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Some years ago, Professor S. Sasaki proposed an open question on the
integrability conditions of (φ, ψ ) -structure defind in his paper [l]υ. A (φ, ψ )-
structure on an n-dimensional differentiable manifold M71 is defined by two tensor
fields φ, 1/τ of type (1, 1) satisfying the conditions as follows :

rank φ = / , rank ψ = m , I + m = n

ψφ = 0, £φ2

where 1 denotes the unit tensor and 6 , £' are plus or minus one. Such structures
contain as a special case the almost contact structures [2].

In this short note we intend to show that the integrability conditions of
(φ, ̂ -structure can be obtained by using a result on the integrability conditions
of TΓ-structure by the first author, provided that the structure is of class Cω.
At the same time, we also improve some results by the both authors [4], [5].
It is furthermore shown that the integrability of the structure / satisfying
f3 4- f = 0 studied by K. Yano and S. Ishihara [6] can also be derived in this
way, if the structure is of class Cω.

1. An n- dimensional manifold is said to be endowed with an r-ττ-structure
if there exist r distributions (differentiable) Tl5 , TΎ of (complex) tangent sub-
spaces such that Tpc = Tlp+ +Tτp (direct sum) holds at each point, where
Tp

c is the complexification of the tangent space at P and Ttp is the subspace at
P belonging to the distribution Tt\ t = 1, , r .

An r-7r-structure defined by r distributions Tt is said to be integrable if at
each point of the manifold, there is a complex coordinate system such that the
subspace Tt of complexified tangent space is represented as dz"' = Q, i.e. dzi = 0
except dzat where cίt varies from n^ Λ-nt.l to HI+ +nt (nt = άimTt,

1) Numbers in brackets refer to the reference at the end of the paper.
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It is proved that an r-ττ-structure of class Cω is integrable if and only if [3]

( 1 ) T(u,v}= -Σ Pa N(Pa)(u, v) = Q
a=l

for any pair (u9 v) of vector fields, where N(Pa) denotes the Nijenhuis tensor
for the projection tensor field Pa to the tf-th distribution given by the
r-7r-structure.

This is equivalent to the following set of conditions :

( 2 ) P, N(P^(u, v) = 0,'",Pr N(Pr~)(u, v) = 0.

For example, the first condition can be written as

( 3 ) PiEΛM, P,f] - P,[tt, P,v] - Pι[P,«, v] + Λ[«, f ] = 0 .

Another expression for this condition is

(4) JPι[(P,+ + Pr)u,(P2 + + Pr)v] = 0,

which is also equivalent to the following set :

(5) PJP^P^l-0; j,* = 2, ..,r.

These are obtained from (4) by putting P^u, Pkv in the place of u and t;.
Thus the integrability conditions (2) is also given by the following set :

(6) Pi[Pίu,Piίv] = 0, ί=l , ..,r

j, k being any number in {(1, 2, , r) — (i)} .

2. Now suppose there are given two tensor fields Fί9 F2 of type (1, 1) and
of class Cω such that [4]

(7) F1

1 = λϊ/, F2

2 = λi/ and

where I also denotes unit tensor field. If we put FιF2 = F^ = — F3, then it
follows that F* = λ^λl/, λ1?λ2 are non zero complex constants.

It is shown that such structure either defines a 3-ττ-structure (this case is

characterized by - F2 — — F1 — - F3 = I for suitably chosen square roots
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λj of λϊ and X2 of λl) or a 4-ττ-structure. Such structure is said to be integrable
if at each point of the manifold, there exists a coordinate system in which
the fields F19 F2, F3 have simultaneously numerical components.

It is also known that such structure is integrable if and only if the cor-
responding 3-ττ-structure or 4-ττ- structure is integrable [4].

CASE I. If it defines a 3-ττ-structure, then we can express them as

( 8 ) ί; = λiCΛ -Λ -PS) , F2 = λΛ

F, = -λ^CΛ-P^Ps), /=

where Pl9 P2, P3 are three projection tensors to the distributions defined by the
structure [Fί9 F2}.

It is well-known that the integrability condition of the structure defined
by ί; is [ίl, #] = <), that is

(9) (P2 + P8)[PlW,P1τ;] = 0 and P1[(Pϊ+P8)u,(Pί + Ps) v] = 0.

This latter condition is equivalent to Pλ N(P^ = 0 .
Therefore, the integrability conditions (6) for the case r=3 is equivalent

to

(10) [Pι,Fι] = 0, [F2,F2] = 0 and [F3,F3] = 0.

Thus we have

PROPOSITION 1. The integrability condition of the class Cω structure
[Fly F2} giving a 3-ττ- distribution is the set (10).

It can be shown that

PROPOSITION 2. The integrability condition of the class Cω structure
[Fι, F2} related to a 3-ττ-structure may also be given by

(11) [Fι,Fι] = 0, [F2,F2] = 0 and [F19F,] = 0

where [Fi, F2] is defined by the following:

(12) [F19 F2](u9 v) - [F,u9 F2v] - F&, F2v] - F2[FlU, v] + F^fa v]

+ [F2u, F,v] - F2[u, F,v] - FάFM v] + F^\u9 v] .
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Since it is trivial that

(13) [oFί + βFt, ΛFi+μFz] = 2a\[Fly F,] + 2βμ[F2, F2] + (ctμ+βX)[Fί9 F2] ,

the set (11) is equivalent to the set

(14) [̂ ,̂ 1 = 0, [F2,F2] = 0 and [ctFl + βF,9aFl + βF,} = 0

with α/S^vO. From (8) we have (1/2) (7 + — — F3) = P2. As [7,/]=0 and [F,7]
XjX 2

= 0, it follows that

(15) [P..PJ =

P2 can also be expressed as P2 = (l/2)(— — F2 — - FΛ, therefore
\ Λ2 A! /

(16) [P2P2] = (1/4) Γ τ F 2 - - F ί t - F t - -

The above proposition follows from (15) and (16).

It is to be noted that

PROPOSITION 3. The condition

(17) Γ 1 Fl + J^^'-L^ +-f-Ffl = 0
L A»ι Λ2 Λ! Λ2 J

ives the integrability condition of the class Cω structure [Fl9 F2}
related to a 3-τr-structure.

By (8), this condition may also be written as

(18) [P, -P3, Pi -PS] = [Pi, Pi] + [̂ 3, PS] - [Λ, PS] = 0 .

As P1+P, = J-Pf we have [P2,P2] = [Λ+P^Pi+Psl - [Pi, PI] + [P8,Pβ]
+ [Pι,P3] Thus (17) is written as

(19) 2 [P,, PJ + 2 [P8, P3] - [P2, P2] = 0 .
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This is equivalent to

(20) 2P, [P1?PJ + 2P, [PΛ9P3] - P,[P2, P2] = 0 ί = 1, 2, 3,

from which we have

PάP^Psv].+ 4P1[P3^P3^] + 2P1[P2w,P3^] + 2P1[P3w,P2^] = 0

(21) P2[PlW,P^] + P2[P3^,P3^] - PJLP&, P,v] - P2[Pzu, P,v] = 0

4P3[P1u9P1v] + P3[P2w,P2t;] + 2P3[P^,P2t;] + 2P3[P2w,P1ι;] - 0.

This system is equivalent to (6) for the case r=3.

3. The above result can be used to derive the integrability conditions of
the structure defined by a non-null tensor field / of type (1,1) and of class

Cω satisfying f* + f= 0 [6]. If the rank of / is r, then in the tangent space
at every point, the kernel of / is an (n — r)-dimensional subspace and the range
of f is the complementary r-dimensional subspace on which f acts as f'2= — 1.
Thus we get a 3-ττ-structure such that

(22) f=i(P1-P3\ /2 + l = P2, P1 + P 2+P 3 = 1,

and therefore, (18) is equivalent to [/,/] = 0. Thus we have:

PROPOSITION 4. The necessary and sufficient condition for the structure
f of class Cω to be integrable is Γ/,/] = 0. By the above mentioned result,
this is equivalent to the fact that there exists a coordinate system in which
f has constant components. [6]

4. CASE II. If the structure [Fί9 F2, F3] defines a 4-ττ-structure then we
have

(23)
F3 = -

with Pi as the projection tensors to the four distributions. In this case the
integrability condition [Fi, F\] = 0 for the structure FI is written as:

(24)
»] = o.
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This set is equivalent to the following set.

f P,[Pt«, P,t>] = 0 , Pί[Pku,Plv] = 0 M = 3,4,
(25)

\PJLPίu,Piv] = 0, Pl[Piu,P,v] = 0; i,j=l,2.

Thus we have

PROPOSITION 1 . The integrability conditions for the class Cω structure
{Fl9 F2, F3} related to a 4-ττ structure is given by

(26) [̂ ,̂ 1 = 0, [F2,F2] = 0 and [F»F,] = 0.

Because this set is equivalent to the integrability conditions (6) for the
case r=4. This proposition together with Proposition 1 improve a theorem
stated in [4] by deleting a redundant condition.

It can also be shown that

PROPOSITION 2'. The integrability conditions for the class Cω structure
{Fly F2, F2} giving a 4-ττ- structure are [5] :

(27) [Fί,Fί] = 0, [F2,F2] = 0 and [F19F,] = 0.

It is obvious that in the set (27) the condition [Fι,F2] = Q may be replaced
by

(28) [aFl + βF2 , aF1 + βF2] = 0 with ctβ ^ 0 .

Take ΛF1 + /βJP2 = (l/2)(— ί\+— F2)= Pι~P4, then (28) can be written
N Λ»ι A>2 /

(29) [Pχ--P4, Fi-Λl = [ΛΛ1 + [PΛ1 - [PΛ] = 0 •

•which is in turn equivalent to

(30) P,([PιPι] + [P.P«] - [PιP«D = 0 i = 1, 2, 3, 4 .

These conditions are respectively written as

Pι[(Pι+P.+P«)«, (

+ P.KP, + P3 + P4) «, P4z;] + ΛtP^ (P, + P3 + Pi) f ] = 0
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JiPiUtP&l + P2[P,u,Ptv] - PJ.P^P.v] - PJiPiUtPp] = 0 ,

(31) ( 3[PιUypιV] + p3[p^u,P,v] - PJiP^P.v] - P3[PiU,PΛv] = 0 ,

- 0.

These give 26 conditions in all, and which cover all conditions supplied by

[F3F3] = 0 (i.e., [Λ + P4, Λ + P4] - 0 or [P2 + P3, P. + 1M = 0) .

Since [P2 — P3, P2 — P3] = 0 gives analoguous conditions which together
with (31) cover all conditions in (6) for the case r=4, we have

PROPOSITION 5. The following set is also the integrability conditions
for the class Cω structure [F19 F2, FB} giving a 4-ττ- structure :

(32)

\-^Ft)\ = [Pt-Pt,Pt-Pί\ =

5. We are now going to discuss on the integrability conditions for the
(φ, ̂ -structures of class Cω. (φ, ^-structures can be divided into the following
three cases:

= 0 and ψ3 = ψ , φ3 = -φ

φ = 0 and ψ* = -ψ, φ3 = -φ;

= 0 and -ψ 3 = ψ , φ3 = φ .

1°. ψ2-φs = l,

2°. ψ 2 + φ 2 =-l,

3°. ψ 2 + φ2 - 1 , φ ψ = 0 ,

For the case 1°, put ^2 = P2 and -φ2 = Plβ Then Pi + P2 = 1 and P,P2

= P2Pι = 0. Thus we have two projection tensor fields. The subspaces of
complexified tangent space at a point corresponding to Pλ and P2 are denoted
as R! and R2 respectively. Then R2 consists of the vectors of the form ^u
= P2u, Rλ consists of the vectors of the form — φ2u = P^u. Since ^P^u—^u
= Y*(YU) = PI(TIW), γPιfi= —ψφ*u=Q, and ψ*P2u = P2

2u=P2u, the transforma-
tion -ψ acts on R2 as ψ2 = l and kernel ψ=R1. Similarly, φP2u =



INTEGRABILITY CONDITIONS OF (ψ,ψ) -STRUCTURES 375

φP1u= -φ2(φM) = Pι(φw) and φ2P1u= -P1

2u= -l\u, so φ acts on R, as φ2= -1
and kernel φ = R2.

The proper values of ψ on P2 are 1 or —1. If ψ has only one proper
value 1 on R2, then ψP2u = P2u and ψu = ty(Pl + P2)u='fyP<2u = P<iu for all u.
Thus ψ=P2 and ψz = P2

2 = P2 = 'ψt. If ^ has only one proper value —1 on R2,
then ψP2u = —P2u and ψu = ψ(Pl-{-P2)u = 'ψ'P2u= — P2u for all w. Thus ψ
= -P, and ψ* = P2* = P2=-γ.

If 'ψ has both proper values 1 and —1 on R2, denote the subspaces of R2

corresponding to 1 and —1 as R22 and R23. Let P22, P23 be the projection
tensors to R22 and P23, then P2 = P22 + P23 and P1P22 = P22P1 = P1P23 = P23P1 = 0.
ThenψPlW=0, ψP22u = P22u, ψP23u=-P23u and ̂ u
+ψP2sU=(P22-P23)u. Therefore ψ =P22-P23 and ̂ 2=

Since φ acts on ̂  as φ2 = — 1, so Rλ is even dimensional and φ has proper
values i and — i. Denote the subspaces of R1 corresponding to i and —i as
Rλl and jRu, the projection tensors to these subspaces as Pn and P14, then Px

= Pn + Pi4 and P11P2-P2P11 = P14P2-P2P14-0. Then φP2w - 0, φPίίu=iPίlu9

φPuu = -iPuu and φw = φ(Pn-hP14 + P2)w = φPuu + φPuu = i(Pu-Pu)u.
Therefore φ=i(Pll-Plί) and φ2 = -(Pn + P14) ̂  ±φ.

Consequently, if ^=±^ then the (φ, ψ) -structure defines a 3-ττ-structure
expressed by ψ=P2 (or — P2), φ=i(Pn — Pu). If ψ2 Φ zt-ψ1, the (φ, ̂ -structure
defines a 4-ττ-structure expressed by ^—P^ — P23, φ=i(Pn—Pu).

For the case 2°, if we put —ty2 = P2 and — φ2 = Px we can show that both
i/r and φ act on J?2 and P! respectively as αp= — 1 and φ2= —1. Therefore
this case always defines a 4-ττ-structure which is expressed by φ=i(Pn—Pu)9

°

For the case 3°, if we put ψ>2 = P2 and φ2 = Pι we can show that both
and φ act on R2 and ̂  respectively as ^2 — 1 and φ2 = l. So as in case 1
if <ψ 2=±'vJ/ and φ2=±φ then the structure defines a 2-ττ-structure P given by
F=P1-P2. If ψ 2=±ψ and φ2^±φ, (or Λ/Λ2 ^ ±ψ and φ2 = ±φ) then the
(φ, ̂ -structure defines a 3-τr-structure expressed by ψ = P2 (or — P2) and

φ=P11-Pi4 (or ^=P22-P2,9 φ = Pί (or -PO). If both ψ 2^±^ and φV±φ,
then the (φ, ̂ -structure defines a 4-ττ-structure expressed by ^^P^—P^,
φ=Pn — Pu.

It is to be noted that for a structure satisfying ^— — ̂ , it can not happen
that ψ2=±ψ. For, if ty2=±ty then ijr3 = zbijr2 = ±(±'ψι) = 'ψι. Thus from the
above argument we have

PROPOSITION 6. A (φ, ^-structure defines a 2-ττ- structure if and only
if ^2=±^ αn<ί φ2 = ±φ. Λ defines a 3-ττ- structure if and only if ψ2= ±ψ
and φ2^±φ or ^^ztψ1 α^ύf φ2 = ±φ. 7ί defines a 4-ττ- structure if ^^ztψ
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6. If the (φ, 'ψ ) -structure defines a 2-ττ-structure F= PI— P2 = 2P1 — 1, then
φ= ±Pι and ι/r= d=P2, so F= ±2φ — 1. Consequently, the integrability condition
is given by [F,F] = 4[φ,φ] - 0 (or [ψ ,ψ ] - 0.)

If the (φ, ^-structure defines a 3-ττ-structure and ^=±^r and φ2^±φ,
then φ=Pn—Pu or φ=ί(Pn — Pι^) according as φ2 = l or φ2= — 1 on jRi.
Thus [φ,φ] = 0 gives [Pi-Ps, Λ-Ps] = 0 (where P^Pπ, P3 = Pι4) and this is
the integrability condition as already shown in the proof of Proposition 3.
Thus we have :

PROPOSITION 7. If the (φ, ^-structure of class Cω satisfies ψ2=±ψ (or
φ2=±φ) then the integrability condition is given by [φ, φ] = Q (or [ψ , ̂ ] = 0).

Now, if we put ψ = 1 +/2, φ = / in the case of structure / satisfying
f3+f= 0, then we have φψ>=ψφ=f3+f=Q, so it defines a (φ, ψ ) -structure of
case 1° with ψ 2 = ψ and the integrability condition is [φ, φ] = [f,f] = 0 as shown
above.

A (φ, I, ^-structure on (2w + l) -dimensional manifold is a structure defined
by a tensor field φ], a contravariant vetor field ξl and a covariant vector field
ηj satisfying

ξlηt = 1, rankφ - 2n, φί

i? = φijηi = 0 and φ}φί = ~^+ξlηk .

Therefore, if we put ι/4 = ξlηk, then we have -ψ 2— φ2 = 1, φ-ψ = ψ φ = 0 and
•ψ 2 = -ψ . This is a special case of the above structure f, and the the integrability
condition is also [φ, φ] = 0.

Finally, if the (φ, ^-structure defines a 4-ττ-structure (that is, if ^^±ψ
and φ2^±φ), then φ = Pιι— Pu or φ=i(Pu — Pu) according as φ2 = l or φ2=— 1
on RI', and ^—P^—P^ or ^—KP^—P^ according as ̂  — \ or ψ2=— 1 on
Rz. Thus [φ,φ] = 0 gives [P.-P,, Pl-P,] = 0 (where Λ-Pπ, P4 = P14) and
[ψ ,ψ] = 0 gives [P2-P3,P2-P3] = 0 (where P2 = P22, P3-P23). It is shown in
the proof of Proposition 5 that these two conditions give the integrability
conditions of the corresponding 4-ττ-structure. Thus we have

PROPOSITIONS. 7/^2^±^ and φV±φ, then the integrability con-
ditions for the (φ, ^-structure ol class Cω are [φ, φ]— 0 and [ψ , ψ ] = 0.

REFERENCES

[1] S. SASAKI, On differentiable manifolds with (φ, ψ) -structures, Tohoku Math. Journ.,
13(1961), 132-153.

[2] S. SASAKI, On differentiable manifolds with certain structures which are closely related
to almost contact structure I, Tohoku Math. Journ., 12(1960;, 456-476.



INTEGRABILITY CONDITIONS OF (<f>,ψ) -STRUCTURES 377

[31 C. J. Hsu, On some properties of π-structures on differentiable manifold, Tohoku Math.
Journ., 12(1960), 429-454.

[ 4 ] C. J. Hsu, Note on the integrability of a certain strcuture on differentiable manifold,
Tohoku Math. Journ., 12(1960), 349-360.

[ 5 ] C. S. HOUH, The integrability of a structure on a differentiable manifold, Tohoku Math.
Journ., 17(1965), 72-75.

[6] S. ISHIHARA AND K. YANO, On integrability conditions of a structure/ satisfying/3+/
-0, Quarterly Journ. of Math., 15(1964), 217-222.

KANSAS STATE UNIVERSITY
UNIVERSITY OF MANITOBA




