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ON THE ENESTROM-KAKEYA THEOREM

N. K. GOvIL AND Q. I. RAHMAN

(Received September 19, 1967)

The following result is well known in the theory of the distribution of
zeros of polynomials.

THEOREM A. (Enestrém-Kakeya). If p(z) = > a,2* is a polynomial of
k=0

degree n such that
an;an—lzan—‘.’ == g a, = a, > 09 (1)
then p(z) does not vanish in |z| > 1.

We may apply this result to p(z/a) to obtain the following more
general

THEOREM B. If p(2) = Y a,2* is a polynomial of degree n such that
k=0
for some a >0

A, Z Ay Z A%,y =+ = a"'a, = a"a, >0, @

then p(z) does not vanish in |z| > 1/a.

This is a very elegant result but it is equally limited in scope. The
hypothesis is very restrictive and does not seem useful for applications. Our
aim is to relax the hypothesis in several ways. In the literature there already
exist ([1], [2, Theorem 3], [3]) some extensions of the Enestrém-Kakeya
theorem. In connection with Theorem A or the more general Theorem B the
following questions appear to be very natural to ask.

Q.1. Can we drop the restriction that the coefficients are all positive and
instead assume (2) to hold for the moduli of the coefficients ?
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Q.2. Can we allow the polynomial of Theorem B to have gaps if the
non-vanishing coefficients satisfy (2) ?

As an answer to Q.1 we prove the following

THEOREM 1. Let p(2) = 3 ax2*s=0 be a polynomial of degree n with
k=0

complex coefficients such that for some a >0
la,| Zala,| Za*la,| =---=a"a | =a"lal. O
Then t(2) has all its zeros in |z|§(%> K,, where K, is the greatest
positive root of the trinomial equation
K™ — 2K + 1 =0, ()
PROOF. If

A2+ @y e iz +a = (),

then for |z| =R(> ——‘-11—>

IPl(z)l = Ian—lan_l{l_i_ zllf L @‘—Rliﬁ}
_ (aR)"—1
= lan-tl Goar =Ty -

Hence for every real 6
|p(Re”)| = |a,|R" — | p(Re¥)|

(aR)*—1
a*'(aR—1)

= @, |R" — |a,-,]

>0

|2, | (@R)"—1
ala,.,| ~ (aR)*(@R-1) *
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Since |a,|/(ala,-,|) =1 by hypothesis, we conclude that p(Re®) >0
if

(aR)*(aR — 1) > (aR)" — 1.
Replacing aR by K we get the result.
The example
P(2) = (az2)" — {(ax)" ' + (a2)"" 2 + ++« + az + 1}
shows that the result is best possible.

It is clear that the conclusion of Theorem 1 remains true if the poly-
nomial has gaps and the non vanishing coefficients a,, a,,, a,,, - - - satisfy

la,| Z a* ™| a,| Za™|a,| = --.

Next we prove the following generalization of Theorem A.

THEOREM 2. Let p(z) = > a,2*%=0 be a polynomial of degree n with

k=0
complex coefficients such that

larg a, — B| =a = =n/2, k=0,1,2,---,n
for some real B, and
0] Z @nos] Z [@nsl Z-++ = a0l ®)

then p(z) has all its zeros on or inside the circle

. 2sina <
|z] =cosat+sina+ > ax].
lanl k=0

For a = 8 =0, this reduces to the Enestrom-Kakeya theorem.

PROOF OF THEOREM 2. We may plainly assume 8 = 0. By geometrical
considerations it is very easy to prove that for £ =1,2,-.+,7n

|ar — @k | = (lae] = lae-i|)cosa + (|a,| + |ag-,|) sina. (6)
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To verify it analytically let arg a, = a,, arg a,_; = a;_;. Then

lay — ax— |* = [|ag|et™ — |a,|e=]?
= |ax|® + |ap-1|® — 2|ac| [@r-y lces (o — ay-y)
= |ae|® + @i |® — 2]ai] |@x-, | cos2a
= (lax| = |ag-1])cos’a@ + (|ax| + |ae-.|)sin’a
= {(Jax| = lak=1])cosa + (|a;| + |a,-|)sina}’

and (6) follows.
Now consider

0@ = (L= 2) pE) = — @™ + 3" (@ — apor)e* + o

k=1

=—a, """+ P(2) say.

For |z| =1, we have

PRI a — ar] + ol

k=1

= Z(lakl — lag-1|)cosa + 3~ (|ai| + @i |)sina+ |a,| (by (6))

k=1 k=1
n—-1

= |a,|(cosa + sina) + 2(2 lakl) sina — |a,|(cosa + sina — 1)

k=0

= |a,|(cosa + sina) + 2<"il lakl) sin a.

k=0

Hence also

|z"P<%> = au|(cosat + sina)+2 (3 Iak|)sina @

k=0

for |z| = 1. By the maximum modulus theorem (7) holds inside the unit

circle as well. If R>1 then%e"” lies inside the unit circle for every

real 6 and from (7) it follows that

n-1
| P(Re)| = {|a,|(coset + sinat) + 2 (3 Iakl>sina} R

k=0

for every R =1 and 6 real.



130 N.K.GOVIL AND Q.I.RAHMAN

Thus for |z] =R>1

l9(@)| = | — a,2"*" + P(2)|
=|a,|R* — {|a,]|(cosa + sina) + 2 (i |ak|> sina} R"
>0

if

. n-1
R > (cosa + sina). + Zsin a > lal.
k=0

|a.|
From this the theorem follows.
If a,=0 for 2=0,1,--.,m then arg a, is not defined for each of these
a,. However, it is clear that the theorem holds if |arg a, — B| =a=m/2

for the non-vanishing coefficients and (5) is satisfied.

We may apply Theorem 2 to 2"p(1/2) to get the following

COROLLARY 1. Let p(2) = > a,z*50 be a polynomial of degree n with

k=0
complex coefficients such that

larg a, — Bl =a=n/2, k=0,1,2,--+,n
for some real B, and

laol = 'a| = jay| =+ -+

v

laa|

then t(2) does not vanish in

2| < fcosat + sina + 2SBE S~ 41y
|a°| k=1

We shall briefly indicate how we can prove the following more general
result.

THEOREM 3. Let f(2) = >_ a,2*$80 be analytic in |z| < 1. If
k=0

larg a,| =a=n/2, £=0,1,2,.--

and
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@l = la| = fa] =,

then f(z) does not vanish in

iz] < {cosa + sina + Zsina D la|}
laol k=1

PROOF OF THEOREM 3. It is clear that lim a, = 0. Consider

Koo

h(z) = 1 — 2)f(z) = a, — {(@, — a))z + (@, — a)2* + -+ -}
= a, — 2F(2) say.

We wish to show that A(z,) 20 if |2,| < {cosa + sina + le';nla > lal}
0 k=1

Obviously £2(0) == 0. Hence we may suppose that z, = 0 and consider

‘——“hz(TO) = Z—: - {(ao - al) + (al - az)zo + .- °}

=~ Fa) sy
From (6) it follows that

(Fedl =3 Carl = lawml)osa + 3° (Ja] + |aps:|)sina

k=0 k=0

= |a,|(cosat + sina) +2(z @) sina.

k=1

Hence

\—————hg") |= l—;—: —F(z,) | = 2> —{Iao'_(cosa+sin0t)+2(i' |a,,1)sina}

k=1

>0
if

%] < |aol/{] @] (cosa +sina)+2’(i Iak|>sina}.

k=1
From this the conclusion follows immediately.

We also prove
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THEOREM 4. Let p(2)= > a,2*%0 be a polynomial of degree n. If Rea,

k=0

=ak’ Im ak=Bk fork=0,1,2,~-',7l (lnd

an;an-lg"°zal

v
R
v
e
R
V
°

3)
then p(z) does not vanish in
2 n
2] > 1+ —-2 1Bl

n k=0

This is clearly a generalization of the Enestrém-Kakeya theorem.

PROOF OF THEOREM 4. Geometrically it is obvious that

lay — @y | = (A — Apy) + ([Bimi | + |8kl), k=1,2,--+,n 9

Hence again, if

9(z) = 1 — 2)p(z) =— a,z"* + Zﬂ (ar — ax-)2* + a,

k=1
== @+ pH)

then for (2| =1

1p*()| =18, + Z {(@p — ax-y) + ([Be=i| + 18 )} + ag + [Bo]

—a, 23 18]

k=0
and as in the proof of Theorem 2

%@ = (@, +2 3 18R

k=0

for |2| = R =1. Consequently

|9(Re)| Z a, R = | pH(Re?)|

= a,R"! —(a, + 23 [B:|)R"

k=0

>0
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if

R>1+—Z|Bk

7" k=0

and the theorem follows.

Refinement of Enestrom-Kakeya theorem: In a recent paper Rubinstein
[4, Theorem 1] has proved thﬁe,fql;lo'wing interesting result.

1

THEOREM C. Let the function h(z) = ), a,2* be analytic in |z| = 1. If

k=0

max | 1'(z)|
 max|A(2)]
|2]=1 -
and r[nla_)lc |h(=)| = |h(e*)| ' then h(z) does not wvanish in the disc
|z=De™**/(D + DI<1/(D+1).

Whereas it is obvious that A(z) does not vanish near the point e it is
not at all clear that /()0 in the region indicated in Theorem C. This is
what makes the above theorem interesting. Although not explicitly mentioned

De>
(D+1)

before it is immediate that A(z) does not vanish in the disc lz —
< _(—D%l—) as well. To see this we consider the function H(z)=h(ze**) which

satisfies the hypothesis of Theorem C with a=0. Hence H(z)>0 in |2

__D | l

(D+1)
<1/(D+1) and so h(z) = H(ze™**) 0 in lze‘i‘" D/(D+ 1) <1/(D + 1).
This is equivalent to our assertion.

Rubiristein applied Théorem C to obtain the fol'lo&ing '[4, Corollary 1]
refinement of Theorem A.

THEOREM D. Let p(z) =) a,2* be a polynomial of degreé n. If

k=0
A= Ay Z o =a,=ay >0,

then all the zeros of p(2) lie in the complement of the opeﬁ disc
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n n
2 kay 2 @
k=0 k=0

<

P4

i (k+1)a,

k=0

S (k+Day

with respect to the unit disc.

It flllaxl p(2)]| is attained at g=1 then rrllaxl p(z%] is attained at z=1 and
z|=1 ls]=1

also at z=—1. We can use this observation to prove that p(z?) does not
vanish if

> 2ka, > a
2 — - k=0 < - k=0

2 @k+Day | 2 (2k+1)a,.

k=0 k=0

From this a certain zero free region for p(z) can be obtained. Then we may
use the fact that Irrllaxi p(2%)] is attained at the points &%, e 1. This will
z|=1

give two other regions in which p(z) does not vanish. This argument can be
extended in the obvious way.

Another refinement of the Enestrom-Kakeya theorem which we note is
the following:

THEOREM 5. If

anZan-x%dn—zz"'ialéaoZO,

then the polynomial p(z) = 3 a,2*%=0 does not vanish in a region contain-

k=0

ing the sector |arg z|< w/(n+1) and the two regions D, and D, given by

(el <1in {Iz_%_b_;_}“{ﬁl_éarg zézo?il)}
and
el <vndfle= g |>pf o - gpy Swe ===
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respectively.
PROOF. Since
Re {p(re®)} = a, + a,rcosb + a,r*cos20 + « - - + a,r*cosnb,
Re p(2) > 0 and so p(z) =0 for |arg z| < #/{2(n + 1)}. On the other hand

Im {p(re®)} | =|a,rsind + a,r’sin26 + - - - + a,r"sinnf| >0

if 0 < |arg 2| <m/(n + 1). Hence p(2)=0 for |arg 2| < 7/(n + 1). Now let
q(2) =2"p(l/2) = a2 + a, 2" ' + -+ +a,_ 2z + a,

and consider (1 — 2)g(2). It is clear that

A~ 2)g(x) = 2_ (@nr — apsr)(@* — 1) — ao(z"*" — 1).

k=1

Hence Re {(1 — 2) ¢g(2)} >0 if Re(2* — 1) <0 for £k =1,2,---,n+ 1. This
certainly holds if =/(n + 1)< |arg =z| =3#/{2(n + 1)} and Rez < 1. This
implies that p(z) does not vanish in the two regions D,, D, defined by

{lz] <1} n ”z——%1>%} n {w/(n+ D) Sarg = = 3n/(2( + D} |,
and
{lz] <1} n ”z——*;—’>—;—} N {— 37/{2(n + 1)} =arg z =— w/(n+1)},

respectively. Thus we have shown that in addition to the exterior of the
unit circle, p(z) does not vanish in the shaded portion of the unit circle
indicated in Fig.l. It is clear that the inequalities

Re(zk - 1) <0’ k= 1’2’ cee,m+ 1’ m/{2(n+1) ¢

hold also if z lies in the halt plane (g explmi/(nt1)y
Re 2 <1, and Re(z"*!) <1. It follows
that if z=re¥ then p(z) does not
vanish in the regions defined by »>

{cos(n +1)0}V®*D | g — —%—‘ > —é— , <1l
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