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NONCONSTANT SELFSIMILAR BLOW-UP PROFILE
FOR THE EXPONENTIAL REACTION-DIFFUSION EQUATION
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Abstract. We study the blow-up profile of radial solutions of a semilinear heat equa-
tion with an exponential source term. Our main aim is to show that solutions which can be
continued beyond blow-up possess a nonconstant selfsimilar blow-up profile. For some partic-
ular solutions we determine this profile precisely.

1. Introduction. We consider the following problem
uy = Au—+ f(u), x €2, t>0,
(L.1) u=20, x€odf2, t>0,
u(x,0) =ug(x) >0, x e,
where 2 = B(R) = {x € R"; |x| < R}. Throughout the paper, we assume that the initial

condition ug € C'(£2) is radially symmetric. In the first part of the paper, we shall assume
that

(1.2) fec', f()>=0 in [0,00) and lim e fu) =1.

We shall study solutions that blow up in finite time, by which we mean that there is 7 =
T (ug) € (0, c0) such that

lim ||u(-, t)”L°°(.Q) =00.
t T
Our first result is the following

THEOREM 1.1. Letn € [3,9]. Assume that (1.2) holds and that u is a solution of
(1.1) which blows up in a finite time T and satisfies u(0,t) = maxqu(-, t) for all t close to
T. Then there exists a constant K < oo such that

(1.3) IOg(T — 1) + |Ju(, t)||Loo(_Q) <K forall t€[0,T).

The blow-up rate (1.3) for solutions of (1.1) with f(u) = e" was only known before
under the assumption that u, > 0, see [16]. In this paper, we are interested mainly in solutions
which can be continued beyond blow-up as L!-solutions (see the definition below), and such
solutions cannot be nondecreasing in time, since u#; > 0 implies complete blow-up, see [1].

To formulate our next result we introduce the definition of L !-solutions of Problem (1.1).
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DEFINITION 1.1. By an L'-solution of (1.1) on [0, 7] we mean a function u €
C([0,T]; L'(£2)) such that f(u) € L'(Q1), Q1 = £2 x (0, T) and the equality

t
/ W]?dx—/ /ulptdxdt /Z/Q(MAW~|—f(u)lI/)dxdt
3

holds forany 0 < f; < tp < 7 and ¥ € C*(Q7), ¥ = 0on 352 x [0, 7]. By a global
L'-solution we mean an L'-solution which exists on [0, 7] for every 7 > 0.

The existence of global unbounded L'-solutions of (1.1) with fw) = re, n > 3,
was shown in [23] for A > 0 small enough. If 3 < n < 9, then these global unbounded
L!-solutions blow up in finite time, see [14].

THEOREM 1.2. Let f(u) = €%, n € [3,9], and assume that the initial function ug

is radially nonincreasing. Suppose u is an L'-solution of (1.1) on [0, T] which blows up at
t =T <7T. Then

lim [log(T — 1) + u(yvT = 1. ] = ¢(IyD) . y €R",

where ¢ satisfies

n—1 7
+—— =3 ey +e*—1=0, 0,
(1.4) P ( ” 2)‘/’” ¢ n=
pO0)=pu, @0 =0,
and
(1.5) lim [¢(n) +2logn] =
n—00

for some u > 0and C,, € R.

In the case n = 1, 2, there is no solution of (1.4) satisfying
(1.6) lim (1 n Q(pn(n)> —0
17— 00 2

see [9, 3]. On the other hand, for 3 < n < 9, there exists an increasing sequence {,u,-};?io,
ni — 00, such that the solution ¢; of (1.4) with u = p; satisfies (1.6), see [10]. Lacey and
Tzanetis proved in [23] that for 3 < n < 9 the solution ¢g of (1.4) with u = ¢ satisfies

2
: n _
(1.7) nll)nolo (900(77) + log m) = —cp, co >0,
and the equation
e
1.8 log —— =0
(1.8) @o(n) + log 20 —2)

has two roots.
For some particular solutions u (the L!-connections from a stationary solution ¢, to
another stationary solution ¢, see Proposition 4.3) we show (see Theorem 4.4) that

lim [log(T" — 1) + u(yvT —t, 0] =wo(lyl), vy €R",
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where g satisfies (1.4), (1.7) and (1.8) has two roots. As far as we know, this is the first
example of a solution of (1.1) with a precisely determined nonconstant selfsimilar blow-up
profile. The existence of a class of solutions of (1.1) with nonconstant selfsimilar blow-up
profiles was known before for f(#) = u? and some p > (n +2)/(n — 2), n > 2, see [24].
But no characterization of the limit selfsimilar profile for any such solution was given in [24].

The paper is organized as follows. In Sections 2 and 3 we prove Theorems 1.1 and 1.2.
Section 4 is devoted to determining the exact profile of some special solutions mentioned
above.

2. Blow-up rate. In this section we prove Theorem 1.1. We shall use the method
from [7] that has to be modified and combined with an estimate from [16] because the rescal-
ings employed here and in [7] are different. In particular, the present rescaling does not pre-
serve positivity. This fact is also a reason why the arguments from [24] do not seem to apply
easily to Problem (1.1) with a nonlinearity like f(u) = e“.

In the following lemma we will consider the equation

@.1) U+ v+ f() =0, v, <0<v, in (0,8),

r

where n > 3 and & > 0 is small.

LEMMA 2.1. Assume that f € C(R) and limy_oce ™ f(u) = 1 andn > 3. Then
there exists a singular solution v = v* of (2.1) satisfying

2.2) lim (v* (r) + logr?) = log(2(n — 2)).

PROOF. The proof of the lemma is similar to the proof of an analogous lemma in [7]
and so further details can be found there. Set s = logr and W(s) = v(r) — ¢*(r), where
¢*(r) =log(2(n — 2)r~2). Then v is a solution to (2.1) if and only if W satisfies

Wes +(n —2)Ws +2(n —2)W+h =0 in (—o0,loge),
where the nonlinearity & = h(s, W) = h1 (W) + ha(s, W) and
W) =2n—=2)V —1=W), ha(s, W) =e> F(W +¢*) —2(n —2)e" .

Moreover, v verifies the asymptotic behavior (2.2) if and only if W(s) — 0Oass — —oo. If
the solution W exists, it can be written by the variation of constants as

s e)\l(é'*f) _ e)\z(é'*f)
Wi(s) = f h(r, W(r))dr,
S A — A2
where A1 and A, are the two roots to the characteristic equation A2+ n—2)A+2(n—-2)=0.
The existence of a solution can now be proved using Schauder’s fixed point theorem.
Therefore, define

X ={¢p € C((—o0,loge); [lpllx = sup [¢(s)] < oo}.

s<loge
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Let B(§) be the closed ball of radius § centered at O in X, and let

s ekl(s—r) _ ekz(s—r)
Tip(s) =/ . hi(z, ¢(1))dt
—00 1— A2

fori = 1, 2. We need to show that the operator (1 — T1)~ 75 is well defined and that it has a
fixed point.
Since, for every |W1|, |W2| < § and for some n € (W1, W>), we have

|h1(W1) — hi(W2)|=2(n —2)|e"t — &2 4+ Wy — Wy |
=2(n —2)(e" — D|W) — Wa| < C§|W; — W],
we know that ||T1¢] < (1/2)||¢]|, for 6 small enough, and hence the operator (1 — =L

B(8/2) — B(8) exists with [|( — T1)"1o|| < 2|¢].
Define then a nonnegative and nondecreasing function

fw

u

w(s) = sup
u>—s

So for any W € B(§), we have

F(W(s) — 25 + log(2(n — 2))
oW ()25 +log2(n—2))

lha(s, W(s))| = 2(n — 2)eW(”< - 1) <2(n—2)dw(s)

and also |1, W(s)| < Ciw(s) and |dToW(s)/ds| < Caw(s). It can easily be seen that T3
is continuous. Therefore, 7> B(§) C B = {p € X; |p)| + |¢'(5)] < (C1 + C)w(s) for
every s < loge}. Taking ¢ small enough, we get that Bisa compact subset of B(§), and
so (I — T1)~'T5 is continuous operator from B(§) to itself, and by Schauder’s fixed point
theorem it has a fixed point W € B(8). Showing that |[W(s)| — 0 as s — —o0, we can finish
the proof. m|

The following result is already known. For the proof we refer to [21].

PROPOSITION 2.2. Assume that3 <n <9. Then there is a unique solution ¢ to

¢rr+n%1¢r+e¢ =0, re(0,00),

¢ (0) =0,

¢(0)=0.
The solution satisfies ¢, < 0 in (0, co) and for ¢*(r) = log(2(n — 2)r=2), there are infinitely
many roots of the equation ¢ — ¢* = 0.

We will also need an estimate for the gradient of the solution « of (1.1). This lemma can
be found in [16].

LEMMA 2.3. Assume that f satisfies (1.2), and that the solution u of (1.1) blows up at
t =T. Then, forupy(t) = maxyen u(x,t) and ty close to T, we have that

um (fo)

1
S IVutx, 0 < / Fudu
u(x,t)
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foreveryt < tyand x € §2.

Now that we have the above preliminary results, we are ready to prove Theorem 1.1,
which gives the blow-up rate of the solution u. The proof is a modified version of that in [7].
Notice that by integrating the inequality u, (0, £) < e*®") from ¢ to T, we have

2.3) log(T —¢t) +u(0,t) > 0.

PROOF OF THEOREM 1.1. Let v* be as in Lemma 2.1, extended to its maximum exis-
tence interval (0, £*], and define R* = min{e*, R}. By the zero number diminishing property
(see [8]), it can be verified that both Zjo, g1 (u; (-, t)) and Z[o g+j(u(:, r) — v*(-)) are nonin-
creasing in ¢ € [0, T') so that they are constant for all #+ € [T}, T) and for some T € [0, T).
Here we used the usual notation

(2.4) Zi(g)=#rel; g(r) =0}

defined for an arbitrary interval I and a function g € C(I). Let now Zjo, g+j(u(-, t) — v*) =
N* forr e [T, T).
We will set
w0, M)
M(l) = M(O, t) and § = lltl’I_l)lTl:lfW = lllp_l)ljzlfm s
and claim that § > 0.
By contradiction, assume that § = 0. Then there exists a sequence t; — T asi — o0
such that lim; _, oo M'(t;)e M) = 0. Moreover, we may assume that
J (0, 1))
T €(1/2,2)
for every ¢t > 1y. Define
Ri = e “OW/2 and  w;i(p, 1) = u(Rip, Rizt +t)+2logR; .
Then w; satisfies
Wiz — Aw; = R,-zf(wi —2logR;) in B(R/R;) x (—t,'sz, 1/4).
Moreover, we have that
M'(t;)

— p2 ) —
wic(0,0) = Rfu, 0.1) = e

—0 as i —> 0.

By Lemma 2.3, we get that u, (r, 1% < 2f (0, 1;))(u(0, ;) — u(r, 1)) for everyt < t;
andr € [0, R), assuming that u (0, #o) is large enough. Therefore, by integrating the inequality

Jur (. 01 (0, 1) — u(r, 1)~ < V27 (0, 1))
from O to r, we have
2.5) u(0, ;) — u(r, 1) < 4f @0, t;))r* < 8" y?
forevery t <t; and r € [0, R]. With the above estimate we can write

wi(p, T) = u(Rip, Rt +1;) — u(0,1;) > —8e" R p* = —8p* > —8C,
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whenever p < +/C. Since clearly w;(p, ) < Oforeveryt < Oandr € [0, R/R;], we know
that the family {w;}; is uniformly bounded in L*°([0, VC x (=t R;z, 0)).

Because of the assumption that u attains the maximum at the origin, we know that
u:(0,1) < f(u(0,1) < 2“0 for every t > ty. Integrating this inequality with respect
tot from¢ tot; + tRl.2 (where T > 0), we obtain

_(efu(O,t,'JrrRiz) — 101y < 9 R2 = g u01)
— i I

which then yields

(2.6) u(0, 1; + TR < u(0, 1) + log <u(0,1) +1log2,

1-27
for every T € [0, 1/4]. Hence we have that w; (0, ) = u(0,#; + tRl.z) —u(0,1) < log?2 for
every T € [0, 1/4].
By using the inequalities (2.5) and (2.6), we get that for t € [0, 1/4] and p € [0, JC1:
w;i(p, ) =u(R;p, Rl.2t + 1) —u0, 1)
=u(Rip, R?t +1;) —u(0, R?t + ;) +u(0, R?t + ;) — u(0, t;)
> u(Rip, Rt + ;) — u(0, R2t + 1;) > —8e*O-Rir+i) g2 2
_ _8eu(0,Ri2r+ti)—u(0,t,-)p2 > _16p2 > —16C.
Therefore we now know that w;(p,7) < w;(0,7) < log2 and w;(p,7) > —16C for
every p € [0,+4/C] and 7 € [0, 1/4]. Altogether we have that {w;}; is uniformly bounded
in L=([0, v/C] x [—4; R, 1/4]).
It follows from the parabolic estimates that {w;}; is a uniformly bounded family in C?!.

Therefore, along a subsequence, it converges uniformly in any compact subset of B(v/C) x
(—o00, 1/4) to aradially symmetric limit w. Because

lim R? f(w; —2log R;) = lim e~ “it2102Ri f(yy; — 2log Ry)e™ =¥,
1—>00 1—>00

we have that w satisfies
wy — Aw = e in B(~/C) x (—o0, 1/4),
w(0,0) =0, w;(0,0)=0.
Exactly the same arguments as in [7] show that actually w; = 0 and so w(-, 7) = ¢(-),
where ¢ is the unique solution to the problem in Proposition 2.2. Taking now p* large, we
can assume that Zjp ,*1(¢ — ¢*) = N* + 1, where ¢*(r) = log[2(n — 2)r2]. Taking then C
such that /C > p*, we can show, in the same manner as in [7], that Zjo g+ (u (-, ;) —v*(-)) >
N* 4+ 1, which is a contradiction and therefore § > 0.
Now we know that there exists 7> € [T1, T) such that
!
M’ (1) - é
eMT) — 2
for every t € [T, T). By integrating this inequality over the interval (¢, T'), we obtain the
claim. O
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Combining the techniques of the proofs of Theorem 1.1 above and Theorem 1 in [7], it
is straightforward to prove the following theorem.

THEOREM 2.4. Assume that (1.2) holds and n € [3,9]. If u is a global classical
solution of (1.1), then u is uniformly bounded.

3. Convergence to a backward selfsimilar solution. The aim of this section is to
prove Theorem 1.2. Most of the work is needed to show the following:

THEOREM 3.1. Let f(u) = € and assume that the initial function ug is radially
nonincreasing. If u is a solution of (1.1) that blows up att = T, and

(3.1) lim [log(T — 1) + u(yvT —1,1)] =0
uniformly for y in compact sets, then
(3.2) u(x, Ty = —2log|x| +log|log|x|| +1og8 as x — 0.
It was shown in [2] that (3.2) holds for solutions of
Uy = Au +e", xeR", t>0,
u(x,0) =ug(x) >0, x €R",

provided u is radially symmetric, u, < 0, #; > 0. In [20] it was proved that either (3.2) or

(3.3)

3.4) u(x,T)=—-mlog|x|+Cp as x —0

holds for some integer m > 4 and C,,, € R for solutions of (3.3) under the assumptions that
n = 1, ug is continuous, bounded, it has a single maximum and x = 0 is the blow-up point.
The existence of solutions of (1.1) which blow up atx = 0 € £2,t = T, and have the profile
(3.2) was established in [4] when £2 is convex. The existence of initial data such that (3.4)
occurs with m = 4 was shown in [20] for Problem (3.3) with n = 1, for any integer m > 4 see
[5]. In our case the profile (3.4) does not occur since we assume that u is radially decreasing.
This follows from [3], where it is shown that if #, < 0, then

(3.5) u(x,t) < —2log|x| +log|log|x|| + C

for some constant C and for any ¢ € (0, T') and x € B(R).

As in [26], the first thing we will have to do, is to extend the solution u to the whole
space R" in order to be able to use semigroup methods in appropriate weighted L? spaces.
We will also derive some useful estimates for the new nonlinearity and discuss the functional
analytic framework.

Throughout this section we will adopt the assumptions of Theorem 3.1. Take ¢ €
C°°(R") such that ¢ (x) = 1 for |x| < Ry, ¢(x) € (0, 1) for |x| € (R, R2) and ¢(x) = O for
|x| > R», where O < R, Ry < R. Then define

(3.6) u(x,t) =¢(xulx,t) — (log(T — 1) + DH(1 = ¢(x))
forx € R" andt € [0, T). This gives us that the new extended function satisfies

ir=Au+f, xeR're(T),
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where

f=fx.0=T -1 =)= +1og(T —1) + u)AL —2V¢ - Vu + "
Notice that Theorem 1.1 and Lemma 2.3, now applied to f(u) = e, imply that
(3.7 (T -0 f@x,nl=C

for every (x, ) € R" x [0, T) and for some constant depending only on the choice of ¢ and the
constant appearing in Theorem 1.1. As above, we henceforth denote by C a generic constant
possibly changing from line to line and depending only on some fixed functions or parameters
like u¢ or the dimension of the space.
Following the usual method, we use the similarity variables to define the rescaled func-
tion
w(y,s) =log(T —t)+u(x,1),

1/2x and s = —log(T — t). Then W satisfies

where y = (T — )~
1
3.8) &)tzA&)—Ey~VII)+(T—t)f—1=A1])+h, yeER", s> —logT,

where A=A —y/2-V+Tand h(y,s) = (T —1t)f(x,t) — 1 — w(y, s). Using Lemma 2.3
and Theorem 1.1, it is easy to verify that |[Vw| < C and hence (2.3) implies that
(3.9 lwl < CA+yD.

In what follows, we will give some estimates for the function /2. Assume first that |y| <
e$/2R,. Then v = log(T —t) 4+ uand h = ¢ — 1 — w. Therefore

) < e®w)? < K ji|?,

where K is the constant appearing in Theorem 1.1. We can also argue that either —1 < W <
K, which implies that |h| < eXK|w|, or & < —1, in which case |h| = le? — 1 — | <
24+ |w| < 3|wl.

Assume then that |y| € (¢*/2R1, ¢*/?R5). Because u(x, t) < C for every |x| € (Ry, R2)
andt € [0, T), there exists so > 0 such that

w=—-14+¢u+log(T —t)+1)<-1
for every s > s9. Therefore we can estimate
|| < (T = O f] + 1+ @] < C+ @] < (C+ D]id| < (C+ V]|

in R" x [sg, 00), where we used the estimate (3.7).

Since, for |y| > e$/2R,, it holds that 4 = —w and @ = —1, we can collect the above
estimates together to obtain that
(3.10) |h| < Cilw| and |k| < C2|12)|2 in R" x [sg, 00)

for some constants C1 and C». In a similar way we can also show that

1
(3.11) ‘h — Eaﬂ < in R" x [s0, 00) .
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We will next discuss the operator A. A convenient space to work in is the weighted space
_Ivl2
L) = {1 € i [ 1700Pe ay < oo

It is well-known that A is a self-adjoint operator in L% (R™) with domain H 3 (R™ and it has a
complete family of orthogonal eigenfunctions { Hy},en With the corresponding eigenvalues
rqg =1 —|a|/2, where |a| = a1 + - - - + o, The eigenfunctions can be written as H, (y) =
]_[;-1=1 Hyg, (yi), where Hy, is the standard Hermite polynomial of order m € N. We will denote
by {S(s)}s the semigroup generated by A.

Since u, and so also w, is assumed to be radially symmetric, we only need to consider
radially symmetric eigenfunctions. The first ones are #p(y) = 1 € span{Hop} corresponding to
the eigenvalue Ag = 1 and hs(y) = |y|*> — 2n € span{H, ; |a| = 2, o; even} corresponding
to the eigenvalue Ay = 0. Therefore we can decompose

(3.12) W=n4w+wTW+ 7w =a(s)+ b(s)(|y|2 —2n)+0(y,s),

where 7 w and 7. are the projections to the eigenspaces spanned by hg and iy, and 7_w =
W — Ty Ww — ww € span{Hy ; || > 2}.

A well-known fact is the regularizing property of the semigroup (see [30]), namely, for
every p,q € (1, co) there exists R = R(p, ¢) and C = C(R) such that

(3.13) IS(R)Yllp < Cliglly forevery ¢ e Lj(R"),

where the definition of Lg (R") is analogous to that of L% (R"™). Using the first inequality in
(3.10) and applying the above inequality to w, we obtain

(3.14) B¢ )l < e RISRYDC,s = Ry < eCRCIDC s = Rl g -

Also, the reversed inequality is known in L%. Assuming that there exists a constant 8 > 0
such that a(s)? + [|6(-, 5)||> < B b(s)?, we can use Lemma 3.1 in [19] to obtain that

(3.15) lw(, )l < C(R, BHllw(,s + R,
where we used the notation || - || = || - ||L%.
The assumption (3.1) implies that
(3.16) lim w(y,s) =0
§—>00

uniformly for y in compact sets. In the following Lemma and two Propositions, we will
assume that the convergence (3.16) is not exponential in rate, that is, we assume that for every
C, e > 0 we have

(3.17) I0(, $)|| > Ce™*

for some s > —logT.

The following lemma is proved in the case of f(x) = u? in [15] and it states that the
unstable and stable part of the solution w are dominated by the center part of it. The proof
in our case is almost the same as in [15] and therefore we do not repeat it here. The only
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difference is that [15] assumes the boundedness of w, and we use the inequality || < Cp|w|
whenever the boundedness is needed.

LEMMA 3.2. Let w satisfy (3.16) and (3.17). Then for every ¢ > 0 there exists so such
that

-l s + I Bl 2 < ellmedlls
for any s > .

In what follows, we will derive differential equations for the functions a and b appearing
in the expansion (3.12). Inserting (3.12) in Equation (3.8), and projecting to the unstable
subspace, we have

11720 (5) = ILI72a(s) + Py,
where we use the notation (Pyh)hg = wh. We can write h = (4% + 7.w)?/2 + g, where

1 1
g = (T4 + W) T_W + E(n_zb)2 +h— Ea)?.

Using Lemma 3.2 and inequalities (3.11), (3.14) and (3.15), we can estimate
. 1 . . . .
IPrgl< @ + )l + Szl + Ca || < 22 lzell” + CllibC, s = R)II
< 2 |lmeb | + Clw(, )| < 2e ||lwcb||* + Cllwew| = 2e b* + Cb*
for s large enough. Therefore, a satisfies

iz
a'(s) =a(s) + > 2P (myw + 7'rcw)2 + Pyg.

Since we know that [w(y, s)| < C(1 4 |y|) and w(y, s) — 0 as s — oo pointwise for
every y, it follows from the Lebesgue dominated convergence theorem that w(-,s) — 0 as
s — oo also in L%(R”). Hence a(s) — 0 and b(s) — 0 as s — o0, and we can write for
s =50

d'(s) = a(s) + %(a(s)2 +8nb(5)%) +e0(b(s)%),

where the second term on the right is easily obtained from P (7w w + m.w)? by simple
integration. In the same way, we can prove that b satisfies

b'(s) = a(s)b(s) + 4b(s)> + O (b(s)?)

fors > sp.
Using now Lemma 3.2 and the above differential equations for the functions a and b, we
can repeat the arguments used in Theorem 2.6 in [2] and so we obtain the following result.

PROPOSITION 3.3. Let w satisfy (3.16) and (3.17). Then

_ 1, N o,
w(y,s)=—£(|y| —2n)+o in L3 (R").

N
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By the regularizing effect of the semigroup {S(s)}s, we can conclude that the above
convergence holds also uniformly on compact sets. However, we need to consider the conver-
gence in larger sets, namely, when |y| < /s R. This is done in the proposition below, which
follows [26, 30].

PROPOSITION 3.4. Let w satisfy (3.16) and (3.17). Then it holds that

2
(3.18) lim [log(T" — 1) + il (§(T — N2 1og(T — 0)|'/2,1)] = —log (1 + %)

uniformly for |€] < R.
PROOF. To get started, define

2
G(&) = —log (1 + %)

and

By, s) = G<l> + L
Vs 2s

Then G (£) = —|£|?/4 + R(&), where |R(§)| < C|&|*. Therefore we have that
0, )— B, 2

1 1., Iy y n2 e 1/2
<ol - - — —2n) 4+ = —R[ =) — —| e P4
_o(s)+{fm\ (P —2m 4 = 7 2s‘e q

1 8 1/2 1
< o<—> + C{ / %e*'ylz/“dy} = 0(—) .
s R S N

Defining W = % — ¢ and using the equations

5 -5 ve "
¢s(y7s)——g' (é)_ﬁ

and

_%vc(s)=1—eG,

we get that W satisfies

(3.19) Wy = AW + g+ > VG + 2~ + L,
2s 252

where

- 7 AG 5
g=h~|—1~|—¢—e¢ and L=—+e?—¢Y,
s

and 4 is as in (3.8). Multiplying the above equation (3.19) by sgn(W), defining Z = |W| and
using Kato’s inequality, we get that

Zi< AZ 4 sgn(W)g + sgn(W)<2i -VG + L) + sgn(W)L
\)

252
€2 1

(3.20)
+ —2) + sgn(W)L.
s

< AZ 4+ sgn(W)g + C<

N
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Next, we want to get estimates for the terms in the right hand side of (3.20). Because
IAG (&) — AG(0)| < C|£|?, we get that

L0y, 91 = [FFOEER om0 1]
512 L (n o, on ) g2 (1
SCT_FW(Z_FO(S )—Z(1+|E| /4)>§CT+O<S—2>-

To estimate the function ¢, consider first the subset |y| < ¢*/2R;. Then (T — 1) f = e¥
and we have by the mean value theorem that for some @ € (0, W)

_ _ _ _ 1 -, . _
sgn(W)g= sgn(W) (et — W — e?) = sgn(W) <e¢ +(® - DWW+ §e¢+@ w? — e‘f’)

24 n/2s_1 1 -
=<_ |§|/2 L e : >Z~|——e¢+@Z2§£Z~I—CZ2,
1+ &17/4 1+ 1&]7/4 2 2s

since clearly e?T® < ¢K. Notice that we also have

9] = e + (9 —DW —ef| < CZ.

Assume then that |y| € (¢*/2Ry, ¢*/*R,). Because (T — 1) f (x, 1) and 9 are uniformly
bounded, we have that

sgn(W)g =sgn(W)(T —t)f(x,t) — Z + sgn(W)e‘{’ <C< C(Z2 +1).

Clearly, we also have that sgn(W)g < C(Z + 1).
Finally, for |y| > e*/?R,, we have that (T — ¢) f(x,¢) = 1 and % = —1. Therefore
W > —1+log(l + eSR%/4s) —n/2s > 1 for s large enough, and we get

sgn(W)yg <C<CZ< cz?*.

Collecting the above results, we know that Z satisfies the differential inequalities

2
1 zZ
(3.21) Z 5AZ+C(M—2++Z2+—+X) in [s0, 00) x R"
s s
and
Iyl +1 . )
(3.22) Z; <AZ+4C s— +Z+x ) in [s0,00) X R",
s
where x = x(y,s) = 1if |y| € (¢*/>Ry,e/*R;) and x = 0 otherwise, and sg is large
enough.
The proof can now be finished by using the above inequalities and proceeding as in [30,
Proposition 2.3]. O

In what follows, we shall handle the case where the convergence (3.16) is exponential.
Therefore we shall assume that

(3.23) (. $)ll = o(e™)

for some ¢ > 0. The proof of the following proposition is the same as in [29].
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PROPOSITION 3.5. Assume that (3.23) holds. Then either there exists m > 3 and
constants Cy, not all equal to zero, such that

Dy, s) = =" 7 CoHa(y) + oY) in LY (R,
lo|=m
or w is the trivial solution w(-, s) = 0.

Notice that the term Z|a\:m Cy Hy has to be radially symmetric, and so m is actually
even. Since Hy(y) = []i_; Ho; (yi) and Hy, (yi) = Zgﬁ Cok (oz,-)yl.zk for some constants
cx (o) and «; even, we have that
(3.24) |Ha(y) — Gy < C(L+ [y"),

where ¢, = Y| ¢ (@). Moreover, it has to hold that Zm:m CyHy, — oo as |y| - o0
and therefore Zm:m aqgy® > 0 forevery y # 0, where ay = CyCqy.

Following [29], we shall next prove an analogue of Proposition 3.4 and extend the con-
vergence to larger sets.

PROPOSITION 3.6. Let w and m > 4 be as in Proposition 3.5. Then

(3.25) lim [log(T — 1) + &(E(T — '/, )] = — log (1 + > m"‘)

lot|=m
uniformly for |&| < R, where the constants ay = CyCq are as above.

PROOF. Define

G(E) = —log(1+ > aas“), £ = o(/m=1/2sy
|a|=m
and
(Z’(y, S) = G(E) - e(l_m/z)s Z Ca[Ha(y) — an(){] — G _ L )
la|=m
Then it is easily seen that

| — <Z_5||L/2) — 0(e(lfm/2)s) .

Since

-VG
§ G_1.

we get, by defining W = @ — ¢, that
Wy= AW — §VW+W+h—¢3S+Aq§— %w‘sw’s

— AW +h D Nevig— (1271
- m  2)°¢ 2
+]em D acG - aL) - l%VSG - %VL} +G-L

:AW+(T—t)f—a)—eG+G+e<2/’”*1>SASG—AL+§VL—%L.
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Using now the facts that AHy, — (y/2)VH, = —(Jo|/2)H, and (y/2)Vy* = (la]/2)y?%, we
get that
Yvr = "M _ J-m/2s
AL = ZVL=——L =T l;maaAya.

Writing then Z = |W| and

_ Ay NeE” __aq, a-é“ili 2
AG = — el s _ (Z“'—m A ) = (AG)1 + (AG)2,
L+ 3 0 jom o L+ 0 mm daé
where we use the notationa — 1; = (a1, ...,a; — 1, ..., o), we have that

Zy < AZ +sgn(W)K + |Ka| + e/ D5(AG),]
where
Ki=T-0f-w—-e4+G
and

K, = e(2/m—l)S(AG)1 _I_e(l—m/Z)S Z aaAy“ )

la|=m

Clearly, it holds that

e(2/m71)S(AG)2: e(2/m71)s <

< o2(1=m/Ds|y2m=2

Z\al:m aaaie(1/m71/2)(m71)sya71i )2
1+ Z|a\:m a‘xga

Estimating then K> using the equality e(z/m’l)SAgé"‘ = e(17m/2s Ay® we obtain
( Z\od:m aasa) ( Z\oqzm Ao Aya)
1+ Z\al:m aaé"‘

(ZIa\:m aaya)( Zla\=m aga;(o — 1)ya72,~)
1+ Z\oﬂ:m aqE?

n

|K2|= e(l—m/z)& Z

i=1

n

— 62(17}"/2” Z

i=1

< CeZ(l—m/Z)S(l + |y|2m—2) .

To give some estimates for K1, define £21(s) = {y; |y|’”_ze(1_’”/2)5 < Ri}and £25(s) =
{y:|y|™el=™/2s < R}, where R is large enough such that
eCL(1+R1)
1+ Z|a\:m aa%-oz
for every |€|" = [y|med=—m/2s - R,and C; = C Z|a\=m C, with C as in (3.24). Then
£25(s) C £21(s) for s large enough, and we have that

IL| < Cre™™25(1 4 |y|"=2) < CL(1 4+ Ry) for y e 2i(s),

<1

and
|L| S CLE(Z/m_l)S(l _I_[e(l/m—l/Z)sly']m—Z) 5 CLe(Z/m—l)S(l _'_I"é(m—Z)/m) S g
N
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for y € §£25(s), and
s e’
e’ =—————— <1 for yeR2(s)\ 2a0s).
1+Z\a|=m ag§®

Consider y € £21(s). In this domain, we have that
y - _ - 1 7,4
K| = e"—w—e04G = eW+¢—W—¢—eG+G = (e¢—1)W+§e¢+OW2+eG7L+L—eG

for some ® € (0, W). Now

_ _ayE¢ —L _ 1 C
sen(W)(e? — HW = — 2 aj=m o Z4+—2 Z<-7
1 + Zlo{‘:m aaéd 1 + Z‘c”:m aaga N

for y € £22(s) and
- C
sgn(W)(e? — W <0< —Z
R

fory € £21(s) \ §22(s).
For ® € (0, L) and y € £21(s), we also have the estimate G0 < ¢GHILl < C, and so

1 e
leC~E+L — @ = [(1 — )L + 5eG*OL2
Z|a\=m aa%-ot
1+ Z|a\=m aa%-oz
CeZ(l—m/Z)S(l + |y|2m—2) .

Hence we have

IA

c
sen(W)K| < —Z + CZ2 + CImDs(1 4 1y?™=2)  for y e 21(s).
S

Consider then y € {|y| < ¢*/2Ra} \ 21(s). It yields that |£] € (¢”/"R}/" > e5/mRy)
and we can easily estimate

|Ki|=|(T—0)f +s—i(x,1) —s — log (es + Z aa(es/’”g)“> — ¢

lo|=m

<C.

Finally, let y € R" \ {|y| > ¢*/?>R;}. In this domain we have that (T — ) f = 1 and
w = —1 and therefore

|Kil=12—e®+Gl <1+ —1-G| < 1+%e@G2
for some @ € (0, G). Since |L| < Cre'™/25(1 + |y/"2)and G = b + L — W, we get
GP<CW?*+(L—-1DH<CW?+L>+1) < CW? + 1+ 207251 4 |y)2m=2y).
Altogether we have obtained that
Zy < AZ+ %z +CZ2+ T A 4y + Cx

where x = x(y,s) = 1, for |y| > />R, and x = 0 otherwise. Now we can finish the proof
exactly as in [30]. O
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In what follows, our aim is to describe the asymptotic blow-up profile of u. In other
words, we want to show that either (3.2) or (3.4) holds. To that end, define for T € [0, T']

Yr(x,t) =log(T — 1)+ u(A(v)é +xvT — 1,7+ (T —1)1),

where A(t) = /T — t|log(T — 'L’)|1/2 if the case as in Proposition 3.4 occurs and A(t) =
(T — 7)™ if the convergence of u is as in Proposition 3.6. Here & is fixed, x € R" and
t € [0, 1]. Moreover, let

¢ (y,s) =log(1 —1) + Y (x, 1),
where y = (1 — )" 2x and s = —log(1 — t). Then we have that

W) =AY+ (T —7)f, xeR", 1€

and y
(¢‘[)S=A¢‘[_§'V¢T+h‘[a yER", s >0,

where h;(y,s) = (T — ) (1 — ) fA(z)é + x/T — 1,7 + (T — 1)t) — 1. By the above
Propositions 3.4 and 3.6, we know that

¢ (v, 0)= Y (x,0) = log(T — 7) + #(M(0)§ +xv/T — 7, 7)
= —10g<1+ > aa<é+x—'T_T> )+yf(x),

A1)

lo|=m

where m > 2 and Z\a|=m agE® = |£?/4 if (3.18) holds, and otherwise m > 3 and
the constants a, are as in Proposition 3.6. Above |y;(x)] — O uniformly for |x| <
C(T —1)"Y2)(z) as T — T. Therefore

Tim Yo (x, 0) = —log (1 + > aas"‘),

lo|=m
pointwise for every x € R". Because of Propositions 3.4 and 3.6, we also know that |/, (0, 0)]
< C as t — T and therefore Proposition 2.3 yields that {;(x,0) < C + |V ||x| <
C(l+|x)) e L% (R™). By the dominated convergence theorem we then obtain that

(3.26) prf(.,O) + log (1 + ) aag“)‘ L S0
lo|=m p
ast —> T.
Define also
é(s) = log(1 —1) —log(l —t+ Y aag“), We=¢:—¢ and Z; =|W,|,
lo|=m
where m > 2. Then W; verifies the equation
(3.27) (Wo)s = AW, — % VWe 4+ he +1—e® = AW, + W, + o

where A = A — (y/2) -V and
Fr0) =T =)0 =) fO(DE +xVT — .1+ (T —1)1) — Wy — €?,
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and so Z satisfies respectively the equation

(3.28) (Zo)s < AZo+ 2, + 1 £
and by (3.26) also
(3.29) 1Z:( Ol <ye >0 as ©—T.

Now, for [A(1)& +x+/T — 7| < Ry, we have f; = %" — e";WT — ¢% and so we have for
some @; = O (y,s) € [0, W (y, s)] that

- 1 =,
(3.30) fe=e? @ —w, - 1) = Ee¢+@f w2,

Clearly, c/; + O, < q~5 + max{0, W;} < max{q;, ¢} < K and so the inequality
(3.31) lfzl =CZ;

holds as well.

For |[A (7)€ + x\/ﬁl > Rp, we have that W; < —1, at least for t close to 7', and
therefore the uniform bound (3.7) givesus that |f;| < C < CZ; <C Z%. Thus the inequality
(3.31) holds for every s > 0, y € R" and 7 close to 7" with some constant C depending only
on the constant appearing in Theorem 1.1 and the choice of ¢.

In the forthcoming statements and proofs C denotes again a generic constant, possibly
changing from line to line, depending only on the solution u, our choice of ¢ and & € R" and
the dimension 7.

LEMMA 3.7. Let fr be as above and assume that sups s | Z: (-, s)|| < &¢, where e; —
0as t — T. Then there exist a constant C' > 0 such that

Il fz (s S)HL%7 =< C/eisgr
foreverys <.

PROOF. We will first estimate the part of the norm where |y| is large. Recall that, using
the regularizing effect of the semigroup together with the inequalities (3.28) and (3.31), we
know that there exists a constant R > 0 depending only on p > 1 and the dimension of the
space such that

(332) 1Z2 o)y < 1e“FSRIZe (s = Rl < CllZ: (s = B2 -

Then define 21(s, ) = {y € R"; |y| > ¢*/?A(7)|£|/2+/T — t} and use the inequality (3.31)
together with Holder’s inequality and the above inequality (3.32) to obtain

vl2
f | fr (v, 9)Pe™ P/ 4dy
21(s,7)

2 1/2 ) 1/2
AL e
£21(s,7) |y|2g3/2

< CIZe( 9y e < Ce®Ze(s = R, < Ce e

= Lp_ T
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for s < s and 7 close to T. Here we used the fact that

/ e_‘y‘zdy < Cce R
[yI=R

In what follows, we c0~nsider the part of the~ integral where y € £22(s, 7) = R"\ 2 (s, 1)
and notice that then f; = e? (ve —1-W;) = e910x Z% /2 for @, € (0, W;) and 7 sufficiently
close to T. By taking t close to 7" and y in £25(s, t), we have that |A(7)§ + VT —tx| >
A(1)|€]/2 and (T — 1)| 10g(k(r))|/k(t)2 < 1. By using the estimate (3.5), we then get

We(y, s)=log(T —7) + i(M1)E + VT —tx, T+ (T — 1)1)
+log (1 —t+ Z|a\=m aaé"‘)

<2(T—T)I10g(?~(f)lél)|)+6<C
((D)IEN? -

<lo

Therefore f, < e"~’+cZ$ and

/ | fe(y, S)|2e*|y|2/4dy < e2(<]~§+C)/ 1Z: (, S)|4eily|2/4dy
25(s,7) 2(s,7)

< Ce™ZC ) P < C(R)e |1 Z(,s — R)|* < Ce ¥l

which finishes the proof. a

Now we are ready to prove that the norm of Z, stays small forever if it is initially small
enough, using an idea from [29]. This will then allow us to pass to the limit as s — oo and
complete the proof concerning the blow-up profile.

PROPOSITION 3.8. Let Z; be as above. Then there exists a constant C > 0 indepen-
dent of s such that
1Z-(, S)”L% <Cy;

and

(3.33) sup Z(y,s) < Cyr.
[yI<R

PROOF. Let 7 be close to T and s be large enough so that all the above estimates hold.

Let now {S (s)}s be the semigroup generated by A. 1t is clear that because of (3.28), (3.29)
and (3.31), we have that

(3.34) 1Z2 (5013 < €018 (50)Ze (-, 0l 3 < €T Ope
for some constant C > 0. Define
§ = supls; 1Ze(9)llpz < 4e“y:)

and assume that § < oco. Take then so large enough so that both

) 1 e 50 + -
(3.35) 2C'e %0 <« Z  and Z\Ofl—m aa%‘ -2,
4 Z|a\:m aa%‘
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where C’ is the constant appearing in Lemma 3.7.
Using Lemma 3.7, the previous inequalities (3.34) and (3.35) together with the definition
of s and the variation of constants formula, we obtain

1ZC 2= (HS(E —50)Ze o502 + f 115G - t)ff(-,t)nL,gdr) exp( / | eé%)
) S

50

§ ; e 0+ Z\od—m aaga
< I1Z:(C, 502 + C// eit(4ecs0 )dt) - —
(” T ”Lp % VT e + Z|a‘:m aaéd

- 3
< 2(ecs°yr + C'(e™0 — e_s)4ecs°yf) < 1 - 4eC%0y,

which contradicts the choice of 5. Therefore it has to hold that s = oo, which yields the first
part of the claim.
Because of the estimate (3.31), we obtain also the second part of the claim by

sup Z¢(y,s)< sup |e“ES(L)Z.(y,s — L)|

[YISR [yI<R oL L 5
e (ye t/2 )
<C - - | Z;(A,s — L)dA
= ek (1—e—L)"/2/ nexp< a1 —e D) ) (=D

—L/2 _ 32 1/2
< C sup {/ exp ( — ();eli_L))elw/étd)»}
yl<r LR (I—e™%)

, 12
{/ Z:(A,s — L)?e /4}

<ClZ:(,s — L)”L/% < Cyr,

and the proof is complete. O

PROOF OF THEOREM 3.1. Passing to the limit as s — oo in (3.33), which corresponds
to taking ¢ = 1 and x = 0, we have

log(T — 1) 4+ ii(A(1), T) +1og( > aa§“> <Cy;, >0

lo|=m

as T — o00. Set x = A(7r)& and follow the estimates in [2], for instance, to notice that the
above convergence implies that

‘l‘imo[u(x, T)+ 2log|x| —log|log|x|| —log8] =0
X|—
if (3.18) holds, and

lim |:u(x, T) + mlog |x| —i—log( Z aa§°‘>:| =0

|x|]—0
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if (3.25) holds, where é = x/|x|. However, the latter convergence is impossible because of
the estimate (3.5), so the claim follows. O

PROOF OF THEOREM 1.2. We shall first prove that if w(-, s,) — ¢(-) uniformly on
compact sets for some sequence s, — 00, then ¢ is a stationary solution of the corresponding
rescaled equation, that is, it satisfies (1.4) with 0 < u < oco. The argument is similar to that
in [13] (see also [18]).

Because of the inequality (3.9) and parabolic regularization, we know that w is contained
in a compact subset of C 21(Bu(0) x [s0, 00)) with uniformly Holder continuous derivatives,
where M > 0 is arbitrary. Using then the inequality

S B _ 72
f f 15y (v, D)2 P A dydr < E[w](0) — E[w](s),
so /B 12(0)

where

Rles/Z 1 N
E[w](s) = / <§w§ —ev + w)ey /4 dy
0

is the energy functional corresponding to the rescaled equation, and proving that E[w](s) is
bounded from below, we obtain that w;(y, s) converges to zero uniformly on compact sets
and hence ¢ is a stationary solution. Clearly ¢,(0) = 0 and since w (0, s) > 0 by (2.3), we
also have that u > 0.

Following then [25], it is straightforward to show that such ¢ exists and w(:, s) — ¢(-)
uniformly on compact sets for s — oo. In the proof one first argues that the set of possible ¢

can be written as
o@®) = (| Jwe )
s o=§

in a suitable topology. Then it is fairly simple to see that the above set is nonempty, compact
and connected. Taking then ¢ as above and using the zero number property, we can see that
w(0, s) — ¢(0) never changes sign for s large enough. Assuming then that @ () contains
at least three solutions of (1.4), denoted by ¥, i € {1, 2,3}, it has to hold that w(0, s) €
(i (0), ¥;+1(0)) for i equal to 1 or 2 and s large enough, which contradicts the fact that
w(-,s) = ¥;(), forj & {i,i +1}.

Theorem 3.1 enables us to conclude that © > 0 by applying the following proposition
[28, Theorem 3.6].

PROPOSITION 3.9. There exists a constant C > 0 such that there is no nonnegative
L'-solution of (1.1) with f(u) = " and

uo(|x|) > —2log|x| +log(2(n —2)) + C

for |x| close to 0.

Namely, if ¢ = 0, then u cannot be continued beyond # = T as an L!-solution.
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It is known, see [3], that if ¢ is a nontrivial solution of (1.4), then either () =
—2logn + C +o(l) or p(n) = —Cn_"e”2/4 + o(1) as n — oo. Since (3.9) holds, ¢ cannot
have the exponential decay at infinity and the claim is proved. a

4. Profile of L'-connections. In this section we consider the problem

Uy = Upr + u, + re", re©,1), t>0,
r
4.1 ur(0,6) =u(l,1) =0, >0,
u(r,0) =up(r) >0, re[0,1],

where A > Oand n € [3,9].
We first recall some known properties of equilibria of (4.1). The stationary problem
corresponding to (4.1) is:

n—1
(4.2) Orr + p ¢r+)ve¢ =0, re(0,1),

¢-(0)=0, ¢(1)=0.

PROPOSITION 4.1 ([17, 21], see Figure 1). Denote by S the solution set of the param-
eterized problem (4.2):

S ={(¢,1); A € R" and ¢ is a solution of (4.2)} .

Then there exists a smooth curve

Rt — C([0,1]) x RT
w w

s = (¢(s), A(s))
such that S = {(¢(s), A(s)) ; s > 0} and that

sup @(s)(x) = ¢(s)(0) =s.

x€B1(0)

lI$1loo

Ao Aoo A3 Al A

FIGURE 1.
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Moreover, the following holds:

(1) limg_oA(s) =0, limg_ 00 A(s) = Ao 1= 2(n — 2).

(i1) The set of all zeros of A’ (+) is given by a sequence 0 < 51 < 53 < 53 < -+ —> 00
and the critical values A j = A(sj), j =1,2,3, ..., satisfy

Al > A3 > > A2j41 N Ao, A2 <A< <Ajy2 /Ao
(iii) Foreach ) < A define

pr=0G)., i=0,1,...,

where 5o < §1 < --- is the sequence of all points s with A(s) = A. This sequence is finite if
A # Ao and infinite if A = Aoo. In the latter case we have

2n —2)
Ar2

For the number of intersections of two equilibria and of equilibria with ¢, the following
holds.

oL(r) — ¢l (r) ==logr in CL.((0,1]).

PROPOSITION 4.2.

(1) IfA < A and k > j are such that ¢])<‘ and d)j.‘ are both defined, then ¢])<‘ — d)j.‘ has
exactly j + 1 zeros in [0, 1], all of them simple.

(i) Ifr= Ao and j > 0, then d)é‘o — ¢;‘ has j + 1 zeros in [0, 1].

(iil) IfA <Aoo and j > 0 are such that ¢j.‘ is defined, then d)é‘o - d)j.‘ has j + 1 zeros in
[0, 1] when j is odd, and j zeros in [0, 1] when j is even.

(1v) Ifroo < A < A1 and j > 0 are such that ¢;‘ is defined, then d)é‘o — d)j.‘ has j zeros
in [0, 1] when j is odd, and j + 1 zeros in [0, 1] when j is even.
All of the zeros of ¢%, — d);.‘ are simple.

PROOF. For the proof of (i) we refer to [14]. From (i) and Proposition 4.1 (iii) it follows
that (ii) holds. To prove (iii) and (iv) one can then use the bifurcation diagram (Figure 1), the
simplicity of zeros and continuation of ¢%, taking into account that the zero of ¢, — ¢’ at
r =1, L = Ao, either moves inside or disappears when A # Ao, and X is close to Ao. O

Next we recall the existence of a special blow-up solution which can be continued glob-
ally as an L'-solution.

PROPOSITION 4.3. Forany A € (A2, A3] and T > O there is uo such that the solution
u(-,t) of (4.1) has the following properties:

(1) wu(,t)blowsupatt=T.

(i1) wu(-,t) is a global L-solution.

(iii) wu(-,t) is defined (as a classical solution of (4.1)) on the interval (—oo, T) and
u(-, 1) — ¢5 in C1([0, 1)) as t — —oo.

@{iv) u(-,t) is a classical solution of (4.1) on the interval (T, 00) and u(-,t) — d)())‘ in
CcH([0, 1] as t — oo.
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(v) Thereis a sequence {u;} of classical connections from qﬁ%‘ to ¢6‘ suchthat u, (r,t) /'
u(r, t) pointwise for (r, t) € [0, 11xR. Here a classical connection from ¢%‘ to d)())‘ is a classical
solution of (4.1) on the interval (—oo, 00) such that u(-,t) — qb%‘ in C1([0,1]) as t — —o0,
and u(-, 1) — ¢} in C1([0, 1) as t — oo.

We call the solution u an L'-connection from ¢4 to ¢}.
For the proofs see Theorem 3.4 in [14] and Section 6 in [13].

THEOREM 4.4. Let . € (A, A3]. Suppose u is an L'-connection from ¢§‘ to d)())‘ asin
Proposition 4.3. Then

tlin}[log(T =) +umvT —t,0)] =@o(m), ne€l0,00),
where @ satisfies

n—1 n
$nn + <_ )
90) =wo, @0 =0

for some o > 0 and

op+1re¥—1=0, >0,

lim (g0 (1) — ¢%, (M) = —co
n—00
for some co > 0. Moreover, the equation

() — ¢5(n) =0
has two roots.
For the proof we shall need the following lemma.

LEMMA 4.5 ([27]). Let Ao < A < A3. Denote the three zeros 0f¢é‘o — d)%‘ by 0 <
ri < r < ry < 1. Let u be an L'-connection from qﬁ%‘ to qﬁ())‘ as in Proposition 4.3. Then
u(-,t) — ¢é‘o has at most two zeros in (0,r1) fort < T.

PROOF. We use the notation (2.4). Since u(-,1) — qb%‘ in C! ast — —o0 and
Z0,1)(¢% — ¢3) = 3, it follows that there is zyp < O such that Z 1)(¢, — u(-, 1)) = 3
fort < 9. Therefore, Z(o.1)(¢ph, — u(-,1)) <3fort < T.

We now proceed by contradiction. Suppose there is 11 < T such that Z(oﬁrl)(qﬁé‘o —
u(-, t1)) = 3. Then there is a positive integer i and a classical connection u; from d)%‘ to ¢())‘
(cf. Proposition 4.3 (v)) such that Z(o,,l)(¢é‘o — u;(-, 1)) = 3. This means that

(4.3) wi(r, 1) > ¢a(r), relr, 1],

because Z(o,1)(¢p, — ui(-,1)) < 3forallt € R.
We claim that then

(4.4) Ze)( @5 —ui( 1) =1.

Indeed, otherwise either

(4.5) Zi011(@ —ui( 1) > 2
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or
4.6) Z10.1(@3 —ui (1)) = 0.

Since u; (-, t1) belongs to the unstable manifold of ¢>§, we must have (cf. Theorem 2.1 in [6])
4.7 Zio(@) —ui(0)) <2, teR.

(We remark here that Theorem 2.1 in [6] concerns the zero number on the unstable manifold
of an equilibrium of a semilinear parabolic equation in one space-dimension. But this result
can be extended in a straightforward way to radially symmetric solutions in higher space-
dimension using Theorem 2.1 from [8].) It follows from (4.7) that (4.5) cannot occur. On the
other hand, (4.6) would imply that «#; blows up in a finite time (cf. [22]). Hence (4.4) holds.
Therefore, we obtain that

(4.8) ui(r,t1) > ¢5(ry, rel0,rsl.
We next show that
4.9) ui(r, 1) > max{g5(r), 95}, (1) € [r1, 73] x [11, 00).
From (4.3) and (4.8) we have
ui(r, 1) > max{@y (), 5 (N}, r € lri,r3l.
If (4.9) does not hold, then there is , > #; such that

wi(r,t) > max{g5 (r), o5 (N}, (1) € [r1,r3] x [t1, 12)

and either

(4.10) ui(r1, 1) = ¢, (r1)(= $5(r1) .
or

4.11) ui(r3. 12) = ¢ (r3) (= $5(r3)) .

Note that Z(r3,1)(¢% —ui(-,1)) = 1fort € [t1, 12], so (4.10) is impossible because then

Zio(@) —ui(-, ) =3.

On the other hand, for ¢ € [71, #2] all intersections of ¢, and u; (-, t) are contained in [0, r1].
Thus (4.11) cannot occur.

Since d)%‘ > d)())‘ in [r1, r3], (4.9) yields a contradiction with the convergence of u; (-, t) to
¢())‘ ast — oo. O

PROOF OF THEOREM 4.4. Consider first the case Ay < A < Ayo. Then Z(o,l)(qﬁéo —
q&%) = 2 and by the zero number diminishing property, it has to hold that Zjo gj(u(-, t) —
¢%,) < 2foreveryr € (—oo, T). After rescaling, we then get that Zg o2 (W (-, 8) — p) < 2
forevery s € (—oo, 00). Theorem 1.2 now states that w(-, s) — ¢ uniformly on compact sets
in y, where ¢ has the decay (1.5) and intersects gbéo at most twice. It follows then from [3]
that ¢ has to intersect qﬁéo exactly twice.
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If Ao < A < A3, then Z(,1)(%, — ¢%) = 3, but Lemma 4.5 yields that Z(,,,) (¢}, —
u(-,t)) <2fort < T and we can proceed as before. a

The existence of L'-connections between two equilibria ¢,)<‘ and ¢j.‘ was studied in [11,
12], and it was shown there that a singular L'-connection from ¢,i‘ to qﬁjk. exists if and only if

k > j+2. By Theorem 1.1 any such L'-connection blows up with the selfsimilar rate and by
Theorem 1.2 it converges (after rescaling) to a nonconstant selfsimilar solution. It would be
interesting to determine how this limit selfsimilar solution depends on k and j. Theorem 4.4
answers this question only for k = 2 and j = 0. To prove a more general result one has to be
able to control the number of intersections with ¢, that disappear at the moment of blow-up.
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