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1. Let 2 ,a, be an infinite series, and let {\,} be positive numbers
tending to the infinity. We write A, =a, +a, + --- + a,, and if z >0,
Ny S8 < Npyy, then Ay@w)=A4,=a,+a,+ +++ +0a, =2, and for
k>0,

Ak(z) = T%S(x — At

We define 43(x) = A,(x), and if © <\, A%x) = 0 for every k = 0.
Let us Set bn = >\‘na’m Bl(x) = Z:LZO )\’uau, Nn é Y < >\‘n+1!

Bi@) = ﬁg(x — AR, (6> 0) .

We then have [2]
(1.1) Bl(x) = xA%(x) — kKA (x) .

If we write Cf(x) = v *A%x), then Cj(x) is called the Riesz mean of order
k and type ), while A%x) is called the Riesz sum of order % and type A
associated with the series > a,.

Since no confusion will arise, we write simply A*(x) in place of A%(x).
2. The author [6] proved the following theorem.

THEOREM A. Let V(x) and W(x) be positive functions defined for
x>0, such that

(i) 2*W(x) is non-decreasing for some a, 0 < a <1,

(2.1) (i) «fV(x) is mon-decreasing for some B, 83 = 0, and

(2.2) W(x)/ V(x) = O(x?) (06 >0) as x — oo .
Then

(2.3) A’(z) = o[ W(=)]

and

(2.4) A(x) = O[V(w)]



302 H. SAKATA

together imply, for any v such that 0 < v < 9,
(2.5) A(x) = o[(V(x)) " (W())"’] as & — oo .

In the case @« = 0, 8 = 0, Theorem A is reduced to M. Riesz’s con-
vexity theorem [5]. The following Theorem I shows an order-relation
for A7(x) with a hypothesis being different from A(x) in Theorem A. The
theorem is an extension of Theorem 3 in L. S. Bosanquet’s paper [I],
though the conditions are not exactly the same.

THEOREM I. Let V(z) and W(x) be positive functions defined for
x>0, such that

(2.6) { (i) x*W(x) is non-decreasing for some a, —1 < a < 1,
(i) =«*V(x) is mon-decreasing for some G, and
2.7 W)/ V(z) = O@**), (06>0,7>0).
Then

(2.8) A(x) — Ax —t) =O0[¢"V(@)], (7>0) 0<t=O0{(W(x)V(x)'**},
and

(2.9) Al(z) = o[ W(2)] , 0>0

together imply, for any v such that 0 < v < 9,

(2.10) Ar(x) = o[(V(x))' = r+2C+n(W(g))T+P@+D] g g — oo .

V(x) and W(x) above mentioned are quasi-monotonic functions for g > 0
and 0 < a < 1.

We shall prove this theorem in section 4.

We have also a one-sided convexity theorem, as follows.

THEOREM II. Let V(x) and W(x) be positive functions defined for
x> 0. If (2.6) and (2.7) hold, and

(2.11) A@w) — A — t) > —Kt'V), (9> 0)
where 0 < t = O{(W(»)/ V(%))"°*7}, and
(2.12) A@) = o[ W], (8>0)

where W(2')/W(x) < H for 0 < o’ — x = O{(W(x)/ V(x))"¢*+7}, then we have,
(2.13) Ar(x) = of( V()= r+nI0+n(W(g))r+0/6+0] g3 g —s oo .

We shall prove this theorem in section 5.

3. Lemmas. The following lemmas are required for the proof of the
above theorems:
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LEMMA A. Let @(x) be a positive, non-decreasing fuction of = > 0,
and let 0 < &<, 0<1I<1,k=0. Then A*Y(x) = o[@(x)] tmplies,

IR VY LN
BN g e = T e - oAt = e

This is given in [2].
LemmA B. If k> 0,1> 0, then

gy _ LR+ T D% i g
(3.2) AR _mgo(x £y AR(t)dt .

This is given in [4].

Lemma C. If >0, m is a positive integer, v =0 and 0 8 <1,
then

" I'iv+1) m m
3.3 +BAT(%) = A7TEATT
@8 AW = @
_ Ag[gzﬂdtlstlﬂdtz--- S""“*g[mm) — Ar(2)]dt,

and

n v+ 1) - m
3.4 +BAT(x) = ATEATT™(
(3.4) ¢ () T +m+D (®)

+A5C[Y dtlgtl dtz...gtm_l [A7(z) — A7(t,)]dtn -
z—{ < tm—1—C

ty—
See [2] for finite differences.

4. Proof of Theorem 1.

(1) Proof for the case: —1<a <0 and 8=<0. Let us put, for
any ¢ >0, { = [e W(x)/ V()]

Then we have some ¢ such that x — (p + 1){ > 0 by (2.7), and let
0=7p+a, where 0 <a<1and p is a non-negative integer. Then we
have, by (3.4)

1

A1) oA = A2AM@) A“_C[S:_cdtlr dtS: (A(w) — A(t)}dt,,]

I'd+1)
=J +J,, say.

t—¢ 1—¢

By (2.9) and Lemma A, we have

1 e dom) = __E“__S (@ — t)147 AP(8)dt

@42 Ji= T+ 1) I'(p + 1) Ja
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- I‘(pa+ 1) S:—c(x -9 mz; (—1)7"(5%)‘4?“ - ml)di

S”—‘M‘(x —me — u)““‘A”(u)du}

= o[ W(x)] for sufficiently large z .
By (2.8) and (2.6) (ii) we obtain

t

4.3) J, = A“_(U:_Cdtlg 1

84—

tp—1

dt, -+ S {A@) — A,

- A‘Lc[izdtIS:dtZ e S:{A(Z)_i A — by by — oee — t,,)}dt,,]
- aSm - u)““l[gzdtlgzdtz . g:{A(u)—A(u—tl——t?— e —t,,)}dt,,]du

r—

o] o s o

-

— OLC"“’S:_C(.@ — ) V(u)du]

= O—C”’?V(x)] .
Hence
(4.4) A(z) = O[A/C) W(z)] + [T V(@)]

= O[( V()= o+ (W (x))" "] as x— oo .
The one of the two hypotheses of Theorem A is satisfied with
(V@)= (W)

with the other hypothesis W(x) unchanged, instead of V(x). Hence, using
Theorem A, we obtain

(4.5 A'(x) = o[{(V(w)) = CHM (W(x))! C+Pp=1{W(w)} "]
— O[(V(x))1—<;~+>7)/(5+m(W(x))(r+r,)/(a+>y)], (O <y < 5) as L -— oo .

Now, if § is an integer then we can prove the case (1) by the similar
method.

(II) Proof of the case: 0 < @ <1 and g < 0. First assume Theorem
I with « replaced by @« — 1 (with B unchanged). Then, since 0 < a < 1,
it follows from (2.9) and (2.6) (i) that
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(4.6) A5(z) = S:A“(t)dt — O[S:W(t)dt] - O[S:tara W(t)dt]

- o[x"‘ W(x)S:t‘“dt] — o[ W(®)] -
By (1.1) and (4.6), we obtain
“4.7 Bi(z) = o[t W(x)] .
By (2.8), we have, for 0 < t = O] W(x)/ V(x)]¥@+?,

(4.8) B(x) — Bz — t) = (x — t)[A(x) — A(x — ?)] + Sx_t[A(a:) — A(uw)]du
= O[txV(x)] .

Thus, the hypotheses of Theorem I are satisfied with B(x) — B(x — t)
instead of A(x) — A(x — t), with B’(x) instead of A%x) and with ¢ —1
instead of «, respectivly. We have, from the case assumed,

(4.9) Br(x) — O[(xV(x))1—<r+v)‘/(5+v)(xW(x))(r+r/)/(6+ﬂ)]
— o[x( V(x))l—(r+n)l(5+n)(W(x))(Hn)/(an)] s (0 < v <L 3) .
Next suppose that v >0 and 6 — 1 < v < 4, then we obtain

7+ —_ F(’Y + 2) i _ 7—3 A8
(410) 4r7e) = o TOED 1)80(90 85 A%(t)dt

- O[S:(CI} — tyitage W(t)dt] = o[x“ W(:v)g:(x — t)f"’t"“dt]
= o[m’””“ W(x)SZ(l - u)r~6u—«du] = o[z W(w)] ,

by (2.6) (i) and (2.9). From (4.9), (4.10) and (2.7), we get

4.11) A7(x) = (L/x)[B7(x) + vA" ()]
— 0[( V(x))l—(r+n)l(5+n)(W(x))(r+7))/(ﬁ+’fl) + xr—ﬁ W((U)]
— 0[( V(x))l-—(T‘H))/(B‘FVI)(W(m))(r+7])/(6+‘fl){1 + xr-—ﬁ( W(x)/ V(x))l_(ﬁ”)““")}]
— O[(V(x))l—(r+n)l(6+n)(W(x))(r+n)/(a+7,)] as x— oo .

If 0 <0 <1, the result may be proved. And if 6 > 1, suppose now
0<v<d—1 and assume the result with v replaced by v + 1. Then it
follows that

= ol(L/2) (V@) =+ (W @))\r01+0
+ (V(x))l—(r+1+n>l(8+n)(W(x))(r+1+n)/(ﬁ+n)}]
— 0[( V(x))l—(rJr’l)l(Hr/)(W(x))(r+77)l(6+ry)] as L — oo .
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and the result is proved by induction on .
(III) Proof of the case. —1 < a < 1and 8 > 0. First assume Theorem

I with g replaced by g8 — 1. Then, since —1 < a <1, it follows from
(2.9) and (2.6) (i) that

4.13) A(2) = S:A"(t)dt - O[S W(t)dt]

x
0

- O[S:t"t“" W(t)dt] - o[x“ W(x)g t‘“dt] — s W(@)] -
By (1.1) and (4.13), we get

(4.14) B’(x) = o[x W(=)] ,
By (2.8), we have, for 0 < t = O] W(x)/ V(x)]"**7,

(4.15) B@) — B — &) = (& — [A(@) — A@® — )] + E:_t[A(x) — A(w)]du
— O[st" V()] + O[S:v” V(x)dv] — O[ts V()] -

Thus, the hypotheses of Theorem I are satisfied with B(x) — B(x — t)
instead of A(x) — A(x — t), with B’(x) instead of A’(x) and with g —1
instead of g.

The rest of the proof is essentially the same as for case (II), then
the result is proved by induction on S.

5. Proof of Theorem II. First suppose that -1 <a <0, 83 <0 and
let us put, for any ¢ > 0, { = [¢eW(x)/ V(x)]'“*”. Then we have some ¢
such that x — (p + 1) > 0 by (2.7), and let 6 = p + a, where 0 < a<1
and p is a non-negative integer.

Then we obtain, by (3.3),

G1)  HA®w) = (UT(p + 1)47* A7)
- Ag[gz”dtlgt‘“dtz- : -S:’”“[A(t,,) — A(x)]dtp]

131 p—1

=I,+1I,, say.
By (2.12) and Lemma A, we have

(5.2) I, = 47 A%(z) = ar“(x + C — A2 AN(b)dt
= a 3 (-1(B) @+ € = vmare + (0 — mojat

m

<p>gx+<p+1—m)c(x T (p+1—m— wr A w)du

m/)) e+ p—mc

of Wiz + (p + 1 — m){}] = o[ W(w)] .

I
|
M
|
=

3
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By (2.11) we have, for @ — (p + 1)¢ > 0,

6.3) I = —Ag[y“dtl-.- Sz""“[A(tp) - A(x)]dt,,]

z p—1

—aKZ(c — u)““du[szdtl-n Sz{A(u b e 4ty — A(u)}dt,,]
< aK (e (€ — Vi + pdu
< Kpitret1Vig) .
Then, we have, by (5.1), (5.2) and (5.3),
(5.4) A@) < E/C) W) + K'C V(@)
-— (1 + K’)sf//(ﬁ-i—ﬂ)(V(m))lﬂ(ﬁ/(l;-!-r]))(W(x))ﬂ/(5+7,)

Next, by (8.4) and (2.11) we obtain

(6.5 A@) = W] QTP + V)22 A7)

tp

o[ g - o]
>— (7" W) — K"TV(x)
> — (1 + K")G”“H’”(V(x))‘“(’i““””(W(x))”f""”’ .
Thus, by (5.4) and (5.5), we have
(5.6) |A(@)| = O[(V(@))" 7 (W(@)y" "] as o —co .

The rest of the proof is similar to that of Theorem I.
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