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Abstract. We present one property of the Riemannian metric which is derived from
the positive power of potential functions. Then this property is applied to the study of the I"-
convergence of energy functionals which are associated with the Euler-Lagrange p-Laplacian
equation.

1. Introduction. The singular perturbation nonconvex functionals,

(1) E¢(v) =/ EW(v(x)) +s|w(x)|2}dx
2

with a nonnegative double-wells potential W, were studied by Modica and Mortola [22] in
1977. In 1987, Modica [21] applied the I"-convergence theory to solve the minimal interface
problem in the Van der Waals-Cahn-Hilliard theory of phase transitions. Suppose that W (v) =
0 if and only if v € {a, b}. It was shown in [21, 22, 24] that the I"-limit of {E.},~¢ is of the
form

BPerp (A) if veT,

+00 otherwise,

Eo(v) = {

where T = {v € BV(£2); v = xaa + (1 — xa)b, A C 2 with0 < |A| < |£2]} and

b
(2 B = 2/ W12(s)ds .

The notation BV(£2) and Perg, (A) stand for the space of functions of bounded variation and
the perimeter of A in 2, respectively. Let p > 1 and g the exponent conjugate to p, that is,
1/p+1/q = 1, and let K be a positive integer in this whole article. Leta; (i =1, ..., K) be
given points in RN and A = {a; ;i = 1,..., K}. We denote by ng(l) the set of piecewise
C! curves f:ICR— RN, and we define

Tr.L ={g € Cp(I—L. L])| g(~L) = a;, and g(L) = a; for some i # j},

(3) Tr = U Tr,L,

L>0
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and

L /
@) Sp = {/ <W(g(s)) 4 lg (s)lp)ds; ge TF} .
~L q p

Barroso and Fonseca [5], Fonseca and Tartar [16] generalize the result of I"-convergence
to the vector-valued case for which v : 2 — R", £ C R" and the equation (2) is replaced
by B = inf Sf for p = 2 and K = 2. Baldo [4] in 1990 established the I"-limit of { F;},~¢ for
multiple-well potential. Suppose that W(v) = O if and only if v € {ay, ..., ak}. The I"-limit
of {E:}¢~0 is essentially of the form

Eoy — [ Xijoid@,a " @*5;n3*s;N2)  if veT,
o) +00 otherwise,

where T = {v € BV(2:RY); v = YK ysa;, with§; ¢ Qand |2 — UK, S| =
0, and S; ﬂSj =0,i ;L-j},d(a,-,aj) =infS(a,~,aj) and

L
S(ai. aj) = { / W6 19 0P s g € Cou(l=L, LD, g(~L) = ai, g(L) = aj} .

For more generalization of this case, see Ambrosio [1] and Sternberg [24].

The development of this type of I'-convergence for gradient vector fields, i.e.,
{E:(Vv)}e~0 was studied by Jin and Kohn [18], and Conti, Fonseca and Leoni [9]. There
have been many works on the related subjects, for instance, Fonseca and Mantegazza [15],
Fonseca [14], Ambrosio, De Lellis and Mantegazza [2], Aviles and Giga [3], and DeSimone,
Kohn, Miiller and Otto [11].

In this paper, we consider a family of functionals { F¢}.~¢ given by

LWo) |, [Ve)l? . 1 N

Al 7 |4 f WhP(82; RY),

5 R = fg[s g 0Ty & T ey
+00 otherwise .

The Euler-Lagrange equation of these functionals is the following p-Laplacian equation,

Wi _

(6) ePApv — 0 in £,
where Apv = div(|Vv|? ~2Vv). The functionals defined by Equation (1) could be regarded
as a special case of the functionals defined by Equation (5) for p = 2. The minimizer and I"-
convergence for scalar case with a special potential W (v) = v?(1 — v)?/4 has been studied in
[8]. It follows from the important role of constants inf S(a;, a;) in the study of I"-convergence
of functional {E;}.~0 that give us a motivation to find properties of the Riemannian metric
which is derived from the positive power of potential functions. In this paper, we present
one property of this Riemannian metric and apply it to the study of the I"-convergence of
functionals { F}¢~¢ for which the potential is of double-well type.
Define A = {ay, ..., ag} and let us introduce two hypothesis on the potential W below.
(H1) The potential W € WI’OO(RN ; R) is a nonnegative function such that W(x) = 0

loc
if and only if x = g; forsomei =1, ..., K.
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(H2) Letd = min{dist(a;,a;);i # j, andi, j = 1,..., K}. There exist ¢,8 € R
withO <« < 1and 0 < 8 < d/2 such that, if x € Aand y € RV \ A with |y — x| < §, then
aly —x? = W) o 'ly - x|’

Furthermore, let us define two sets of functions and two sets of real numbers. They are

@) T ={g € C;W(R) ; g(—o00) =a;, and g(00) =aj forsomei # j},

(8) T.={g e ng([—l, 1D); g(=1) =a;, and g(1) = a; for somei # j},

and

©) 5. = {/oo (W(Q(S)) n |9/(S)|p)ds; ge Too} ’
—00 q p

1
(10) S, = :/ (W(g(s))”q : |g’(s)|>ds g€ T*} :
—1

The following theorem states one property of our Riemannian metric. We will prove it in the
next section.

THEOREM 1. Let Soo, Sr and S, be the set of values defined by (9), (4) and (10),
respectively. Then

inf Soo = inf SF = inf S, .

We will apply Theorem 1 to the I"-convergence theory for the case of two wells, that is
K = 2, witha; = a and a; = b. Let §2 be an open bounded strongly Lipschitz domain of
R". The sets of states are defined as

11 A={xeR2;v(x)=a}, B={xef2; vx)=>b}.
The role of Fy(v) is played by the limit problem

(inf S,)Perg(A) if v e BV(2;RY) withv(x) € {a, b} a.e.
400 otherwise.

12)  Fo(v) = {

We will show that the functional Fy is the I"(L'(§2; R"))-limit of {F}¢~0 (denoted by
Fo = I'(L'(£2; R"))-limit {F,}¢~0). This means by definition that for each v € L'($2;: RM),

(i) if ve converges to v in L' (£2;: RM), then Fy(v) < liminf,_ o+ Fy(vg),

(i) there exists a family {v¢}e~0 in L'(£22: RY) such that v, converges to v in
L'(£2; R") and limsup,_, o+ Fe(ve) < Fo(v).

The I"-convergence thereom below will be proved in Section 3.

THEOREM 2. In addition to the assumptions (H1) and (H2), assume that

(H3) there exist a, C > 0 such that W (v) > a|v| whenever |v| > C.
Then the functional Fy defined in (12) is the r(LY($2; RN))-limit of {F¢}s~0 defined by (5).
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Let a, b and m be vectors in RN with m = 6a + (1 — 0)b for some 0 € (0, 1). Define
the spaces V,, and V as follows.

Vi = {u e Whr(2;: RV, / u(x)dx = |.Q|m} ,
2

V= {u eBV(2:RY): u(x) €{a,b}ae. and / u(x)dx = |Q|m} .
2

We would like to give some remarks on our works for more applications and further studies.
Remark 1. Foreache > 0, the existence of a minimizer u, of F, on V,, can be obtained
by virtue of the direct methods in the calculus of variations.
Remark 2. Using the definition of I'-convergence, we observe that if (i) Fy =
T(LY(2; RN)-limit{ F,}¢~0, (ii) u, is a minimizer of F, on V,, for each ¢ > 0, and (iii)
ug converges to g in L! (£2; RN) as ¢ goes to 0T, then

lim Fe(ue) = Fo(uo)
=0t

and u( is a minimizer of Fyon V.

Remark 3. Another consequence is that I"-convergence is stable under continuous per-
turbations: If {F;},~0 I'-converges to Fp in L'(£2: R") and the functional G is continu-
ous with respect to the L' (£2; RV)-topology, then {F, + G}¢~0 I'-converges to Fy + G in
LY(2: RY).

Remark 4. Theorem 1 is useful for characterizing the behavior of the minimizers of
I'-limit Fy of {F¢}.~o with multiple potential wells. We anticipate futher developments in
this direction in the future.

2. Riemannian metric. We divide the proof of Theorem 1 into Lemmas 3, 4 and 5 in
this section.

LEMMA 3. Let S and Sr be the sets defined in Equations (9) and (4), respectively.
Then inf Sso = inf SF.

PROOF. We first prove that inf Soc < inf SF by showing
(13) SF C Sec -
For any a € Sr, Equation (4) implies that there exists a function g;, € TF such that

_ /L (W(gL(s» N 'gi‘s)'p)ds
L q P '

The function g1 € TFr can be extended to goo € To by defining

grL(—L) if s<-—-L,
(14) Joo(s) = { gL(5) if —-L=<s=<L,
gL (L) if s>0L.
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The function g belongs to T, by Equations (3) and (7). Since W (goo(s)) = O and | g/ (s)| =
0 fors € R\[—L, L], we evaluate

o /L (W(QL(S)) + Igi(s)lp)ds _ /oo <W(goo(S)) n Igéo(S)|p>ds
_L q p —oo q p ‘

It follows that « is in S, and we get (13).

Next we show inf Sr < inf So,. Now, we assume that « is in Ss,. By Equation (9), there
is a piecewise C! curve g : R — R" with g(—00) = a = a; and g(c0) = b = a; for some
i # j such that

oo W / P
(15) a:/ ( (g(s)) + lg’ ()] )ds < too.
—00 q p
Condition (H2) implies that there exist 0 < § < d/2 and L > 0 such that

(16) |g(s) —a| <é foralls € (—oo,—L) and |g(s) —b| < foralls € (L, 00).

Without loss of generality, we may assume g(s) € RV \ A for s € R\[—L, L]. By (H2) again,
we see that

A7) alg(s) —al? < W(g(s)) < élg(S) —al? for s € (o0, —L).

Using Equations (15) and (17) gives us

L 1 L
/ l9(s) — alPds < ~ f W(g(s)ds < +00.
— o J_ o

o]

It follows that

L
(18) / lg(s) — alPds < 400

—00

by f_LL lg(s) — al|Pds < +o00. The identity |(g(s) — a)’| = |¢'(s)| and Equation (17) imply

L
(19) / [(g(s) —a)|Pds < +o0.

From Equations (18) and (19), the function g — a is in WP ((—o0, L) ; RM). Similarly, the
function ¢ — b is in WhP((—L, 00) ; RY). 1tis easy to observe that for all L>0, g —aisin
WP (=00, L) ; RV) and g — b is in WP ((—L, 00) ; RM).

By the theorem on partition of unity [23], there exists a function y : R — R in C2° with
0<y <1,y(s) =1lon[—1,1]and y(s) = 0 on R\(—2, 2). Let us define a sequence of
functions {gx}72, by

y(s/k)g(s) + (1 —y(s/k))a it s<0,
(20) gk(s) = { g(s) if s=0,
v(s/k)g(s) + (1 — y(s/k)b if s>0.
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Note that for k > L, we have

a if s < =2k,
(21 gr(s) = g(s) it —k<s=<k,
b if s> 2k,

and hence gr € Too. We claim that

2k / 00 ,
@2 lim / <W<9k<S>>+ |9k<S>I”>ds: / (W(g(s» +|g<s>|1’> "
k—o0 J_ ok q V4 S q p

We divide the proof into the two parts

2k 00 2k 00
lim W(gk(s))ds=/ W(g(s))ds and lim/ |g,2(s)|pds=/ lg'(s)|Pds .
2k —00 k=00 J_ok

k—o00 J_ —00

It is equivalent to show that

(o) o (o) o
lim / W (gk (s))ds =/ W(g(s))ds and lim / lg ()P ds =/ lg' (s)|Pds ,
k—oo J_o —c0 k—o00 J_~o 00

since W(gk(s)) = 0 and g,;(s) = 0 for all |s| > 2k and k € A by Equation (21).
Let L > 0 be given. By Equation (20), we have gk (s) —a = y(s/k)(g(s) —a) fors < 0.
By the inequality 0 < y < 1 and Condition (H2), we have

1 1
(23) Wgk()) = —19k(s) —alf = S 19) —al? on (—o0,-L),

for each k € V. By the continuity of the potential W and the convergence gy — g on R as
k — o0, we have

(24) Wogi— Wog onRas k— o0.

Applying the Lebesgue Dominated Convergence Theorem and by Equations (24) and (23),
we get

-L -L
(25) lim / W (gk(s))ds :/ W(g(s))ds .
k=00 J _~o —00
A similar argument gives us
o (0.¢]
(26) lim / W(gk(s))ds = / W(g(s))ds .
k— 00 L L
If k > L, by Equation (21), we get g (s) = g(s) for —L < s < L. Hence we have
L L
27 /L W(gk(s))ds = /L W(g(s))ds .
By combining Equations (25), (26) and (27), we get the equality
o (0.¢]
lim / W (gk(s))ds :/ W(g(s))ds .
k—oo J_o —oc0

Since y € C°(R), there exists a constant M such that |y/(s)| < M forall s € R. A sim-
ple calculation shows that, if s < 0, then g; (s) = (1/k)y'(s/ k) (g(s)—a)T +y(s/k) g (s), and
lgp ()] < M|g(s)—al+1g'(s)| on (—o0, 0). This also implies | g; (s)|” < 27 max{M?P|g(s) —
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al?,1g'(s)|”} on (=00, 0). It is easy to show g; converges to g’ on R as k go to co. By the
fact that g — @ is in W'P(R; RV) and by Lebesgue’s Dominated Convergence Theorem, we
conclude that

0 0
lim/ |g,;(s)|pds=/ lg'(s)|Pds .
k—o0 J _so 00

Similary, limg— o0 [y 1g;(s)|Pds = [;° |9/ (s)|Pds. Hence
(0.¢] [e¢)
tim [ lgoirds = [ 1gords,
k=00 J _~o — 0
Thus Equation (22) holds and the proof of Lemma 3 is completed. a

LEMMA 4. Let S and S, be the sets defined in Equations (4) and (10), respectively.
Then inf S, < inf Sf.

PROOF. Letwa € Sr. By Equation (4), there exists a function g; € TF such that

_ /L (W(gL(s» N 'gi‘s)'p)ds
L q P '

Using the technique of rescaling set, we define g1..1(s) = gr(sL) fors € [—1, 1]. Applying
the change of variables and Young’s inequality, we have

1 L
/1(W(9L,1(s>)>1/‘1 gpa)lds = /L W(grL(s)V4 - 1g;(s)lds .

and

L . .
/ W (gL ()Y - g (s)lds 5/ <W(gL(S)) /A0 )ds.

Define & = fil(W(gL,l(s)))l/q . |g’L’1(s)|ds. We have shown that for each o € Sp, there
exists a number @ € S, such that @ < «. Therefore, inf S, < infSg. |

LEMMA 5. Let Sx and S, be the sets defined in Equations (9) and (10), respectively.
Then inf Sop < inf S,.

PROOF. Letwa € S,. Then there is a function g, € T, such that
1
(28) a= [ W@ 1 os.
-1

We change the variable to the arclength 7(s), t(s) = fil lg.(t)|dt for —1 < s < 1 and
denote L = t(1). Since t/(s) = |g.(s)| > 0 on (—1, 1), the function t is monotone in-
creasing, and its inverse function =1 : [0, L] — [—1, 1] exists. Furthermore, (t ')’ (s) =
(g.(z7 1 (s)HP~" > 0on (0, L). We define g (s) = g.(t~'(s)) for 0 < s < L. Then

gz 1(s))

29 ‘ = ,
o L) = 1T

and |g;(s)]=1 for sel0,L].
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Using the variable of arclength to rewrite Equation (28) as

L
a= fo W (g DY gL DY (9)ds .

Since |g,(z = (s) 1T ~1(s)] = g} (s)], it further implies

L
(30) a= /0 W(gLN'? - gy (s)lds .
For the function gz, if there is a function gso € Too such that

/°° <W(goo(S)) + 950 ()P
q p

then a € So. Moreover, S, C Soo and this will show that Lemma 5 holds. The connection
between the two functions g7 and goo is contained in the two equalities

L
)ds =/0 (W(gr (I - |g} (5)lds = a.

—00

00 / p o]
31 / (W(gj(”)+'g°°§)' )ds= / (W (goo(s)9) - 1o (s)Ids
and

[e’e) L
(32) / (W (goo (5N - 165 (5)]ds = /O (W(gLINY - g} (s)Ids .

The condition for Equation (31) means that the equality holds in Young’s inequality, that is,
(33) 195D = W(goo()/?  forall 7 eR.

The condition for Equation (32) is that there is a monotone increasing function /& € Céw (R)
such that

(34) Goo(t) = g (h(t)) forall t R,
35) lim h(t)=0 and lim h(t) =L .
——00 11— 00

Since & is increasing, Equation (33) is reduced to
(36) B(t) = |h' (1) = W(gr(h()))!/P  forall reR

by Equations (29) and (34). The above discussion reduces the problem to the existence of
an increasing function / which satisfies the ordinary differential equation y' = W (g (y))!/?
with initial value y(0) = L/2. Since W isin WILCOO (RV; R) and W is locally Lipschitz on RV,
itimplies that W (gr ()) /P s in Wﬁ)’coo ((0, L)). Thanks to Picard’s Existence and Uniqueness
Theorem [17], we obtain the existence of a unique continuously differentiable function y :
I — R with 0 e [ satisfying the differential equation and the initial condition, and also
by the Continuation Theorem [17], we extend the interval / into the maximum interval of
existence, say (o, t1) with I C (¢, t1), and

37 1im+y(t) =0, limy@ =L.

=1 =1
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Define
0 if <y,
(38) ht) = {y(@) if fh<t<t,
L if t>1.

The function 2 € CéW(R) is as desired and it also satisfies Equations (36) and (35). By
Equations (34), (37) and (38), it follows that g is in ng(R),
goo(—00) = lim_goo(r) = gr.(0) = gu(~1) € A;.
and
90(00) = im goo(t) = gr.(L) = gu(1) € A,

Hence g« is in T, and satisfies Equations (31) and (32). As a consequence, S, is included in
Soc and Lemma 5 is proved. O

3. TI'-convergence theory. We first investigate the struture of a limit function.

LEMMA 6. Ifthe functionals Fy are defined by Equation (5) with liminf,_, g+ F,(v:)<
oo and functions v, converge to v in L' (82; RY), then the values of the function v(x) belong
to {a, b} a.e. Furthermore, the function v(x) is equal to xa(x)a + xp(x)b, where the set A
and B are defined by (11).

PROOF. Since v, converges to v in Ll(.Q; RN ), there is a subsequence {v; j} which
converges to v a.e. It follows that W o v,; converges to W o v a.e. By Fatou’s lemma, we have

0< / Wx))dx < liminf/ W(vg,.(x))dx < 1iminf8qu€j (ve;) = 0.

The last equality holds due to the assumption. The integral of the nonnegative potential func-
tion W over £2 vanishes, and hence W (v(x)) = 0. That implies v(x) is in {a, b} a.e., and this
lemma is proved. O

It follows from (H3) that we can choose r| > |a — b|/2 = rp, and C = max{Wl/q (v);
[v — (a + b)/2] < r1}, such that

r 1
/ [ inf Wl/q(v)i|dr > EinfS*.
.

0 lv—(a+b)/2|=r
Define W*(v) = min{W'/4(v), C}, T(€) = {y € Cp (=1, 1D y(=1) = a, y(1) = &},
and

1
(39) P(E) = inf:/l WXy DIy ()ldssy € T(E)} :

The technique of truncation has been used to guarantee the Lipschitz continuity of the function
@ on R". A similar argument in Fonseca and Tartar [16] establishes the properties of the
function @ in the following lemma.
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LEMMA 7. Let @ be the function defined by (39).
(i) The function ® : RN — R is Lipschitz continuous on R .
(i) Ifve WhP(2;RN), then ® ov e W'P(2; RY) and

IV(® ov)(x)| < W9 w(x)) - [Vu(x)| forae. x€82.
(iii)) inf S, = @ (D).
Let us recall the following lemma.

LEMMA 8 (cf. [13, 20], Lower semicontinuous of variation measures). Suppose that
2 C R" is open. Suppose fi is in BV(L2) for each k in N and fi convergesto f in L' ().
Then [ |V f(x)|dx < liminfy o0 [ |V fr(x)|dx.

Now, we will show the theorem below.

THEOREM 9. Let functionals F,; and Fy be defined by Equations (5) and (12), respec-
tively. If vy converges to v in L'(£2; RN), then Fo(v) < liminf,_, o+ F¢(ve).

PROOF. We first claim that the limit function v is a BV-function on £2. If v, converges
to vin L1(£2; RN), then lim inf, _, o+ F;(v,) is finite and @ o v, converges to @ o v in L'(£2).
It implies that v, is in W7 (£2; RV). By the fact that if u is in W'?(£2; RV) then ® o u is in
WP (82; RY) and also in BV(£2), we have ® o v, € BV(£2). Applying Lemma 8 to @ o v,
and @ o v, we have

/ IV(® ov)(x)|dx < liminf/ V(D o ve)(x)|dx .
Q e—>0t Jo
Using condition (ii) in Lemma 7 and Young’s inequality to (5), we get

/lV(q)ov)(x)|dx§liminf/ W4 (v (x))| Ve (x)|dx
Q e=>0t Jo

and

/Q W4 (0 (1)) [Vve () |dx < Fe(ve) .
It follows that
(40) fg V(@ o)(0)ldx < liminf Fe(ve),

and @ o v isin BV(£2). By (39), @(a) is zero and @ (b) is equal to inf S,. Hence we obtain
(Pov)(x) =P(w(x)) = P(xaa+ xpb) = @(b)xp. Thus, xp isin BV(£2) and x4 = xo\B
is in BV(£2). Furthermore, the function v is in BV (£2) since v = xaa+ xpb. We have proved
the claim. The next step is to show the identity

41 /Q V(@ ov)(x)|dx = Fy(v).
Since (® o v)(x) = @ (b) xp, we have

/ V(@ o v)(x)|dx = f @ (b)|Vypldx = @ (b)Perg(B) = ®(b) - Pero(A).
2 2
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From the equality @ (b) = inf S, again, it follows that
(42) / V(@ ov)(x)|dx = (inf S,)Perp (A) .
2
Combining Lemma 7 with Equation (12), we get Equation (41). Theorem 9 follows from

Equations (41), (42) and (40). O

THEOREM 10. Let v € WH'P(2;RN). Then there exists a family {ve}e=o in
LY(2: RN which convergesto v in L' (§2; RY) and lim sup,_, o+ Fe(ve) is less than or equal
to Fy(v).

Before the proof of Theorem 10, let us recall two lemmas.

LEMMA 11 ([4,21]). Let 2 C R" be open, and A be a polygonal domain in R" with
the compact boundary dA and H"~1(dAN382) = 0. Then the following two statements hold :
(i) There exists a constant n > 0 such that the function h(x) defined by

_|—dx,04) if xe€A,
h(x):{ d(x,0A) if x¢A

is Lipshitz continuous on Dy, = {x € R"; |h(x)| < n} and |[Vh(x)| = 1 a.e. on D,
(i) IfS; = {x € R"; h(x) = t}, then lim;_,o H" (S, N £2) = H""'(3A N 2).

LEMMA 12 (cf. [13, 20], Coarea formula). Suppose that f : R — R is a measurable
function and that h : R" — R is a Lipschitz function. Then

/ Jf(h(x)IVh(x)|dx = /oo FOH"({x € 2 h(x) = t}dt
2 —00
for each measurable subset 2 of R". In particular, we have
/ |Vh(x)|dx = /OO H" '({x € 2;h(x) =1))dt
2 —00

for each measurable subset §2 of R".

PROOF OF THEOREM 10. The strategy for the proof is to observe the form of the limit
function v, v = y4a + (1 — xa)b, then to construct a sequence of functions vl € LY(2; RY)
which converges to v in L' (£2; RV) starting from a given function g in Tr. Moreover, this
sequence of functions satisfies

L ’
43) lim F. () = Perg(A) f (W(g(s)) Lo <s>|P> "
E—> L

q p

Finally, we apply the above result to construct a sequence which we want.
By the assumption, v € Wl’p(.Q; RN) and Lemma 6, v must be of the form

(44) v=xaa+ (1 —xa)b ae. inf2.
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Without loss of generality, we assume that A N £2 € C? and H" 1 (AN 3£2) = 0. We
define the function i : 2 — R by

_|—=dx,04) if xeA,
@3) h(x):{ d(x,0A) if x¢gA.

Now, let g € Tr, where Tr was defined by (3). That is, there is L > 0 such that g(—L) = a
and g(L) = b. For this function g, we define a sequence of functions vy : 2 — R" by

a if h(x) <-—¢L,
(46) vI(x) =1 g:(h(x)) if —eL <h(x)<eL,
b if eL <h(x),

where g.(s) = g(s/e) for all s in [—L, L]. For the simplification of notation, we define f :
R — R by

lge(t) —a| if —eL <t<0,
f@®)=131g:(t) —b| if O0<t<eL,
0 otherwise .

Then |vf — v|is equal to f o & on £2. By Lemma 11, we have

/ v — vl(x)dx =/ foh(x)dx =/ S (h(x)IVh|(x)dx,
2 2 2

and by Lemma 12, we have

/|ﬁ—wuwx=/wfm~H“%h69:Mﬂ=ﬂﬂf
Q —00

0
=/Il%m—aLH“%M€9;Mm=HMt
—eL

eL
~I—/ |ge(t) — bl - H* '({x € 2 h(x) = 1})dt .
0

Using the change of variables for the last term in the last equality, we get the equality
eL
| im0~ b1 € 22 hw = s
0

L
= 8/ lg(t) — bl H" '({x € 2 h(x) = et})dr .
0

By Lemma 11 again, lim, o H" '({x € 2;h(x) = t}) = H" ' (3A N 2) = Perg(A).
Taking T = et for each ¢ > 0 with [eL| < &, we have H" '({x € 2;h(x) = &t}) <
Perp(A) + 1 forall —L <t < L. Therefore, we have

L
8/ lg(t) — b| H”_l({x € 2; h(x) =et})dt <eLPerp(A)+ 1)|lg — bllco -
0
Similary, we have

0
8/ lg(t) —al H" ' ({x € 2 h(x) = et})dt < eL(Perg(A) + Dllg —alloo .
-L
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The above argument gives us the estimate
/ [vf —vl(x)dx < eL(Perg(A) + Dlllg —alloo + llg — blloo],
2

provided ¢ > 0 small enough. Furthermore, we know lim._,¢ f o v — v|(x)dx is equal to
zero, and the convergence of vy to v in L'(£2; RY) is proved. Next step is to show Equation
(43).

By Equation (5), we evaluate

Fg(v§)=/ é W(Uj(x)) 4Pt ergpl”(x)}dx
:i/ (LW @)) |y IVVE UNXDV%xNVh(xN}
LE q p
i g
:f l!ﬁﬂﬂﬁﬁ+ﬁw¢iggggyggyvmwmk
2 LE q p

The last equality follows from |VA| = 1 a.e. (cf. Lemma 11) whenever ¢ > 0 small enough.
By using Lemmas 11, 12 and technique of change of variables to the last term, we rewrite
Fs(v?) as

L ’
F.(v9) = /L (% + |gp|p>(t) H" '({x € 2; h(x) = et))dt .

Therefore,
lg'l?

. . L Wo g -1
lim F.(vd) = lim — 4+ (1) H" " ({x € 2; h(x) = et})dt
e—0 e—0J_p1 q

L ° !
:f (W g, 19 |”>(t) lim H" '({x € 2; h(x) = et})dt
. p e—0

q
(W(g(t)) W(;)I”)dt

=Perp(A) /

Let £ be a positive number. Let us denote S’F = Perp(A)SF, Soo = Perp(A)S« and
S, = Perg (A)S,. By Theorem 1, we have inf Sg = inf Sy = inf S, = Fy(v). Since Fy(v) =
inf Sf, it follows that there exists a number n = 7(€) in S and gy in TF such that n <
Fo(v) + € and

[W@Mﬂ) 19,(5)1”

:|ds forsome L > 0.
p

n = Perg (A) /
Furthermore, for n € S F, there exists a family {vf” }r>01n L (£2; RN ) such that vf converges
to v in L(£2; RN) and F; (vfg”) converges to n as T goes to 0. We get that for each £ > 0,
there is a n < Fy(v) + & and vg" in L'(£22; RY) such that ||v$: vl g.gyy < € and
Fr, (v ) < Fy(v) + €. Let vz = vrn The sequence {vz}z-( has the desired property and
Theorem 10 is proved. O
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