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Let φ(f) be an even periodic function with Fourier series
CO

(1) φ{t) ~ 2 an c o s nt> ao = 0.
w = 0

The tf-th integral of φ(t) is defined by

(2) φa(t) = j ^ y J ^«χ/ - uY~ιdu {a > 0).
0

G. Sunouchi [1] has proved the following theorem^

THEOREM 1. Let Δ = j/β > 1. / /

(3)

and further if

(4) J |d(«V«»l =
then the Fourier series of φ(t) converges to zero at t = 0.

Concerning this theorem M. Kinukawa [4] has proved the following
theorem

THEOREM 2. Let Δ ;> 1, - 1 < α < 1. / /

(6) J φ{u)

(4) J \d(u"φ(u))\ = O(/); 0 < / < 77,
0

ίλ?Λ the Fourier series of φ{t) is summable (C, a) to zero at t — 0.

The object of this paper is to generalize the above theorems.

THEOREM^. If

(7) φjtf) = o'f), 7 > /S > 0,

1) An Alternative proof was given by Prof.S.Izumi [5].
2) This theorem was proposed by Prof. G. Sunouchi.
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(4) / \d(u* φ{u))\ = O(0, 0 < t < η,

o

then the Fourier series of φ(t) is summable (C, a) to zero at t = 0, where

If we put Δ = •%•, we have Theorem 1. And if we put β = 1, then

a = Δ + " " Z . - 2 > t h a t is> 7 = Λ " — ^ " ^ ^ . This is Theorem 2 in the case

0 < a < 1.

PROOF. We use Bessel summability instead of Cesaro summability.'
Accordingly, the proof is due to Sunouchi's method [2].

Let Jμ(t) denote the Bessel function of order μ, and put

(8) « μ ( 0 = Λ / ^

(9) Vι+μ(t) = aμ+ll2(t)

then
Vi*}μ(t) = 0(1) as ί -> 0 and

(10) ^i(ϊ?μ(0 = O(*-<"+1>) as / -> oo, for ^ = 0,1,2,

We denote by σ% the a-th. Bessel mean of the Fourier series (1). Since the

case a = 0 is Theorem 1, we may suppose that a > 0. Neglecting the

constant factor,

(11) σ« = I ωφ(t)Vι+a{ωt) dt = ( J + |
0 0 C'ω

say, where C is a fixed large constant and p = — — — < 1.

If we put

then we have, by (4)

(12) Θ(ί) = O(t), θ(t) = O(ί).

Next we consider the formula [6]

J
where a > 0, >Jί(-|- - ^ ) > 9Ϊ(^) > - 1 .

In the above formula, if we put P + z2 = τ3, ̂  = λ, then

J Maτ)(j^
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where a > 0, 9ί (-J- - -J-) 9t (λ) > - 1 .

This formula is valid when λ = 0, v > 1/2. Therefore

J J^Ldτ = L_χ{az)ιazv-κ
Z

Now, by (8) and (9)

= f Vι+iωt) du = Γ {r 1 / 2 ^l du
J U* J U*(ωu)"+112

t t

By (10) and (13), integrating by parts we get
d

Γ/α_,/2 (

== O(ω-3/2/"<Δ+α+1>) 4- ,

for ωt > 1. Thus if ωt > 1, then we have

(14) Λ(*) = O(ω-<α+a>£-<Δ+α+1>).

We first estimate /. By integration by parts, we have

/ = J ωφ(t)Vι+Λ(ω t)dt = j ωθ(t)Vι+*(f f) dt

/

oβ oo βP

ωθ(t)dA(t)= -I θ(t)ωA(t)~\ + ω J A(t)dθ(ΐ)

say. Then, by (12) and (14)

/L = θfω*ω- ( α ! + 2 >*- ( Δ + α + 1 > Γ = 0 ( » - ( + 1 >C-< Δ + β
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for large C, since p = _" a .

-°{f

Cω-P Cω-P

α ) ω P ( Δ + α ; ) }

= θ(C-(Δ+o5>) <; e.

Thus

(15) / =

Now there is an integer # > 1 such that k — 1 < β ^ k. We suppose that
k — 1< β < k, for the case β = k can be easily deduced by the following
argument. By integration by parts £-times, we have

* Ceo"? JkΓ*

\ωt)\ + ( - l ^ * 1 j φύt)V[*>Λ<ωt) dt

2 ι. say.

Since ^>(ί) = O(ix-A) by (12) and φβ(t) = o{P), we have, by convexity

theorem due to G. Sunouchi [3],

ψu{t) = oCt«β-wi-v+wiP), for h = 1,2, . . . .k - 1,

(16)

Therefore, if β > 1

Now, if the condition (7) holds then the Fourier series of φ(t) is summable

(p> \ JL. — β ) t 0 z e r o at f = 0. Therefore if

ZS-I>
 t h a t i s 7 + f + 1 >Δ^ t h e n o u r t h e o r e m h a s

the meaning. Hence we may suppose ——% > Δ.

lί β>l we have Ύ ^^J^1 > 7 + | + 1 • Thus we have (β - 1) (1 - Δ)

+ 7 > 0 .
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Since (β - A) (1 - Δ) + hy > (β - 1) (1 - Δ) + y > 0 and Vg?\ωt) = 0(1) as
t -> 0 the second term is zero. Since p = (1 + α)/(Δ + α) = .(/3 + 1)/(Δ + y)
the ω's exponent of the first term is

k - (1 + a) - £-{(β - *)(1 - Δ) + ftγ - /8(1 +

= * _ α + α ) + . |

= l,2,3, , . . .A- 1). If β<l

Since (β - 1)(1 - Δ) + y > 0 and VWωf) = 0(1) as / -> 0, the second term
is zero. About the ω's expont of the first term we have

(β + 1 - Δ - 7)//β(Δ + 7)< 0,
by similar calculation. In this case another terms of Ih disappear for h =
2,3, . . . .^ - 1 . Thus we have

(17) Ih = o(l), as to -> oo for A = 1,2, . . . . * - 1.

Concerning Ik,

Jo

The exponent of ω is

Δ + α Δ + a ( 7 ^ Δ + a

_ *(Δ - 1 ) l + ^ r π / , Λ Λ ^

for 1 + α = (Δ - 1) (β + l)/(7 t- Δ - β - 1). Therefore

(18) /fc = o(l), as « -> oo.

Concerning /fc+1, we split it up into four parts,

^(01^5. (ω^¥^ = ωfc+1 J V™a(ωt) dt

o o
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• / φβ(u)(t - uf-t-1 du

0

Γ
~p fCω'P

ω«+ιφβ{u)du\ V™a{ωt) (* - uf^~ιdt
o u

rflίJ dt+J dUJ dt+J dUJ dt~J dUJ
0 u ω-1 U 0 w + ω " 1 0 CW""P

ω-1 U

say. Since FftU*) = 0(1) for 0 S t S 1 ,

o u

0 M

= θ ί ω f c + 1 Γ ^ Γ ( ^
ϋ

= ol ω f c + 1 Γ W vω-( f c-

<19) = (Kωt-y) = o(l), for 7 > β.

{
/•Cω~p ΛU+β)" 1 ^

ωfc+1 / uy duf ( ω θ " α + α ) (* - M)""^"1 * I

ω " 1 «.

Since

we have
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(20) KΛ = 0(1) as ω -> oo.

Concerning Kd, if we use integration by parts in the inner integral,

then

φβ(u)du] Vg>m{ωt)(f-uΊ-*-ιdt
C W+ω" 1

rω " P - ω - 1 , r- -,Cω~p

φβ(u) du Uω-Wik

+-JKωt) (t - «)>-*-* J
0 W+ω" 1

(t -
J

= Afx - (* - /? - 1)M2,

say. Then

/

Cω κ - ω

Λfi = ω f c + 1

o

(22) = Ni + ΛΓ*

«v(Cω"P —"j

o

Since the exponent of ω is

(23) Nι = o(l) as ω -> oo

I ω α ) ( ^ ) / uy(u + ω ) α ) j w

0

8 - α /

(24) = o(ω3-*ω-<Y-α>P) == o(l) as ω -> oo.

From (23) and (24) we have
(26) Mi = o(l) as ω -> oo
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ff - P - w " 1 ΛCω""P

φβ(u) duj V&^Kωt) (t - uy-*-*dt

= oίω* Γ wy« ί α)-ί1+αJ>/-<1+α!>(ί - uf-P~2dt ]

r / . f t . " ' - " 1 Λ ^ - P

= o I ω

fc-ci+«) I f#*fr<i*e> ̂ 1 (ί - w)fc-^~2 Λ I

f ΛCw-P-ω"1

 Γ Ίa.-< .

= O ί ω*-<1+*> Γ

= 0(fi>*-a+*>-<*-0-i>

<27) = (Kωβ"Λ«"p < v"α >) = c<l) as ω -> 00.

From (21), (26) and (27) w e have

(28) K3 = o(l) as ω -> 00.

φβ(u) duj V[l\{ωt) (t - uf-t-1 dt
(7ω~ p -ω" X Cω"P

= 0 { ωfc+1 I W(»>*ί / (ω«-(1+Λ>(/ ~ uf-P-1 dt\

1 i-P-α,-1 £-P

^ - Λ + p α + a ί > Γ « γ Γ ( ί - w) fc-^ 1 d
sL-p--i L J^ω-p

Since the exponent of ω is

β-a-pίy — ά)

1
α) - a(Δ + α) - (α

4-τr{/5Δ-7~«(7 + Δ-/3~l)> =0,

<29) ϋΓ4 = o(l) as ω -> 00.
Summing up (19), (20), (28) and (29) we have
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(30) /fc+i = o(l) asω->oo

From (11), (15), (17), (18) and (30) we have

<r°L = <Kl) as ω -> oo

which is required.
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