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Abstract. In this note, stimulated by the existence result by Futaki, Ono and Wang
for toric Sasaki-Einstein metrics, we obtain new examples of Sasaki-Einstein metrics on sl
bundles associated to canonical line bundles of Pl(C )-bundles over Kihler-Einstein Fano
manifolds, even though the Futaki’s obstruction does not vanish. Here our examples include
non-toric Sasaki-Einstein manifolds.

1. Introduction. Sasaki-Einstein manifolds were studied not only by mathematicians
but also by physicists, as Sasaki-Einstein manifolds have various interesting phenomena such
as “AdS/CFT correspondence” in theoretical physics (cf. [1], [2], [3], [4], [5], [12], [19], [20],
[21], [22]). Recently in [6] and [10], classification of toric Sasaki-Einstein manifolds was
given.

A Sasaki manifold is a (2m + 1)-dimensional Riemannian manifold (S, g) whose cone
manifold (C(S), ¢) is a Kdhler manifold with

CS)=SxR.9 and ¢ := (dr)2 +r2g,

where r is the standard coordinate on the set R~o = {r > 0} of positive real numbers. Then
S is a contact manifold with the contact form

n = (V=1 — d)logr)|y1.

Here S is viewed as the submanifold of C(S) defined by the equation r = 1. We further
consider the Reeb field & characterized by

iGn=1 and i(§)dn=0,

where i(£) is the interior product by £. The Reeb field £ is a Killing vector field on (S, g)
with a lift to a holomorphic Killing vector field on (C(S), g). This generates a 1-dimensional
foliation on S, called the Reeb foliation. The Sasaki metric g naturally induces a transverse
Kéihler metric gT for the Reeb foliation on S. A Sasaki manifold (S, g) is toric, if C(S) is a
toric manifold.
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The following well-known fact allows us to reduce the existence of Sasaki-Einstein met-
rics to that of transverse Kihler-Einstein metrics:

FACT 1.1 (cf. [3, Chapter 11]). A Sasaki manifold (S, g) is Einstein with positive
scalar curvature 2m if and only if the transverse Kdhler metric g* is Einstein with positive
scalar curvature 2(m + 1).

We now pose the following conjecture:

CONJECTURE 1.2. Let M be a Fano manifold. If there exists a Kdhler-Ricci soliton
(see for instance [28] for Kiihler-Ricci solitons) on M., then the S'-bundle associated to the
canonical line bundle K py of M admits a Sasaki-Einstein metric with a suitable choice of the
Reeb field.

By the results of Wang and Zhu [28], the existence of Kihler-Ricci solitons is known for
toric Fano manifolds. Hence, the results in [10] shows that Conjecture 1.2 is affirmative for
toric Fano manifolds.

We now consider Koiso-Sakane’s examples (cf. [23], [16], [17]) of Pl(C)—bundles over
Kihler-Einstein Fano manifolds. To fix our notation, recall the paper [18]. Under the assump-
tion below, we fix once for all a compact connected n-dimensional complex manifold W with
c1(W) > 0 and an Hermitian holomorphic line bundle (L, &) over W.

ASSUMPTION 1.3. (1) There exists a Kihler-Einstein form wg on W, i.e., Ric(wg) =
wo, where Ric(wg) is the Ricci form for wy.

2)27ei(L; h) = +/—139 log h has constant eigenvalues
1S p2 S-Sy

with respect to wg satisfying —1 < puy < lfork=1,2,...,n.

By this assumption, the compactification M‘%, := P (L & Ow) of L isa P'(C)-bundle over
W with ¢;(M{) > 0. Then M, admits a Kéhler-Einstein metric if and only if its Futaki’s
obstruction (cf. [8]) vanishes:

1 n
(1.4) / x [T+ mrx)dx =o0.
-1

k=1

Let S‘%, be the S!-bundle over M‘fv associated to the canonical line bundle K M, of M‘%,. In

[15], Koiso showed that a Kéhler-Ricci soliton exists on MVLV, whether or not equality (1.4)
holds. Hence by Conjecture 1.2, a Sasaki-Einstein metric is expected to exist on S‘ﬁ,. The
purpose of this note is to give the following affirmative result:

THEOREM 1.5. Under the Assumption 1.3, whether or not the equality (1.4) holds, S{;V
always admits a Sasaki-Einstein metric for a suitable choice of the Reeb field. Furthermore,
K M, admits a complete Ricci-flat Kahler metric in every Kdhler class.
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REMARK 1.6. Kobayashi[14] (see also Jensen [13], Wang and Ziller [27]) constructed
Einstein metrics on S!-bundles over Einstein manifolds. Our theorem above shows that S‘%,
always admits an Einstein metric, even though M {,;, admits no Kahler-Einstein metrics.

2. Transverse holomorphic structures on S{;V. For an open cover {Uy ; o € A} of
W, we choose a system of holomorphic local coordinates (wull, wg, .., wy) on each Uy, and
by taking a holomorphic local frame e, for L, we have the fiber coordinate ¢, for L over
U, with respect to e,. Then (wull, wg, oL wl ;,j ) forms a system of holomorphic local
coordinates for Uo‘f := Lly,. Let fy be the frame for L~ dual to ey, and let ¢, be the fiber
coordinate for L~! over U, with respect to fy. Then (wé, wg, ..., wl; ¢, ) form a system
of holomorphic local coordinates on U, := L~!|y,. Then U} and U, are glued together by

the relation
t =)™
to form M{, = P(L ® Ow) = Uyea(US U Uy). Here,
+dwl Adw2 A Aduw” AdeE

is a holomorphic local frame for K M, over Uai, and with respect to this local frame, we have
the fiber coordinate rf for K Ml respectively, i.e., all (4)-signs and all (—)-signs should be
chosen respectively. Note that

trdwl Adw2 A Adw! AdeS
= t/;'dw}g Adw% A--~Adwl'§ Adg'g'
= t/;'(ﬁﬁa(w)wﬁa(w)_ldwé Adwi A Adw AdE)
for w € Uy NUp. Here {Yrgy ; @, B € A} are the transition functions for L with respect to the
local frames {ey ; o € A} for L, while {¢gq ; a, B € A} are the transition functions for Ky
with respect to the local frames {dw) A --- Adw” ; a € A} for Ky, i.e.,
ep = VpaWlea. [ =Vpa(w)™ fu.
dw;} Adw%; Ao ANdwg = dpa(W)dwl Adwi A - A dul
for w € Uy N Ug. Hence 7} can be viewed as the fiber coordinate for Ky ® L~! over U,
with respect to the local frame (d wh A Ad W) ® fo. Similarly, 7, is also viewed as the
fiber coordinate for Ky ® L over Uy with respect to the local frame (dw} A -+ A dw!) ®eq.
Moreover, since 7,7 ¢ = 1, ¢, on Uy N U, , it follows that
77;({;)2 =1, .

Now, for —1/2 < a € R, we consider holomorphic vector fields

) d o
a/—1gf — + /=1ty — on p(U)),
iley 07y
) 1y
—av—1¢; — + (1 +2a)v/—1t, — on p~ 1 (U;),
iles 07y
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where p: K Ml M{“V is the natural projection. Then these are glued together to define a
well-defined global holomorphic vector field &, on K ML We choose £, + £, as the Reeb field

on Sﬁ,. However, we call &, also as the Reeb field by abuse of terminology. Put
=@t and gz = (r))V/ 2O

Then (wull, wé, oL wl z;{") and (wull, wé, ..., wl; z,) are transverse holomorphic local co-

ordinates on U := p~!(U;}) and U, := p~!1(U,), respectively, with respect to the Reeb

field &,, in view of the identities

dzf(€) =0 and dzj (&) =0,
where p: S€V - M va is the natural projection. Note that z} and z, satisfy the relation
Z;' = (r;)—aé-;‘ — (-Ea—)—a(ga—)—(HZa) _ (Z;)_(H'Z“),

For the natural projection g : S‘%, — W, the fiber ¢~ (w) over each w € U, has a transverse
holomorphic structure defined by the transverse holomorphic coordinate zfxt. Then on g~ (w),

! ldzq on ¢~ '(w) N U}
2+ L+ g P00 ) ER 7 e

G =

on q‘l(w) N ﬁa_

( (1 4 2a)? ) ldz |?

|zg 20420 + 1+ |24 |72 |24 12

defines an Hermitian metric for the transverse anti-canonical line bundle of the fiber ¢! (w),
. « . . . t

which is invariant under the standard S'-action 7} +—— 1z}, € S!, for each w € Uy, where

S :={z€eC; |z] = 1}. By setting x := —2log |z} |, we define

v(x) := log {exp (x)+ 1 +exp <— 1 _:2(1)} .

Then its derivative v’ (x) defines a moment map whose image is the closed interval [—1/(1 +
2a), 1].

3. Sasaki-Einstein metrics on S‘ﬁ,. In this section, by an argument as in [18], we
construct a Sasaki-Einstein metric on S‘%, by reducing the Sasaki-Finstein equation to the
transverse Einstein equation (3.1) below. For a > —1/2, define a polynomial A,(x) in x by

X n

Ag(x) := —/ s (l + ukyas) ds,
—1/(142a) k=1

where pg = pur +a(l + pg) fork = 1,2, ..., n. Now, we assume that A,(1) = 0. Since

a > —1/2, it follows from Assumption 1.3 that

Ay ()
x

0<As(x) < Au(0) and <0
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for —1/(1 + 2a) < x < 1. In particular, the rational function

Ay (x)

xAg(x)
is free from poles and zeros over the open interval (—1/(1 + 2a), 1) and has a pole of order
1 atboth x = —1/(1 4+ 2a) and x = 1. Hence,

X A/
B,(x) := —/ ﬂds
0 SAa(s)
is monotone increasing over the interval (—1/(1 + 2a), 1) and moreover, B, maps (—1/(1 +
2a), 1) diffeomorphically onto R. Let

1
Ba_l:R—><_H_—2a’ 1)

be the inverse function of B,: (—1/(1 + 2a), 1) — R, and define C*° functions x,(p) and
ug(p) in p € R by x4(p) = Ba_l(p) and u,(p) := —log(As(x4(p))), respectively. Then
u,(p) = x4(p) and hence

n
3.1 () [T (14 sy gy (0)) = e,
k=1
On U, := U} U U], we define
3.2) | —loglzg1? —log (kR LTe) on U,
' "l a+2a)10g 125 1> — log (kg “RLT)  on Uy,

by setting ky 1= hKW(dw,}l A Adwl dwl Ao Adw?) and hy = h(eq, €q), that is, on
Uy, exp (—pq/2) can be formally viewed as the norm of

a Y
+ 1+
() =)

with respect to the Hermitian metric /" ® h'* for Ky* ® L'*“. Here h,, denotes the
Hermitian metric for Kw induced by wo. Then we have p, = pg on ﬁa no 5. Now we
consider the following transverse (n + 1, n + 1)-form @,,, with respect to &,, on Uy:

dzf ndzd .
/—1 (n + l)e—ua(Pm) (q*wo)n A % on U;‘ ,
D, = Za —
dz, Ndzg ~
V=1 (n + e ") (g*we)" A (1 4+ 2a)2z"‘7|22a on U .

|Za
Then {®, ; @ € A} define the transverse (n + 1, n + 1)-form @ on Sﬁ,. Note that Ric(wg) =

/=130 log wg = wo and that, for each fixed wy € U,, we can choose a local frame ¢, for L

and a system (wé, wﬁ, .., wyy) of holomorphic local coordinates on U, satisfying

n
d(k;hl T we) =0,  wo(wy) = V=1 Zdwft A dwk
k=1
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n
(V=1301loghe)(wo) = V=1 prdwh A dwk .

k=1
Then, along ¢~ (wg) N (7,1, we write a)g = {/—1/(2n + 4)}99 log &, as a sum

R —
3 2| (U it (o) V=Tl n duf
k=1

2n

oYM A
2n +4 |z 2
on U, and
Ly 1 ‘ V=Tldwk A dwk
2n+4;!( + tk.atty(Pa)) wh A wa}
! V=ldz; Ndzy
+m(l +2a)2u’a’(pa)#
on 17,;. Sincea > —1/2and —1 < g < 1 (k = 1,2,...,n), o} is a transverse Kihler

form, with respect to &,, on ﬁo‘f \ {z,}lF =0} = ﬁa_ \ {z, = 0}. Furthermore, by (3.1), we
have {(2n + 4)@3}”1 = ®@,. Therefore, ! defines a transverse Kihler-Einstein metric,
with respect to &, on Uo‘f \ {z(;F =0} = U, \{z, = 0}. Since py = By (x4(py)), we have

—log(1 — x4(0a))
+ real analytic function in x,(py) near x,(py) =1,

Pa = 1
1+2a)l ——
(I+2a) 0g<1 T 2a +xa(pa)>
-1

+ real analytic function in x,(py) near x,(py) =

3

1+ 2a
while we see from (3.2) that
25172 = (1 = xa(pa)) ' exp ot near x,(py) = 1,
| -1
|zg 172 = (1—1——261 +xa(/0a)) exp o~ near x,(0y) = T4 2a"

Here o+ and o~ are real analytic functions on f]j and ﬁa_ , respectively. Hence the argument
as in Step 2 in the proof of [18, Theorem 10.3] is valid for transverse Kihler cases even when
the Reeb field is irregular. Therefore, the condition A, (1) = 0 implies that {a)g RS A} are
glued together to define a well-defined global transverse Kihler-Einstein form wT on S‘%, with
the Reeb field &,.

REMARK 3.3. Leta € R be such that A,(1) = 0. On U} (resp. U ), ®, is formally

viewed as a Hermitian metric for

Kv;l ® (ng ® L—(1+a))—1 _ (KW ® L—l)—(1+a)
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(resp. (KW ® L)—(1+a)/(1+2a)) .

Then, on 170‘[" (resp. ﬁa_), we put

+211/@2n+4)
- {(|,;|)2(1+a> explita () kalz| }

n+1

o2 1/Cn+4
_ _ \@(4a)/(142a) eXP(ita(pa)) Kalzg | /Gt
resp. r:= 1 (174 1) — ,

and n := (v—1(@ — 9)logr)|,=1. On ﬁj (resp. ~a_), r"12 is regarded as the norm of
()l n - duf) @55)
(resp. — (1+2a)(zy) "2 (dwl A - Adwl) ®dzy)),
with respect to the Hermitian metric (Pg)~ ! for
(Kw ® LY (resp. (K @ L)(1+0/(1420))

Hence r defines a well-defined C*° function on K M, \ {zero section}, and in particular S‘ﬁ, is
identified with the submanifold of K ML, defined by the equation r = 1. Here, we note that,

on U NU;,
(r:)lﬂ((dw; A Andwl) ®dzd)
= —(1 4 2a) ()T IR (@l A - Adwlt) @ dzy) .
Moreover, g := ()% g7 is a Riemannian metric on S‘LV and 7 is a contact form on S%,, where

gT is the transverse Kihler metric associated to wT. Furthermore, the fundamental form @ of
the cone metric g associated to g is given by

w:=rdr An+rio'.

In view of dn = 2wT, we obtain d@ = 0, and hence (SL, g) is a Sasaki manifold with the
Reeb field &,.

Now by Fact 1.1, we obtain the following criterion on the existence of Sasaki-Einstein
metrics on S‘ﬁ,:

PROPOSITION 3.4. Under the Assumption 1.3, if

1 n
(3.5) Ay == [ T+ pandr =0,
—1/(142a) k=1

then S‘%, admits a Sasaki-Einstein metric with the Reeb field &,.

REMARK 3.6. In the special case a = 0, we easily see that (3.5) is nothing but the
condition (1.4) in the introduction.
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Next, we shall show the existence of @ € R such that botha > —1/2 and A,(1) = 0
hold. We now put

foia):=x ]+ mrax) .

k=1
1
F(a) := / fx;a)dx (= —Aq(1)).
—1/(142a)
Since lim, s 100 F(a) = +00 and lim,—, _1/240 F(a) = —oo, the continuity of F allows us

to find ap > —1/2 such that F(ap) = 0. Moreover,

1
d 1
F’a:/ — f(x;a)dx + ( ;a).
(@) 1/(142a) aaf( ) (14 2a )2f 14 2a
Note also that i 4 = ur + a(l + ug). Hence for —1/(1+2a) £ x £ 1,

a n
gﬂx;a):ﬁz{(lwp]'[(l+{uk+a(1+uk>}x)} >0,

j=1 k]

1 1 n+l n
f<_1+—2a;a) :_<1+2a) kl:[]{(Ha)(l_Mk)} -

Now in the expression of F’(a), the first term is nonnegative and the second term is positive.
Therefore F'(a) > 0. Hence we obtain the following lemma.

LEMMA 3.7. Under the Assumption 1.3, there exists a unique real number ay > —1/2
such that F(ag) = 0.

Therefore, by Proposition 3.4 and Lemma 3.7, if Assumption 1.3 is satisfied, then S‘%,
always admits a Sasaki-Einstein metric with the Reeb field &,,. On the other hand, in view
of [9], [11](see also [26]), we now conclude that K Mk admits a complete Ricci-flat Kéhler
metric in every Kihler class. The proof of Theorem 1.5 is now complete.

4. Examples. In this section, we shall give a couple of examples of Sasaki-Einstein
manifolds as an application of Theorem 1.5.

EXAMPLE 4.1. We first put

[
~=H "(C).

I
® (Opniccy ()

where p;: W — P™ (C) is the natural projection to the i-th factor i = 1,2, ...,[). In view
of the isomorphism K "(C) = Opiyk + 1), if

—mi+D)<vi<ni+1, (=12,....D,
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then the pair (W, L) satisfies Assumption 1.3. Hence by Theorem 1.5, Sﬁ, admits a Sasaki-
Einstein metric, though this is toric. Then F(a) in Section 3 is given by

1 / n;
Vi Vi
F(a):/ xll(l—i—{ +a<l+ )}x) dx .
—1/(42a) ;3 ni +1 ni +1

For instance, we consider the simplest case, that is, W = P! (C)and L = O Pl(c)(l). In this

case, M‘%, is a del Pezzo surface obtained from P?(C) by blowing up one point, and we see
the irregularity of (S% &4,) by

_ =54+V13
12

EXAMPLE 4.2. Next, let W := Gr(k, p) be the complex Grassmannian manifold of
all p-dimensional subspaces of C¥, which is a complex manifold of dimension p(k — p).
Then there exists an ample line bundle A(k, p) over Gr(k, p) such that K Exrl(k,p) = Ak, p)k
(see for instance [24, p. 205]). We put L := A(k, p)”. If —k < v < k, then the pair (W, L)
satisfies Assumption 1.3. Hence by Theorem 1.5, S{;V admits a Sasaki-Einstein metric, and if
2< p<k-—2,then S{“V is non-toric.

ao

EXAMPLE 4.3. Let M, be the moduli space of smooth hypersurfaces of degree n in
P"+1(C). For the Fermat type hypersurface

n+l
Wo = {[Xo,Xl,...,XnH] e P Y (x)" = 0} eM,,
i=0

a theorem of Tian [25] shows that Wy admits a Kéhler-Einstein metric, and in particular
MEE = {W € M,,; W admits a Kihler-Einstein metric}

is a non-empty open subset of M,,. Forevery W € MXE we have Ky = OPn+l(C) (=2)|w by
adjunction formula. Put L := OPn+1(C)(1)|W. Then the pair (W, L) satisfies Assumption 1.3,
and Theorem 1.5 shows that Sﬁ, admits a Sasaki-Einstein metric. If n = 3, W is a well-known
cubic threefold, and in this case by [7, Theorem 13.12], W is not birationally equivalent to
P3(C), and S{;V is again non-toric.
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