and Z 4 are respectively a %- and -
homomorphism:

PROPOSITION 2.7. The maps Z A, ZA: $' — A are respectively a - and %-homo-
morphism, i.e. ZA(w * w') = ZA(w)Z (W) and Zg(w * w') = Z4(w)Z (W) for all
w,w € Hl.

Recall that a partition of a set X is a family of pairwise disjoint nonempty subsets of X
with union X.

PROPOSITION 2.8 ([4, Theorem 4.4]). Letky,...,k, be positive integers. Then

ZA(zp, T+ T 2x,) = Z A2k, T -+~ T 25,) = 0.

PROOF. Observe that

IT is a partition of {1, ..., n} Aell
apply Z 4 and use Propositions 1.2 and 2.7 to obtain

Z ZA<]1VIZZisAki) =0.
Aell

IT is a partition of {1, ..., n}
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This shows by induction on n that Z 4(zg, I - - - i zx,) = 0 whenever &, . .., k, are positive
integers. The other equation Z 4(z, I - - - i zx,) = O can be proved in a similar fashion by
using * instead of . i

PROOF OF LEMMA 2.1. Immediate from Proposition 2.8. O

2.3. Proof of Lemma 2.2. Before presenting a proof for general m, we look at the
simple case of m = 1. We prove by induction on n that Z 4(z42zp I zo, 0 - - - I ¢, ) = O for
all (a; b; c1,...,¢cn) € 115, assuming the base case n = 0. Let n > 1 and suppose that the
claim is true if n is smaller. Let (a; b; c1, ..., cn) € I1,.4. Apply Z 4 to the identity

Zalb * (ch o - - - I Zey) = ZaZb I 2y I - - - Zey
n n
+ Z(Za+0jzb o I I I ch> + Z(Zazb+c]' i I I I ch)
j=1 k#j j=1 k#j

+ Z(Za+c,-zb+c/- i I I I ch>

i#] e
and use the inductive hypothesis to obtain
0=2ZA(zazp) ZA(Ze, T -+ - T Z¢,) = ZA(Za2p T 2oy T - -+ T Z¢, )

here the inductive hypothesis applies because adding an even integer does not change parity.
The key to the proof for general m given below is to find a generalization of the above identity
form > 2.

PROOF OF LEMMA 2.2. We prove P, , by induction on n, assuming the base case n =
0. Let n > 1 and assume P, , for all integers n’ with 0 < n’ < n. We only prove that
ZA(zq) = O0foralla = (a1, ...,am; b1, ..., bm;c1,...,¢cn) € Ly.n, because ZA(Z,,) =0
can be proved in a similar fashion.

Let G be a spanning subgraph, with all degrees at most 1, of the complete bipartite graph
on the vertex set {ai, b1, ..., am,bn} U {c1,...,cn}; the 2m + n vertices are regarded as
distinct even if some of them are equal as integers. Define alf = q; if the vertex q; is isolated;

a{ = a; + ci if the vertices a; and ¢, are adjacent. Define b;. in a similar manner. Write

¢}, ..., c; for the isolated vertices among ¢y, ..., ¢,. Then we have

Za12by ** Lay Ty ¥ (Zeg W -+ W Zg,) = Z(Zagzb; "t Zay, 2y, T Ze) T - - - T Zg7)
G

where G runs over all such subgraphs.
Replacing a; with as(;) and b; with b (), and summing overall o, T € S,,, we obtain

Z(m,‘.‘,am;bl,‘.‘,bm;@)*(ZqIH'“IHZ«:n)ZZZ(ai,...,a Bioeensbi€lone))
G

Let us see what happens when we apply Z 4 to this equation. The left-hand side is
obviously 0. In the right-hand side, the graph G with no edge yields Z 4(z,) and all the other
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terms vanish by the inductive hypothesis because (a}, ..., a,,: b}, .... b, c},....¢)) € Iy
with [ < n when G has at least one edge. Hence we conclude that Z 4(z4) = 0. a

2.4. Proof of Lemma 2.3.

PROPOSITION 2.9 ([4, Theorem 4.5]). Letky, ..., k, be positive integers. Then
Calkn, ... k) = (DA Hog gy, k)
Ok, ooky) = (DR e ey, k)

PROOF. We have

1
C_A(kn,...,kl): Z ﬁ
p>my>-->mp>1 My =1y

- ¥

p>my>->mp>1

1
— ki Z
= (-Dk T

1
(p —mp)kn -+ (p—mph

~ kn
p>n'1|>m>rh,,zlml Ty
kit
= (DT gk, k)
The other equation can be proved in the same manner. O

DEFINITION 2.10. Define a Q-linear transformationd: ! — §! by setting d(1) = 1

and
n
d(Zkl e an) = Z Z Zk[0+|+“‘+ki1 ot Zkim,1+|+‘”+kim
m=10=ip<i| <---<im=n
for positive integers ki, .. ., ky.

EXAMPLE 2.11. We have d(zx) = zx and d(zk21) = 2k 21 + Zk+i-
As illustrated by

Za@a) =k =Y ﬁ=< Y &y )ﬁ

p>m=>n>1 p>m>n>1  p>m=n>1
= Calk, 1) + catk + 1) = Za(zz + zx1) = Za(d(zx21))
the transformation d has been defined so that Z4 = Z 4 o d:
PROPOSITION 2.12. Wehave Z 4 = Z qo0d, i.e. Z () = ZA(d(u)))forall weH.

LEMMA 2.13. Letky, ...,k be positive integers, wherel > 1. Then
I
Z(—I)Jd(zkj S Zig) KTk, 2y = 0.
i=0

PROOF. The lemma is proved in [8, Proposition 7.1]; it also follows from [5, Proposi-
tion 6], where our d is denoted by S and the coefficient (—1)/ is missing. O
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REMARK 2.14. When! = 0, the left-hand side of the equation in Lemma 2.13 should
naturally be interpreted as 1 rather than 0, hence the odd-looking assumption that/ > 1.

For k € Z>o, we write [k] = {i € Z | 1 < i < k}. For sets X and Y of the same
cardinality, we write Bij(X, Y) for the set of all bijections from X to Y.

PROOF OF LEMMA 2.3. Leta = (ai,...,am; b1, ...,bm;¥) € Iy . Then for each
(o,7) € 63,,, applying Lemma 2.13 to I = 2m and (ky, ..., k;) = (ac(1), bz(1), - - -» Qo (m)>
br(m)) gives

m
E :d(Zbr(wZ%(f) " ZheyZag (1) * Zag(ianySheiiat) Lo m Zhem)
=

m
- Zd(zari(i)Zbr(i—l)zaa(i—l) "t Zheqy Zag(1y) * Zhegy Zag(ien) Sriisty * Lagn Soem)
i=1
=0.
By summing over all (o, 7) € 6,2,, and applying Z 4, we obtain
m

Z Z Eabrys g iy, - - - br(1)s Ao (1)SA@o 41, Dr(it1)s - - - do(m)s Deim))

i=0 0,716,

m
—Z Z (ao (iys br(i—1)s Ao (i=1)s - - - br(1), Ao (1))

i=10,71e6,,
X EAbr(i)s Ao (i+1)s Dr(it1)s - - -5 Ao (m)s Pr(m))

=0.

For simplicity, we write the left-hand side as ) ;- Pi — Y ;- ; Q;. Since Py = Z 4(z4) and
P, = ZA(za) by Proposition 2.9, it suffices to show that P, = 0 fori = 1,...,m — 1 and
Qi =0fori=1,...,m.

Fori =1,...,m — 1, we have

P = Z Eabr(iys Ao (iys - - -5 br(1), o (1)E Ao (i41) br(it1)s - - > Ao (m)s Prim))

0,7€6,,

= Z < Z Q’Z(br'(i),aa'(i),-.-,br'(l),aa’(l))>

A,BC[m] “o’eBij([i],A)
#A=#B=i 1/cBij([i],B)

X ( Z Caasr(1y, brr(lys - -+ s Ao (n—i), br”(m—i)))

o eBij([m—i],[m]\A)
" eBij([m—i],[m]\B)

=0

by the hypothesis. In a similar fashion, fori = 1, ..., m, we have
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0= Z Caao iy, be(i—1)s Ao (i=1)s - - -+ be(1)s 0 (1)) S4B i)y Ao (i41)> D 1)s - - - » Ao (m)s De(m))

0,7€6,y,

Z ( Z En(@or(iys brri—1ys dor(i=1)s - - D1y, a(r’(l)))

A,BC[m] * o'eBij([i],A)

#gii:il 7/€Bij([i—11,B)
X ( Z a1y, o1y, ber)s - - -5 Ao Gm—i)s br”(m—i+1))>
o €Bij([m—il.[m\A)
1" eBij(lm—i+11.[m]\B)
=0

because of Proposition 2.9 and the assumption that ay, ..., an, b1, ..., by are all odd, and
the proof is complete. O
2.5. Proof of Lemma 2.4. Letay,...,a, and by, ..., b, be positive integers, and

write X for the multiset consisting of the 2m positive integers. For P C X, denote by s(P) the
sum of the elements of P; denote by w,(P) and up(P) the numbers of a’s and b’s contained
in P respectively; define | P| = wq(P)!up(P)!.

Write P for the set of all partitions IT of X such that |u,(P) — up(P)| < 1 for every
P € II. For IT1 € P, write I1 = {Ay,..., A, B1,..., By, C1,...,C;} where u,(A;) —
up(Ai) =1, na(Bi) — up(Bi) = —1, and na(Cj) = up(Cj), and define

g = (]_[ |P|> > 2o Z5Brty) ** Ts(Ag)Zs (Begey) T Zs(cy) T+ B 25y -
Pell

J,IEGk

EXAMPLE 2.15. If m = 1, then P consists of the following two elements:

e [I; consisting of C; = {ay, b1}, for which z7, = 24,453
e 1 consisting of Ay = {a;} and By = {b1}, for which z7, = 24,25,
We thus have
Z 2 = Za1%bh, + Zaj+b; = d(ZmZh]) .
nepP
If m = 2, then P consists of the following 12 elements:

I consisting of C; = {ay, b1, az, b}, for which 27, = 424,46, 1ar+b55

I, consisting of Ay = {ay, b1, az} and By = {b;}, for which z 7, = 224, 15,+a,25,3
I3 consisting of Ay = {ay, bz, az} and By = {b1}, for which z 7, = 224, 1p,+a,25;3
Iy consisting of Ay = {a;} and By = {by1, az, by}, for which z 7, = 224,25, +a, 453
IT5 consisting of Ay = {az} and By = {by, a1, bz}, for which z 7 = 224,25, +a, 453
T consisting of C; = {ay, b1} and C2 = {az, b2}, for which z7, = 24,45, 0 Zay+b,
IT7 consisting of C; = {ay, b2} and C2 = {az, b1}, for which zi7, = z4,4b, 0 Zay+;;
Ilg consisting of Ay = {a1}, Bi = {b1}, and C; = {az, by}, for which z;7; =
ZayZby T Zay+by5

e [Iy consisting of A} = {a1}, B1 = {b2}, and C; = {az, b1}, for which zj7, =
Zay Zby T Zay4by5
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e [ consisting of Ay = {az}, By {b1}, and C| = {ay, by}, for which zp7, =
ZayZby T Zay +by5

e [ consisting of A1 = {az}, By

{b2}, and C| = {a1, b1}, for which zp7,, =

Zay Zby T Zay +by5
e [ consisting of A1 = {a1}, A» = {az}, B = {b1}, and B, = {b;}, for which
2y = ZaiZb1ZarZby + Zay 2brZar 2oy + Zay Thy Zay Tby t Zar by Zay Thy -

We thus have

i = § : Zag(1y+be (1) +ae2)+br)
U,‘L’EGZ

2, + s = E chg(l)-i-bf(])-Hla(z)zbr(z) s
0,7€6,

iy +2ns = E : Zag(1)Zbr1)+as2)+br2)
0,7€6,

s +2m; = E : Zag(1)+br1)2as2)+br(2)
0,766,

g+ otz = E : (Zaa(l)""hr(l)zaa(Z)Zbr(Z) + Za, 1y b1y +a0 2) b 2)
0,7€6,

+ Zay 1) Zbe(1y Lo ) +be2) >

iy, = § : Zag(1)Zbr(1)Rag2)The(2)
U,‘L’EGZ

and so
Z a1 = Z d(Zay (1) Zbe(1) Zao2)Sbe2)) -
nepP 0,766,
LEMMA 2.16. We have

Z = Z d(Zag 1) 2y *** Lo (m Themy) -

nepP 0,7e6y,
PROOF. Succinctly speaking, the left-hand side is the expansion of the right-hand side.
To be more precise, for each IT € P, each monomial w that appears in the expansion of
zy7 appears in the right-hand side exactly as many times as there are pairs (o, 7) € 6% for
which d(za, ) 2b. (1) * * * Zag(m Zheeny) iVEs rise to the monomial w; the number of such o is
Hpen Ua(P)! and the number of such 7 is nPeH up(P)!, from which it follows that the
number of such pairs (o, T) is

[T raPt- T moP)t=[T1PI.

Pell Pell Pell

This proves the lemma. O
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PROOF OF LEMMA 2.4. Leta = (ai,...,am;b1,...,bm;¥) €y 0. Then Lemma2.16
shows that

ZAGza) = ZA(d ) = Y ZaGm)-
nep
If IT = {{al}, oo {am), 01, .., {bm}}, then z;7 = z4; otherwise, z;7 is an integer multiple
of zp for some b € (U, /< ;n Up=0 In’.n> and so Z o(z;7) = 0 by the hypothesis. It follows
that Z 4(za) = Z.4(za)- O
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