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1. Introduction and definitions. Suppose X and Y are Banach
spaces, Y being real, and B = B[X, Y] is the space of all bounded linear
operators from X to Y. Let Y+ denote the weak sequential extension
[9] of Y, considered as a subset of Y**. Unless otherwise specified, Y+
will be taken with the norm topology of Y**. McWilliams [8] has shown
that for a real Banach space Y, Y+ is norm closed in Y**, hence Y* is
also a Banach space. By a summability method from X to Y* we mean
a matrix A = (a,,) of elements of B. We denote by m(X), ¢(X) and ¢,(X)
the spaces of X-valued bounded, convergent and null sequences, respec-
tively. A notion of almost convergence for elements of m(X) has been
defined in [3]. It is shown there that a sequence ¥ = {x,}e m(X) is
almost convergent if and only if {x*(x,)} is almost convergent in the sense
of Lorentz [7] for each #*e X*. In general the limit is a point in X**,
or more precisely, a point in X*.

DEFINITION 1. A method A is conservative if for each y = {x,} € ¢(2),
Yo = Do Uui(X,) exists as a point in Y+ for each » =0, and {y,} is a
convergent sequence in Y+.

DEFINITION 2. A method A is almost conservative if for each y =
{x,} € e(X), ¥, = D=0 a,i(2,) exists as a point in Y+, and {y,} is an almost
convergent sequence in Y.

DEFINITION 3. A method A is regular relative to an operator
Le B[X, Y] if for each y = {z,} € ¢(X) with lim, .2, = 2, ¥, = D7 0a..(x))
exists as a point in Y* for each » = 0, and lim,_.. ¥y, = L(z) in Y*.

DEFINITION 4. A method A is almost regular relative to an operator
Le B[X, Y*]if foreach y = {#,} € ¢(X) with lim, .2, = @, ¥y, = D 0..(%:)
exists as a point in Y™, and {y,} is almost convergent in Y+ to L(x).

In section 2 we give characterizations of conservative and almost con-
servative methods. In the first case we obtain a general form of the

1) I am indebted to the referee for his careful attention to detail, and his helpful sug-
gestions.
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classical Toeplitz theorem. It should be noted that our version differs
from that given by Kurtz and Tucker [5] in that we have chosen the
norm topology in Y*, while they have given Y+ the weak* topology
from Y**. In the second case we obtain a more general form of the
result given by King [2]. In section 3 a result is given for a type of
strong regularity similar to that considered by Lorentz [7] in the scalar
case. Hausdorff methods are considered in section 4, and in section 5
the preceding results are used to give a stronger form of the mean-
ergodic theorem.

2. Conservative and almost conservative methods.

THEOREM 1. The method A is almost conservative if and only if

(i) || 2200 @ur (@) |ly = M sup, ||z, || for all m,nmn=0 and each
{z,} € m(X).

(ii) a,.(x) almost converges (m— ) in Y+ to ¢,(x) for each k= 0,
rxe X.

(iil)) Do au(®)} s almost convergent in Y+ for each xe X. We
call this limit L(x).

We first observe that condition (i) is equivalent to

(1) | 2280 @ui(®s) [ly+ < M sup, || @ || for all n =0
and each {w,} € m(X), the series being weakly convergent in Y. This
equivalence has been shown in [5].

LEMMA 1. Condition (1) implies |||l < M for all n, k£ = 0.

LEMMA 2. Conditions (i) and (i) imply ¢, € B[X, Y*].

Proor. Take y*e Y*, then

[l ex(®) |[|y+ = sup | lim y* {a“k(x) + oo Burp(®) H
ly*st p+1

< sup Tim || y* || H%k(x) +2;-J;-1Fan+p,k(w)u

p—oo

lly*lIS1 pooeo

=Mll=].

LEmMA 3. Conditions (i) and (i) imply S.v, ci(x,) converges in Y+
for each {x,} € cy(x).

Proor. Given & > 0, choose N > 0 such that k = N implies ||z, || <
e/M. Take yf, y>e Y* and set ¢, = sgn yjc,(x;).
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»
< |l || Tim
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8
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If we take r = N we have || Xi_, c.(x)) |ly+ < &, and since Y* is complete,
Siroo cx(x,) exists in Y.

LEMMA 4. Conditions (i) and (iii) imply Le B[X, Y*].

Now consider an element y = {x,}€¢(X), and suppose lim,.. 2z, =
We will use the notation {&} = (0, ---,%,,0, --+) and {2} = (z, =, )
Exactly as in the classical case one can prove the

8

/\—/ .
LEMMA 5. ¥ = Do {®: — @} + {&}, the convergence being in ¢(X).
Proor oF THEOREM 1. For the sufficiency, suppose A satisfies the
conditions (i), (ii) and (iii), and consider xcc¢(X). Then we have y =
— .
Sz, — 2} + {x} where x = hmnw z,. Set

n+p oo

tus(X) = m ]Zn kZ (%)

For each z*e (Y*)* we have

n+p
| 2%, | < L2 ” Py
p I=n
< || 2* nMsgpuxkn
so that z*¢,,€ c¢(X)* for all n, p = 0, and
2 u(l) = X 2 tus((@ — 3) + ¥ Es((a))

Conditions (ii) and (iii) imply lim,.. 2*¢,,(x) = 2*¢,(X) exists for a funda-
mental set in ¢(X), hence for all y € ¢(X). Define

1) = 35 eu(ws — @) + L) -

Given ¢ > 0, choose N > 0 such that sup,.y.:|l%. — 2 || < ¢ and

S o, — as)HY+ <e.

k=N+1



392 J. C. KURTZ
Then there exists N, such that » = N, implies
[2%C,,(0) — 2%¢(0) | = | 2*tap({2}) — 2* L(x) |
N P
+ 3% | #*tuy({E — a)) — oo — o) |
e 1 sup f1a— =l + | 5 et - o)}
Se+ |[2*]|(M+ 1)) forall n=0.

Therefore {35, @..(2,)} is almost convergent in Y* to
L(x) + k2=0 Ok(xk - x) .

The necessity of conditions (ii) and (iii) follows immediately by consider-
ing the sequences (z, z, -+-) and (0,0, --+, 2,0, ---) for each xe X. For
condition (i) we consider any y € ¢(X) and set T,,(%) = Dir-o@ui(x). Then
T..c€ Ble(X), Y**], and since A is almost conservative, {T,.(x)} is w*-
convegent in Y**, hence bounded and therefore there exist numbers M,
such that ||>r-a..(x) ||y < M, sup, ||2.|[. If we denote lim,_.y*T,.(%) =
y*T.(x) then T,e Ble(X), Y*] and || T, || £ M,. Since {T,(x)} is almost
convergent in Y+ it is bounded, and hence there exists M such that
[| T llstecrr+1 < M. If we truncate y at k¥ = m we have the condition

I T N+ = || ant)]| = 22 sup [l

which is (i).

COROLLARY 1. A is almost regular relative to a linear operator L
from X to Y* if and only if conditions (i), (ii) and (iii) hold with
c(x) =0 for all £ =0, ze X.

THEOREM 2. The method A is conservative if and only if
(1) | 2500 tn(@) lly = M sup, || .|| Sfor all m,n=0 and each
{z:} € m(X)
(ii)" @, (x) converges (n— ) in Y+ to c,(x) for each £k =0, xe€ X
(i) S0 anr(®)} ts convergent in Y+ for each xe X.
We call the limit L(x).

Proor. For the sufficiency, one can easily show (see Lemma 3) that
for xec(X), both >, a..(x,) and >,7,c.(x,) converge in norm. If
xec(X) then we set T,(X) = X0 @u(® — @) + 2i= @ui(®), where
z = lim,_.%, and T(x) = S5, ci(x, — ) + L(x). Then we have
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1 Ta() — Tl = || Xfmo @) — L(@) ||
N
+ kz=“0 | @ni(r — @) — Cu(z, — ) ||
+ H i (2, — x)“
k=N+1
+ ” i (@, — w)”
E=N+1
and the conclusion follows at once. The necessity follows as in Theorem 1.
COROLLARY 2. A s regular relative to a linear operator L from X
to Y* if and only if conditions (i), (i)’ and (iii)’ hold with c.(x) = 0 for
all k=0, xe X.

3. Strong regularity. We are unable at this time to give a com-
plete analogue to Lorentz’ characterization [7] of strong regularity, but
the following partial result proves to be useful.

THEOREM 3. Suppose A is regular relative to Le B[X, Y*], and for
each € > 0 there exists N > 0 such that

(*) “kz__o (ank - a’n,k+1) Ly

o = €SUD [[@ ]
for all n = N and yem(X). If ye m(X) is such that

lim

p—rco

x,,+---+w,,+,,_xH:O
p+1

uniformly in n, then

lim

n—oo

go @, () — L(x)

=0.
y+

ProoF. Given ¢ > 0, choose p, such that

1
p+1

(wn+"'+xn+ll)=x+anp

where || @,,|| < ¢ for p = p, n = 0. Fix p = p,. We then have
"1_ 2 amn(xn + e + xn+p) = Z am’n(x) + Z amn(anp) .
»+ 1 »=o n=0 n=0

A short calculation yields the formula
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3 Gual@) = L@) = 5, (@) — L(@)

p—1 p—1—1

+ 5, tnn@) + 5 (o) = =25 5751 (o)
1 i i nz—‘l ( )
B » + 1 7=p =0 k=n—0p Oy = Qm,ot1) Tn

This yields the estimate

12 ant@) - 2@ | = [ e - L@

-

p—1—1

1  estec
»+1li=o Z‘o | G (@ass) [l

p—1
+ Me + nz;o ” amn(xn) “Y“'

1 P
+m§0 z\;o (Cmt — Qo it1) Rip -
where
0 ; 0sk=p—-p-1
k+p
_ X% ; p—p=k=p-—2
zkp— n=p
k+po
> 3 k=zp-—-1
n=k+1

and sup, || 2, || < o sup, ||, ||.
Now choose N such that m = N implies

“Z (@i — G is1) T . = &3' sup ||z || .
k=0 Y p k
Then there exists N, = N such that m = N, implies

3% Gus(@) — L(@)| S ¢+ Me+ M+ 2esup]la, |

T+—1)Z psup || 2, |

=@+ M+3supff@.)e.
The conclusion follows.

4. Hausdorff methods. Consider now a Hausdorff method H(y) de-
fined by setting a,, = (Z’) 4"*u,, where {¢,} S B[X, Y]. Suppose (i)
e (Z) g ;z,,(x,,)“Y < Msup, ||z || for all n>0,
x € m(X). Conditions (iii) and (iii)’ are then automatically satisfied since

is satisfied, i.e., ,
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Do GZ) A4"7* p(x) = po(x). In [5] it is shown that (i) is equivalent to
the existence of a function K(f)e B[X, Y*] for ¢e[0,1] such that K
satisfies the Gowurin w-property [1] and g, (z) = SldK(t) . (tx) for all
n =0, xeX, the integral converging in Y+ norrrol. Using the same
method as in [5] one can show that a,,(x) converges weakly in Y+ (n— o)
for each k, hence condition (ii) is also satisfied. As a result, H(y) is
almost conservative if and only if condition (i) holds. It has been pointed
out by D.H. Tucker (private communication) that condition (ii)’ does not
follow automatically from condition (i) as in the scalar case. However, if
we assume that the generating function K (t) is continuous at ¢ = 0, then
we have

lowte) v = (1) [[ k0 0~ o-sa,.

iy
= (&Y (- £y weian

+ (Z)a"(l — WK || % ||

1

deﬁm-ﬂwﬂL

where the first term can be made small independent of % by choosing o
small, and the second term tends to zero (n—o) for & fixed, and it
follows that (ii)’ is satisfied.

Now suppose H(y) is regular relative to Le B[X, Y*] and p,(x) =

S:dK(t) . (D).

THEOREM 4. If K(t) is continuous at t =0 and t =1, then H(p)
satisfies the condition (x) of Theorem 3.

LEMMA 6. If 6 > 0 is fixed, then

lim sup znl (n)t"(l — )k — ( n )tk+1(1 — )k =0,
E+1

n—oo SE<S1—8 k=0 k
PRrOOF.
n n n
tk 1 — t n—k __ tk+1 1 _ tn—k—l
;(k< ) Q+J -1

n

L k n—k
=1_Z<k)t(1-—-t)

— t =0

n+1l|k+1
E+1in+1

t
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We split the sum according to the sets

A={k:'t—£ii|<a} and Bz{k:‘t—— zii'ga}

where a > 0.

a < + k n—k
=7 tz()k+1t(1_t)

0

%

I

_a_nﬂ "+ k — )+ —k
td—1) E( k )”1 2

a < (44
td—1t ~ o1 —90)

In the second sum we use the estimate
k4 1\
t _
( n + 1)

a2

kE+1

e

II

i)

@ (1 2 ( )tk(l — o (e~

n+1 n—f—l
= Fm+l )%:(1-@2( i

-1
a(n+1)°

Given ¢ > 0 choose a such that a/(6(1—0)) < ¢/2. Then n = 2/(a%) — 1

implies
( tk(l t)’n—k . ( n ) tk(l _ t)'n—k—-l
k+1

2
PrOOF of THEOREM 4. Take ¥ = {x.} € m(X) .

=0
n
l k2~o (@nr — i) T

- ”SldK(t) > {(n)t"(l — (k Z 1)t’°+‘(1 - t)”“"“‘}:c,,

e 10+ 5

< {2 WiK + 2W.,K + WK sup 3, '(Z)t"(l —

)tk(l — Bk [ — (n 4+ 1)E]?

<

+==c.

£
2

| o

< +

b

yx

8St=<1—d k=0

(1 Jera - oo swia
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The conclusion follows now from the continuity of the Gowurin constant
at t =0 and ¢t =1, and Lemma 6.

5. The ergodic theorem. Now let X be a reflexive Banach space.
In this context Lorch [6] has proved that if Ve B[X] such that || V*|| < C
for all » = 0, then the sequence {V"} is pointwise (C, 1)-summable in X
to P, the projection onto the null space of (I — V). We first extend
this result.

THEOREM 5. If Ve B[X] such that || V"|| < C for all m =0, then

V(@) + oee + V(@)
p+1

uniformly in n for each xe X.

lim

p—oo

o], -0

ProOF. Let N = ker(I—V) and R = closure of the range of (I—V).
Set T,, =1/(p + 1)(V*+ e« +V**?)., If e N then T,,(x) =x. If zeR,
then there exist y, z€ X such that x = (y — Vy) + z with ||z]| <e. We
then have

Vn

T, =
o) =~

(W= V7" + &+ Va+ oo + V52)
hence

| Top(@) | = 2CHYll 4 c2e (assume C = 1)
p+1

so that lim,.. T,,(®) = 0 uniformly in n». The remaining details follow as
in Lorch [6].

COROLLARY 3. Let H(y) be a Hausdorff method regular with respect
to Le B[X, Y] with generating function K(t) continuous at t =0 and
t=1. Then

lim

n—oo

) (Z) 4 (V¥(@)) - LP@)| =0

for each xe X.
Proor. Apply Theorems 3, 4 and 5.

We should note here that the convergence is in Y rather than Y+
since Le B[X, Y] by assumption. This corollary has been proved directly
by Kurtz and Tucker [4]. They assume a weaker form of regularity
which is equivalent to (i) (their condition A), however the assumption
that K(t) is continuous at ¢t = 0 implies our stronger type of regularity,
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as was noted in section 4. The condition of continuity of K(t) at t =1
becomes transparent from this point of view also when one remembers
that in the scalar case continuity of the generating function at ¢ =1 is
necessary and sufficient for strong regularity [7]. Our methods also
yield the stronger

THEOREM 6. If Ve B[X] such that || V*||<C forall n=0, A is a
method regular with respect to Le B[X, Y*], and A satisfies condition
(*) of Theorem 3, then

lim |55 0, (V@) — LP@)| =0

k=0
for each xe X.
PROOF. Apply Theorems 3 and 5.

COROLLARY 4. If X =Y and A is a strongly regular scalar method,
then

lim

n—oo

S 0uVH@) — P@)| =0
k=0 X
for each xe X.

Proor. If yem(X) then

”2 (@ p — Crr) T Ssup || @ || X | @ue — Cayera
=0 x k i=o

hence (+) is satisfied. The result follows.
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