Tohoku Math. J.
63 (2011), 269-276

THE SPECTRUM OF THE SUB-LAPLACIAN
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Abstract. We give a complete analysis of the spectrum of the unique self-adjoint ex-
tension of the sub-Laplacian on the one-dimensional Heisenberg group.

1. The sub-Laplacian on the Heisenberg group. If we identify R? with the complex
plane C via the obvious identification

Rza(x,y)<—>z=x+iyeC,
and we let
H=CxR,
then H becomes a noncommutative group when it is equipped with the multiplication - given
by
1
@n-w.s)=\z+wr+s+ lzwl). (@0 (ws)eH,

where [z, w] is the symplectic form of z and w defined by
[z, w] = 2Im(zw) .

In fact, H is a unimodular Lie group on which the Haar measure is just the ordinary Lebesgue

measure dz dt.
Let b be the Lie algebra of all left-invariant vector fields on H. Then a basis for § is

given by X, Y and T, where

X—a~|—1 b
“ox 2780
1 9
Y=———x—,
dy 2 0t
and
B
T =—.
Jat
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The sub-Laplacian £ on H is then defined by

L=—(X*+7Y?%.
Let 9/0z and 9/07 be partial differential operators on C defined by

0 0 .0
9z ox oy
and
a9 .0
a—z—a—xﬁ‘l@
Then we look at the vector fields Z and Z on H given by
Z:X—iY:i~|—liEi
0z 2 ot
and
7:X—i—iY—i—lizi
oz 2 ot

Z is the celebrated Hans Lewy operator in [9] that defies local solvability on R?, and
| R —
L= _E(ZZ +7227).
A simple computation gives
1 9? 3 3\ 0
L—=—A—°= 2 2\ Y —_—y— |,
PSRRIl (xay 8x>8t
where
R E
oy
The symbol o (L) of L is then given by

A =

1 2 1 2
o(L)(x,y, t;&,n,1) = (%' + 5)”[) + (77 - 5)(7;)

forall (x, y, t) and (&, n, ) in H. Itis then easy to see that £ is nowhere elliptic on R3. Since

[X,Y]=T,

it follows from a theorem of Hormander [8, Theorem 1.1] that £ is hypoelliptic.

The aim of this paper is to compute the spectrum of the unique positive and self-adjoint
extension Lo of the sub-Laplacian £ as an unbounded linear operator from L?(H) into L2(H)
with dense domain given by the Schwartz space S(H ). This is carried out by using the spectral
analysis of the twisted Laplacians obtained by taking the inverse Fourier transform of the sub-

Laplacian with respect to the center, i.e., the time ¢ of the Heisenberg group.

We recall in Section 2 the twisted Laplacians and their spectral analysis. The essential

self-adjointness of £ as an unbounded linear operator from L%(H) int L*(H) with dense
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domain S(H) is recalled in Section 3. The spectrum of the unique self-adjoint extension Lo
of L is then computed in Section 4.

The results in this paper are valid for the sub-Laplacian on the n-dimensional Heisen-
berg group H,, n > 1, in which the underlying space is C" x R, but we have chosen to
present the results for the one-dimensional Heisenberg group H for the sake of simplicity and
transparency.

2. The twisted Laplacians. For t € R\ {0}, let Z, and Z, be partial differential
operators given by

Zr = i + ll’f,
dz 2
and
Zo=2_ L.
0z 2

Then we are interested in the twisted Laplacian L, defined by
) R —
L = _E(Z‘[Z‘[ + Z‘[ZT)-

More explicitly,
1 (0 a
L;:=—-A+ A—t()c2 + y2)1'2 —t(x@ - ya)r.

The fundamental connection between the sub-Laplacian and the twisted Laplacians is
given by the following theorem [1, 3, 4].

THEOREM 2.1. Letu € S'(H) N C*®(H) be such that u(z, T) is a tempered distribu-
tion of T on R for each z in C, where 1t is the inverse Fourier transform of u with respect to
time t. Then for almost all v in R \ {0},

(Lu)" = Lyu",
where
(Lu)"(z) = (Lu)Y(z,T), z€C,
and

u'(z) =u(z,7r), zeC.

REMARK 2.2. We note that the Fourier transform f of a function f in L'(R) is taken
to be the one defined by

e¢]

ﬂ@=am*”/ e W f(x)dx, &eR.

—00
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In order to study the spectral theory of L., we first introduce the t-Fourier-Wigner trans-
form V;(f, g) of the functions f and g in the Schwartz space S(R) by

o]

Ve(f.9)(q. p) = (2n>—1/2|r|”2/ ¢V f(y+L)g(y—L)ay
oo 2 2
for all ¢ and p in R. If T = 1, then we get

Vl(ff g) = V(fv g)s

which is the classical Fourier-Wigner transform in, for instance, [6, 13, 16]. It can be shown
easily that

Ve(f, 9)(q. p) = 1TI'2V (£, 9)(zq, p).

Fort e R\ {0}andk =0,1,2, ..., we define the function e; ; on R by

ek (x) = [t|Y*e (V/Tlx), x € R,

where ey is the Hermite function given by

_ —x%/2
and
2of d k 2
Hi(x) = (—DFe* (—) (e™), x€eR.
dx
For j,k=0,1,2,..., we define the function ¢; x ; on C by

€ikt = V‘L’(ej,l's ek,r) ,

and an easy computation gives

ejr1=Vilej1,e1) =Viej, ex),

where V (ej, ey) is the classical Hermite function on C studied in [16].
The following result is an analog of [16, Proposition 21.1].

PROPOSITION 2.3. The set {ej i :; j, k = 0,1,2,...} is an orthonormal basis for
L%(C).

The following theorem gives a complete spectral analysis of L, T € R\ {0}.
THEOREM 2.4. For j,k=0,1,2,...,

Lrej,k,r = 2k + 1)|1’|ej,k,r .
A proof of Theorem 2.4 can be modeled on the proof of [16, Theorem 22.2].
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3. Essential self-adjointness. In this section we look at the sub-Laplacian £ as an
unbounded linear operator from L?(H) into L2(H) with dense domain given by S(H).

PROPOSITION 3.1. L is a symmetric operator from L2(H) into L2(H) with dense
domain S(H). In fact, it is positive.

The proof follows from a simple integration by parts and is hence omitted. So, the sub-
Laplacian £ is closable and we denote its closure by Lo. Thus, Lo is a closed, symmetric
and positive operator from L2(H) into L2(H). In fact, from the work [10] of Masamune, £
is essentially self-adjoint in the sense that it has a unique self-adjoint extension, which is the
same as Lg. Details on essential self-adjointness can be found in [11, Theorem X.23].

4. The spectrum. Let A be a closed linear operator from a complex Banach space X
into X with dense domain D(A). Then the resolvent set p(A) of A is defined to be the set of
all complex numbers A for which A — Al : D(A) — X is bijective, where [ is the identity
operator on X. The spectrum X' (A) is simply the complement of p(A) in C.

Following Yosida [17], the point spectrum X', (A) of A is the set of all complex numbers
X such that A — A is not injective. The continuous spectrum X.(A) of A is the set of all
complex numbers A such that the range R(A — AI) of A — Al is dense in X, (A — At
exists, but is unbounded. The residual spectrum X, (A) of A is the set of all complex numbers
A such that (A — AI)~! is bounded, but the range R(A — AI) is not dense in X. It is easy to
see that X', (A), X.(A) and X, (A) are mutually disjoint and

S(A) = Z,(A) U Z(A) U Z,(A).

Moreover, it is well-known that if A is a self-adjoint operator on a complex and separable
Hilbert space X, then

X (A)=0.

The precise description of the spectrum of the sub-Laplacian on the Heisenberg group is
given by the following theorem.

THEOREM 4.1. X (Ly) = X.(Ly) = [0, 00).

PROOF. We first prove that £y has no eigenvalues in [0, co). We know from the paper
[4] that O is not an eigenvalue of Lo. Now, let A be a positive number such that there exists a
function u in L2(H) for which

Lou = Au .
Then
L.u® =au®.
But this implies that u® = 0 for all T in R \ {0} with
lt| #X/Qk+1), k=0,1,2,....
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This proves that u = 0 and hence we get a contradiction. Since Ly is self-adjoint, it follows
that

2(Lo) = Xe(Lo) .

So, it remains to prove that Lo — A1 is not surjective for all A in [0, 00). Suppose that Lo — Ao/
is surjective for some A in [0, 0c0). Then Ag is in the resolvent set p(Lg) of Lo. Hence there
exists an open interval I, such that Ao € I, and I;,, C p(Lo). Let f be the function on H
defined by

f.y.=h@x e x yteR,

where A is an arbitrary function in L2(R?). Then for all A in I,, we can find a function u; in
L2(H) such that

(Lo—ADuy = f.
Taking the inverse Fourier transform with respect to ¢, we get
(Lr — ADul = he "2

for almost all 7 in R\ {0}. So, L, —A[ is surjective for all T in a set S, for which the Lebesgue
measure m(R \ Sp) of R\ S is zero. Now, let T € ﬂ,e%mg Sy, where Q is the set of all
rational numbers. Then L, — A[ is surjective and hence injective for all A in I, N Q. Hence
L. — Al is bijective for all A in I, by the fact that the resolvent set of L; is an open set. On
the other hand, L, — A[ is one to one if and only if

A#£Qk+ D], k=0,1,2,....

This is a contradiction if we choose T in ) S, to be a sufficiently small number such that

rel
(2k + 1)|7| € I, for some nonnegative integég k. O

As an application of Theorem 4.1, we first give the various essential spectra that are
useful to us. Let A be a closed linear operator densely defined on a complex Banach space
X. The essential spectrum X'pg(A) of A due to Dunford and Schwartz [5] is the set of all
complex numbers A such that R(A — AI) is not closed in X. Now, let @y (A) be the set of
all complex numbers A such that A — A7 is Fredholm and let @5(A) be the set of all complex
numbers A such that A — X[ is Fredholm with zero index. Then the essential spectrum Xy (A)
and the essential spectrum X g(A) of A due to, respectively, Wolf [14, 15] and Schechter [12]
are defined by

w(A) =C\ Pw(A)
and

Ys(A) =C\ &5(A).
It is obvious that

Xps(A) € Yw(A) € Xg(A).
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In the situation of the sub-Laplacian on the Heisenberg group, we have the following
result.

THEOREM 4.2. The equalities
Zps(Lo) = Tw(Lo) = Xs(Lo) = [0, 00)
hold.
PROOF. Itis enough to prove that
[0, 00) € Xps(Lo) .

Suppose that A € [0, 00) is not in X'ps(Loy). Then the range R(Lo — Al) of Lo — A1 is closed
in L2(H). By Theorem 4.2, A € (L) and hence R(Lo— A1) is dense in L>(H). Therefore
Lo — M1 is bijective, i.e., A € p(Lo). This is a contradiction. O

REMARK 4.3. The technique in this paper can be used to compute the spectrum of the
unique self-adjoint extension A g o of the Laplacian Ay on the Heisenberg group H given
by

Apg=—(X>+Y>+T?.
In fact,
2(AH,0) = Xc(AH0) =[0,00),
which is a result in [7], and furthermore,

2ps(Amo) =Xw(Apg,) = Xs(Ag,p) =[0,00).
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