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Abstract. In this paper, we investigate compact Legendrian submanifolds L in
Sasakian manifolds M, which have extremal volume under Legendrian deformations. We call
such a submanifold L-minimal Legendrian submanifold. We derive the second variational for-
mula for the volume of L under Legendrian deformations in M. Applying this formula, we
investigate the stability of L-minimal Legendrian curves in Sasakian space forms, and show
the L-instability of L-minimal Legendrian submanifolds in s20+1 (1), Moreover, we give a
construction of L-minimal Legendrian submanifolds in R+l (—3).

1. Introduction. In [10], [11], Y. G. Oh introduced the notion of Hamiltonian-
minimal (H-minimal) Lagrangian submanifolds in Kéhler manifolds. Such a submanifold
is a critical point of the volume functional under the Hamiltonian deformation. This is an
extension of the notion of minimal submanifold, and has been studied by many authors (for
example, [7], [8], [11], [14] and see references therein). An H-minimal Lagrangian subman-
ifold is called Hamiltonian-stable (H-stable) if the second variation is non-negative for any
Hamiltonian deformation. Oh studied H-stablity of some examples of H-minimal Lagrangian
submanifold in a specific Kéhler manifold ([10], [11]). For example, the real projective space
RP" and the Clifford torus in CP", and the standard tori in C" are H-stable. Besides these
examples, Schoen and Wolfson studied the H-stablity of two-dimensional H-minimal La-
grangian cones ([14]), and Iriyeh studied the three-dimensional case ([8]). Furthermore, in
[1], Amarzaya and Ohnita proved that all compact Lagrangian submanifolds with parallel
second fundamental form in C" and CP" are H-stable.

On the other hand, there is a notion of Sasakian manifolds, which is an odd-dimensional
counterpart to Kdhler manifolds. In Sasakian manifolds, we consider Legendrian-minimal (L-
minimal) Legendrian submanifolds which correspond to H-minimal Lagrangian manifolds in
Kihler manifolds. An L-minimal Legendrian submanifold is a critical point of the volume
function under the Legendrian deformation (for more details, see Section 3). In [7], [8],
the authors constructed examples of L-minimal Legendrian submanifolds in odd-dimensional
unit spheres (in [7], such submanifolds are called C-minimal). Moreover, they show that a
certain L-minimal Legendrian submanifold in a Sasakian manifold is related to an H-minimal
Lagrangian submanifold in a K#hler manifold. For example, the cone over a Legendrian
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submanifold in the unit sphere is an H-minimal Lagrangian submanifold in C” if and only
if its link is L-minimal ([7], [8]). Another correspondence is shown in the Hopf fibration
7 1§21 (1) - CP", that is, a Legendrian submanifold L in $*"*!(1) obtained as the lift of
a Lagrangian submanifold L in CP" is L-minimal if and only if L is H-minimal.

It is natural to ask whether an L-minimal Legendrian submanifold is stable under Legen-
drian deformations. The case of minimal Legendrian submanifolds was studied in [12]. In the
present paper, we derive the second variational formula for L-minimal Legendrian submani-
folds in Sasakian manifolds, and study their stability.

THEOREM 1.1. Lett: L" — M**! be a compact L-minimal Legendrian immersion
into a Sasakian manifold (MZ"Jrl ,0,8,1n,9), and let {11} —c<;<¢ be a Legendrian deformation
of L™ with 1o = 1, where we assume that the variational vector field V = f& + Vyy is normal
to .. When L has a boundary, we also assume that the deformation fixes the boundary. Then
we have

2
|
(1)

Vol(i (L)) = / HIAflz — 2|Vy|? — Ric(Vy)
0 L

—29(B(¢ Vi, ¢Vi), H) + g(V, H)z}de ,

where A is the Laplace-Beltrami operator acting on C*® (L), Ric is the Ricci tensor of M*"+1,
B is the second fundamental form of i, and H is the mean curvature vector of L.

We call an L-minimal Legendrian submanifold Legendrian-stable (L-stable) if the sec-
ond variation is non-negative for any Legendrian deformation. Applying Theorem 1.1, we
firstly investigate the L-stability of L-minimal Legendrian curves in the Sasakian space forms
$3(1), R3(=3) and SL(2, R), and determine the L-stability of these curves. In particular, we
show that there exist L-stable L-minimal Legendiran closed curves in SL(2, R).

Moreover, we apply Theorem 1.1 to investigate the L-stability of L-minimal Legendrian
submanifolds in the odd-dimensional unit sphere $"*!(1). Recall that there are some H-
stable H-minimal Lagrangian submanifolds in CP". In contrast to this fact, we prove the
following L-instability theorem:

THEOREM 1.2. All closed L-minimal Legendrian submanifolds in S*"*1(1) are L-
unstable.

In Section 2, we prepare notation, and review properties of Sasakian manifolds and Leg-
endrian submanifolds. In Section 3, we define the notion of L-minimal Legendrian subman-
ifolds. Then, in Section 4, we give a proof of Theorem 1.1. In the last section, we investi-
gate the stability of some examples of L-minimal Legendrian submanifolds in Sasakian space
forms, and give a proof of Theorem 1.2. We also discuss the existence of L-minimal Legen-
drian submanifolds in R?"*+1(—3).

2. Preliminaries. A (2n + 1)-dimensional contact manifold (M2"*!, ) is called a
Sasakian manifold ([5]) if it admits a (1, 1)-tensor ¢, a characteristic vector field & and an
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associated metric ¢ satisfying

P*=-Id+n®&, nE =1, ¢t=0, nop=0,
9(@X, 9Y) = g(X,Y) —nXOn¥), nX)=g(X, &, dnX,Y)=g(X, ¢Y),
(Vx9)Y = g(X, Y)E —n(¥)X,

for any vector fields X, Y on M, where V denotes the Levi-Civita connection with respect to g.
The last condition is called the normal condition, which corresponds to the Kihler condition
on Kihler manifolds. We note that an odd-dimensional Riemannian manifold (M2>*+1 g)
admits a Sasakian structure if and only if the Riemannian cone C(M) = M x R over M
admits a Kahler structure ([6]).

Sasakian manifolds also satisfy

(2) (Vx§) = —¢X,

and have the curvature properties

3) R(X,©)§ =X —n(X)§,

4) R(X,Y)E =n()X —n(X)Y,

) RE X)Y = (Vxp)Y,

(6) g(R(PX, dpY)PZ, pW) = g(R(X,Y)Z, W), if X, Y, Z, W L&,

where R denotes the curvature tensor of M with respect to V.
A Sasakian manifold (M?"+1, ¢, &, 1, g) is called n-Einstein if the Ricci tensor is given
by

Ric=ag+ (Q2n—a)n®n

for some function a € C*®°(M). We remark that if n > 1, then @ must be constant ([5]).
A Sasakian manifold M?"*! is called a Sasakian space form if it has constant ¢-sectional
curvature c, i.e.,

K(Xp,¢Xp)=c, for X,e&t, peM,

where K(X,,$X),) is the sectional curvature of the horizontal subspace spanned by
{Xp,#Xp} C TpM. A Sasakian space form is also n-Einstein with a = {n(c +3) +c—1}/2.
We denote the Sasakian space form by M>"*1(c). Basic examples of Sasakian space forms
are the odd-dimensional Euclidean space R?'+1(—3), and the unit sphere §21+1(1) with the
standard Sasakian structure ([5]).

Let L" be an n-dimensional compact manifold with or without boundary, and ¢ : L" —
M?"*1 an isometric immersion. Then L" is called Legendrian if *n = 0. This condition
implies that (L") is an integral submanifold tangent to the distribution H := Kern = &+
with the maximal dimension n. In the following, we may identify L" with ((L"). In [13], itis
shown that a Legendrian immersion ¢ satisfies the following.

(1) Anti-invariant condition: 1,TpL 1 ¢ (14+T,L) forany p € L.
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(i) The second fundamental form B of ¢ takes values in Ker 7.

The anti-invariant condition implies that the normal bundle N L of ¢ has the orthogonal
splitting N,(p)L = R&,(p) ® ¢ (1xTpL) for any p € L. Under this splitting, we decompose a
normal vector field V € I'(NL) into V = f& 4+ V3, where f = g(V, &) = n(V). Also, the
anti-invariant condition implies that there is a natural identification between ¢ (14T L) and the
dual space Ty L of T), L given by

¢LTyL) > TIL

Vp = ay, = —5t (Vpldnp) = {g(, ¢Vp)}.

Hence we have a natural isomorphism between I'(N L) and C*° (L) $2 1(L) (see also Lemma
3.21in [12]):
@ :T(NL) — C¥(L) ® 2'(L),
V)= V), ay).
Moreover, we have
®) gV, W) =n(V)n(W) + g*(av, aw)

forany V, W € I'(NL), where ay = —%L*(den) and ¢* is the metric on £2' (L) induced
from (*g.

In the following we omit ;. We denote by V and V+ the connection induced from V on
T L and N L, respectively, and denote by V the induced connection on T*L.

LEMMA 2.1. ForV = fé+Vy e '(NL) and X € T'(TL), we have
P (VxV) = (Xf —av(X), Vxay — fagx) .
PROOF. By (2) and (7), the first component becomes
n(Vi V)= g(VgV.§) = g(Vx V. §)
= Vxg(V.§) — g(V, Vx§) = X(n(V)) — g(V, —¢X)
=Xn(V)) —av(X).
Next we calculate the second component. For any Y € I'(T L), from (7) and the normal
condition, we have
ayLy (V) =—g(VxV.4Y)
=—g(VxV,¢Y)
=—Vxg(V,9Y) + g(V, Vx (¢Y))
=Vx(av () + g(V, (Vx$)(¥) + ¢(VxY))
= (Vxay)(¥) +av(VxY) + g(V, g(X, Y)§ = n(¥)X) — ay(VxY)
= (Vxay)(¥) +n(V)g(9X, ¢Y)
= (Vxay)(¥) —n(V)agx(Y),
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and hence we obtain the lemma. O

For a normal vector field V € I'(N L), we define the Laplacian of V by

n
VAV (p) =Y ViV Vip)

i=1

at p € L, where (x1, ..., x,) is a geodesic normal coordinate at p, and 9; = a%(p), 1<i<
n. The Laplacian for 1-forms is defined similarly.

LEMMA 2.2. ForV = f& + Vi € I'(NL), we have
D(V2V) = (=Af + 28ay —nf, Viay +2df —ay),
where A = d§ + 8d is the Laplace-Beltrami operator acting on C*°(L).

PROOF. By Lemma 2.1, we have
n
& (V2V) = qb(Z vaiiviv)
i=l1

= (Z{am(v;vn —ayly @)}, ) (Vg (@yy) = n(Vy Viagy, })

i=1 i=1

= <Z{3i(8i(n(V)) —ay (@) — (Vyay —n(V)ags)(9;)}
i=1

D Vs (Vaay = n(V)aga,) — @i (n(V)) — Olv(3i))01¢ai}>
i=1
= <Z{3i3i (V) = 20;(ery (9;)) — n(V)dx; (9},
i=1
> AV Vaay +20;((V))dxi + (V) Va, (dx;) — aV(ai)dxi}>
i=1

= (= AM(V)) + 28y —nn(V), Viay +2d(n(V)) —av),
where we put agy, = —dx; (i =1,...,n),thedualbasisof 0; (i =1,...,n). O

3. L-minimal Legendrian submanifolds.

DEFINITION 3.1 ([12]). Let (M?>**1 ¢, & 5, g) bea Sasakian manifold, and ¢ : L" —
M+ a Legendrian immersion. A smooth family {t,}_¢<;<, of immersions of ¢ into M is
called a Legendrian deformation if (; is a Legendrian immersion for each ¢, and ¢y = ¢. If L”
has boundary, we assume that the deformation {¢;} fixes the boundary.

LetV := % |=ot; be the variational vector field of {,} along L, and denote by V< the
normal component of V.
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PROPOSITION 3.2. A deformation {t;} of L is a Legendrian deformation if and only if
the variational vector field V satisfies

1 1
©) ays = =S (VEJdn) = Sd(m(V)),
or equivalently,
1 1
Vo= f&— §¢Vf
for some function f € C®°(L).
PROOF. By Cartan’s formula, we have
F(Lyn) =dm(V) +(V]dy) = dn(VH) + (V- dn),
where £ denotes the Lie derivative. This implies that

{t;} is a Legendrian deformation. < ¢,*n = *n = 0 for each ¢
S (Lyn) =0
S dn(Vh) = —*(Vildy) = 2ay. .
Moreover, by the isomorphism @ : T'(NL) — C*®(L) @ $2' (L) and (7), we have the identity
VE = f§ — 3¢V f with f = (V). =

DEFINITION 3.3 ([12]). A variational vector field V is called a Legendrian vector field
if it satisfies the condition (9).

REMARK 3.4. Definition 3.1 shows that a Legendrian deformation corresponds to a
Lagrangian deformation in the case of Lagrangian submanifolds in Ké&hler manifolds. How-
ever, Proposition 3.2 shows that a Legendrian deformation corresponds to a Hamiltonian de-
formation, in the sense that «vy, 1 is an exact 1-form (see [10]).

DEFINITION 3.5 ([8]). Let: : L" — M**t! be a Legendrian immersion into a
Sasakian manifold. Then ¢ is called Legendrian minimal (denote L-minimal) if

d
— Vol(i,(L)) =0
dt =0

holds for all Legendrian deformations {¢;}.
The Euler-Lagrange equation under Legendrian deformations is given as follows.

THEOREM 3.6 ([8]). tis L-minimal if and only if
day =0, orequivalently, divgH =0,

where H is the mean curvature vector of 1, and § is the codifferential operator on 2" (L).
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4. Second variational formula. In this section, we derive the second variational for-
mula under the Legendrian deformation, which leads to the proof of Theorem 1.1.

We start from the general second variational formula. Namely, let L” be an n-dimen-
sional compact manifold with or without boundary immersed in a Riemannian manifold M
byt: L" - M,andlet : L™ x (—&,&) — M be a deformation of ¢ with fixed boundary.
Then we have

2
) Vol(i; (L))
|, _,
n _ n B _
(10) = / { DI+ g(R@;. V)3 V) — g(Vv V., H)
Lo i=1
n _ _ n _ B
- Z g(Vy,; V,01)9(Vy, V., 9j) + Z g(Vy; V,0i)g(Vy, V, 3]')}de,
ij=I ij=1
where {91, ..., d,} denotes a geodesic normal frame at a point of L", V is the variational

vector field of {1,} at# = 0, and H is the mean curvature vector of . A proof of (10) is given
in [14].
Now, we assume the following:

o (M**! ¢ & 1, g) is a Sasakian manifold, and ¢ : L — M**! is a compact Leg-
endrian immersion.

e A deformation {i;} of L is a Legendrian deformation (i.e., the normal component of
V is a Legendrian vector field) with fixed boundary.

o (: L" — M*tlig] -minimal, ie., oy = 0.

Since the normal direction of the variational vector field is essential to consider the first
and second variations, we may assume that V' is normal to ¢. We obtain (1) from the general
formula (10). The following calculation is due to [14], and seems to be the simplest proof of
the second variational formula for Hamiltonian minimal Lagrangian submanifolds in Kéhler
manifolds.

The first term in (10) is rewritten as

DIV V=) g((Va, V)L (Ve V)Y
i=1 i=1
= {0 (g(V, (Va, V)) = g(V, V5, (T3, V) 1))

i=1

1
= —§A|V|2 —g(V,V2V).

Integrating this, we have from the Gauss theorem,

(11) the first term in (10) = —/ g(V2V, V)dvy .
L
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Next we calculate the fourth and fifth terms in (10). Because
9(Va, V. 97) =8 (g(V, 3))) — g(V, V5, 8;)
= —g(V, (Vy,9;)F) (since V L &)

we have

n
(12) the fourth and fifth terms in (10) = — Y~ g(V, B(3;,9,))> + g(V, H)*.
i,j=1
The third term in (10) is calculated as follows:
LEMMA 4.1. Supposet: L" — M?>*! is a compact L-minimal Legendrian immer-

sion into a Sasakian manifold. If V denotes a normal Legendrian vector field along t, then we
have

(13) /Lg(@vV, H)dvy =/L9(B(¢V,¢V),H)de.
PROOF. First recall that the (0,3)-tensor S on L defined by
(14) S(X,Y,Z)=g(@B(X,Y), Z)
is symmetric over all three variables by the normal condition (see [11], [12]). Hence we obtain

g(VyV, H) — g(B@V, V), H)=g(¢(VvV),¢pH) — g(@B($pH, $pV), V)
=g(VvoV,oH) — g(d(VoudV), V)
={Vvg(¢V.pH) — g(¢V.VydH)} + g(VeuV,$V)
=Vy(ay(@H)) +av(¢H, V])

1

= E{W(df«bH)) +df(¢H, V])}

1
= E{V(q)H(f)) +[oH, VI()}

1
=50HVS)

1
= Ed(Vf)(tﬁH) ,
where we use the normal condition and oy = %d f. Integrating this and using Stokes’ theo-
rem, we have

/L{g(@v V.H) - g(B(@V.¢V), H)}dv

1
= / d(V )@ H)dvr
L
1

1
= / ((V F)divg Hdv, = —3 / ((VF)Sanidos .
L L
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Since we assume sy = 0, we obtain the lemma. O

From (10) through (13), we obtain

d2 " —_
(15) 5| _ Vol (L) =/L { —g(V2V.V)+ ) g(R@:. V)3, V)= g(B@V.¢V). H)

i=1
n
— Y (V. B@;,9,))* + g(V, H)Z}de,
i,j=1
and we can prove the next lemma (due to [12, Proposition 4.5]).
LEMMA 4.2. When t : L" — M*'*! is a Legendrian immersion into a Sasakian

manifold, and V = f& + Vy is a normal vector field along L", we have

n

> g(R@:. V)3 V)= Y g(V. B, )

i=1 i,j=1
= —Ric(V) + gRic(ay), av) + [V|* = g(B@V, ¢V), H) + nf”,
where Ric is the Ricci curvature of M, and Ric is the Ricci transformation acting on §2'(L).

PROOF. Since {91, ..., 0y} is an orthonormal basis of 7,L at p € L", {¢01, ..., $0,}
is an orthonormal basis of the horizontal space ¢ (T, L), and thus {¢d1, ..., ¢9,,&} is an
orthonormal basis of the normal bundle N, L. By the definition of the Ricci curvature, we
have

—Ric(V, V)

16 " _ " _ _
1o =Y {g(R@;, V)3;, V)Y + D _{g(R(¢di, V)$di, V)} + g(R(E, VIE, V).

i=1 i=1

Since V = f& + V4, the second term in (16) becomes

D {g(R(p;, V)gdi, V)}

i=1

17 1 _ _
an = Z{g(R(qﬁai, Vi) 9oi, Vi) + 2 fg(R(¢9;,§)P0:, Vi)

i=1
+ F29(R(@®;, £)¢d;, £)}
where

> g(R($d;, Vi)pdi. Vi)

i=1

=Y {g(R(i, $Vi)d;, $Vi) (since ¢d;, Vi L €)

i=1
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= Z{g(R(aiv éVr)di, Vi) + g(B(@9;, 9;), B¢V, Vi)
i=1
— g(B(¢ Vi, 1), B(3;, ®V))} (by Gauss equation)

n

= —Ric(¢ Vi) + g(H, BV, $Vi)) — D |1B@Vag, )1
i=1

n

= —gRic(ay), av) + g(H, B@Vr. $V3) — D |B(Va. 8.
i=1
Moreover, we have

n

D IB@Va, W= ) g(B(Va, ), $9))’

i=1 ij=1

=3 9@B@Vi, 3).9))>

i j=1

= > 9(¢B©;, ), V)
i,j=1

=Y g(B©;, ), Vs)* = Y g(B®;, ), V),

i j=1 i j=1
where the third equality follows from the symmetric property of (14). On the other hand,
§(¢8i, E)po; = —(6¢3i¢)(¢ai) (by the curvature property)
= —£& (by the normal condition)

holds, thus the second and the third terms in (17) become

n
> _2fg(R@d;. §)pdi. Vi) + f2g(R(§0i. 6)§0i. 6)) = —nf>.
i=1
Finally, the third term in (16) is rewritten as
g(RE, VIE, V) =g(=V +n(V)E, V)
=—g9(V,V)+n(V)g(V,§)
==Vl + )+ P = —Ivul,
Substitute these into (16), we obtain the lemma. ]
The splitting V = f& + Vy, into the direction of the characteristic vector field and the
horizontal vector field, is a remarkable difference between the case of Legendrian and the case

of Lagrangian. In (15), the third, the fourth and the fifth terms in the integrand have essentially
no effect on the direction of the characteristic vector field, i.e.,

(18) —9(B(@V,9V), H) = —g(B(@VH, pV1), H),



STABILITY OF LEGENDRIAN MINIMAL SUBMANIFOLDS 533

(19) =Y g(V. B, 0;) == Y g(Vag, B3, 9;))
i,j=1 i,j=1
(20) 9(V, H)? = g(Viy, H)* .

However, the second term in the right-hand side of (15) can be rewritten similarly as (17), and
we have

@1 > gR@: VI8 V) = g(R@;, Va)di., Viag) — nf .

i=1 i=1

Moreover, by (8), (9) and Lemma 2.2, the first term in the integrand of (15) becomes
- / g(V*V, V)dvy, = — / {g(ayay, av) +n(V2V)n(V)ldvy
L L
22) =~ [(o(Fay +2af ~ av.av) + (~a7 + 2ay —nf)f)du.
L

=/{g(—V2av,av) —3g(ay, ay) +nfdvr, .
L

Now, we prove Theorem 1.1.

PROOF OF THEOREM 1.1. From (15), (18) through (22) and Lemma 4.2, we obtain

2

d
dr? z:oVOl(L’(L)) Z/L [{9(_V2Olva av) —3g(ay, av) +nf?}

+{ > 9(R@:, Vi)di, Vi) — nfz} — g(B(§Va, ¢V, H)
i=1

n
- Z gV, B(9;, 95)) 4+ g(Vy, H)z}de
ij=1

='/L[g(—V2av, OlV)—3g((¥V,aV)

+H{—Ric(Vy) + gRic(ay). av) + [V — g(B(@ V. ¢ Vi), H)}
—g(B(@ Vi, $Vi), H) + g(Vyy, H)?|dvy

=/ {9(=V?ay + Ric(ay), ay) — 2|Vy|* — Ric(Vy)
L
—2g(B(@ Vi, $Vi), H) + 9(Vy, H)?}dvy .
It is well known that the Weitzenbock formula implies
—V2ay + Ric(ay) = Aay ,

which leads to (1), since ay = df. O
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REMARK 4.3. 1. Oh first proved the second variational formula for Hamiltonian
minimal Lagrangian submanifolds in Kéhler manifolds under Hamiltonian deformations
([11]). We note that the difference between the second variational formula of L-minimal
Legendrian submanifolds and that of H-minimal Lagrangian submanifolds is only the term
—2|V|?. This term has essentially arisen from the direction of the characteristic vector field
of the variational vector field V.

2. The second variational formula for the case of minimal Legendrian submanifolds
(the case of H = 0) has been already given in [12]. We generalized his formula in Theorem
1.1.

Finally, we define the notion of Legendrian stability for L-minimal Legendrian sub-
manifolds:

DEFINITION 4.4. An L-minimal Legendrian submanifold L” in a Sasakian manifold
M+ is called Legendrian stable (abbreviated L-stable) if
2

il Vol(,; (L)) = 0

t=0
for all Legendrian deformations {¢;} of L.

5. Examples and applications. We apply Theorem 1.1 to investigate the stability of
some explicit examples of L-minimal Legendrian submanifolds in Sasakian space forms.

5.1. The stability of L-minimal Legendrian curves in Sasakian space forms. Let
y be a compact Legendrian curve in a 3-dimensional Sasakian manifold M?>. In this case, it is
easy to prove that the L-minimality condition is equivalent to the condition |H| = h = const
(In fact, & is the geodesic curvature of the curve in the standard sense). We also note that all
of the Legendrian curves in 3-dimensional Sasakian manifolds have constant torsion equal to
1([3D.

By Theorem 1.1, we can easily show that the second variational formula for an L-
minimal Legendrian curve in a Sasakian manifold can be rewritten as

d? 1 —
(23) Sl Volu() = 5 / {IAf2 = @ +h*) fAf —Ric(V f)}dv,
= |,_, 4/,
since Vyy = — %(ﬁV f. Moreover, it is easily shown that all 3-dimensional Sasakian manifolds

M? are n-Einstein (i.e., Ric = ag + (2 — a)n ® n). More precisely, the function a is given by
24) a(p) = K(ep,pep)+1, for pe M,
where ¢, is a unit horizontal vector. In this case, K (ep, ¢ep) is nothing but the sectional

curvature of the horizontal subspace H . Hence, we have from (23),
2

(25) —
dr |,_,

1
Vol(us (7)) = 1/ (AFR = (a+ 2+ K FAf)dvy .
Y

where the function a € C®°(y) is the restriction of (24).
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By (24), we deduce that a 3-dimensional Sasakian manifold is a Sasakian space form
with constant ¢-sectional curvature ¢ if and only if @ = ¢ + 1 = const. Hence, for L-minimal
Legendrian curves in 3-dimentional Sasakian space forms, we have the following:

COROLLARY 5.1. Let y be a compact L-minimal Legendrian curve in a Sasakian
space form M3(c). Then y is L-stable if and only if

A >c+34h2,

where h*> = |H|* and A is the first eigenvalue of the Laplace-Beltrami operator A acting
on C®(y)If y has boundary, we restrict to smooth functions on y which vanish on the
boundary).

PROOF. Since M3(c) is a Sasakian space form, we derive from (25) that
2

dr?

LetO =Xy <A1 <--- < At < --- — oo be the eigenvalues of the Laplace-Beltrami operator
A actingon C*®(y),and f = fo+ > o, f; the spectral decomposition of f € C*(y). Then
we have

1 2 2
Vol(t,(y))zzf [IAf12 = (e +3+ R fAfldy, .
0 Y

t=

d? 1 &
T3 | Vel =7 D kil = (c+3+ D) / fitdvy, .
t=0 i=1 Y
Thus, j—:z | ,:()VOI(Lt(V)) > O holdsif and only if Ay — (¢ + 3 + h?) > 0. O

REMARK 5.2. If L" has boundary, the above proof should be done with the restriction
to functions which vanish on the boundary. Since a Legendrian variational vector field is
writtenas V = f& — %QSV f, this restriction corresponds to the boundary condition V|3 = 0.

EXAMPLE 5.3. The 3-dimensional unit sphere S° is a Sasakian space form with ¢ = 1
(for more details, see Subsection 5.2 below). It is already known that all the closed L-minimal
Legendrian curves in S3(1) are given as

1
m(ﬁeﬁwma V=Type TV s e 10,27 /pq),

where (p, ¢) is a pair of relatively prime positive numbers ([8], [14]). They are torus knots of
type (p, q), and in the case of (p, g) = (1, 1), it is minimal. It is easy to see that the mean
curvature of (26) is givenby h = |H| = |q — pl/./Pq. Since s is the arc length parameter,
the first eigenvalue of A of a closed curve is given by A; = 47%/1% where [ is the length of the
closed curve. Hence, the first eigenvalue of A of (26) is Ay = 1/pq. Since p, g are positive
integers, we have

(26) y(s) =

1 _ 2 2
M:_<1+3+(q P~ _t+a)
rq rq rq

Thus, by Corollary 5.1, we conclude that all the closed L-minimal Legendrian curves in S3(1)
are L-unstable.
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We note that the projection of the curve (26) by the Hopf fibration 77 : $3(1) — CP' ~
S2 is a closed curve with constant curvature, and hence a closed circle in S? (i.e., H-minimal
Lagrangian closed curve). These curves are all H-stable.

EXAMPLE 5.4. The 3-dimensional Euclidean space R® with the standard Sasakian
strucure is a Sasakian space form with constant ¢-sectional curvature ¢ = —3 (see [5], or
Lemma 5.9 below). By Corollary 5.1, minimal Legendrian curves (i.e., | H| = h = 0, namely,
these curves are geodesic) in R3(=3) are all L-stable. In general, all the minimal Legendrian
submanifolds in RZ**t1(—3) are L-stable (see [12]). To consider the case & # 0, we recall that
the L-minimality condition implies # = const. A Legendrian curve in R3(—3) with positive
constant curvature 4 is of the form.

2 2 . 2 1 . 2y0
27) y(s) =Xo + 7 coshs, M’ sin hs, —Es + o sin2hs + I coshs |,

where xg = (x0, Yo, z0) and s is the arc-length parameter (see [2]). Since Legendrian curves
in 3-dimensional Sasakian manifolds have constant torsion, these curves are helices. These
curves are not periodic and so non-compact. If we cut the curve with length /, namely, if the
domain of s is the closed interval [0, /], by Corollary 5.1, we can easily prove that the above
curve is L-stable if and only if 0 < h < /1.

EXAMPLE 5.5. Consider the 2 x2 real special linear group SL(2, R)={A€GL(2, R);
detA = 1}. We choose a global coordinate (x, y, 0) € Rx Rt x S! of SL(2, R) by the unique

decomposition
A= I x\(/y O cosf  sin@
“\0 1 0 1/y) \—sin6 cos6

for A € SL(2, R). We define the contact metric structure on SL(2, R) by

dx\* dy 2 dx 2 dx ]

2y 2y 2y 2y 00’
(cf. [4]) and the (1, 1)-tensor ¢ by the matrix
0 1 0
¢p=1-1 0 0
0 —-1/2y 0

Then, (SL(2, R), ¢, &, n, g) is a Sasakian space form with the ¢-sectional curvature c = —7.
SL(2, R) has a compact connected subgroup SO (2), and the homogeneous space SL(2, R)/
S0 (2) is diffeomorphic to the upper half-plane H?. By the metric induced from SL(2, R),
H? has constant Gauss curvature —4, and the projection v : SL(2, R) — H? is a Riemannian
submersion. Let y(s) = (x(s), y(s), 6(s)) be a smooth curve in SL(2, R) with arc-length
parameter. Then y is Legendrian if and only if

X

(28) 6 = -5
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The Legendrian curve with constant curvature z in SL(2, R) is obtained by the horizontal lift
of the curve = (x(s), y(s)) in H? with constant curvature . If 1 > 2, the curve j is a
closed circle. More precisely, it is given by

(29) (x(s), y(s)) = (r sin i (s) + xo, r<§ — Ccos u(s))) ,

where r € R is a positive constant (cf. [4]), and the smooth function i : R — R satisfies
the equation

(30) ) = h—2cosu(s) = 22
or more explicitly,
31) tan “;s) = Z;;tan< h22— 4s)
with ©£(0) = 0. Here, we note that
Vh? — 4sin(v/h? — 4s) 2 + hcos(vh? — 4s)

32 i = , = .
G2) Sin () h +2cos(Vh? — 4s) cosp(s) h +2cos(vh? — 4s)

By (29) and (30), the Legendrian condition (28) of the horizontal lift y of y is rewritten as

6(s) = — cos u(s) = @ - %
Thus 6(s) is given by
(33) 0(s) = @ — gs

with 8(0) = 0. Hence, the horizontal lift of a closed circle in H? with constant curvature % is
given by (29) and (33). We note that such a curve is contained in a flat torus in SL(2, R) with
constant mean curvature 2A.

We consider the periodicity of these curves. From (32), (x(s), y(s)) is periodic with the
period 27t /+/h% — 4. Thus the L-minimal Legendrian curve given by (29) and (33) is periodic
if and only if there exist a positive integer m € Z™ such that, for any s € R,

9<s + ﬂ) = 0(s) (mod 277)
N '

By (33), this is equivalent to

(34) 2hm <+ mn ) (s) (mod 277)
_— = S E——— — S mo ).
w—a w—a) "

However, by (31) or (32), the right-hand side of (34) is equal to 0. Hence, the periodicity
condition is equivalent to
2

V1= (m/k)?

(35) h =
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for some relatively positive integers m, k € Z* withm/k < 1. Thus there are infinitely many
closed L-minimal Legendrian curves in SL(2, R) whose curvature is given by (35).

Next, we consider the L-stability of closed L-minimal Legendrian curves in SL(2, R).
Since the length of a closed L-minimal Legendrian curve given by (29) and (33) with (35) is
1 =2mm/vh? — 4 = k2 — m2m, and since s is an arc-length parameter, the first eigenvalue
of A of the curve is A; = 472/1% = 4/(k* — m?). Then we have

A=

5> -T+3+

kK2 —m 1 —@m/k)?"

This inequality is equivalent to 1 > m?2. Since m is a positive integer, this inequality holds if
and only if m = 1. Thus, by Corollary 5.1, we conlude that the closed L-minimal Legendrian
curve in SL(2, R) is L-stable if and only if its curvature is equal to h = 2/+/1 — (1/k)? for a
positive integer k > 1.

5.2. Legendrian instability theorem in the unit sphere. In the previous section, we
show that every closed L-minimal Legendrian curve in $3(1) is L-unstable. In this section,
we generalize this fact, and give a proof of Theorem 1.2.

Let S>"*1(1) be the unit sphere in the complex Euclidean space C"*!, and
i@ §2"*t1(1) < C"*! the natural embedding. Since C"*! has the standard Hermitian struc-
ture (J, (, )), where J is the complex structure and (, ) is the standard inner product, S>"+1(1)
inherits the standard contact metric structure. More precisely, we choose the unit outer normal
vector on $2"*1(1), that is, the position vector X € $21+1(1), and we define the character-
istic vector field on $2**1(1) by £ := —JX. The contact 1-form on S?**1(1) is given by
n = (ix-, £). The (1,1)-tensor ¢ on $2**1(1) is defined by the relation J = ¢ + n ® X. We
denote by ¢ the induced metric on §21+1(1), then (S2+1 (1), ¢, &,n, g) is a contact metric
manifold (see [5]). It is well known that this contact metric structure gives a Sasakian structure
on $2"*1(1), and it is a Sasakian space form with constant ¢-sectional curvature ¢ = 1.

Let:: N™ — §21+1(1) ¢ €"*! ~ R2"*2 be an immersion of a smooth m-dimensional
manifold N into the unit sphere. For a constant vector a € R*"t2 define the smooth func-
tion f, on R?*2 by f,(x) := (a,x). Put f, := i*f, € C¥(S¥) and f, := *f, €
C*(N). We note that V f_a(x) =a — (a, x)x, i.e., the projection of the constant vector a to
the tangent space of $2*+1(1) at x.

LEMMA 5.6. We have
(36) Afg =mf, —(a, H),

where H is the mean curvature vector of t.

PROOF. Choose the geodesic normal coordinates {91, ..., d;} at p € N. Then we have

—Afa(p) =Y (30 fa)(p)

i=1
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(Va, Va, (a, %)) (p)

I
Ms

1

(Va[ (a, 3;))(p) (since a is parallel)

I
Ms

1

(@, Vy,3:)(p)

I
NE

—

Ms

(@, B(3;, 9;) — (3, 9:)X)(p)

—

={a, Hy) —mf,(p). O

REMARK 5.7. If H = 0, the above lemma is well known, that is, the function f, is an
eigenfunction of the Laplacian A acting on C°°(N) with the eigenvalue m = dimN.

PROOF OF THEOREM 1.2. Assume that ¢ : L" — $2**t1(1) is an L-minimal Legen-
drian immersion of a compact manifold L without boundary. We show that the immersion ¢
is L-unstable. Define the Legendrian vector filed along ¢ by V,, := f,& — %(ﬁV fa, where the
function f, is given as above. Since the Ricci tensor of $2**1(1) is given by Ric = 2ng, the
second variational formula becomes

2

Vol(y, (L))
| _,

1

=3 /L (Afl? = 200+ 1) A Sy — 29(BOY fu. ¥ fu). H) + 9@V fu. H)}dvy .

Substituting Af, = nf, — (a, H) in this equation, we get
2

1
37) pr) tzoVol(tt(L)) =1 /L { —n(n+ 2)f +(a, H) + (¢V fa, H)?

—2(B(V fu. V fa). H) + 2 fala. H)}dvp .
Since f; = (a, x)|z,and V f, = (V f;)T = a" where T means the projection to the tangent

space of L, the right-hand side of (37) defines a quadric form on R*"*2. We denote this
quadric form on R?"*2 by

0(@) := %/ Qp(a)dvy, fora e R¥12
L
where for each p € L, set
0p(@):=—n(n+2)f2 + (a, H)* + (¢V fa, H)*
—2(B(Vfa,Vfa), H) +2fasa, H).

The trace of Q) (and Q) is independent of the choice of orthonormal basis of R?"*2_ Take

the orthonormal basis on R2"*2 as {e1,...,en, de1, ..., ey, E, X}, where x = ((p) and
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{e1, ..., ey} is an orthonormal basis on ¢, (T, L). Then we have

r Qp=—n(+2IF* + D {(pei, H)> + (pei, H)* — 2(B(e;, ), H)}
i=1
=—n(n+2)+2|H* - 2|H|?
=-nn+2),

and hence we have
~ 1
tr Q = —Zn(n +2)Vol(L) < 0.
This implies that the L-minimal Legendrian immersion ¢ is L-unstable. O

REMARK 5.8. In[12], a different proof of the L-instability theorem is given under the
stronger assumption of compact minimal Legendrian submanifolds in $**1(1). Here we
used the averaging method of the second variations due to Lawson-Simons ([9]).

5.3. On the existence of L-minimal Legendrian submanifolds in R>**!(—3). The
curve (27) is contained in the cylinder in R3(=3) defined by

1 4
N2<E> = {(X,y,z)€R3; (x_x0)2+(y_y°)2:ﬁ}’

and has constant curvature. By [3, Theorem 4] (see also [2, Theorem 4.2]), such curves are
characterized to be of 1-fype. However, by [2, Theorem 4.1], an integral submanifold in
R?"1(=3) is 1-type if and only if it is minimal in a cylinder. Consequently, a Legendrian
curve in R3(—3) lying in a cylinder is L-minimal if and only if it is minimal in a cylinder
(we note that all non-minimal L-minimal Legendrian curves in R3(=3) are given by (27),
and hence these lie in cylinders). We generalize this situation to Legendrian submanifold in
R2n+1 (_3)

LEMMA 5.9. Let L" be a Legendrian submanifold in R*"*1(=3). Assume that L" lies
in the cylinder

N?(r) == {x € R*!; g(x — X0, X — Xg) — (X — Xq)* = r?}
n
= {(xl,...,x",yl, D) € R TG — x4 (6 — y)? =4r2},
i=1

where Xy = (x(%, e, x(’)‘, yol, el yg, z0) Is a constant vector in R?"Y and r is constant.
Then, foreach p € L", we have

n n
(38) divgH(p) ==Y gV H' ey ==Y g(Ve, H', pei)
i=1 i=1
where H and H' are the mean curvature vector of L" in R?"*+Y(=3) and in N¥'(r), respec-
tively, {e1, ..., ey} is an orthonormal basis of Ty L, and V is the Levi-Civita connection on
the cylinder N*'(r).
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PROOF. Recall that an odd-dimensional Euclidean space R*"*! admits the standard
Sasakian structure (cf. [2] or [5]), i.e.,

1 T 1 & , , d
rl=§<dz—2y’dxl>, g=n®n+7) (@) +@"?), § =25,
i=1 i=1

where (x!, ..., x", yl, ..., Y, 2) is the standard coordinate of R?'*+1 and the (1,1)-tensor ¢
is given by the matrix
0 & O
p=1-6 0 O
0 y/ 0
Then Sasakian manifold (R*"*!, ¢, £, , g) has constant ¢-sectional curvature ¢ = —3.

Let L" be a Lengendrian submanifold in R?"*!(—3) which is contained in a cylinder
N?(r). Let H be the mean curvature vector of L" in RZ*t1(—3), and let H' be the mean
curvature vector of L" in N2 (r). By [2], we have

/ n 2
(39) Hy = Hy + r—zd) (x—xo),

where x € L" ¢ R*"*! denotes the position vector of L". We note that ¢%(x — X) is normal
to N> (r). Let {91, . .., 9,} be the geodesic normal coordinates of L" at a point of L". Since
Vi, (90;) = & holds at the point by the normal condition, we have

divgH =) " 0i(g($H, ) = — Y _ Vo (9(H, $3)

i=1 i=1

(40) == {9(VsH.¢d) + g(H. &)} = =) g(Vy, H. $d;) (since H L &)

i=1 i=1
=—> {g(%,. H', ¢9;) + r’”‘_zg(vai&(x — X0), ¢a,»>} ,
i=1
where we have
9(V,#*(x — X0), 93;) = —g(Vs,(x — X0), $3;) + g(V5, {n(x — X0)&}, pd;)
= —g(Vy (X — X0), $3;) — n(X — X0) .
By [2, Lemma 3.1], since 9; is tangent to L, we have
VX = 0 — n(X)$d; + (Ain(x) + g(x, p3;))E .
VX0 = —1(x0)9d; + (3;n(X0) + g(X0, $3;))E

(41)

and hence we obtain

Vi (X — X0) = 3 — (X — X0)¢d; + (3;n(X — X0) + g(X — X0, $p3))E .
Substituting this into (41), we have
(42) g(%iqsz(x—xo),(ﬁai) =0fori=1,...,n.
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On the other hand, the mean curvature H' is a vector contained in the subspace spanned
by {¢d1, ..., $d,} in TR***1(=3) because H’ is normal to L" and n(H') = n(H) = 0. By
(44), and since the vector ¢(x — Xg) is normal to N"(r), we have

g(Va, H', p*(x — x0)) = Vi, g(H', $*(x — x0)) — g(H', Vy,¢*(x — X9)) = 0.
This means

(43) VoH =VyH fori=1,...,n,

i

where V is the Levi-Civita connection on the cylinder N 2n (),
By (40), (42) and (43), we have

divgH = =Y g(Va H',¢0) = — > g(Va, H', $;) . O

i=l i=l
From Lemma 5.9, we get the following proposition:
PROPOSITION 5.10. Let L" be a Legendrian submanifold in R*'*1(—=3) which lies

in a cylinder N¥'(r). If L" has parallel mean curvature in N*"(r), then L" is L-minimal in
R2n+1 (=3).

PROOF. Since the mean curvature H' is parallel in N>"(r), i.e., ViH =0, %i H'is
tangent to L" for eachi = 1,...,n. By Lemma 5.9, we have divp H = 0, and hence L” is
L-minimal. o

EXAMPLE 5.11. Define an embedding ¢ : R” — R*'*1(—3) by

(S15.-+58n)
n
51 Sio . sl .S roort 2
— rlcos—,...,rncos—,rlsm—,...,rnsm—,E — —si+—sin— )|,
r 'n r ™o 2 4 i
1=
where rq, . .., r, are positive constants. This embedding is Legendrian, and lies in a cylinder

N?"(r) with xg = 0, 4r> = r;> + --- + r,%. This is a generalization of (27), and is the
universal covering of the standard torus 7" = S L) x - x SY(ry). By the same calculation
as in [2, Example 4.7], the mean curvature vector H is given by

"4 (/9
n=-3o(5)

From this, we can easily show that ¢ is L-minimal. By (39), it is easy to check that the mean
curvature vector H' of ¢ in the cylinder is given by

=2 eln)

Hence, H' is parallel in the cylinder if and only if r| = - - - = ry,, namely, it is minimal in the
cylinder.
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