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The series 2 a, is said (R, p)-summable to s if the series

v=1
- sin v £\?
@ Eau( vt )
converges in some interval 0 < ¢ < #y, and if
= sinpi\» _
@ im X a( ) =,

where p is a positive integer.
This method of summability has been considered by S.Verblunsky [3],
who has shown that, if a series is summable (C,p — &) to s, where & >0,

then it is summable (R,p + 1) to s.
For the case p =1, many results are known. In particular, G.Sunouchi

{1] proved the following theorem ;

THEOREM 1. Suppose that

3

s, = o(n®),
1

oo

—_ T
]

> el ~ o),

v=n

where 0 < a < 1. Then the series 2 a, is (R, 1)-summable to zero.

v=1

As the generalization of the above theorem, H. Hirokawa and G. Sunouchi
{2] proved the following theorem ;

THEOREM 2. Let s8 be the (C, B)-sum of . au.

n=1

Then, if

s8 = o(nf%)

and

> 1%l = o),

v=n

where 0 < a < 1,0 < 3, the series > an is summable (R, 1) to zero.

n=1

The object of this paper is to generalize the above theorems.
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THEOREM. Let sB be the (C, B)-sum of . au.

n=1
If :
® sh = o(n?), (n - )
for B >v >0, v+ 1>p, where p is a positive integer, and
@ 3o = opra), (1> 2)

Jor 8 =p(B —)/(B+1—p),0 <8< 1,then the series >, an is (R, p)-summable

n=1

to zero.

If we put p=1,8=1, we have Theorem 1 and if we put p = 1, then
8= B — v/B, that is v = B(1 — §). This is Theorem 2.

Proor. If we put

ot = (LY
we have
()] Pp®(t) = 0(1), t->0)
and
(6) p®(t) = o(t~?)%, (£ > )
for k=0,1,2, .....
Firstly, we shall that the series (1) is convergent for all ¢.
Now
oo n o
> a,qp(t) = <2 + 21 )aycp(w.‘) = g+ @, (@ = 0),
v=0 v=0 v=n+

say, where 7 is to be chosen presently.
By (6) and (4)

@ P2 = 0( 2 'Zvl [k ): O(t-rn-r+%),

v=n+1

This shows that for fixed ¢ >0, the series Zaygo(vt) converges.

v=0
Given a positive integer &, put
® n = [(&)77],

- b _ Bt+t1l=p :
where p = P85~ y¥l—p" Then from (7) it follows that

® P2 = O{E~2(etp@=D} = O(€7).

. a,
Next, if we put 7, = E %—- , then |au| = n(#n — 7n+1)-
v="n

* Cf. M. Obreschkoff [4], Hilfssatz 3.
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Since, by (4),

[

Da| = 27, — nrpu =0 (2 v‘”“”) + O(n®) = O(n®),
v=1 y=1

v=1
we have
(10) sn = O(n®).

Now there is an integer 2=1 such that 2 —1< 8<%k We suppose
that 2 — 1< B < &, for the case B = k can be easily deduced by the following
argument. From (3), (10), using Riesz’s convexity theorem, we have
st = o(ndB-3+yIB) v=12...., k=1
sk = o(nF+7-#),

Let s%x) = s(x) = 2 a,, where n <x< n-+ 1, and

v=0

1)

(%) = 1% f (x — Yr-is(t)dt, »>0.
0
Then, by Abel’s lemma on partial summation, we have
k13 n=-1
o= 2 a,pt) = X s{pwt) — @ + 1)} + sup(nt)
v=0 v=0

y+1

= — nz_: s (x) <p(xt)dx + suqp(nt)
=0}

- f ) 2 pat)dn + suplnd)

Integrating the first term in the last expression by parts % times, and writing
dv
D’ = we get
" [ dxv:'”=”’ &

k=1

= sap(nt) + 2 (— Lys(m)Dygp(xt) + ( — 1fsk(n)Digp(xt)

v=1

(12) " Ji+
+(— 1)’”‘f (%) geer PANAX = i+ o+ @5 + @i, SAY.
0

Then, by (10)
(13) g1 = sagpnt) = O@i(nt) ™) = O=m=w-9) = O(er),

Concerning gy,
du
sAmDsglxt) = sv(n)tv[a@T plat)]
= o(nd BB+ (pt)-P) = o{p"~ —p(s(ﬂ M+W=-pBYRY}
Using (8) and (11), the exponent of tis

(0 =p8— ;286 - +rv—5}]/8
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- blor - o) (o= G212 R

= ?(fy—-{-‘yl———*ﬂ B -7 >0,
for v=1,2,...., k—1, and these terms appear for @ > 1. Thus we have
14) @ = o(1), as t > 0.
Next, we obtain
= o(n’“*/‘ﬁt’“(nt)“”) = o(tk—p-p(kﬂ—ﬂ—p)),
by (8) and (11).
The exponent of ¢ is

k—p—plk+y—B—p = 8{(z> Nk —p)—pk+o—B—p)}
= 5= 8{ -k + p(8 — v+8)}— ;51— W+B+1D)
=vp—:§(l3+1-—k)>0,
for 6§ =p(B—~y)/(B+1—p).

Therefore
(15) @5 = o(1), as ¢ > 0.

We next take up @;. Omitting constant factors, we split up four parts,

Yy A " e jt-B- 158
P = s (x) A ¢(xt)dx = Bxﬁ ¢(xt)dx (x - u) sB(u)du
0 0

0

= f sﬁ(u)duf (% — u)-8-1 j,cﬂ @p(xt)dx

U+t~ (et) ™ (et)P—z~1 (et) P
f duf dx+f duf f du/ dx
(et)~P %+

u+t™ !
—f du dx= Y+ Yo+ Y — Yy
()Pt~ (er)~P
say. Since <p<’°)x(t) =01) for 0< t< 1,
-

u+t~1

P = f sB(u)du f (X —uy-p-1 %Mxt)dx

%

(16)

;=1 w+t L

O{ f sA(u)du f iy — uy-P-1dx
0 t—l [ .

o{t’“”f u’[(x—u)’“'ﬁ}u” du}

w

1l

a7

t_l

o{ﬂcﬂf u’t’(’“‘ﬁ)du} = Q(fe+1-k+B-y-1)

0

Il
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= o(tP-7) = o(1), for B > .
Since 1+ v > (B + 1)/By > 2,

(et)™P nat=1 .
+1
¥, = f s3(u)du f (x — u)e-B-t %ﬁﬂxt)dx
t—1 w

(et)~P wat™1

=0 {t’”lf sﬂ(u)duf (x— u)(“'ﬁ‘l(xt)“’dx’»
t_y - % 1

= o{t"*“"f 12287004 [(x— u)(G‘ﬁJ:H_ du}

1

(ety™P
= o(tlc+1—pt—(lc-ﬁ) [u-yﬂ—p] . )
t

= o(th+1-r-r(r+1-D) = o(1),
as £ >0, by (8). Therefore .
(18) 2 = o1).

Concerning vr;, if we use integration by parts in the inner integral, then
ety Pt~ (et) P g
vy = f sﬁ(u)duf (& — w)f=F7t o pat)d %
0 ‘ u+t=1
(ety-p—t ™! _
f a(u)d”{[(x wye b1 & (x“)}(m P
= Sf - B
dx* ? K+t~ L

(et) P
—k—B— 1)f (% — wp-F- di'“x,;(p(xt)dx}

n+tfl

=X1_‘(k_13_1)x2,

say. Then
(et) " P—t~1
X, = O(t"f sﬂ(u)du{t‘pt”((et)“’ — u)e-B-1
0
— (u + t—l)—pt—pﬂ—(lc—ﬂ-l)})
=X; + X,

ey~
X; = O(t"""""“’f uv((gt)—P — u)lc-B—ldu) = 0(tk—p+pp—p(y+7c—ﬁ))_
o
Since the exponent of ¢ is

k=ptp—k+B—n= w15 (R - +1-D+(B+1-p)
(b —k+B =7}

_(B=B+1—Fk
- y+1—p >0
X; = o(1), as £ > 0.
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(ey"P—3~1

X, = o{t’c“"(’““ﬂ‘l)f u¥(u + t‘l)"’du}

0
(et)~P

= o{tﬂﬂ—z’f u'-? du} = o(fF+1-P-P(+1-2)) = (1),
0
as ¢ > 0. Therefore

(20) X, = o0(1), as ¢ >0.

Similar estimation gives
(ety~P—t~1 (et)~P

X, =0 { e f sB(u)du f (%t)~2(x — u)e—B-2dx
0 w1
(et)y"P-¢~1
— o{t’“"’f . r (% — -1 ](arp du}
(21) J L 4.

(et)~P-t~1
= o{t’““"f u”"’t‘(’“‘ﬂ‘l)du}
0
= o(ff+1-P—P(+1-2)) = (1), as ¢ - 0,

From (20), (21) and (19), we have

(22) VY3 = o1).
We have easily
(et)~P wat 1 g+t
Yy = f sB(u)du f (& — ufo=Bt e (at)dx
(ety =P 1 -p
(et)~P wtt
=of[  sHwau [ @mwreeniayea)

ety~P-t-1 et)~P

@23) ()Pt - (et)

u+t”

1
wuvter [ (x— u)?“‘f’} du}
(et)™P

= o{ fe+1-2
(et)~P-t~1
= o(ft+1-p+pr- &=B) l:uv+1 }
= o(fk+1-p-C-3)+p(r-y-1)
= o(tF+1-2-r(r+1-2) = (1), as £ > 0.
Summing up (17), (18), (22) and (23) we have

(65)_P

)y P-t~1

(24) @5 = o(1), as £ >0.
From (13), (14), (15) and (24) we have
(25) @ =o0(l), as >0,

Therefore, from (19) and (25), we obtain

li = 0,
lim E a,p(vt)



ON THE RIEMANN SUMMABILITY 161

{REFERENCES

[11 G.SuNoOucHI, Tauberian Theorem for Riemann summability, Téhoku Math. Jour.,
(2),5(1953).

[2] H.HIROKAWA and G.SUNOUCHI, Two theorems on the Riemann summability,
Toéhoku Math. Jour., (2), 5(1953).

[3] S.VERBLUNSKY, The relation between Riemann’s method of summation and
Cesaro’s, Proc. Camb. Phil. Soc., 26(1930).

[4] M. OBRESCHKOFF, Uber das Riemannsche Summierungsverfahren, Math. Zeit.,48
(1942).

DEPARTMENT OF MATHEMATICS, YAMAGATA UNIVERSITY.





