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/
Introduction. Let Ef X *• Y be an extended fibration. Then the

1-1 and onto correspondence 8J1: τΓi(V,/) —> π(V, Er) is defined easily (section
2). Moreover, let Ψ be the pair-map (gug2)

: fi-+f* in (1.3); then the 1-1
and onto correspondence £ψι: 7r2(V9Ψ) -+ πffl,/^ is defined (section 3).
The object of this paper is to establish excision theorems on the pair of
maps by applying SJ1 and fj 1 . These excision theorems are described in
section 5.

1. Preliminaries. Throughout this paper we consider the category of
spaces of the homotopy type of CW-complexes with base points denoted by
•*, and all maps and homotopies are assumed to preserve base points.

PX is the space of paths in X emanating from •&, and ΩX is the loop
space. If f: X —>Y is any map, Y (j/CX is the space obtained by attaching
to y the reduced cone over X by means of /. X is embedded in CX by
x-*(x,l), and ΣX is the reduced suspension. X x Y is the Cartesian product
and XyY = X x •* U * xY. Then the smash product X # Y is the quotient
space Xx

By applying the mapping track functor, any map f: X —> Y is converted
into a homotopy equivalent fibre map p: E —> Y,

(1.1)

where E = {(x, η)zXxY*\f{x) = ^(1)}, p{x, η) =
Ef = {(x, η) £ X x PYI f(x) = η(l)}> t=the inclusion map,
jf(x, η) = x, h(x) = (x, ηx) and ηx(t) = fix) for t € 7,
2T in the left diagram means homotopy commutativity.
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f
Then the sequence Er "X -Y is called the extended fibration.
Dually, by applying the mapping cylinder functor, any map f is con-

verted into a homotopy equivalent coίΐbre map q: X —*• Mf.

X Cf

(1.1)

where Mf — the mapping cylinder of f, q(x) = (x, 0),
k(x,t) = f(x) for ( x , ί ) € l x / and k{y) = y for ye Y,

-P '

then the sequence X ^Y ^Cf is called the extended cofibration.
The join X * Y of X and Y is the quotient space obtained from X x / x Y

by factoring out the relation: (x, 0, y^) — (x, 0,3;2) for all yl9y2^Y and
i p

(xu l9y)~~ (x2, l,y) for all xu x2zX. Let F *E
let r: E\JiCF-+B be given by r\E=ρ and r(CF)=*.

Then we obtain

be a fibration and

PROPOSITION 1.2. [2; Theorem 1.1]. There exists a weak homotopy
equivalence w: F*ΩB —> Fr, where Fr is the fibre of r and given by
Fr = {(α,β)eExPB\p{a) = 0(1)} U(CFxΩfl).

We shall denote by

; then the triple F*ΩB -
fibration [2]. We consider the diagram

the composite of w with the projection Fr —>

^ ^ B may be regarded as a

(1.3)

ft

B

Y ,

which is homotopy commutative (commutative). Such a pair of maps (<7i, <72)
is called a transformation of fλ to / 2 . If (1. 3) is commutative, (gx ,g2) is called
the pair-map and we write it as (gu g2): fx -+f2.

2. The correspondence Sf1: TT^V, f)->π(V9 Ef). Let (gl9 g2) be a trans-
formation of fx to f2, and let Ft: g2°fi~f2°gi be a fixed homotopy*
And we consider the following diagram
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(2.1) #1,2

Jr.

9l ~

B

Y ,

where glfi: Efl-+Ef2 is defined by gι,2{a,β)=-(gι{a),β') for a € A, βePB with
fi(μ)=β(ΐ), and /3' € ί Ύ is given by

j g2β(2s) for 0 ̂  s ^ 1/2 ,

f f-!(α) for

Then the left diagram in (2.1) is commutative.

Now let Ef ** X *- Y be an extended fibration. Then we consider the
correspondence βy1: τt1(y,f)-+π(y,Ef) defined as follows:

For any element {(aua2)} £ πΊ(V,/), a2: V —> PY is defined by a2(v)(s)
= a2(v,s); then ^{(αi ,^) } = {U(auat)}, U{auat)(v) = (a^v), a2(v)). Thus defined
SJ1 is well defined, and 1-1 and onto.

PROPOSITION 2.2. Let (gu g2) be a transformation of fx to f2 with a
fixed homotopy Ft or a pair-map. If gι and g2 are homotopy equivalences
then there exists a 1-1 and onto correspondence TT^V,/!) —>τr1(V,/2).

PROOF. We consider the sequence

π(V,Ef)

where 6ft is the inverse correspondence of SJ,1. Since glfi is the homotopy
equivalence by [8; Lemma 6], g12* is 1-1 and onto. Hence £/, ° (7i,2* ° 8J* is
the desired correspondence. If (gug2) is the pair-map then we have (gι,g2)*

If we now consider the pair-map (1, g2) : / x ->/ 2 = g2 o/ x and (̂ r̂  1) : /i

9i

B Y

then we have
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COROLLARY 2 3. If g2: B—>X is a homotopy equivalence, then

(1, <72)* : πiiVJO -> πx(y, g, o f)

is 1-1 and onto.

COROLLARY 2.4. If gim. A-+X is a homotopy equivalence, then

{gu 1)* : T Γ ^ , / , o g) -* πλ{VJ2)

is 1-1 and onto.

COROLLARY 2.5. If f~f2: A-+B, then there exists a 1-1 and onto

correspondence πΊ(V,/i) —•tfiCV,̂ )-

REMARK, (i) Corollary 2.3 and 2.4 are extensions of Proposition 2.2 and
2.3 in [1], respectively.

(ii) We may define the dual 1-1 and onto correspondence £'?: 7tλ(f9 W)

3. The correspondence &?: Tt^VyΨ^π^V,^). We consider the pair-

map Ψ = (gl9 g2) : fx ->/ 2 . Then any element j (p°jΛ I € ^S(V, Ψ) is represented

by the commutative diagram

(3.1)

cv

where ιC: CV-+OV and Cι: CV-^C 2 y are given by (v, ί) -> (v, ί, 1) and

(z>, 5) -> (τ;, 1,5), respectively. Maps 5Ί: V —> PX and ϊ ^ : CV —• PX are

defined by b^vfe) = fr/v, 5) and b2(v, t)(s) = i2(^, ,̂ s), respectively. The
correspondences

ϊ ι : πjy, Ψ) EOt,

are defined as follows: 6?{(gg)} = ί ( t W ί/(̂ >)} € ̂ (^Λ*), where t/(Ml)(τ;)

= (α^v), £>I(Ϊ>))> t/ίβAίCv, ί) = («a(^, t), b2(v, t)). Then the 'definition of fiί1 is
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well defined,

H. ANDO

if
it

\bιb%)-\bψ

PROPOSITION 3.2. a;1: ^(V^

b i b

is 1-1

PROOF. First we shall prove that 8*1 is onto. For any {(f> g)} € ^(V^/i^
we consider the commutative diagram

where iOι(α, ω) = ω for α € A, ω £ PX and ig£b, η) = η for b € B, η€ PY.
Then maps α^.V-^A, α2: CV-+B, br CV->X and έ 2 : C*V-+Y are

defined as follows:

and £,(v, /, 5) = (ίΛ o ̂ (v, ί))(5).

Then we may show that the diagram (3.1) is commutative, and we obtain

S 'Kgg)} = {if, 9)}• Thus 8? is onto.

Next we shall see easily that Si1 is 1-1.

REMARK. Also we may define the dual 1-1 and onto correspondence
Sϊ : τr2(Ψ, W) -> TTiCA*, W), where /ί,2: CΛ -> Q , .

4. Transposition. We recall the notation of the transpose of a map [1

p. 291]. In the diagram (1. 3), the transpose of the pair-map -ψ = (gu g2) : fx

—>/2 is t h e m a P ^τ = (/u/2) 9\ ~* U2- Then the 1-1 correspondence between

maps Φ->Ψ and maps φτ-+ψτ is given by the transposition

where Φ=(t, tC) (c.f. (3.1)).
This correspondence induce a 1-1 and onto correspondence τ 0 : τr(Φ, Ψ)

->τt(Φτ,Ψr). Let w: C 2 y->C 2 y be the homeomorphism given by u(v,t,s)

= (v7 s, t); then L J induces a 1-1 and onto correspondence Tx: 7r(Φ, Ψ) —•

7r(ΦΓ,Ψ), where Φ=(t,tC). And we get the 1-1 and onto correspondence

given by r{(££)} = {($£} for j(gg)[
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Now we consider the following diagram induced from (1.3):

V,,,

->• A

Jfn

Jot

9ι

X

B

Y ,

where £/l>t, = {((α, ω), Qβ, />)) € ̂  X PE,21 ̂ (α) = ω(l), f^a) = β(l)9

/2(ω(5)) = p(χ9s) and p(5,1) = J,(fl(ί))},
^ . . = ί((β,«, (ω, ?)) € £ Λ X PEr, \ gx(a) = ω(l), /,(α) = /β(l),

Λ(ω(5)) = p(5,l) and p(l,5) = ^,08(5))},

/>, p : 7#/~>Y2, and maps set as follows:

/ l i 2(α, ω) = ( / I ( Λ ) , ω#) for α € A, ω € PX with ω'(s) — f2(ω(s)) ,

Λ.i(α, β) = (flTiCα), ̂ ) for α € A, /β € PB with /3 (5) = gtQ3(s)),

i/i(«, /?) = *, i/2(^,«?) = Λ, i/,.,((«, ω), (/9, p)) = (a, ω) ,

ΛX^> ω) = <*>> J*(P, η) = 6, Λ I f ϊ ((α, /3), (ω, p)) = (a, β).

Maps d: Efu—^Egiyt and <i': EOu2-+Eflti defined by

d((a, ω), (β, p)) = {{a, β), («, pσ)) and ^((α, /9), (», p)) = ((α, »), (β, ?σ)),

respectively, are homeomorphisms, where σ: Ijφ.I-+I#I is defined by
σ(5, ί) = (ί, s).

PROPOSITION 4.1. d* . π(yy Efut) -> π(V, Egut) is equivalent to T : τtt(y9 ψ)
in the sense that the diagram

is commutative.
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PROOF. For any element we see that

where U(U(auat)tU(bubiU))(v) = (t/(αiαt)(t>), U{blbaU)(v)\ U{bltbtU)(v)(s)=(bl(vJs\

and bϊΰiv, s)(t) = b2(v, t, s).

On the other hand,

and U(U{aMtU(aM)(v) = (U(at*ύ(v),U<aM(v)) ^((a1(v\J1(v))9(ά2(v\b2(v))) where

F t : F-^PX, Λ 2 : y->PS, ΐ 2 : y~>P(PF) and F.: C7->PΓ are maps such

that ΐ"i(V)0) = 6i(v, s), at(pXt) = a2(v91\ b2(v)(t) = ~Έ2(vy t) and Ίt(v, t)(s)

= bt(v, t, s).
There exists a homeomorphism θ : Ymi ^ (Y1)1 denned by θ(fXt)(s)=f(t,s\

and hence ΐ 2 (^) may be replaced by θ~ιT>2(v) such that (θ~1~b2(v))(t,s) = (b(v)
Thus we have

= ((βl(t;), 5t(v)), (bM, θ~%(v)σ))

such that ((9-1 F2(f)σ)(5, ί) = ( 0 - £<V)X*> 5) = 5",(t>)(ί)(s) = F2(v, ί)(s) = b,{vt t, s).
Therefore we have the desired result.

5. The excision theorems. In this section we consider the excision
theorems on pair of maps. Let ψ,ψ' be pair-maps
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and let (^ ^ H e a map from Ψ to Ψ.

P R O P O S I T I O N 5.1. If Λ = (ll9l2): f ->// and Θ = (ml9 m2): f2 -*/,',

/1? /2, ^x and m2 are homotopy equivalences, then (Λ, Θ)* = ( ι 2 ) :

^ 2 ^ , Ψ ) —• τr2(y, Ψ ' ) Z5 1-1

PROOF. We consider the following commutative diagram

Λ .

where /i,2 and /i'2 are defined as before by fu f2 and //, f2', respectively, and
nλ and n2 are defined as follows:

nx{ay ω) = (lι(a), ω) for a <= A, ω ̂  PX with ω(5) = mx{ω{s)) ,

), γj) for bzB, ηe PY with 97(5) = m2(η(s)) .

Then Wx and w2 are homotopy equivalences by the assumptions and we
obtain the commutative diagram

and (τ2Γ, n2)* is 1-1 and onto by Proposition 2.2; hence (Λ, Θ)* is 1-1 and onto.

COROLLARY 5.2. 7n Proposition 5.1, z/ /x, Z2 ^rβ ί/̂  identity maps
and mu m2 are homotopy equivalences, then (1,Θ)*: 7ΐ2(y,Ψ)-+ 7t2(V9Θof) is
1-1 and onto.

Similarly we have

COROLLARY 5.3. In Proposition 5.1, if mu m2 are the identity maps
and ll912 are homotopy equivalences, then (Λ, 1)#: 7t2(y,ψΌΛ)-> τt2(y,Ψ')
is 1-1 and onto.
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REMARK. Corollary 5.2 and 5.3 are extensions of Proposition 6.2"and
6.3 in [1].

Let Ψ be a weak ίibration (i.e., gx and g2 are fibrations) with fibre fZtγ:

jr

A f l > B

X -^ Y .

Then there axe excision correspondences

£i,»: *i(V,fxχ)

£ 2 i Π : 7r,(7,Π)

defined as follows: Let Π# and Ψ* be pair-maps such that

Fr -> *
ΛJ/*

•+* , X
A

For any element j ( ^ 2 ) | € *,(^,Π*) = ^(Γ.Λ.

^(^ .Ψ), and for any element

We consider the following diagram



EXCISION THEOREMS ON THE PAIR OF MAPS 305

where ejμ) = (JM\ *) f ° Γ a$Fx, eτ(b) = (jiQ>)> *) f ° Γ bzFτ,
dgi(ω) = (*, ω) for ω € ΩX , dσi(η) = (*, 77) for 77 € ΩY ,

and ex,er are homotopy equivalences [2]. Then we have the commutative
diagrams

,π) v"'^*> πi(y,w)

where Λ = (eXy eτ) : fx%γ ->/1 ( 2 and Π' = (jgijo§) : / 1 | S ->/χ.
In the above diagrams, since Si1 and {ex,eτ\ are 1-1 and onto we get

that £ l t* is 1-1 and onto, and since IT is a weak fibration with fibre ί2f2

the excision correspondence βltΠ, is 1-1 and onto, and also (Λ, 1)* is 1-1 and
onto by Corollary 5.3. Hence £2,n is 1-1 and onto.

The results obtained above are summarized as follows:

THEOREM 1. If Ψ is a weak fibration as before, then the excision
correspondences

are 1-1 and onto.

REMARK 1. Theorem 1 is an extension of the dual Theorem 6.5* in [1].

REMARK 2. Note that Theorem 1 and results in the preceding sections
can be dualized.

Eckmann and Hilton defined homology groups of maps and pair-maps
[1], [3]. If / and Ψ are a map and a pair-map, HQ(f) and Hq(Ψ) are defined
and Abelian for all q.

Now let P *Q ^F be a cofibration; then the homology excision
homomorphism Sξj: HQ(f) —> HQ(F) is given by

εζλ*,y) = py for x * C^P), y * Cq(Q) 9

hereafter we use the same symbol for a map and the chain map which it
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induces. It is well known that Sξf is an isomorphism for all q.

f if
Next let P **Q ^Cf be the extended coίibration, where f is any

map. Then by (1.1') we obtain the commutative diagram

H,(P)

•*H9(Mf)

(!,*)•

HQ(P) 7 * > HQ(Q) — ^ - v Hα(C,) ,

where each row is homology exact sequence and k# is an isomorphism and

P—T-+Mf—f-+Cf is the cofibration. By the five lemma we deduce that (1,£)#
is an isomorphism, and we have easily

Bξj = εζ9f o (1, A);1: HQ(f) ^ Hq(Cf) for all q ,

where εξf is defined by ff/(Λ:, z) = ^2; for α: € CQ^X{P)9 z € CQ(Q).

f P
Particularly, let P ^Q *-F be the cofibration as before; then βξf

Hq(f)

Hβ(gf)

where )fe is determined by 1 and k, and a homotopy equivalence [3 Corollary
3.7'].

Let Ψ = (gu g2) : /i —>/2 be a weak cofibration with cofibre / x , r or an
extended weak cofibration with cofibre fe (Ψ is any pair-map):

X -

I' X.Y

B

9s

•*" ^ ί »

ί7i

-> J5

^α.
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where iOι(iOt) is an inclusion map and fc is given by fc(x) = fzQz
xzXcCgi and fc(a, i) = (fx(a)9t) for azA.

If Ψ is the weak cofibration, the homology excision homomorphism

307

for

is defined by €ξΛ(a, b, x, y) = (iiX,ity) for azC^A), bsC^E), xsCq-x(X),

If Ψ is the extended weak cofibration, the excision homomorphism

S^:HQ(Ψ)—^ HQ(fc)

is defined by Sζφ(a9 b,x,y) = (igίx,iOty) for α€Q_2(A), bzC

THEOREM 2. (i) If ψ=(glyg2): fx-+ft is the weak cofibration with
cofibre fXtT then

Bζ*: Hq(Ψ) s HjJZtT) for all q.

(ii) If Ψ is the weak cofibration with cofibre f then

^Hq(fc) for all q.

PROOF, (i) Consider the commutative diagram

HQ{9l)

€ξo.

where the upper and lower rows are exact sequences of Ψτ and fx%Yy

respectively, and εf^τ is defined by €fφτ(a,x,b,y) = (iχX,uy) for α€Q_2(A),
x € Q_i(X), έ € Q_!(β), y € Q(Y). Then by using the five lemma we obtain
that SfψT is an isomorphism for all q. The chain map T : Cq(Ψ) -> C/Ψ2) is
defined by τ(α, ά,α:,iy) = (—Λ,X, 6,3/) and a chain isomorphism; hence T induces
a homology isomorphism τ t t : HQCΨ) s H^Ψ 2) for all g (see [1], [3]). Since
£2% :=: ̂ fΦr ° τ#> ?̂ψ i s a n isomorphism for all g.

(ii) We consider the commutative diagram
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•HJffO ~

•nicy

J (Λ/Λ

u
-2.cn

HQ(fc)

where the upper and lower rows are exact sequences of Ψτ and fcy respectively,

and Sξ^T is defined similarly as εξ^τ. Then Bξιΰx and €ζgt are isomorphisms,

and hence by the five lemma Sξ^τ is isomorphism for all q. And since Sζ*

~^?*τ ° r#> ^?* l s a n i somo rphism for all q.

By Theorem 2 (ii) we have easily

COROLLARY 5.4. / / Ψ is the extended weak cofibration, then the
sequence

/5 exact, where 3/c = 3^o ^ ^ .

The Whitehead theorem [5 p. 167] may be rewritten as follows:

LEMMA 5.5 (Whitehead). In the sequence Ef ^X-^Y *Cf9 (i) if
X and Y are arcwise connected and Ef is (n—ϊ)-connected (n > 0), then Cf

is homology n-connected. (ii) If X and Y are simply connected and Cf is
homology n-connectedy then Ef is (n—l)-connected.

LEMMA 5.6 [7 Theorem 2.1]. Let Ψ be the pair-map (gu g2): fx ->/2

in (1. 3) such that A, B, X and Y are 1-connected, Tt^g^ = 0 for 0 < q < m
(m > 1), and τΐQ(f2) = 0 for 0<q<n (n>l). Let (A) and (B) be the
following statements:

(A) = 0 for q^ (B) = 0 for

Then if 1 < r ^ mH-Λ-2, (A) implies (B), and ifl< r^m+n-1, (B)
implies (A).

Let Ψ be a weak fibration with fibre fZΎ as before, and we assume that
A, By X and Y are 1-connected, gx is m-connected (m > 1), f2 is n-connected
(n > 1), Y is (r-l)-connected (r > 1), and τrα(Ψ)=0 for q ^ / (/ > 1).
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Consider the following diagram

309

ί2 Fr*ΩY

(5.7) C

X

7_ C3γ

rr

where jo,jΌ> rx and rY are maps given in section 1 [2], and f = f U CfXtγ.
Then the upper diagram is homotopy commutative (c.f. [2; Proposition 1.3])

and the lower diagram is commutative.

PROPOSITION 5.8. / x r * Ω / 2 is Mm.(m+n,l+r-iy connected.

PROOF. Since / r , r* Ω/2 = (1 * O/2) ° (fx,τ * 1), we shall prove that
/*r t r*l are (ra-f w)-connected and (/+r—l)-connected, respectively.
Now we introduce the homotopy commutative diagram

where u>'s are maps defined in [9; p. 134] and these maps are homotopy
equivalences by Proposition 1.2, and the lower row in the diagram is the
extended cofibration. Then we have

= X(FX # (ΩY u Ω/f COX)) (ci. [10])

UΩ / fCΩX),

where X ^ Y implies that X and Y have the same homotopy type. Since
ΩY UΩ/tCΩX is homology («—l)-connected (see Lemma 5.5) and simply
connected, we see that ΩYϋΩ/,CΩX is (n— l)-connected, and also Fx is (m—1)-
connected. Hence F x ^ (ΩYuΩ/tCΩX) is (ra+w)-connected. On the other hand,
we get H β ( l ^ Ω / 2 ) ^ f l Γ

α ( Σ ( l # Ω / 2 ) ^ H < z ( F r ^ ( Ω Y UΩ/,CΩX)) for all q. Hence
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is homology (m + ̂ -connected, and the Whitehead theorem [5] we
deduce that l* i2/ 2 is (m + w)-connected. Similarly, fXtγ*l is ( ί+r— 1)-
connected. Therefore we have the desired result.

Now we introduce the commutative diagram

where Ξ Γ = (/,/2) : rΣ—>rY, and u is determined by f and f2f and tf's are
maps given by section 1 [2]. Then Srx, θΓ̂ , wrχ and wrγ are isomorphisms,

and fχ,γ*Ωf2 is Min.(ra+τz, iΛ-r— l)-connected, BΓ

connected; hence so is Ξ = (rx,rY): f->f2. Since f2 is ra-connected and r x

is (ra—2)-connected [2], and Min. (ra+w, Z + 7 — l ) + l < r a + w + 2 , we may
apply Lemma 5.6 to the pair-map S in (5. 7), and we have B # = (rx, rr)*:
Hq(f) —>HQ(f2) is monomorphic for g :gMin. (m+w, Z+r— 1) and epimorphic
for q 5g Min. (m + n, l+r—1)+1.

Now the homology excision homomorphism θj/π : Hβ(Π) —• HQ(f2) defined
by €2ji(x, y, a, b) = {gxay g2b) for x € CQ-2(Fχ), y z C^FY), a e Q_i(A), b € CQ(B).
If we consider the extended weak cofibration Π with cofibre ff then 6ξπ:
HQ(Ϊ1) —> HQ(f) is isomorphic for all q, and we have £a/π = B # o ̂ I I # Thus
the results obtained above is described as follows.

THEOREM 3. Let Ψ be a weak fibration with fibre fXt
ZtT:

X

and we assume that
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A, B, X and Y are 1-connected, gx is m-connected (m > 1),
f2 is n-connected (n > 1), Y is (r~l)-connected (r > 1),
τtQ(Ψ) = 0forq^l (1>1).

Then the excision homomorphism

is isomorphic for g fg Min. (m+n, Z+r—1) and epimorphic for g ^ M i n .
(m+n, l+r-l) + 1.

LEMMA 5.9 [6; Lemma 4.1]. Let f:X-+Y be a map and if the
induced homomorphism / # : Hq(X) —• HQ(Y) is isomorphic for q < N and
epimorphic for q = N, then f* : π(Y, W) -> π(X9 W) is 1-1 for τtQ(W) = 0,
q ^ iNΓ+l and onto for πq(W) = 0, q ^ N.

COROLLARY 5.10. Under the assumptions of Theorem 3, the excision
correspondence

is 1-1 for τtQ(W) = 0, q^Min.(;m+n, Z+r- l)+2 and onto for τtq(W) = 0,
q ^ Wlm.(m + n, l+r— 1) + 1.

PROOF. We consider the following commutative diagram

where Cj=Cjγ\JjCCjχ and Cfl = Y UftCX, and f=f U C/XfF and r = r Γ u C r z .
Then we obtain the commutative diagram

C2.Π

HQ(Ώ)
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Since £2Tn> £?j a n ( i Φui a r e isomorphic we obtain r# is monomorphic for
q ^ Min. (m+n, I+r— 1) and epimorphic for q fg Min. (m -f w, I+r— 1) + 1.
Hence by Lemma 5.9 we get r* : τr(C/t, TP) -> τr(C/, W^ is 1-1 for πq(W) = 0,

m + w, /+r—1) +2 and onto for τtQ(W)=0, q^Min.(m + n, l+r—
Next if we consider the following commutative diagram

then θπ1 θ^1 and ^J1 are 1-1 and onto (see remarks of section 2 and 3).

Therefore we have the desired result.
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