CONVERGENCE CRITERIA FOR FOURIER SERIES
GEN-ICHIRO SUNOUCHI
(Received April 16, 1952)
Let ®@(x) be even, periodic with period 27 and its Fourier series be
P(t) ~ ia,. cos nt.

Moreover, we shall confine our attention to the convergency of the series
at the origin. Concerning of Young’s test, there are following tests.

THEOREM I (Young-Pollard [3]). If (1) satisfies
14

(1) P(u) du = o(t)
/
and
@ [ 14w g = o,

0
then the Fourier series converges to zero at the origin.

TueoreM II (Hardy-Littlewood [27). If ®(t) satisfies

3) f |9()] du = oft/log 1)¢)
0

and

@) f (s P(u))] = 0)

0
for some A >0, then the Fourier series converges to zero at the origin.

TraEOREM III (Sunouchi [47]). If ®(t) satisfies
1

(5) @(u) du = o(t*)
/
and
(6) f |d(u )] = O(t)

for A >1, then the Fourier series converges to zero al the origin.

On the other hand the condition (2) implies Lebesgue’s condition. This
fact is due to Pollard [3]. The object of this paper is to establish convergence
criteria of Lebesgue type which include Theorem II and III.
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THEOREM 1. If @(t) satisfies
4

) f?’(u)du:o(t“)

0
and

T @) _ et + 1) |
® limtimgup [ 170 = EED ar <o

for A =1 and some fixed n >0, then the series converges. The condition (6)
or (2) implies (8).

Proor. Since the case A =1 is due to Pollard [3], it is sufficient to
prove the case A >1. To prove the convergence of the Fourier series is
equivalent to prove

0
lim [ o) SB 2t at=o.
m—)mo
Let us put
2
a = (rk/w)s and () = f P(u) du,
0
then
fw (1) sm ot o [ (1) sm mt f () ot cos wt —sm ot .
)
=L+ 1,
say. Then we have
| L] = o(a?-1t) = o{(k]w)A~DI3} = o(1), as w->oo
and
o .
|| = "("’f t““d’) = o(wat) = ofw(k/@)I3} = o(1), as w-yoo,

0
It is therefore sufficient to prove that

ﬂ .
lim lim sup I()=lim lim sup f @(t) S‘—‘;@’—df =0.
kYo  w-yeo kyoo  wpx
o

We can replace the upper limit in the integral J(w) by n + n/w, and its
lower limit by (k7 /w)!/2 + 7z/w, with error o(l) as w-»>oo, and if we write
t + /o for t, we obtain

, _
f(w) = _f %’%sinwtdt+o(]).

2
It follows, adding the two expressions for J(w), that
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Iew) = 1 Pt P+ 7o)
(@) = 1 {

7 T+ 7jw }smwtdt+o(1)

(%)IIA

From (8), we get I(w)->0, as w->> and the convergency is proved.
To prove that (6) implies (8) for A >1, we shall put 4(¢) = ¢2®(¢), then

t
o) = f |db(u)| < At, and 16| = At
0
by (6). If we write x = =/w, then

i1+ x t (t+x“1 T paw

Ptz P _ 6E+x) 6D _ ftﬂd( 6(u) \

and

Pt +2x) Pt 2
YD - 20 < [ la(24) Igf gl +(A+1)f 1860 g,

_\+A

B + B¢ !+

< B+ o) 2(A+1)A<_1__ 1 >
¢

= it + x)>+1 T a+l A a _(}T}F

Integrating this equality, we obtain

f'

GO

P+ %) ¢(t) f Om)  2A+ DA 17+
dt < — dt
t+x I (m)m uA+t A u? ]c

(o) !
-'f [T - e (=)

(kx)

n (k)
n+T 1 R 1
<A f jadttc f At
Y Uk HA

¢ 1 _ 1
T A1 { (G 251 (km)e DR }

Consequently, we have
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n
o Pit+x) _ P)
i 1"2‘9%“"[ Ha = e

(km)tlA
A=l
= o)+ A= E lim Tim sup {(kx)<A-“/A} = (kx)m} —1]
= o(1) + Ilgg llgosup{ (7% )(A ADTA } { A)(kx)”A}

= o(1) —-'clkim-k— = o(1).
>0
Thus the theorem is proved.

THEOREM 2. If ®(2) satisfies
1

© f 9| du = oft/log1/t)
0
and
vi
. P(h) _¢(t+x), -
10) 1’3;{1011%11;:_[)“ l ! Et2 lar=0
(kw)l

Jor some A >0, then the series converges. The condition (4) implies (10).

Proor. When A decreases, the condition (10) becomes stronger, and

then we can suppose A = 1. If we can prove
o +7/w N+7T[w

(11) f ¢(t) —~sin ot dt = o(1), f t) ——sinwtdt = o(1)

as w->oo where « = (7k/w)!/4, then (10) implies

12) f p(t) St — o(1),

2
similarly as in the proof of Theorem 1. The second of (11) is evident.
The absolute value of the first of (11) is less than

o @+

fm“zlm I?%M e [(2?)—‘](“”_ f mn(I)t_t(th

@+ 7o .
_ dt
_0(1)+0(f tlog1/t )

N2
where P*(t) = f |P(%)| du. Now
0
o+ 1/

f mgm = log log <%k>1m log log {( zk )IIA + g—}
w

which tends to zero as w->, for A=1. Thus we have proved (11), and
then (12).
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Hence it is sufficient to prove that
]
f o(t) P2 dt = o1)
0

Since
1/w

f qmmmm=mx

0

it is sufficient to prove

(13) f ¢msmwﬁi=mn
1w
The absolute value of the left hand side is less than

/¢mﬂ PW f@@w
Ilm

1w 1l/w
20

dt

1ljw
where

o @
a 1 _ _ Lo \UA
f m—-[loglogT] = log log w loglog<”k>
1w 1w
1
' — log A + o(1).
Thus we get (13) and then the Theorem is proved.

THEOREM 3. In Theorem 1 or 2, we can take

|2t + %) — PO 4 _
A

]
(11) lim lim sup f
koo 50
(kx)l/A

in the place of (8) or (10).

Proor. First we assume (11) and (7). It is sufficient to prove
vl
S(w)Ef ﬂiﬁsinwtdtéo, as w > ®

0
for a fixed » > 0. If we put

xx)/A ko)l Baz  (z)l]Asog N+ n+20 o)
tu@k)z{f -+2f 4—[ -—2[ —-f } sin wt dt
0 0 0 n n
then we have
P(t) . e P+ x) .
— sin otdt = i sin w? dt + o(1)
k)1 (kz)1]a

by (7).
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Let us write
v] n4+T : N+20

4S(m)—a(m,k)={f +2 +

eylla z)tA 4z (m)”&hxz.‘

ﬂgﬂ sin wt dt

i
. 2 ¢(t + x) .
=2 f  HE+ 2+ 22) sin of dt

(k)b

vi
T {fp(t + 2;)+——2<:(t +x) _ P+ a;) — P(t) }sin ot dt
(kx)l/A
= 2B(w, k) + (o, k)
say. In the same way as the proof of Theorem 1, we obtain
lkl_g} lir&iup a(w, k) =0,

while, since

(k) =2 |t + "t) — 2Ol 4 + o(1)

(kz)t/A
we get

J%im lim sup y(w, k) = 0
->oo w-yoo
by (11). On the other hand, since

52 pe
0o =mrraegren < &
and
o9 11x?
0< =% <7a
we obtain by partial integration
vl
Bw, k) = f 9(x, 1) P(t + x) sin ot dit
(kz) 1A
n v
= [q)(t + x)g(x, t)sin wt:l —w f D(t + x)g9(x,t) cos wt dt
anla  Gmlle

,,
- f Dt + x) %)— sin wtidt,
(kx)1/A

where
13

d() = f P(u) du.
0
Consequently we have
lim lim sup B(w, k) = 0.

k>co Wy

The case (9) and (11) can be proved analogously.

ReMARK. In the case A = 1, Theorem 3 is more general than Theorem:1.
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This is due to Gergen [1]. But in the case A > 1, the author could not
decide the analogous fact. '
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