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1. Introduction. The original motivation for this work was the fol-
lowing idea. Suppose one could prove that if T:S"— S* is a PL involution
without fixed points, then there exists a PL sphere S*'c S" such that
TS** = S*', This would constitute the induction step in a proof that
each fixed point free PL involution on S* is conjugate, in the group of
homeomorphisms of S", to the antipodal map, . In the smooth case,
one might try to argue in a similar way, but with due regard for the
groups 4,, [8].

This idea does not work. There are obstructions to finding a PL
sphere S*~' in S” such that T'S*! = S** when 7 is odd. When n = 4k — 1,
there is a symmetric bilinear form whose index is determined by the pair
(S, T) and which is the obstruction in this dimension. When n» = 4k + 1,
the bilinear form is skew-symmetric with an associated quadratic form
Vo (over Z,). The obstruction in this case is the Arf invariant of 4.
Similar obstructions are encountered in trying to answer the following
question: Suppose Sy~ and Sr' are two spheres in (S*, T) such that
TSy =8¢ 4=0,1. Then are the involutions (S, T|Sz™") and (Sr,
T|S*™") equivalent? Here we call two involutions (S,, T}) and (S, T.) PL
or smoothly equivalent if there is an equivariant homeomorphism, PL or
smooth, of (S,, T)) onto (S,, T;). This paper supplies the proofs of the
theorems announced in [5]. Since the work described here was com-
pleted, (in 1965) much progress has been made in classifying fixed point
free involutions, smooth or PL, on homotopy spheres. It does not seem
appropriate to list here all of these works, especially since the thesis [9]
of Santiago Lopez de Medrano contains a complete bibliography of this
subject. Let it suffice to say that many of the obvious questions raised
here have now been answered. See, in particular [9] and [21]. We shall
work in the smooth category, but all of the results hold in the PL category.

2. Characteristic submanifolds. Let T: W— W be a smooth, fixed
point free involution of the smooth manifold W. Denote the orbit space

* During the course of this research, both authors were partially supported by N.S.F.
grants.
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(quotient space) by W/T. Then n: W — W/T is a principal Z,-bundle, and
is classified by a map g: W/T — P" (real projective N-space) for N large,
[16]. Choose a smooth map h: W/T — P¥ homotopic to g and transverse
regular [19] on P"'. Then h lifts to an equivariant map ke (W, T)—
(S¥, %) which is transverse regular on S"™'CS¥. Let E and F be the
upper and lower hemispheres of S¥. Then if A =4'E and B = L'F,
we have TA = B and AN B = M = k(S"™) is a T-invariant submanifold
of W of codimension one.

DEFINITION. If M is a smooth submanifold of codimension one in W
such that W= AU B where AN B =M and TA = B, then M is a char-
acteristic submanifold of (W, T).

REMARK. It is easily seen that an equivariant map of M into S¥*
may be extended to a map of (4, M) into (E, S"') with A — M mapping
into E — S, and then to an equivariant map of W into S* which is
transverse regular on S*~'. Hence all characteristic submanifolds arise
by the above construction, starting with the classifying map.

Let us specialize now to the case W = 2", a smooth homotopy sphere
of dimension n. The following lemma is the first step in making a char-
acteristic submanifold M < 3" as highly connected as possible.

LEMMA 2.1. If T:3"— 3" is a smooth, fixed point free involution
and n > 1, then X" contains a connected characteristic submamnifold.

ProOF. Let M be a characteristic submanifold. Then M/T carries
the unique non-zero element of H, ,(3"/T; Z,), dual to the l-dimensional
cohomology class f*x, where = generates H'(P") and f:2%/T— PV is the
classifying map. Hence a (unique, by the ring structure of H*(3/T; Z,))
component of M/T carries this element, which implies that the double
covering, M, of this component in Y is connected. It is clear that the
involution interchanges the two components of ¥ — M, so that M, is a
characteristic submanifold.

LEMMA 2.2. If n>3, then there exists a l-connected characteristic
manifold M C 3™+,

Proor. Let M be a connected characteristic manifold. Let g, «--, g,
Tg,, --+, Tg, be a (possibly redundant) set of representatives of generators
for n,(M), consisting of disjoint, simple closed, smooth curves. The proof
of lemma 3.1 of [4] may now be applied to this situation, with a little
care taken to see that the modified manifold remains T-invariant. This
care amounts to choosing, for each disc d; with boundary dd; = g;, the
disc 7d; as the disc whose boundary is Tg;. We may suppose d; and 74d;
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are disjoint since » + 1 = 5.
Lemmas 2.1 and 2.2 are the first two steps in the process of trans-

forming M, by equivariant handle exchanges into an [(n — 1)/2]-connected
characteristic manifold. The induction step is the following.

LEmMMA 2.3. Let n=5. If 3" =A,,UB,_,, where TA,_, = B,_,,
and A, N B,_, = M?_, is a smooth, (k — 1)-connected n-submamnifold, then,
for kE < [(n — 1)/2], 2" = A, U By, where TA, = B,, and A, N B, = M is
a smooth, k-connected, n-submanifold of X**'.

PrOOF. We shall indicate the proof only for the case n odd and
k = (n — 1)/2, since this case contains all of the ideas for the other cases.
Let A,_,, B,_,, M,_, be as above. Then from the Mayer-Vietoris sequence,

o = Hiya(Z™) — H(M, o) — Hi(A,-) @ Hu(Byy) — H (")
is exact, and hence, since n + 1>k + 1, and k& > 0,
0— H(M,_,) — H(A:_) ® H,(B;_) — 0
is exact. Let a: M,_,— A,_, and B8: M,_, — B,_, be the inclusions. Then
H,(M,_,) = ker (a, @ ker By, and T, kera, =kerpg, .

Further, B,:kera, — H,(B,_,) and a,: ker 8, — H,(A,_,) are isomorphisms.
Let # be a non-zero element of kera,. By the Hurewicz isomorphism
theorem and results of Whitney (see for example [11], lemmas 6.11 and
6.12) x is represented by an imbedded sphere S*cC M,_,. Since 2k < u,
a general position argument allows us to assume #S* N T%S* = @, or one
may argue as follows: the imbedding of S* into M,_,, followed by the
projection 7: M,_, — M,_,/T (the quotient space) may be approximated by
a homotopic map g¢: S* — M,_,/T which imbeds S* in M,_,/T, [11]. Then
7' (gS*) = iS* U TiS* is a disjoint union of spheres, where iS* represents
2, by the covering homotopy theorem.

Since xekerca,, 2S* bounds a singular disc <D***c A,_,, which we
may suppose is smooth and meets M,_, orthogonally, only at points of
1S*. By an argument due to Milnor [12], we may suppose that D**' is
actually imbedded in A,_,. Supposing that M, , is totally geodesic [13]
in a neighborhood of S*, we may imbed D**' x D" * in A,_,, using the
exponential map from a suitable neighborhood of the zero cross-section of
the normal bundle of D*+' in A,_, so that, if ¢ denotes this imbedding,

1) «(D*' x D** N M,_, = S* x D**,

2) B,_, Ui(D** x D**) is a smooth manifold with boundary except
for a corner along 4(S* x dD"*).

We may further suppose, since iS* N TWS* = @, that i(D*** x D" %) n
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Ti(D** x D** = @. Let «(D*' x D" ¥ = N, and let N be the interior
of N relative to A,_,. Now let A, , = A, ,UTN— N, B,_, =B, ,UN —
TN. Now smooth the corners equivariantly on A;_, and B;_, to get A},
and B..

The above constructions may be carried out for k < [(n — 1)/2]. We
now shall assume = is odd and k& = (n — 1)/2, and show that the above
process for obtaining A}, and B/, from A,_, and B,_,, called equivariant
handle exchange, can be repeated until the resulting characteristic sub-
manifold, M,, is k-connected. The argument is simpler for k < (n — 1)/2.
Before completing the proof of lemma 2.3, we need an additional lemma.

LemMA 2.4. If H(M,.,) = F, DX, where F, is free abelian of rank
r and £ is a finite group, then M,_, can be replaced by M _, by equivariant
(k + 1)-handle exchange, so that H (M, ) = F,_,D<X.

PROOF. Let x, as above, be a basis element for an infinite cyclic direct
summand of kera, C H,(M,_,). Then since the sequence

— Hos(M,) =5 Hy(Ays) — Hyi(Aisy My
il a
— ch (Mk——L) ’-“*" Hk(Ak—l)

is exact, and «, is an epimorphism, there exists a unique y € H,,,(4,_,, M,_,)
with dy = x, and y generates an infinite cyclic summand in H,.,(4,_,, M,_,).
Then by Poincaré duality, there exists e H,,,(A._) :::,uch that y-u = 1.
Hence S* = 0D"* is homologically trivial in A — N. The appropriate
Mayer-Vietoris sequences give the exact sequences:
0 _— Hk(Sk) —_— Hk(Bk-l) —_—> Hk(Bk—-I U .N) _— 0
and
0 .
—— Hy(8") — Hy(A — N) — H,(4) — 0.

Hence H,(B,_,) = Hy(B,_, UN)@® Zand H,(A,_,) = H,(A,_, — N), where

Z is generated by B,x. Notice that 6T,y = Ty, where T,x, reprpsented
by TS*, generates an infinite cyclic summand of H.(4,_, — N), and
T.y-T.u = x1. Her}ce TS'* is homologically trivial in B,_, — TN, hence
also in B,_, U N — TN. Again, from the appropriate Mayer-Vietoris se-
quences, we have exact sequences

0 —> H(TS*) —> H(A,, — N) —> H(4,, — NU TN) — 0
and

0 .
— H(TS'"*) — H,(B,_,UN - TN)— H,(B,.;UN)—0.

Hence H,(A,.,) = H,(A,_, — N) = H(A,.., — NUTN)® Z, where Z is
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generated by «,T.x, and
H(B,.UN— TN)®Z= H,(B,.,UN)® Z = H(B,_,) .

This completes the proof of Lemma 2.4.
By a finite number of applications of Lemma 2.4, we may reduce
H,(M,_) to a torsion group.

REMARK. Notice that the process used in Lemma 2.4 does not change
<, a fact which will be of importance later.

In order to kill the torsion elements in H,(M,_,), we need to use
linking numbers. Let L(z, y) € @/Z be defined as in [15], page 524. (See
also [8].) Since for x ekera, or ker B, c H, (M), L(x, x) = 0, the applica-
tion here is somewhat different from that in [8]. There are two cases
to consider.

(@) If L(z, Tyx) = 0, where € ker o, C H,(M,_,), which we now may
suppose is finite, then with S*, S, N and N as before, we see that 7TS*
represents an element in H,(A4,_, — N) whose order equals the order of
Bsx% € H(By_,), represented by S*. Now

H,(A,-, — N; Q) = H¥(Ai-. — N; Q) = Hy1 (44, — N, 0(A-, — N), Q)
= H,,.(¥,B,,UN; Q) = H,..(B,.,UN; Q) .
Since H,.,(By—;; @ = 0, (by Poincaré duality, if H,(M,_,) is finite, then
since M,_, is (k — 1)-connected, H,.,(M,.) = 0) we see that H,, ,(B,_, U
N; Q) = Q. Hence H,(4,_, — N) is the direct sum of a finite group and
an infinite cyclic group. From the Mayer-Vietoris sequence of (4,_,, 4,_, —
N, N) we have the exact sequence

— Hy(S"") — Hy(Ar—. — N) — Hy(A,_) — 0.

Since H,(A,_,) is a finite group, and H,(4,_, — N) has an infinite cyclic
summand, we see that the sequence becomes

0-Z—-Z+G@—-G—0,

where G’ and G are finite groups. It is now easy to verify that G’ h?.s
no more elements than does G. Hence the torsion subgroup of H,(A4,_,— N)
is no larger than that of H,(A4,.). The Mayer-Vietoris sequence for

o

(A, — NU TN, A,_, — N, TN) now gives us the exact sequence

— H(TS¥ — Hy(A,_, — N) > Hy(A,., — NU TN) —0,
where the generator of H,(TS*) maps to an element of ﬁnitg order in
H,(A,_.. — N). Therefore, the t9rsion subgroup of H,(4,_, — NU TN) is
smaller than that of H,(A,., — N), and thus smaller than that of H,(4,_,).
The same is obviously true of H,(B,.,U N — TN) and H,(B,_.,). Now,
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by an equivariant handle exchange, we may kill the free parts of
HyB,.,UN — TN) and H,(4,, — NU TN) without changing the torsion
parts, by Lemma 2.4. (See Remark following Lemma 2.4.) Thus in case
there exists « e ker a, such that L(x, T,x) = 0, the number of elements
in H,(A,.) and H,(B,_,) may be reduced by equivariant (¥ + 1)-handle
exchange. ]

(b) Now suppose L(x, Tx) = 0, where x, S*, S’*, N, and N have the
same meaning as above. Let ! be the order of z in H,(M,_,). Suppose
L(x, Tx) = U'/l, where 0 <!’ <l. Since 0: H,,,(A,_,, M,_)) — H,(M,_,) is
an isomorphism of H,,,(4,_, M,_,) onto ker @, there exists a unique y,
of order I, in H,,,(A,_,, M,_) such that oy = x.

Let L,(= L, above) denote the pairing, by linking from kerea, X
ker 8, c H,(M,_,) x H,(M,_,) to Q/Z, and let L, denote the pairing, by
linking, from H, ,(A,..,, M,_) x H,(A,.) to Q/Z. These functions are
related as follows: L,(u, @,v) = Ly(0u, v). In particular, if D** is a disc
in A,_, with boundary S*, and brackets { } denote homology class, then
Ly (x, Tx) = U/l implies that L,({D*"}, {TS*}) = U/l.

Hence we see that I'S’* is homologous to !T'S* in A,_, — N, and that
H,(A,_, — N) has one infinite cyclic summand. From the Mayer-Vietoris
sequences, we may extract the exact sequences

0 — H,(S") — Hy(A,_. — N) — Hy(A,_) —0
and
0— H(TS*) — Hy(A;. — N) — Hy(4,_, — NU TN)—0.

Let ¢’ denote the image of the generator of H,(S'*) in H,(A,_, — N), and
let € denote the image of the generator of H,(TS*) in H,(A,_, — N ). Then
the relation I'S"* ~ [TS* in A,_, — N implies that l'e’ = le. It is now an
easy exercise with indices of subgroups to show that H.(4,_, — NuU TN)
has fewer elements than does H,(A,_.). Hence we see that by equivariant
handle exchange, we may reduce the size of H,(A4,_,), whether or not
L(x, Tx) = 0. By iterating these processes, we may finally obtain a k-
connected characteristic submanifold M, = A4, N B,, where A, U B, = 3%+,
and TA, = B,. This proves Lemma 2.3. Lemmas 2.1-2.4 imply

THEOREM 2.5. If n =5 is odd, then (2", T) desuspends to (S*, T/S")
for some T-imvariant S™cC ™.

3. The signature of (2**3, T). In order to define this invariant and
not merely its absolute value, we must make some choices. First, fix an
orientation for X**2 and an orientation for each standard sphere

StcS'ceee St S C ..,
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on which the antipodal map, 2, acts. This will now determine an orienta-
tion for any characteristic manifold M c ¥ as follows. Let f: (%, T) —
(S*+3, ) be a smooth, equivariant map, transverse regular on S*+2, such
that f~'(S***) = M. Furthermore, require f to be orientation preserving.
Then there is a unique orientation of (M), the tangent bundle of M,
such that a) ©(M) @ v(M) = t(2)| M, where (%) is the oriented tangent
bundle of 3, and b) 7(S***) @ f (M) = T(S**%) | S*+2, where T(S**%) is
the oriented tangent bundle of S**2 and y(M) is the normal bundle of
M, oriented so that b) holds. Intersection numbers are now defined as
follows. If xe H,, ., (M), let Te H**'(M) denote the Poincaré dual of x
(that is, Z N ¢t = x, where p is the generator of H,, ,(M) determined by
the orientation of z(M)). Then if x, y € H,,,,(M), the intersection number,
%y, of  and y is defined by z-y = {Z U ¥, ) where {, > denotes Kronecker
product. In terms of this bilinear form, a related bilinear form, B, is
defined which determines the signature o(2**2 T).

DErFINITION. If 2z, y € Hy, (M), let Bz, y) = - T, y.

LEmMMA 3.1. B 1s a symmetric, unimodular bilinear form on the
quotient of ker a,, modulo its torsion subgroup.

Proor. The intersection form, z -y, annihilates torsion elements, and
by Poincaré duality, has determinant +1 on H,,,,(M)/S(H,..,(M)), (T(G)
denotes the torsion subgroup of G). If x, y ekera,, then ¥ and ¥ belong
to the image 1*H**'(A). Let ¥ = 1*u, ¥ = 1*v. Then

xey =GFu U, ) =<uUv, i) =<ulUv, 0 =0.
Similarly z.y = 0 if #, y € ker B,.

Hence the form x-y, when restricted to kera, x ker B, (modulo
torsion) has determinant + 1. Since T, ker @, = ker gB,, B has determinant
+ 1 when restricted to kera, modulo its torsion subgroup. B is sym-
metric since

B(@,y) =<@U T, ) = —(T*y Uz, py = — TG U T*T), &

Note that T,pt = —p since T preserves orientation in Y*+, and hence
reverses orientation in M, since T interchanges the components of 5 — M.

DEFINITION. The signature, o(2*+3 T), of the fixed point free, smooth
involution 7 on the smooth homotopy sphere X*+® is the index of the
symmetric bilinear form B defined on ker @, (modulo torsion) C H,,,,(M)/
I(Hy(M)), where M is some characteristic submanifold of (2**3, T).

Clearly, for this definition to have any meaning, we must prove
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o(2*+3 T) is independent of the choice of characteristic submanifold, M.

LEMMA. 3.2. Let M, and M, be two characteristic submanifolds in
(Z*%+, T)., Let M, and M, determine o,(2*** T) and o,(2** T), respec-
tively. Then o, = 0,.

PRrOOF. M, and M, determine equivariant, smooth maps f, fi: (2**3, T)—
(S¥, A) with N large, transverse regular on S, and with f7'(S"") = M,,
© = 0,1. Since f,/T and f,/T classify the same Z,-bundle, they are homo-
topic, by a map F: (2% x I)/T x 1— P¥. We may suppose that F is
smooth, and transverse regular on PY', F then is covered by an equi-
variant homotopy F: (Z**% x I, T x 1) — (S¥, %) such that F(8") is a
characteristic submanifold W of (F%¥+* x I, T x 1) with 6W = M, — M,.
(We identify M; with M; x ic X x I.) We now have ¥ x I = UU V,
with UNV=W,0U=4,UWUA,dV=B,UWUB,2Yx0=A4,UB,,
Yx1=AUB,ANB =M, A NB, =M,.

Consider the commutative diagram

(0%, Pox)
0 — Hypp(My) 2225, 1 (A) @ Hipoi(B) — 0

lmo* l(uw@vw)
( ’ )
0 — Hyoo( W) =2 Hypois(U) @ Hyrin(V) — 0
Iml* I(’HA*@UI*)
(as, .31*)
0 — Hy,\ (M) — Hyi(A) @ Hyii(B) — 0

where the maps are all induced by inclusions and the rows are taken
from Mayer-Vietoris exact sequences. Let j:0W -— W be the inclusion
(so 5 = my@ m,), and let x, yckerj,. Then Z, § (Poincaré duals) belong
to j*H** (W), so
B, y) =<z U T*Y, p = G*@ U T*Y), p =< U T*Y, 5. = 0,

where Z', 4’ € H** (W) are chosen so that j*z' = z, j*¥’ = y. Hence kerj,
is contained in its annihilator with respect to B. R. Thom, [20], has
shown that the rank of ker j, is half the rank of H,,.,(0W). What remains

for us to prove is that kerj, N (ker a,, P ker «,,) has half the rank of
ker a,,. @ ker a,,, since this will show that the subspace

ker j, N (ker ey, P ker ;)

is its own annihilator will respect to B, which implies that B has zero
index on ker «,, @ ker a;,, or that ¢, = 0,.

Since rank (ker j,) = rank (ker a,, @ kera,,) = (1/2) rank (H,,,(0W)), it
is enough to show that
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ker j, = kerj, N (ker e, + ker a,) @ ker j, N (ker B, D ker B.y) »

since T, interchanges these two summands, and hence they have the same
rank. But this follows from the commutativity of the above diagram.
This proves the lemma.

THEOREM 3.3. If k> 0, (Z**2, T') can be desuspended to (S*+2, T'|S*+?)
for some T-invariant S*+*cC 3%+ if and only if a(Z**3, T) = 0.

Proor. If (3**% T) contains a T-invariant S***+2, then since S**** must
be a characteristic submanifold, we must have o(3**3, T) = 0. Now sup-
pose a(2**3 T) = 0. By lemma 2.3, there is a 2k-connected characteristic
manifold, M*+2, By the Hurewicz isomorphism theorem, and by a theorem
of Whitney, (see [12]), we may represent a basis for kerea, in H,,,,(M)
by disjoint, imbedded spheres S,, ---, S,.. Furthermore, we may suppose
that each intersection S; N TS; is transverse. We now see that B takes
on only even values along the diagonal, as follows. If p is a point of
S; N TS;, then so is Tp. Since the intersection points occur in pairs, and
each pair contributes either zero or -+ 2 to the intersection number, it
follows that B(x, ) is even for each x in ker a,. (Actually, for the char-
acteristic manifold of dimension 4k + 2, each pair of intersection points
of SN TS contributes = 2, while for dimension 4k, each pair contributes
0 to the intersection number x+ Tx. This is easy to prove using frames
of vectors tangent to S and TS, where S is an imbedded sphere repre-
senting the homology class x.)

REMARK. It is a fact, which we do not use here, that B(x, ) is even
whether or not the characteristic manifold M*+® is 2 k-connected. The
proof of this seems to need the same cohomology operation used later to
define the Arf invariant. From lemma 4.5, we have

Bi(, ) = 9@ + @) + Yo() + Yo(@) = 0mod 2 .
Before completing the proof of theorem 3.3, we need two lemmas.

LEmmA 3.4, If o(2**, T) =0, then there is a basis for H, (M),
where M 1is a 2k-connected characteristic submanifold,

Ly o2y Lpy Y1y ***y Yn € ker Ay, T*xu cty T*wm T*yl, Yy T*yn € ker ;8* )
such that B(x;, ;) = B(y;, ¥5) = 0, B(x;, y;) = 0.

ProoF. Since the bilinear form B on ker a, has index zero and deter-
minant + 1, and B(x,z) is even for every «ckera, this is Lemma 9
of Milnor, [12].

LEMMA 3.5. If S* is a sphere smoothly imbedded in M®, a (k — 1)-
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connected characteristic submanifold in X*+', if S* represents an element
of kera,, and if k> 2, then given a neighborhood N of S* in M?*, there
exists a disc D™ im A such that BU D s a smooth submamnifold with
boundary in 2, and D N M is a tubular neighborhood of S* contained in N.

PRroOOF. Since z ekera,, it follows from the Hurewicz theorem that
S* is the boundary of a singular disc in A. Using the collaring of JA4,
we may suppose there are no singularities near the boundary. Then we
may apply Irwin’s embedding theorem [7] to get a PL embedding
f: D¥*'— A (in a PL structure on A compatible with its smooth structure).
If D’ is a regular neighborhood of D*+* in A, then B U D' may be smoothed
[6] to yield B U D.

NoOTE. D may not be a tubular neighborhood of a smooth (k£ + 1)-cell
in A whose boundary is S*. In particular, when k& = 3, S® may be knotted
in 0D7, and not bound any non-singular smooth disc in D.

Now to continue with the proof of Theorem 3.3. Let S, ---, S, re-
present x,, +++, ,. Then since B(x,, x,) = 0, we may use Whitney’s method
[22] to remove intersections between S, and TS,. If S, and TS, intersect
at points p,, +--, ,, Ty, -+, TD,, then since the intersection number at
p, is the same as that at T'p,, there must be another point, say p,, such
that the intersections at p, and p, have opposite signs. Choosing the arcs
and two-cells of Whitney’s method equivariantly, we then simultaneously
remove the intersections at p, p, and Tp,, Tp,, without introducing any
new intersections with representatives of other basis elements. We may
therefore suppose that representing the basis x,, «« -, ,, ¥, * -+, ¥, for kera,,
we have disjoint spheres S, ---, S,, S}, ---, S, such that S;nN TS, = &,
SiN TS; = @, and S; N TS; consists of a single point where the intersec-
tion is transverse. The basis for T, ker a, = ker B, now has these same
properties. Now apply lemma 3.5 to the sphere S, to obtain a disc D c A.
We may suppose D N M is disjoint from representatives of all other basis
elements of H,,.,(M). Then the appropriate Mayer-Vietoris sequence
becomes

h
0— Z— H, . (B)— Hy(BUD)—>0

where (1) = x,. Hence H,,.,(B U D) is free with basis &,, +«+, Z,, ¥, ***, Yn.
By Alexander duality, H,..(A — D) is free with basis Tw,, «--, T%,,
Ty,, «++, Ty,. Now apply the above argument with B replaced by A — D,
and with D replaced by TD, toobtain BUD — TD =B, AUTD — D = A,
where B' = TA', A' N B' = M' is a 2k-connected characteristic submanifold
with rankH,, ,(M’) < rank H,,,,(M). We may clearly continue this process
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until rank H,,, (M®) = 0.

REMARK. Even when o(2**3, T') = 0, the above process may be used
to reduce rank H,,.,(M) to a minimum value determined by the signature.

4. A cohomology operation. Let K be a simplicial complex with
T: K — K a simplicial, fixed point free involution. Then K/T, (the orbit
space), is a simplicial complex and we may partially order the vertices
so that the vertices of each simplex are linearly ordered. This ordering
may then be lifted to an ordering of the vertices of K by defining » < 2’
if and only if 7v < mwv’, where : K — K/T is the projection. Clearly then,
v< v if and only if Tv < Tv'. With such an ordering we will have
T(e U;7) = To U; Tt, where U; is Streenrod’s cup-sub-7 product, [17].

Let x € Z¥(K; Z,). Then there exists an element v* € C*(K; Z,) such that

k) U, T% = (1 + THo*.

To see this, observe that (1 + T*)(x U, T*) = 2 U, T*% + T*x U,x = 0 since
for k-dimensional simplexes ¢ and 7,0 U,T =7 U,0. (6 U,T=0ifo =7,
and ¢ U, 7 = 0 otherwise.)
Hence a cochain v* exists satisfying k). Now suppose cochains v*,
V¥ .. vkt gre defined, with o* satisfying k), v*/ satisfying
k+ 9) 2 Upey T + 00"t = (L + THo*7  for all
J,1<j <7 and some 9,1 <% < k. Then if 2 < k, let v****' be a cochain
satisfying
E+1+1) T TH0 + 0v* = (1 + THokriH,
Such a cochain, v*+*, exists if and only if (1 + T%(x U,_;_, T* + ov*+¥) = 0.
To see that this is true, recall Steenrod’s coboundary formula. From [17],
with Z, coefficients, we have
0w U;v) =u Uiy v+ v Uiy u + 0w U; v+ wU; 00 .
Hence
(1 + TH@ Upeiey T + 00*+)
=& Up—sy T + T Ups @ + (1 + THov
= 0(® Up—; T?) + 01 + THo*+e
=0(@ Uy T + A + THo*+)
= 0@ Uy T + 80%+ + (1 + THo*+o)
=0.
Therefore, a cochain v**i*' exists satisfying (¢ + j) with s =47+ 1, and
therefore by induction, cochains v**/ exist satisfying (& + j) for all 7,0 <
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J=k.
LEMMA 4.1. 9° is uniquely determined modulo
0C(K; Z,) + 1 + THC«K; Z,) ,
Sfor all i,k <@ < 2k.
Proor. Suppose v* and #* are two solutions of (k). Then
1+ TH(v* + 2% =0, so v+ el + THCHK; Z) -

Now suppose v*, v**!, .+ o' and o*, 9%t ..., ¥° are two sets of solutions
to (k), (k + 1), «-+, (¢), and that v + 97 €dC(K; Z,) + (1 + THCUK; Z),
for j < 4. Then from (), we have

% Uy T + 67 = (1 + TH?*
and

T Ugy Tt + 00" = (1 + THV .
Hence (1 + TH(' + %) = 6(v*~* + #*"). By the induction hypothesis,

v+ 3 e dCTHK; Z,) + (1 + THC (K Z)) -
Therefore
1+ THW + 7)) e (1 + THC (K, Zy) ,
so that
v+ 7 eoCNK; Z) + (1 + THCUK; Z) .«
We will now assume that K has a triangulation fine enough so that

for each simplex oec K,Sto and St To have no common faces. Since

T: K— K is fixed point free, this can be accomplished by subdividing K
if necessary.

LEMMA 4.2. Modulo 6C** + (1 + T*C*, v* depends only on the co-
homology class of x.

ProoOF. Suppose v*, - - -, v* satisfy equations (k), (k + 1), ---, (2k), while
o*, ««., 9% satisfy these equations with « replaced by & + do and v’ replaced
by %%, where by abuse of notation, o denotes the elementary cochain
which is one on the simplex ¢ and zero elsewhere. One choice of #7 is
to let 9/ = v/ + (T* Uy,—; 60) for k < j < 2k. This is shown by induction,
supposing % = v + (T* Uy—_;41 00), and applying Steenrod’s coboundary
formula again. Then by Lemma 4.1, 7* = »* + (T*% U do) modulo 6C*~* +
(1 + T%C*, for any choice of 7**. Now since 6(T*r U o) = T*x Udo, 7% = v*
modulo 6C*~* + (1 + T#C*.
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Let H;(K; Z,) denote the equivariant cohomology ring of (K, T),
Hi(K; Z,) the invariant homology group.

LEmMMA 4.3. (1 4+ THV?* 4s a cocycle, and the cohomology class of
A + T%Hv* in HF(K; Z,) 1is uniquely determined by the cohomology class
of x wn H¥K; Z,).

Proor. Since (1 + T#%)v* = U T# + 6v*, it is clear that 6(1 + T#v* =
0. Uniqueness follows immediately from the previous two lemmas.

DEFINITION. Let +: HYK; Z,) — H{* (K; Z,) be defined by ({x}) =
{@ + T*Hv*}, where ¢ is a k-cocycle and v** is determined by x as above.

LEMMA 4.4. Let f:(K,T)— (K', T") be an equivariant simplicial
map. Then f*y = f*.

Proor. We may partially order the vertices of K and K’ so that
T and T’ preserve these orderings, and so that f is order preserving.
This is done by ordering the vertices of K’/T’ first, then ordering the
vertices of K/T so that f/T: K/T— K'/T' is order-preserving, (see [17],
page 294) and then lifting the ordering to K and K’. Then Theorem 3.1
of [17] applies, so that equations (%), (k + 1), ---, (2k) (of the beginning
of this section) for «’' € Z*(K’; Z,) are transformed by jf* into equations
k), « -, (2k) for f*x'e Z¥(K; Z,), with v**/ chosen as f*'**/ for 0 < j < k.
Hence v f*{z} = {1 + T% "™} = {1 + THv™} = f*yla’}.

Given x € HX(K; Z,) and y € HX(K; Z,). Define <{x, y), as follows: choose
an equivariant cocycle u representing x and invariant cycle v representing
9y. Then v = (1 + T)w for some p-chain w. Now let <z, ¥>, = u(w). It
is an elementary exercise to show that this is a well defined non-singular
pairing of HZ(K; Z,) and HI(K; Z,) to Z,.

DEFINITION: If M*®* is a 2n-dimensional, connected, smooth or P.L.
manifold with a fixed point free, smooth or PL involution T, then let
o H,(M; Z,) — Z, be defined by () = {y(Z), [M]>,, where % is the
Poincaré dual of x € H,(M; Z,) and [M] denotes the generator of Hf(M; Z,).

REMARK. We have not shown that «: H¥(M; Z,) — HZ(M; Z,) is inde-
pendent of the ordering and the triangulation chosen for M. This follows
from the fact that « may be defined as above, using the coboundary
formula, in singular cohomology. We understand that I. Berstein has
a definition for the operation «, not using cup-sub-i products, analogous
to the definition of S¢* found in [18].

LEMMA 4.5. Let M be a 2k-dimensional manifold, with x, y € H,(M; Z,).
Let By, y) = @+ Tyy. Then (@ + y) = Po(@) + ¥o(y) + Bu(, ¥).
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Proor. Let s and ¢ be cocycles representing Poincaré duals of x and
y respectively. As in equations (k), .-, (2k), let v**i(s) satisfy

8 Up—j T#s + 5,vk+j—1(s) — (1 + T#),vk+.'i(s)

and let v**i(t) satisfy ¢U,_; T% + 6v**'(t) = (1 + THv**(t). We may
choose v**i(s + t) satisfying

(8 + ) Upi THs + t) + 0v*H (s + t) = (1 + THo*+i(s + t)
so that
V(s + t) = v*Hi(s) + vFHI(t) + s Up; T .

It then follows from the coboundary formula that v*+it'(s + t) = v*+it(s) +
VRHIN(E) 4t Upj, T¥s will satisfy the equation (s + &) Uy_j_, T*s + t) +
0v*ti(s + t) = (1 + THo**+'(s + t). Hence v*(s + ) = v™(s) + v**(t) + either
tU T*s or s U T*% depending on the parity of k. But at the cohomology
level, in either case, we will have

v + v) = () + v@) + L + TH@U TH) ,

where % and v denote the cohomology classes of s and ¢, respectively.
Then from the definition of v, we have

Yo + ) = P + v), [M])r
= <y(w) + y(@) + 1 + T*)(w U T*), [M])r
= (), [M]>r + {y@), [M]Dr + <A + T*)(w U T*), [M])r
= Po(@) + Yo(y) + <u U T*v, [M])
= ¥o(®) + ¥o(¥) + Bu®, ¥) -

LEMMA 4.6. If S* is a smooth sphere in the smooth mawifold M
so that S* and TS* have only transverse intersections, and if x € H, (M; Z,)
is the homology class represented by S*, then +(x) is the mumber of pairs
of points (p, Tp) in S* N TS* reduced modulo 2.

ProOF. Let the intersection points be (v, T, ++, (0., T»,). Choose
disjoint neighborhoods U;, TU, containing p;, Tp; respectively, 1 <17 < n.
We may then choose the cochains v*, v*+!, ... ¥* as in equations (k), -,
(2k) so that v*+7 = >\r, v¥*7 where v}/ is carried by U;. Then if u is a
cocycle dual to z, w U T*« will be of the form X7 (w; + w;) where w; and wj
each represent the generator of H*(M?*; Z,), w; is carried by U;, and wj
is carried by TU;. Then u U T + o6v** differs from « U T*u only in
that w,; is replaced by w; + 6v¥*~, so that T*w,; + 6v¥*™') = w;. Hence
u U T* + 0v* = (1 + THZ7 wi. Therefore ({u}) = A + T%H2r {w}}, and
po®) = (L + T%) 27 {wi}, [M])r = (27 {w?}, [M]) = n (mod 2).
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5. The Arf invariant of (3**', T). Let M* be a characteristic sub-
manifold in J*+! with 3*** = AU TA, M** = 0A = AN TA. Leta: M— A
be the inclusion map, and ker @, the kernel of «a.: H,.(M; Z,) — H,.(A; Z,).
The bilinear form B,: ker i, x ker i, — Z, is symmetric, and unimodular
since ker a, is its own annihilator with respect to the usual intersection
form: H,,(M; Z,) x H,(M; Z,) — Z,. Since we have seen that B,(z,x) =0
for all z € ker «,, it follows as in [12] that B, admits a symplectic basis, say
Xy oo, Xy, Yy, oo, Y, asS basis for ker i, such that B(x;, x;) = By(y;, ¥;) =
0, By(%;, ¥;) = 0;;. Then the Arf invariant ¢(X, T) is defined by

e(2, T) = 2it=i Yo(@)vo(ys) -

As with the signature, we must show that ¢(2**', T') does not depend
on the choice of characteristic submanifold. That ¢(2**', T) does not
depend on the choice of symplectic basis is shown in [2]. Provisionally,
let ¢(2, T, M) be the Arf invariant determined by the characteristic sub-
manifold M c 3. Exactly as in the signature case, (lemma 3.2), we have
the involution T x 1 on ¥ X I, with X x I=UUV,UNV=W=0U=
oV, TU =V, and W = M, U M,, where M, is a characteristic submanifold
of (¥ x1, Tx1|¥x1),1=0,1. We must show that ¢(Z, T, M,) =c(¥, T, M,).
(Here we identify M;c ¥ with M;C Y x 1.)

LEmMMA 5.1. ¢(Z, T, M,) = c(2, T, M).

PrROOF. Let M = M,UM,, and let A =oUN (3 x 0I). Then we have
the following diagram:

0 — H,(M) &2 H,(4) @ H(T4) — 0

I |
(u,v)
0 — Hyi( W) —> H,( U) © sz(V) —0.

The rows are taken from Mayer-Vietoris sequences, and all maps are
induced by inclusions.

What we wish to prove is clearly equivalent to ¢(X¥ x oI, T x 1, M) = 0.
As in lemma 3.2, we have kerj = kerj N kera @ kerj N ker 3, and the
rank of kerj N kera = half the rank of kera. Since x.y =0 for all
x,yeckerj, and T,(kerj) = kerj, we have B,(x,y) = 0 for all z, y e ker
jNkera. Hence we may pick a symplectic basis x,, -, %, ¥1, <+, ¥
(with respect to B,) for kera with «,, ---,2,ckerj N kera. Let xecker
jNkera, and let ¥ denote the Poincaré dual of . Then T = j*w for
some we H*(W; Z,). Then

Yo(@) = p(@), [M1r = yp(G*w), [Mr = 5"y (w), [M]Dr = {p(w), 5. [M])r -
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But since [M] is the boundary of the T-invariant element [W], we have
J«[M] = 0 as an element of H(W; Z,), and so {y:(w), 7. [M]>r = () = 0.
Now since y(x;) = 0 for 1 <7 < n, we have

oZ X 3L T x 1, M) = 3 4@y = 0 -

THEOREM 5.2. If n =0 (mod 4) and n >4, then (T, 2""") can be
desuspended to (T|S*, S™) if and only if ¢(T, ") = 0.

Proor. Clearly, if (T, 2"*') can be desuspended to (7'|S", S*) then
¢(T, 3***) = 0, since in this case, S" is a characteristic submanifold. Con-
versely, if ¢(T, X**') = 0, then choosing first a (2k — 1)-connected charac-
teristic submanifold M* c 3**', where n = 4k, we may then find, as in
Kervaire-Milnor [8] a symplectic basis «,, ++-, 2, ¥,- -+, ¥, for ker ., where
o) =0 for 1 <7 < r, and the z; are respresented by disjoint imbedded
spheres, S¥. Since +r(x;) = 0 upon making the intersections of S with
TS all transverse, [11], we will have an even number of pairs of inter-
section points (p, T,), * -+, (P, TP.). These may all be eliminated by the
method of Whitney [22]. Since the intersection numbers at p; and Tp;
differ in sign, then at either p, and p, or p, and Tp, they differ in sign.
With no loss of generality, suppose these numbers differ at p, and p,.
Then Whitney’s method gives an isotopy of S%* whose end result is a
sphere S%* whose intersection with 7'S#* consists of Tp,, Tp;, and the pairs
(ps, T0s), *+** (Do, TDy;) Then apply this isotopy composed with T to TS
to get a sphere 7T'S¥ such that S N TS consists of transverse intersec-
tions at (ps;, Tpy), **+, (P, TP;). One needs to take care that the arcs
and 2-disc of Whitney’s process do not intersect their T-images, but since
n > 4, this presents no problem.

We now may represent the element x,, ---, 2, by imbedded spheres
S, «++, S, such that TS;N S; = @. Just as in the signature case, we may
now perform equivariant handle exchange between A and TA, using the
“core spheres” S,, -, S, and TS, ---, TS,, thus Kkilling H,(M). This
proves the theorem.

6. Uniqueness of the desuspension. Suppose (S, T'|S#) and (S7, T|S?)
are two desuspensions of (X', T'). Then are (S, T|Sy) and (S?, T|S")
equivalent? That is does there exist an equivariant diffeomorphism of S
onto S"? In trying to answer this question, we again encounter the
familiar obstructions in half of the cases, and obtain an affirmative answer
in the other half.

Suppose we are given (3**', T) and desuspensions (S7?, T'|S?) and
(Sr, T|SH. )
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DEFINITION. (S7, T|Sy) and (S?, T|Sr) are equivariantly comcordant
in (3" x I, T x 1) if for some fixed point free involution z on S* x I,
the inclusions S x 0 Y™+ x I, SF x 1< 3™ x I extend to an equivariant
imbedding of (S™ x I, 7) into (2" x I, T x 1). (We are identifying S x ¢
with S* x 4,7 =0, 1.)

THEOREM 6.1. If m = 4 1is even, and (2", T) desuspends to (S, T|Sy)
and to (St, T|Sr), then (S¢, T|Sy) and (S, T|S!) are equivariantly con-
cordant in (2" x I, T x 1).

ProOF. As in the proof of lemma 3.2, there exists a characteristic
submanifold W of (J"*' x I, T x 1) such that oW =Sx0US x 1.
Since W has odd dimension =5, and since dW has homology only in
dimensions 0 and n, the proof of theorem 2.5 shows that by equivariant
handle exchange we may replace W by an [(n + 1)/2]-connected manifold
W'cX x I with oW’ =dW. Hence W'’ is an equivariant A-cobordism
between (Sz, T|S¢) and (S, T|S). Since Wh(Z,) = 0, [14], W' is equiva-
riantly diffeomorphic to (Sg x I, (T'|Sy) x 1) [10], [38]. This proves the
theorem.

REMARK. Note that (S, T|S) and (S, T|S") are equivariantly dif-
feomorphic if they are equivariantly concordant, and n = 5.

Now suppose 7 is odd. Then (2**', T) always desuspends, for n > 5.
Let (S, T|S) and (St, T|S!) be two desuspensions, which we identify
with S c 3" x 4, for ¢ = 0, 1. As above, there is a characteristic sub-
manifold Wc (" x I, T x 1) with oW = S¢ U S?. The obstructions to
obtaining an equivariant concordance in (2™ x I, T'x 1) between (S7, T'|Sy)
and (Sp, T|S") will be the obstructions to killing the middle dimensional
homology of W by equivariant handle exchange. (We may suppose, with
no loss of generality, that W is (» — 1)/2-connected.)

CASE 1. n = 4k — 1. Then T preserves orientation in S, and hence
(T x 1)| W preserves orientation in W. Since W is 4k-dimensional, the
bilinear form B(x, y) = - T,y defined on H,, (W), modulo its torsion sub-
group, will be symmetric. (B(z,y) = <& U T*y, [W]) =<T*yUZ, [W]) =
GUuT*Z, T,JJW]) =<¥ U T*z, [W]) = By, ), where =, ye H,(W), and
%, y are Poincaré duals of  and y.) Let 3" x I = UU V with UNnV =
W, TU = V. Let u: W— U, v: W— V be the inclusions. We have, from
the Mayer-Vietoris sequence the exact sequence

(s, V)

0— H,(W) — H,(U) @ Hy(V) — 0.

DEFINITION. Let o(2"*, T, Sy, S*) be the signature of the bilinear
form B restricted to the kernel of u,.
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Note. If W, and W, are two different characteristic submanifolds
in 3™ x I, with oW, = oW, = S U S, then as in the proof of lemma
3.2, we may use a characteristic manifold Xc (Z"" x I x I, Tx 1 x 1)
with 0X = W, U W,US?* x 0 x TUS? x1x I to show that W, and W,
determine the same signature, so that o(2"*', T, S¢, S7") is well defined.

CASE 2. n =4k + 1. Then T preserves orientation in S, and hence
(T x 1)| W preserves orientation in W. But now W is (4k + 2)-dimensional,
so the form B is skew-symmetric. We are in the Arf invariant case.
We choose a symplectic basis x,, -+, ©,, ¥, *++, ¥, for the kernel of u,,
and define ¢(2™*, T, S, S = Sty Vo(@)vro(Ys)-

Again, as in case 1, this invariant is independent of the choice of
W, and the proof of this parallels Lemma 5.1 so closely that we do not
give it.

Given (2*", T), with n > 2, by Theorem 2.5, we can always desuspend.
Suppose then that we have two desuspensions, S, and S,

THEOREM 6.2. If k>1, Si* " and S are concordant in (2* x I, T x 1)
of and only if o(2*, T, Si**, S*) = 0. In particular, if o =0, then
(Se¥~, TI1S8Y) and (S, T|St*™) are equivariantly diffeomorphic.

Proor. In (3** x I, T x 1) we find a characteristic submanifold W
whose boundary is —Si** x 0 + S x 1. The proof of Theorem 3.3 now
applies to show that by equivariant handle exchange X* x I we may
change W into an equivariant h-cobordism between Si*' and Si*~'. Since
Wh(Z,) = 0, [14], this yields a diffeomorphism between S;*'/T and S!*~'/T,
by the s-cobordism theorem, [10].

THEOREM 6.3. If k=1, Si¥*' and S are equivariantly concordant
i (%2 X I, T x 1) if and only if c(Z*+2, T, S¥+', Sik+') = 0.

ProoF. The proof is the same as that of Theorem 6.2, except the
reference to Theorem 3.3 is replaced by Theorem 5.2.
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