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For a submanifold M in a Riemannian manifold 3, the minimal index
(M-index) at a point of M is defined by the dimension of the linear space of all
2nd fundamental forms with vanishing trace. The geodesic codimension of M in M
is defined by the minimum of codimensions of M in totally geodesic submanifolds
of M containing M.

It is clear in general that for M in M

M-index = geodesic codimension .

In [7], the author investigated minimal submanifolds with M-index 2 in Riemannian
manifolds of constant curvature and gave some typical examples of such submanifolds
with geodesic codimension 3 in the space forms which is quite analogous to the
case of helicoids in E* when I is Euclidean, In the present paper, he will give some
examples of such submanifolds with geodesic codimension 4 in the space forms. In
the previous case, the base surface (analogous to the helix for a helicoid) must be
locally flat, but in the present case it must be of positive constant curvature,
We will use the notations in [7].

1. Preliminaries. Let M =M"*" be a Riemannian manifold of dimension z+v
and of constant curvature ¢ and M=M" be an n-dimensional submanifold in M. Let
@4 @u5= —654 A, B=1,2,+++,n+v, be the basic and connection forms of M
on the orthonormal frame bundle F(M) which satisfy the structure equations

(L.1) de, = ; w8\ p0, dop = ZC:EAC/\ac'B—EaA/\aB .

Let B be the subbundle of F(M) over M such that &= (z,e;,"**,p**€54s) € F(M)
and (x,ey,+++,e,) € F(M), where F(M) is the orthonormal frame bundle of M with
the induced Riemannian metric from M, then deleting the bars of @, @iz on B,
we have

(1 2) »,=0, ml¢=ZAa1ij) Aa£j=Aajz: a=n+1l,-n+v; i,j=1,2,'",71.
J
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For any point x < M, let N, be the normal space to M,=T,M in M,=T,M.
For any b< B, let @, be a linear mapping from N, into the set of all symmetric
matrices of order 7 defined by

?b(z‘vaeﬂ) = Z'vaAaa Aa = (AGZJ) .

Now, we suppose that M is minimal in M and of M-index 2 at each point.
Then, N, is decomposed as

N,=N,+0,, N,10,,

where O, = @;(0) and dim N; =2, which does not depend on the choice of &
over x and is smooth with respect to x. Let B, be the set of & such that e,,,,
€,.2€N; By means of Lemma 1 in [7], on B, we have

Opi1,8 = @pizs =0 (mod oy, ++, ®,) (B>n+2).
Then, for any ve N;, we can define a linear mapping v¥,: M,—O, by

(1° 3) “I’v(X) = Z <, en+lwn+l.ﬁ(X) + €ni2@ny2,8 (X) > €.

B>n+2

The mapping ¥ : M, xN;—0O,, ¥(X,v)=+,(X), may be called the 1st torsion
operator of M in M. According to Lemmas 1,2 and Theorem 1 in [7], we have

THEOREM A. Let M"® be minimal and of M-index 2 everywhere in M™"
of constant curvature. Then we have the following:
(i) M™ is of geodesic codimension 2 if and only if ¥=0.
(ii) If ¥#0 everywhere, then dim [, = n—2, where 1, is the space of relative
nullity of M"™ in M™* at x, V¥,([;)=0 for any ve N, and ¥, vx0, has a
common image r,(M,) whose dimension=2.

When ¥ + 0 at x < M, we decompose M, as
M,=®,+1, B, L.
We can choose frames b ¢ B, such that e;,e; € B,,e5,+++,¢,¢ [, and

@y, p+1 = A@y, @y pi1 = — A2 D3 pi1 = *** =@y py1 = 0,
(1. 4) @, 19 = Q@2 Dy pi9 = U@, D3 49 = *°° = Oy pig = 0,
ww=o, i= 1,"',”; 8>n+2, )1#0, /‘#O
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and then (1.3) can be written as

(1.5) V. (X) = {% < v, €y > 0(X) — % <V, €4y > 05(X) }F

+ {% <, ey > 0o X) + _/17 <, ey > wl(X)}G,

where F = > f.e, and G= }_ g,e, and

Y>n+2 Y>n+2
(1.6) NOpi1y + L fponys, = (f +1g,)(0 —i,), Y>n+2.

¥ % 0 implies F 20 or G = 0.
Now, supposing Y0 everywhere, we denote the set of b ¢ B, satisfying (1.4)
by B,. On B,, we have

(1 7) @, + 1:&)2, = (Pr + Z-QT)((‘)I + i(1)2)’ 2<L<r=n.

The vector fields P=3 p,e, and Q=3 q.e, of M are called the principal and

subprincipal asymptotic vector fields, respectively. According to Lemmas 3, 4 and
Theorem 2 in [7 ], we have

THEOREM B. Let M"® be minimal and of M-index 2 everywhere in M™"

of constant curvature T. Supposing the 1st torsion operator \r + 0 everywhere,
we have:

(1) The distribution 1= {,,x € M} is completely integrable and its integral
submanifolds are totally geodesic in M™*,

(2) The distribution W= {W,, x € M"}is completely integrable if and only
if Q=0.

(3) When Q=0, the integral surfaces of B are totally umbilic in M™.

(4) When Px0 and Q=0, the integral curves of the vector field P are
geodesics in M™”,

Under the conditions of Theorem B and Q=0, on B, we have
(1. 8) {leg)\."‘ <P dx>-— i(2&)12 - 0'551)} N[y + ia’z) =0,
(1.9) {do+1i(1 — o)} N0, + iw,) = 0,

(1.10) dey, =— {|P|*+T =N — plo; oy,
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fa 1 2,2 __ 2 __ 2
(1.11) do, = iy {2a IF)? = Gl oy A @

where ¢ = p/N, @&, =n,14.2. @ i the connection form of the vector bundle

N = UN',, xe M*, and<P,dx>=)_ <P, e,> o, In this case, we denote the

r=3

set of frames b < B, such that P=p e;, p>0, by B;. On B; we have
(1.12) Wg3 = Py, 0,y =0, pog, =Ty, a=1,2; 3<t=n.
According to Lemmas 7,8,9,10 and Theorem 3 in [7 ], we have

THEOREM C. Let M"(n=3) be a maximal minimal submanifold in an
(n+v)-dimensional space form NM™*(of constant curvature ¢) which is of M-
index 2 and whose torsion operator ¥ = 0, principal asymptotic vector field
P+0 everywhere and subprincipal asymptotic vector field Q=0, then it is a
locus of (n—2)-dimensional totally geodesic subspaces L"*(y) in M™* through
points y of a base surface W* lying in a Riemannian hypersphere in M™®
with center z, such that

(i) L™?*(y) intersects orthogonally with W? at y and contains the geodesic
radius from z, to .

(ii) The (n—3)-dimensional tangent spaces to the intersection of L™ *(y) and
the hypersphere at y are parallel along W* in M™*,

W? in this theorem is an integral surface of the distribution %8 and the geodesic
radius from z, to y is the integral curve of P.

Denoting the length along geodesic rays starting at z, measured from 2, by v,
we have

(1,13) ws =—dv
and
(«/E_ cota/T v (¢>0),
(1.14) p=iljv (c=0),
~/—C coth »/=C v (£<0).

2. The 2nd torsion oberator ¥'. In the following, we shall investigate
M™ in M™* as in Theorem C and use the notations in §1.

If the rank of v is 1 everywhere, M™ is of geodesic codimension 3 by Theorem
4in [7].
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Now, we assume that the rank of ¥ is 2 everywhere, that is FAG=#0. At
any point x € M", we denote the 2-dimensional normal space spanned by F' and G
by N7 and put N”"=UN7, xe M", N’ is a 2-dimensional normal vector bundle
over M"™ as N’. We can orthogonally decompose N, as

(2.1) N,=N,+N;+0,, O, =N;+0;,, N; 1.0,

By the above assumption for v, we denote the set of frames b < B; such that e, s,
€n+da GN;, by B4. On Bp we have

(2.2) Sr=9,=0, Y>n+4 and foss Gnie—Snr4gnss ¥ 0.
Hence, from (1.6), we have

(2.3) Opityy = Oprgy =0, Y>n+4,

from which we get

dﬁ’nn,v = Opi1,ne3 N\ Onisy + Opitnes N\ Opigy =0,

Aonisy = Opro,nis N\ Oprgy + Opronis N Opigy = 0.
Using (1.6) and (2.2), we have
{(fars + 19n43)Onss,y + (frrs + 10nsd)@nsa} A (0 —iwy) = 0,
and hence
(2.4) Opisy =0, =0 (mod @,0,), ¥>n+4.
By virtue of (2.4), for any ve N, we can define a linear mapping ¥,: M,—O; by

(2- 5) "l’z'r(X) = Z <, en+3‘°n+3.1<X) + en+4‘°n+4,7(X) > ey.

>n+4

The mapping ¥': M, xN;—0;, ¥ (X,v) =v,(X), may be called the 2nd torsion
operator of M in M. Clearly v'does not depend on the choice of & over .

LEMMA 1. ¥, v# 0, has the common image.

PROOF. By means of the above argument, we can put
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(f'n+3 +ign+3)wn+3,7+ (fn+4 +ign+4)("n+4,7 = (f.',+zg;)(w1 —iﬁ’z)’ Y>> n+4

Hence we have

1 , ,
@pi3,y = A {(Gn+4@1 + fres@0) [y — (frra®1 — Gnis®2) g5} »
(2.6)

1 , ,
Dpigy = —E {_ (ng-aml +fn+3"’2)f'r + (fn+3w1 - gu+3“’2)g7}

where A=fnis Gnis—Snss Jnss. Putting F'=>" fre, and G'=_ gse,, we have

T>n+4 Y>n+4

(2.7)  ¥iX) 01(8nrsXs + S04 4Xo) = VG s Xy + F s s Xa)}F

-1
A
1 ’

+ ’K {"'vl(fn+4X1_gn+4X2)+'Uz(fn+3X1_‘gn+3X2)}G

n
where v=v,€,,;+v:¢,,, and X =" Xee,. Since

=1

(gn+4X1 +fn+4X2)(fn+3X1""gn+3X2)_’ (gn+3X1 +fn+3X2)(fn+4X1_gn+4X2)
= AXi+ X3)

and A # 0, the image of V¥, v+ 0, is the space spanned by F'and G'. q.ed.

By the lemma, we may say the rank of the 2nd torsion operator ¥’ as the
common rank of ¥, v 0.

THEOREM 1. Let M" (n=3) be a minimal submanifold in M™*" of constant
curvature which is of M-index 2 everywhere and Q=0 and the rank of ¥=2.
Then M" is of geodesic codimension 4 if and only if the rank of ¥ =0.

PROOF. The necessity is trivial.

Let us suppose that the rank of ¥'=0. This is equivalent to F'=G'=0. Hence,
by (2.6), we have

(Dn+3.1=wn+4,1=0; 'Y>n+4_

Combining these with (2.3) and (1.4), we see that there exists an (74 4)-dimensional
totally geodesic submanifold in M™** containing M™ by means of the structure
equations (1.1). q. e d
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By this theorem, if we consider the case ¥ =0, we may put v=4 from the
local point of view.

3. M* in M+, In the following, we suppose »=4. On B,, putting

—(fitig),  T>n+2,

(3.1) @, =
(2. 2) implies that

(3- 2) ¢n+3 # O’ q>n+4 *+ O’ (I) = (Dn+4/q)n+3 :'& real~
From (1.6), we have

(3 3) Opi1yt 100,40y = Dyl — ia’z)

and
doy,, ,+ido \Noy, s +icdw,, s y=dP, N\ (0, —iw,)

+q)7(“’12/\‘02+("13/\w3 +i(012/\“’1_i(023/\(03)

by (1.12). Putting
(3- 4) Opiznes = Dy

the above equation can be written as

C(A)l /\ 0)7“.2.7 + Z @Dpi1,8 /\ (D;.,'l' ido‘ /\ (Dn+2.7

>n+2

+io {"‘ o; A\ @pi1,y + Z @pias /\ @y

>n+2

= dP, A\ (0,—iw,) + D, {fw; A\ (0, —10,) — po; A (0, —iw,)}
and using (3.3) this equation becomes

(3.5) i{do—i(l—3c%)o} A @pisy
= {d®, + D,(i(0; + a0,) + pdv) + D Pswsy} A (0, —iw,).

S>n+3

For simplicity, we put ®,,; =®,, ®,,.,=P,. Then (3.5) are two equations as
follows :
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Zilde—i(l = *)} b A Opunnes
1

= {dlog®, + i(w,; + cd,) + pdv — Pd,} A (0, — iw,),

o ilde—il=o%o) A 0usnn
2

= {dlogCIJg + (w5 + ob,)+ pdv + %cﬁg A (o) —iwy) .

LEMMA 2. The curvature do, of N is not zero everywhere.

PROOF. From (3.3) we have easily

1

Dpi1,n+3 — T(.fnﬂ“’l + gn+3a’2) ’
1

@pyon+3 = 7\,_0‘<gn+3w1 _fn+3w2) s
1

Dpi1,n+s = _)\l_(fn+4wl + Gni1®2) 5
1

Opionrs = E(gnhlwl — fn+1®3) .

Hence we have the curvature form of the bundle N given by

(3 6) daA)2 = wn+3,n+l /\ wn+1,n+4 + wn+3,n+2 /\ wn+2,n+4 =

Since A # 0 by (2.2), d@, + 0 everywhere, q. e d.
COROLLARY. The set of points where &, =0 is non dense in M",

THEOREM 2. Let M" be a submanifold in M"** as in Theorem 1.
Assuming the following conditions :

(@) @,7#0, &,#0 and o and © are constant on W3,
(B) W? is of constant curvature c,
where W? is an integral surface of the distribution BB, we have the following
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Sfor W2
i) e=lor—1and ®=1io0r—i,

il) <F, G>=07
i) ¢>0.

(

(

(

PROOF. Since o is constant on W?, we get from (1.9)
(l - 0'2)(’;)1 /\ (wl + iwg) - 0 ’

hence

(1—¢%o, =0 on W2

Since &, # 0 by (a), it must be ¢ =1 or—1.
Then, from (3.5) and ¢® =1, we have the relations

(3. 7) {dlog ¢’1 + i(ﬂ)lg -+ 0'&1) + Pd‘v i @wc_)} /\ (Q)l_ia)g) - 0 )

{dlog @2 + i((l’lg + 0'631) + Pdv + ’%‘(Aﬂg} /\ ((Dl - l’(Dg) = 0 ’
from which

P

Since ® is constant on W? by (a), we have
B+ =)oy A (@ —deos) = 0
\ @ 2 1 2/ — ’
hence

(¢+—%o_)&’2= O.

Since @,7%0 on W? it must be ®=17 or —z, from which we obtain easily
Next, from (8), we may put

d012=_c Q)l/\a)g on WZ,
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hence from (1.10) we have

pPPre—N—pl=c.
Using ¢%?=1, we have
(3.8) 2M* =p*+C—con W2,

which implies that A and p are constant on W?, since by means of Theorem C and
(1.14), p is constant on W2, Hence (1.8) implies

(3. 9) &)1 = 20'(012 on ‘If2 .
Making use of this and (1.11), we have

2c =~ (20— |FIt = |G

=20 — D2 = [ Dy ]% = 2(\ — |, ]?),
that is
(3.10) D |2 =N =c.

This relation shows that ®, is constant on W2 On the other hand, from (3.7),
(3.9) we have

i(8@yy + db, +iDd,) A (0, —iw,) =0,
where 6, is the argument of the function ®,, Hence we have
(3.11) @&, = —i®(3w;,+df;)) on W2
From (3.6) and (3.11), we have

dég =_3i(1)d(l)12 = 3i€ D ; /\ [0 =——‘7\27Aa)1 /\ s 5
hence

. 2
3icd =— v (fn+3gn+4'“fn+4gn+3) ’
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that is
(3.12) 3c=2|®,|* on W2,
This relation shows that ¢>0. q.e.d.

By (3.10) and (3.12) we have

(3.13) 2 =5c  |®lt=—Sc on W

4, Frenet formula of W? under (@) and (8). In this section, we shall
determine the Frenet formula of W2 in terms of an isothermal coordinate, when
the conditions (@) and (8) in Theorem 2 are satisfied.

By means of (ii) in Theorem 2, we denote the set of frames & over W? such
that

(4' 1) F =fe1l+3. G = gen+4’ f> O) g > 0

by Bs.
Without loss of generality, we may put

— —_ i —_ Y 2
(4.2) AM=p=T0 f=9g= > on W
by (3.13). Furthermore, from (3.9) and (3.11) we have
(4. 3) (:’1 == 2@12, (52 = 3(012
and from (3.3)

Dpi1,n+3 — %‘01, Dpi1,n+d — A/ziwzx
(4.4) _

/6

@Dy 9,n+3 = — 2 @y, @Dpionts = 2 @y,
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(3.8) becomes
(4.5) p*+T=6.
Now, we figure the Frenet formula of W2. First of all we have
(4.6) dzx = e,0, + €0,
By means of (1.4), (1.12) and (4.2), we have easily

/10
2

(4.7) E(el+ie2) =—1i(e, +iey)w,5 + pes(w; + iw,) + (€ns1 T 7 €pis)(@) — twd,)

(4. 8) De; = — ple,o, + ey,) ,

where D denotes the covariant differential operator in M ™**, Analogously, we have

- . 10 . . . .
(4.9) D(egs1 + 1€449) = — ‘\/2 0 (e, + lez)(“’l + iw,) — 2i(€n41 + 1€h42) @14
6 . .
+ é (€nss + len+4)(“’1 —iw,)

by means of (1.4), (4.2), (4.3) and (4.4). Lastly we have

(4. 10) Dlenss + ienss) = — -—zﬁ(e,,“+ie,,+,)(w,+iw2)

— 3i(enss + z.en+4)("12 .

These equations (4.6)~(4.10) constitute the Frenet formula of W2, In order to
solve these equations, we shall write these equations in terms of an isothermal
coordinate of W?2,

On the other hand, for the unit sphere S? we have the following formula,
considering it as the Gaussian complex number sphere, as is well known,

4d2dz

1+z2) = (@) + ("’2*)2 ’

(4.11) ds® =

and
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. . 2dz . 2dz—zdZ
* * _ *
(4.12) 0, % +i0,* = Trez’ @ T 113

b

where ®,} is the connection form of S2,

Since W? is of constant curvature 1, we may consider it locally as the unit
sphere S%. Then, we may put

(4. 13) @; + i‘l)g = e_”(a)l* + iﬁ)e*) .
Substituting this into

d((l’l + i(l)g) = - i(l)lg /\ (01 + iﬁ)g) ’

we have

(013 — 0, — db) A\ (0% +i0,*) =0,
hence
(4.14) @, = 0, +db.

Substituting (1.13) and (4.14) into (4.6)~(4.10) and putting

(4.15) {el* +ie* = e(e, +iey), €, * +iey.* = €€y +i€nss)s
' ! e,‘+3*+ie,,+4*=e“’(e,,+3 +i€,.44)s
we have
(4. 6%) dzx = e;*0,* + e,¥0,*,
(4. 7*) ]—)(el* + ieg*) == i(el* + ieg*)(()lg* -+ Pe3((01* + iwg*)
10 . .
+ ’\/2 (eﬂ-i-l* + le;,'.+ 2*)((01* - 2(1)2*) >

(4. 8%) _Dea = — ple,*o,* + e;¥0,¥),

= . 10 . . . .
(4.9%)  Dleqi® +iegis*) =— v (e* +ie®) (o, +io,®) —2i(e,, * +ie,. .%o, ¥.

2

+ ~/6 (€ns+s® +i€yi®)(@* — in,¥),

2
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(410Y)  Dlewss* +itnsi¥) == L0 (e * 4 ity ), + ¥
— 3i(€nss® + i€, %)@ %,
Therefore using (4.12) and putting
(4.16) E=e*tie*, n=e,,*+ie..% ¢=e,.5+ie,.%

we have the Frenet formula of W? in the isothermal coordinate z as follows :

dz=—— (gdz+gd—)
De,=— - (Bdz+2d 2),
(4.17) Dt =1 £(zde — 2de) + L ez + Y1 1z,
Dn =—ihig dz + 2-y(adz — adz) + A/hﬁ_gdz,
Dt =~ pdet 3 tzde - 2dz),

where h =1+22,

5. Solutions in Case M"+**= E™** In this section, we shall find M" in
Euclidean space E™** as in Theorem 2, by solving the Frenet formula (4. 17) of W™,
In this case, by (4.5) we have

(5.1) P=A06.

From the last equation of (4.17), we have

Hence we can put

(5.2) §=5FR),

where FY(z) is a complex holomorphic vector field, Substituting (5.2) into the 5th
of (4.17), we have
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& BRe Pl =+ e
== R
hence
—= 2 1 ,
(5.3) n= /675 F(z)— ﬁh—,F(z) .

From (5.3) and (5.2), we have

LU ( - %f—?—)F(z) + %F@)

and
Aoy 2oy O WO E py
=6 (,f—, - —?’ZTE)F(z) + %,—F’(z) :
hence

From the 4th of (4.17), we have

gz 3«/h‘ 2 play /52 F'(z)+7%_%F(z)—J——6£’lTF'(Z)
=_L/h;g§+ghs_n= ~/10§ 2¢6 2 Ple) - J%Bh, F(z),
hence
(5. 4) E= “/lh“r;.z-ﬁF(z)——N%fz—EF()'*' 2J15hF’()

385
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From (5.4) and (5.3), we have

fﬂmfe%ﬁm%ﬂairg

and
/BB L st @)
= Jﬁ%(%— ’1'—3>F(z) - “/Tﬁ(zzg-— ,f—g)F(z) - 7;/‘1%7,??(2) ’
- |

From the 3rd of (4.17), (5.3) and (5.4), we have

ok _ 3J/15%
F ht

5./15 2
3ht

11

Flz) + 2./15 &

F(2)— 2F" () + F”(2)

1
2415 h

es.

_Eg, 2, J5% 15 % 2 g 24/6
=+ e = T () - YO E P+ 5 B F )+ 2,

Hence we have

AL pl) - )+

/10 h

(5.5) e; = — VT,?; 2 Flz) + F(2),

1
124/10

from which we have
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%es — o ( 3}253 ) Flz) + \/210 (h 2222)
-5 (- e = 24T F + L2
L poyo_ B _ P
«/ﬁth’() h f f

If e, is real, then we have also

Oes __A6gz__ P
oz —hg_ hg'

Hence, if we choose F(z) so that e; is real, then e, & 7, ¢ given by (5.5),
(5.4), (5.3), (5.2), satisfy the equations (4.17) respectively except the first one,

From now we search for F(z) such that e; is real. Since A=1+422 is real,
it is equivalent to determine so that

(5.6)  —124/10 h’e, = 120 2°F(z) — 60h2°F (z) + 12h?2F"(z) — h*F"'(2)
=6G(z, 2)

is real. G(z,2) is a polynomial in 2 of order at most 3, hence it is also so in 2

by means of G(z,z) = G(z,2
Now, we have easily from (5.6)

6G(z,2) = {120F(z) — 602F (z) + 122°F"’(z) — 2°F " (2)}?®
—3{20F (z) — 82F"(2) + 2°F " (2)}2*
+3{4F’(z) — 2F"(2)}2— F"(=2).

Since G(z,%) is a vector valued polynomial in 2 and Z, we see from the above
relation that F"(z) is a polynomial in 2. Therefore, we may put

(5. 7) F(z) = A0+Alz+ eee+ Amzm ’

where Ay Ay, -+, A, are constant vectors in C% Then, by simple calculation,
we have
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120F () — 60=F (2) + 122°F"(2) — 2°F"(z) = 1204, + 604,z + 24A,2*
+6A52° + o oo +(4—m)(5—m)(6 —m)A,z™,
20F{z) —82F"(z) + 2F"'(z) = 204, + 24A,z + 18A,2*
+ oo+ m(5 —m)(6 —m)A, 2",
4F'(z) — 2F"(2) = 8A; + 18A;z+ ««+ +m(m — 1)(6 — m)A,z" %,
hence we have
6G(2:2) = {120A,+60A,2+24A,22+6A;2%+ ++- +(4—m)(5—m)(6—m)A, 2™} T
—3{204, + 24A,z + 18A,2* + + -+ + m(5 — m)(6 — m) A,z 1} 2

+3{84,+ 184,z + -+ + m(m — 1)(6 — m)A,2™ %}2
—{6A;+24A;z+ « o+ + m(m — 1)(m — 2)A,,2™%}.

Noticing that the polynomial inside of the first brace lacks the terms of order 4,5
and 6 in 2, we may suppose that 7 =6, Then, we have

(5.8) G(z, %) = (204, + 104,z + 44,2* + A.2*)3°
— (104, + 124,z +9 A;2? + 4A,2%)3*
+ (44, + 9A;z + 12A,2* + 104,2%)Z
— (A3 + 44,2 + 104,22 + 204,2°) .

Hence, it must be
Gz, 2) = (— 204, + 10A,2 — 4A 2% + A2
— (104, — 1242 + 94,2% — 44,2%)3
+ (“" 4A4 + 91432 - 12A222 + 10A123)E
-_ (A3 - 4A22 + 10A122 - ZOAoza) .

Comparing this with (5. 8), G(z, 2) = G(z, 2) is satisfied if and only if
(5.9) A3=A3, A4=—A2» A5=An Ae=—A-o-

Making use of (5.9), G(z, %) can be written as
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G(2,2) = (204, + 10A,2 + 44,2 + A;2%)2
— (104, + 124,z + 9A,2* — 44,2°)2*
+ (44, + 94,2 — 124,22 + 104,2°)Z
— (A; — 44,2 + 10A,2* — 204,2°)
=— A, + 44,z + Az) + 94,22 — 10(A,2* + A,2)
—12(A,2 + AZ)z2 + 20(A,2t + AZ®)
+10(4,2% + A,3%)22 — 9A;(23)?
+ 4(A,2 + AR)(22)! + As(23)*
=— A, {1 — 922 + 9(23)? — (23)%}
+ 4(A,z + Aj3) {1 — 322+ (23)}

- 10(Alzz + A122) {1 - 22}

+ 20(A,2® + AZ).
Substituting this into (5.6), we have

1

(5.10) =50k {As(

1—922+ 92222 — 2°2%)

— 4(Az + AZ)(1 — 32% + 2°F)
+10(A,2? + A,2)(1 — 23) — 20(4,2° + A} .

Analogously from (5.2), we have

(11)  E=n 2+ (s — 2t Ay) + (2 + 2 A) + Ay — 2 A}
On the other hand, (5.3) and (5.4) can be written as

1 — ,

n = o {62F(z) — (1 + 22)F'(z)}

and
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£= T/1=15F {1E2°F(z) — 5(1 + 22)2F (2) + %(1 + 22)'F"(2)} .

Since we have
GEF(z) - (1 +ZE)F'(2) = 6E(zaA3 + 22A2 - Z4A2 + zAl + 25A1 +A0 - zer)
- (1 +z§) (322A3 + 22A2 - 423A2 + Al + 524A1 - 6254710)
= —3(1—22)22A;+2(— 1+ 222)2A,+ 2(2—23)2* A,
+(—1+522)A, + (—5+23)2* A, + 634, +62°4,,

158°F (2) — 5(1 + 22)2F" (2) + % (1+28)°F"(2)

= 152%(2%A; + 22A, — 2 A, + 2A, + 2°A, + A, — 2*A,)
—5(1 + 22)3(3224,; + 224, — 4234, + A, + 52*A, — 62°A,)
+ (1 4 222 + 2%3%) (324, + A; — 6224, + 102°A, — 152*A,)
= 3(1 — 322 + 223%)2A; + (1 — 82% + 622 A,
— (6 — 822 + 223%)22 A, + 5(— 1 + 222)24, + 5(2 — 22)2°A,
+ 152°A, — 15244,

n and € can be written as:

(5.12) (1 — 22)22A; + 2(—1 + 228)24, + 2(2 — 23)2° 4,

1
v T
+ (= 1+52%8)A, + (— 5+ 28)2* A, + 624, + 62°4,}

and

(5.13) &= Téh“ (3(1 — 82% + 282, + (L — 822 + 62°F) 4,

— (6 — 828 + 27222 A, + 5(— 1 + 222)2A, + 5(2 — 23)2°A,
+ 15224, — 15244} .

Now, we must find the conditions such that &, 5, &. e; make an orthonormal
frame, In the case of this section, (4.17) are
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de, = */ 6 (2dz+ £d3),

dt = %f(%‘dz — 2d?) + 2}1/ 6 ¢dz+ M0 “/ 10 7z,

dE = ——%E(Edz—zd%) ;{6 dz+ “/hlo 7dz,

d,,=_%§dz+ 2. p(adz — =d?) + */6 A6 s,

an == W0 ez~ 2 pade— ez + O tde
de = *,/16 ndz+--t(edz — =),
d¢ =— Lha‘_ﬁdi —;O:—E(Edz —2d3) .
In the following calculation, “=" denotes the equality modulus the quantities :

es-£, e, €58, &;€, e;7, €5+,

E-8 En E-C 87, E-F

g-E E-n, B¢, B+, E-F

nem 0§ 08 79,9678 68 E-L.

Then, making use of the above ralations, we have easily the relations :

d-§)=dE-n)=dE-5)=dE-8)=0,
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from which we see that if we can choose A,, A,, A, A; so that all the above
quantities 10 lines before and

e.re;—1, E-E—2,n75—-2,¢-F—2

are zero at 2 =0, then these are identically zero.
By means of (5.10), (5.11), (5.12), (5.13), when 2 =0, we have

1 1 1
es—WT—GA:H E—ﬁAzi 77“‘—'\/6

Thus, the conditions for A,, A,, A, A, are

(A, = A,

AcA,= A, A = A4, =0,

AjcA; =40, A+ A, =30, A0 A, =12, Ay- A, =2,
A Ay =A,-A=A,-4, =0,

A A =A,-A =4A,-A;=A,-A, =0,

bAl'Ao = AI.AO = O.

(5.14)

Now, we give the equation of W? by means of the above result. First of all,
we choose four constant vectors A, A;, A, A; in C* which satisfy the condition
(514) and determine e; given by (5.10) which is real and a unit vector field in
Ef=C* On the other hand, we may consider as

1
x+—P—es=0

by (4.17). Hence we have a general solution of W? as follows :

1 1
/6 e = Tyt

(5.15) x= 1— 922 + 928 — 2°5) A,

+ 4(1— 322 + 2%3%) (24, + 24,) — 10(1 — 23) (224, + 224A,)
+ ZO(ESAQ + ZaAo)} .

If we put
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A, = 2./10 3/0z,,
A, = /15 (9/0x, +i0/2x,) ,
A1 = — \/B—(a/axa + ia/ax4) >
AO = a/axs + ia/axe >

then we can write (5.15) in the canonical coordinates x,, x,,+++,x; as follows:

( 1322422 —
Xy, = (l+z§)3 (z+z) >
. 1-3zE+2% _
Ty = — ZW Z— z) ’

— '\/3‘(1'—2‘2‘) 24 72
T = 3 (Lrz)p & A

_ . /\/5 (1—22-) /9 —9
(5.16) T =1 o ag) (=2 —2%),

A s
T = 73ty ¥ TE)

X =_i/\/_§(]:i-z?)3(za_§3)’

o = — 1—922+ 92’2 —2'%*
T A/6 (L+23)°

“

Finally, we show how ts construct M" in E"** as in Theorem 2. First of all, we
consider as

En+4 — Rn—4 X RS’ RS o~ C4

and construct a surface W? given by (515) in C!. This surface is clearly of
geodesic codimension 5 in R®, Hence, we may consider as

W:cR" and *=RXR".

For any point y € W?, we denote a linear subspace L™ 2(y) through y such that

Ly IR xR and L™ *(y)lles(z), vy = ¥(2) .
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Then, the locus of points on the moving L"~?*(;y) makes an n-dimensional submanifold
M" in E*** which is minimal and of M-index 2 everywhere and satisfies the
conditions in Theorem 2.

Remark, As is well known, the Veronese surface is given by

Ty = A3 wgtty, Ty = A/3 ustty, T3 = A/3 withs,

1
Xy = (ulul - ugug), Iy = 7 (3u1u1 + 3u2u2 - 2) ’

3
2
where w1, + w.u, + usu; = 1. Through the stereographic projection, we put

- 2+%2 = —i z2—Z w = zz—1
PT 1427 2 1+22°

and substituting these into the above equations we have

1—22

x, =ia/3 422 (z—2),
V3 (1 25; (2+3),
(6.17) xT; =— 24/3_(1—4_12? (x2—2%),
= A/3 Tra)? ) (*+72%,
_ 1—4eF+e®
BT T L)

Comparing (5. 16) multiplied by /6 with (5.17), we see that W? may be considered
as a generalization of the Veronese surface. It is minimal in a 6-dimensional sphere
as the Veronese surface is minimal in the 4-dimensional unit sphere, Both of them
are isometric imbeddings of the projective plane with a canonical metric of constant
curvature,

6. Solutions in Case M"**=S"**(R). In this section, we shall find M" in
(n+4)-dimensional sphere as in Theorem 2.

In this case, we regard as M"+*= S"*4(R)C E"*5, where% = ¢. Putting
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(6.1) = Cnsss

dx = Rde, s = e,*o,* + ¢,*w0,*
Hence, denoting the ordinary differential operator in E™*® by d, we have easily
(6.2) de, = Dey =~ -L-(Bdz + £d7),

and

df = I_)f - % ((Dl* + iwz*)en+5 ’

6.3)  dt =%g(~dz—zdz) + 2 oz 10 10, 4o 2 tpuds

by (417) and (4.12).

On the other hand, we have

7 SR N
(6.4) P = A/CT cot ,\/cv—RcotR
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Since the point

1
x+ 763 =R (e,,+5 + e, tan%)

is a fixed point, the unit vector

v . v
€ = €,,5 (,OS”—RT + e; sm?

is fixed on W2 Hence W?* lies on the linear space E** which is orthogonal to e,
and passes through the point O, = eoRcos%.
Now, we have

Ox=—e¢*R sin%—,
where
(6. 5) es* =€ COS% — €15 Sin%-
Since we have
1 1 1 1
pes — R érs =R 6 wt% TR 6n+s = —‘Tes*
R sin*R—
and
v\ 1 1
PZ”*’(‘EM‘R‘) TR o) O
(R sm—R-)

by (4.5), (6.3) can be written as

(6.6) dE = —-E(edz— ) + 2L 0% dut 100 d.




MINIMAL SUBMANIFOLDS WITH M-INDEX 2 397

Next, we compute de;* on W2, By means of (6.1), (6.2) and (6.5), we have

des* = cos—- R de; — Z de,.s

= — (%msf + —I%—hsm )(Edz + £d3)

and
PPN D S R | _ 6
RS RYTRESR T o R’
Rh sin—
R
hence
6.7) deg* = — 0 (Bdz 1 £d3).

Therefore, the Frenet formula (4.17) of W? in S™**(R) becomes the follow-
ing one in Ert*:

dzx = —}ll—(Edz +Ed7),

de* = — —*—/ﬁ (Bdz + £d3) ,

(6.8) df = = t{edz — 2dz) + 2L ezt M1 a2,
dn = “/ 230 ez + 2 n(adz — wd3)+ */ A6 gz,
de = */ A e+ -3tz — 2dz)

w

which is completely identical with the system of equations in Case M"**= E"**,
We can construct a minimal submanifold M" with M-index 2 of geodesic
codimension 4 in the sphere S™"**(R) by means of the results of the previous sections,

7. Solutions in Case M"** =H"**(¢). In this section, we shall find M"* in
(n+4)-dimensional hyperbolic space H"**(¢) of curvature ¢ as in Theorem 2.
In this case, (4.5) and (1.14) imply
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€=6—p>=6+¢ coth® /—C v,

1 e

(7.1) —C = 6 sinh’a/—¢ .

We use the Poincare representation of H™**(c) in the unit disk in E"** with
the canonical coordinates x,, Ly «++, L,y Its line element, as is well known, is
given by

_AR dz-dx _ /L
(7.2) ap=ARdzdr g, [L

Since the components of the Riemannian metric are
2

4R L?
gy = st gy = ’4?2—811’

where
L=1-z-z,
we have its components of the connection :
(7.3) T = 2(8kx; + 8%z, — 8,5x,) /L .

For any two tangent vectors X and Y, we have

4R2
‘L_z‘X'Y,

<XY>=

where <X,Y >and X-Y denote the inner products of X and Y in H***(¢) and E"**,

respectively. Hence, if (x,e,,+++,e,,,) is an orthonormal frame in H"*‘(¢), then
2R 2R

(x,Tel,.-O,'—I‘—en.',‘) is the one in Eﬂ+4.

n+4
Now, for any tangent vector field X = > X/0/0z/, by means of (7.3) we
=1
have easily

(7.4) Dx=2LR[d(% )+%{( -z—f—x)dx—x(—zlfix-dx)}].
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Putting

(7 5) e3*= z—f_ea» f* =_2,L&§, "]* ZIJR s * = 2R

we rewrite the formula (4.17) in these terms. First of all, we have

(7. 6) dz = R —(B*dz + £*d3) .

From the 2nd of (4.17) and (7. 4),

de + ‘IZT {(x-e*)dx — z(e* - dx)} = — —f:— (E*dz + £¥dz).

By (7.6) and (e;*-dx) =0, the above equation becomes

de* =— { P+ (zee }% (B*dz + £*d3) .
Now, from the third of (4.17), we have analogously

dg* + % {(z-E9)dz — z(E* - dz)} = Tf (dz — 2d%)

+ ihp—es*dz + «/hJ.O n*dz .

Since we have

Edx = -(?*dz-i—f*df) =’%l—d2"

_L_ %
2RA ¢

the above equation becomes

(7.7) df*=7ll“f*(§dz—zd5)+“}%—(j>€a*+-ﬁ )d + Jl T

— (2 E¥)(B*dz + EvdE).
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Next, from the fourth of (4.17), we have

dn* + 2~ {(z-r¥)dz — 2lr*-dz)

- “/hlo Bt 2 yH{adz — 2dz) + O grdz.

Since %*-dx =0, the above relation becomes

(7.8) dn* =— %f*dz + -%n*(?dz — 2dz) + —Z—g*dz

— () (Brde + £4d3)

Last of all, we have from the fifth of (4.17) and (7. 4)
de* + 2~ {(z-£¥)dz — 2(g*-da)) =~ —“{5 widi + -~ gHEd — 2d3)

that is

(7.9) dg*=— A/,;g— n*dz + —}?;—C*(Edz — 2d7) — ﬁ (z-£¥)(B*dz + E*d3) .

On the other hand, any geodesic starting from the origin O=(0,-++,0) in
H"**(c) is a Euclidean straight line segment in the unit disk. The arc lengths v
and » in H***(¢) and E™** have the relations as follows :

v=Rlog1L, r=tah— 5.

Since any W? is congruent to others under the hyperbolic motions, we may suppose
the forcal point 2, in Theorem C is the origin O. Then, we have

v
x =—e* r=——e3tanh—2?',

and hence
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xof* = xon* = x’g* = O,

L=1—z-z=1—7=1— tanh®—% 1 s
2R cosh? 2
2R

and

1 1
p+ g lweed) = p— = gooth g — b gp

by (L.14) and (7.1).
Making use of these relations, (7.6)~(7.9) can be written as

1

(cosh—}% +1)R

dx =

—,11— (B*dz + £*dz) ,

de* = — ~/ 6 (@*dz + £*dz),

(7.10) -
dg* = —1-E¥(zdz — =dF) + -Z—Vﬁ esvdz+ 1 ez,

dn* =— ,\/]3.0 £*dz + %—n*(idz —2dz) + “26 ¢*dz,

dg* =— “}/16 n*dz + %é‘*(?dz —2dZ3),

which is completely identical with the system of equations for W? in Case M™**
=FE"** except the first one.
Therefore, we can construct W?2 in H"*4(¢) by the formula (5.10) and
1

e*,
J?R(wshl +1)

(7.11) z=—
R

Then, we can construct a minimal submanifold M" with M-index 2 of geodesic
condimension 4, taking W? as the base surface, according to Theorem C.
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