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0. Introduction. A smooth ^-action ψ\ S1 x X —* X on a smooth
manifold X is called principal if the isotropy subgroup

I(x) = {zeS'lφfax) = #}

consists of the identity element alone for each point xe X. A principal
smooth SP-action (ψ, X) on a closed (oriented) smooth manifold X is called
to bord (with orientation) if there is a principal smooth SP-action (Φ, W)
on a compact (oriented) smooth manifold W and there is an equivariant
(orientation preserving) diffeomorphism of (ψ , X) onto (Φ, dW), the boundary
of W. It is well known that any principal smooth S^-action on a homo-
topy sphere does not bord (cf. [3], Theorem 23.2). On the contrary, any
principal smooth S^action on a closed oriented smooth manifold which is
cohomologically a product S2m+1 x S2n+ί of odd-dimensional spheres bords
with orientation ([7], Theorem 7.3; [5], Theorem 1). Moreover let (ψu Σln+ί),
(ψ2, Σ\n+ι) be any principal smooth S^-actions on homotopy spheres, then
there is an equivariant continuous mapping /: 2Ί —• Σ2 and / induces a
homotopy equivalence of the orbit manifold ΣJψί to the orbit manifold
^2/^2 (cf. [2], Proposition 3.1). On the contrary, there are infinitely many
cohomologically distinct principal smooth S^-actions on S2m+1 x S2n+1 (m Φ n)
([5], Corollary of Lemma 2.2).

In this paper we consider the equivariant Z-theory of certain S1-
manifolds S2m+1 x S2n+1 and we show that there are topologically distinct
principal smooth S^actions on S2m+1 x S2n+1 which can not be distinguished
by the cohomology ring structure of the orbit spaces. To state our results
precisely, we introduce some notations. Let

a = (α0, a l r , αm) , b = (δ0, K , bΛ)

be sequences of positive integers and denote by

S2m+ί(a0yal9 . . . , α m ) x S2^(b0, bl9 , bn)

the product of spheres S2m+1 x S2n+1 with the smooth S'-action fatb defined
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by

in complex coordinates. Then the S^-action ψa,h is principal if and only
if each α̂  is coprime to each bj. When the S^-action ψatb is principal, the
orbit manifold is denoted by

M(ao,al9 « , α w ; 60, bl9 •••, 6n) .

In particular, M(a0; δ0, , bn) is naturally diffeomorphic to the lens space
L(aQ; b0, •••, bn) obtained from S2n+ί by the identification

(v0, Vl9 , Vn) = (Xh°V0, \hVl9 . ..,\bnVn)

for all λ e C, λα° = 1. Let Z[x] be the polynomial ring with integer coeffi-
cients and let p^x), •••, pn(x) be elements of Z[x]. And let

be the ideal in Z[α;] generated by the polynomials Pi(#), # ,P^(^) Now
we can state our result as follows.

THEOREM 1.3. // there is an equivariant continuous mapping from
S2m+1(a0, , am) x S2n+1(b0, , bn) to S*™+ί(c0, . . , cm) x S2n+\d0, ..., dβ),
ίAew ίAe idβαί {ΠΓ=o (1 — ^ α ί ) , Πi=o (1 — %bj)} contains the ideal {ΠΓ=o (1 — %H)>
Πi=o (1 — xdή}> where ai9 bo , ci9 d3- are positive integers.

As an application of Theorem 1.3, we have the following result.

THEOREM 2.1. Under the hypotheses of Theorem 1.3,

(1) if n ^ m + 1, then ΠE=o c{ = 0 (mod ΠΓ=o α*)>
(2) if n^m + 2 and ΠΓ=o α» = Πί^o c<, ίΛβw ΣΓ=o α* Ξ ΣΓ=o ̂  (mod 2).

Next, let (α0, * ,α m ), (b0, " ,ί>%) be sequences of positive integers with
0 ^ m ^ n, and assume that each a{ is coprime to each bά. Then we have
the following result about the orbit manifold.

THEOREM 3.6. There is a canonical ring isomorphism

K(M(aΰ, - , αm; 60, , bn)) = K(M(a0, , am; ^ j ^ J ί ) )

w + 1

The result for m = 0 has been obtained by Mahammed ([4], Theorem
2.1.)

Finally we consider the conditions of the existence of equivariant
diίfemorphisms.

1. Equivariant lf-theory of S2m+1 x S2n+ι. Let G be a compact Lie
group. Let E — Lι 0 φ Ln be a sum of complex G-line bundles on
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a compact G-space X and let

π: S(E) — X

be the sphere bundle. Then, since the Thorn isomorphism theorem is
true for E ([1], Proposition 2.7.2; [6], p. 140), we have an exact sequence

(*) KG{X) — KG(S(E)) - ^ KG(X) -SU KG(X) — KG(S(E)) -*U> κG(X) ,

where φ is the multiplication by X^[E] = Π?=i (1 — [£*])•
Let (α0, , am) be the sequence of positive integers. Denote by

Cm+1(a0, « ,αm) the complex vector space Cm + 1 with the S^action ψ given
by

ψ(λ, (SO, , ̂ m)) = (λα%, , λα-Zm) .

LEMMA 1.1. The ring structure of if *i(S2m+1(α0, , αm)) is as follows.

a? is ί/̂ e ciass 0/ ίfee Saline bundle S2m+1(a0,
 β ,am) x C^l).

PROOF. Since ifG(one-point) = R(G), the representation ring of G and
KG(one-point) = 0, there is an exact sequence

0 > KHS2m+1(a09 , O ) > B(Sι) ̂ -* B(Sι)

— Ksί(S2m+1(a0, , α j ) > 0 .

Here i2(SL) - Z[t, r 1 ] , t - [C(l)] and φ is the multiplication by ΠΓ=o (1 - tai).
Therefore ψ is injective and

0 = Π (1 - xH) = 1 - « 3>(aj)

in Ksι(S2m+1(a0, , αm)) for some p(α ) in Z[#], if a? = π*(ί). Therefore
π*(ί- 1) = p(x). q.e.d.

LEMMA 1.2. Let (α0, , αm), (60, •••,&») 6e sequences of positive in-
tegers. Then the ring

Ksl(S2m+ί(a0, , O x S 2 M + 1(δ 0 ) , bn))

is isomorphic to the ring

Z[x]j\fί (1 - xai), Π (1 - a
/ U=0 i=0

where x is the class of the Saline bundle
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S2™+1(α0, . . . , α j x S^(b0, . . . , bn) x CXI) .

PROOF. This follows similarly from the exact sequence (*) for S1-
vector bundle

E = S2™+1(a0, . . . , α j x Cn+ί(b0, . . . , & , )

and Lemma 1.1, so we leave it to the reader. q.e.d.

Now we can prove the main result stated in the introduction.

THEOREM 1.3. If there is an equivariant continuous mapping from
S2w+1(α0, , O x S2n+1(b0, , 6.) to S2m+1(cQ, , O x S2n+1(d0, , d%), then
the ideal {ΠΓ=o (1 - %ai), Π;=o (1 - %hj)} contains the ideal {ΠΓ=o (1 - xH),
Π?=o (1 — %dj)}> where ai9 bh ci9 dj are positive integers.

PROOF. By Lemma 1.2,

KASZm+ί(aQ, , am) x S2*+1(δo, , K)) = Z[x]l\f[ (1 - x^)9 f[ (1 - x

KAS^K . , cm) x S2"+I(<*o, .., do) = ̂ [vl/fπ α - vCi), Π (i - 3/
/ U=0 3=0

where x is the class of the SMine bundle

S2-+1(α0, . . . , α j x S2^(δo, ••-, 6.) x ^(1)

and y is the class of the SMine bundle

S2m+ι(cQ, , O x S2w+1(rfo, , ί.) x C W .

Let

/ : S2m+1(a) x S2w+1(6) — S2w+1(c) x S2n+ί(d)

be an equivariant continuous mapping. Then / induces a ring homomor-

phism

f*:Ksι(S2m+1(c) x S2n+1(d))-+Ks,(S2m+1(a) x S 2 ί ι + 1 (δ))

with f*(y) — x. Then the statement is clear. q.e.d.

2. Existence of equivariant continuous mappings. As an application
of Theorem 1.3, we have the following result.

THEOREM 2.1. // there is an equivariant continuous mapping from
S2m+1(a0, . . . , O x S2n+ι(b0, . . . , 6.) to S2m+1(cQ, . . . , O x S2n+1(d0, . . . , d n ) ,
where ai9 bh cif d3 are positive integers, and

( 1 ) i/ ^ ^ m + 1, ίΛeπ ΠΓ=o ct = 0 (mod ΠΓ=o α j ,
(2) if n ^ m + 2 αraZ ΠΓ=o α* = ΠT=o Ci, ίΛe^ ΣΓ=o α< Ξ ΣΓ=O C< (mod 2).

PROOF. By the hypotheses and Theorem 1.3, there are polynomials
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p(x), q(x) in Z[x] satisfying

Π (xCi - 1) = p(a) fi (xai - 1) + ff(») Π (α6' - 1)
i=o *=o i=o

Put y = α? — 1, then we have

i=o\k=i\k) ) i=o\k=i\k/ ) ά=o\k=i\kj ]

Since n> m, if we put ?/ = 0, we have

Π
i=0

and this shows (1). Next, if ΠΓ=oαi = ΠΓ=o ,̂ then p(T) = 1 in the equa-
tion (J). Therefore there is a polynomial /(#) in Z[y] such that

p(» + l) = l + vf(v)

Then we have the following equation from (J) and the hypotheses w ̂  m+2,

(ft c0 (x + ( I H1)^ = (ft α<) (x + (δ ^ >
for some polynomial g(y) in Z[y]. Since ΠΓ=o^= ΠΓ^o^^O, we have
the equation

And, since /(0) is an integer, we have
m m

Σ β; = Σ ci (m(>d 2) . q e.d.
io ΐ

REMARK 2.2. Considering the coefficients of higher terms yk of (J),
one may have more and more necessary conditions for the existence of
an equivariant mappings, if n — m is large.

REMARK 2.3. If n > m, the integral cohomology ring of the orbit
manifold M(aθ9 , αw; 60, , bn) defined in the introduction is isomorphic
to the ring

2[c,v]/{lΛc +\(Πoα«

where deg c = 2, deg 3/ = 2w + 1 and c is the Euler class of the principal
S'-bundle

TΓ: S2« +1(α) x S2B+1(6) - Λf(α., , au; b0, - , 6.)

([5], Theorem 2, (ii)). Then the cohomology ring of the orbit manifold is



206 F UCHIDA

determined by the integer ΠίUα* Therefore Theorem 2.1 shows that
there are topologically distinct principal smooth S^-actions on S2m+1 x S2n+1

for n ^ m + 2 which can not be distinguished by the cohomology ring
structure of the orbit spaces.

3. jfii-theory of lens-like spaces. Let (α0, •••, am), (δ0, •••, δw) be
sequences of positive integers and assume that each a{ is coprime to each
bj. Then there is a natural ring isomorphism

K(M(aQ, . . . , α . ; δo, , K)) ~ Ksι(S2m+ί(a0, . . . , am) x S2n+1(b0, , bn)) .

In this section, we consider the ideal

i n (i - *•*), Π (i - χbi)\
U=0 3=0 )

of Z[x], and we have a generalization of the theorem of Mahammed ([4],
Theorem 2.1).

LEMMA 3.1. Let a, b be positive integers and assume that a is coprime
to b. Then there are polynomials p(x), q(x) in Z[x] such that

1 - a = (1 - xa)p(x) + (1 - xb)q(x) .

PROOF. Suppose that a = be + d, c > 0 and d ^ 0. Then

1 - x* = (1 - of) - (1 - X^X'ΓΣ xib) .
\» = 0 /

Repeating this process, we have the result. q.e.d.

LEMMA 3.2. Let α0, al9 , am, b be positive integers and assume that
each ai is coprime to b. Then there are polynomials p(x), q(x) in Z[x]
such that

= p(x)
* = 0

PROOF. From Lemma 3.1, there are polynomials Pi(x), q^x) in Z[x]
such that

1 - x = Pi(x)(l - xaή + qi(x)(l - xh) .

Then there is a polynomial q(x) in Z[x] such that

= (ft
L E M M A 3.3. Let (α0, , αTO), (δ0, •••&*) δβ sequences of positive integers

and assume that each a{ is coprime to each b3 . Then there are polynomials
p(x), q(x) in Z[x] such that
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(1 - a;) ( M + 1 H ί l + 1 ) = p(x) Π (1 - xai) + q{x) Π (1 - »*')
i0 /0
Π
i=0

PROOF. This follows from Lemma 3.2 by the same way as in Lemma
3.2. q.e.d.

LEMMA 3.4. Let ao,au « , α m be positive integers. Then there are
polynomials p(x), q(x) in Z[x] such that

(l — x)m+1 = p(x) Π ( i — χai) + q(χ)Q — xym+i]{n+i).
t=0

PROOF. There is a polynomial f(x) in Z[x] such that

Π (1 - xaί) = (1 - α)w+1( Π α» + (1 - *)/(»))
i=0 \i=0 /

By induction on ft, there are polynomials pk(x), qk{x) in Z[#] for 0 ^ & ^
n(m + 1) such that

/ m \k m

I TT a-1 fl Λ \(»+I)(»+I)—k __ ^ /̂ .\ TT π xai) + (7 (ίc)(l ^.ym+Du+D
\i=0 V *=0

We leave it to the reader. q.e.d.

LEMMA 3.5. Let (α0, , αm), (b0, ,bn) be sequences of positive integers
with 0 -^ m fί n, and assume that each a{ is coprime to each b3 . Then
there are polynomials p(x), q(x) in Z[x] such that

(1 - x)n+1 = p(x) Π (1 - xaί) + q(x) Π (1 - xbj) .
i=0 j=0

PROOF. From Lemma 3.3 and Lemma 3.4, there are polynomials α(#),
b(x), c(x), d(x) in Z[α;] such that

( f t aXim+1\l - x)m+ι = a(x) Π (1 - xai) + b(x) Π (1 - α;δi) ,
\ί=Q / i = 0 j = o

- £ r + 1 - φ ) Π (1 - xai) + d(a?) Π (1 - xhj)

By assumption, there are integers M, N such that

( m \m(w+l) / n \m(n + l)

lίaλ +N[nbλ = 1 .
i=o / \i=o /

Then

- x)n~ma{x) + iVc(aj) ,

- x)n-mb{x) + Nd(x)

are desired polynomials. q.e.d.
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T H E O R E M 3 . 6 . L e t ( α 0 , •••, α m ) , (6 0 , •••, K) be s e q u e n c e s of p o s i t i v e
integers with 0 ^ m ^ n, and assume that each a{ is coprime to each bj.
Then there is a canonical ring isomorphism

K(M(a0, , αm; &o, , K)) = K(M(a0, , am; hj^ 1))
n + ϊ

PROOF. By Lemma 3.5,

{ft (i - χai), Π (i - χbθ\ = { π (i - χaί), (i - χ)n+1\
U=0 j=0 ) Li=0 J

as the ideals of Z[x]. Then the statement is clear from Lemma 1.2.
q.e.d.

4. Existence of equivariant diffeomorphisms. In this section, we will
prove the following result.

THEOREM 4.1. Let ai9 bj9 ci9 d3- be positive integers. If

S 2 w + 1 ( α 0 , α x , • , O x S ^ + 1 ( δ o , &!,-••, K)

is equivariantly diffeomorphic to

S2»+1(c0) elt - - -, ej x S^(d0, du " ,dn),

then

Σαί' + Σ W = Σ cf + Σ <ζ*
i=0 j=0 i=0 j=0

/or 0 < 2p ^ min (m, n).

REMARK 4.2. For principal Sections, the above result is equivalent
to Corollary (1) of Theorem 3 in [5] which is obtained by the Pontrjagin
classes of the orbit manifolds.

Let G be a compact Lie group and X a compact G-space. Let us
denote by

r: Kσ(X)-+KOβ(X)

c:K0G{X)->KG{X)

the real restriction and the complexification respectively.

LEMMA 4.3. Let E be a complex G-vector bundle over X. Then

cr[E] = [E] + [E*] ,

where E* is the conjugate vector bundle of E.

PROOF. The result follows easily from the following fact. Let V be
a complex G-vector space with a complex structure J. Denote by
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the complexification of underlying real G-vector space V, whose complex
structure is the multiplication by 1 (x) l / ^ ϊ . Let F+, V_ be complex G-
vector spaces in V®RC defined by

V+ = {v®l

Then F+ is G-isomorphic to F, VL is conjugate G-isomorphic to V, and
V (x)i2 C is G-isomorphic to F + 0 VL. q.e.d.

If X is a smooth G-manifold, then its tangent vector bundle TX is
a G-vector bundle over X by the induced G-action, and its class [TX] is
an element of K0G{X).

LEMMA 4.4. Let a = (α0, α l f , αm), δ = (δ0, bl9 , 6n) δe sequences of
positive integers. Then

[T(S2 m + 1(α) x S2n+1(b))] = r ία o + + a?α- + α?δ° + . . . + xh- - 1)

in KOsi(S2m+1(a) x S2w+1(δ)). Here the element x is the class of the com-
plex Saline bundle

S2m+1(a) x S2n+1(b) x Cι(l) .

PROOF. This follows from the fact that the tangent SP-vector bundle
of Cm+1(a) x C*+1(δ) restricted to S2m+1(α) x S2n+1(b) is the real restriction
of the complex SMrector bundle

S2m+1(a) x S2%+1(6) x Cm+ί(a) x Cn+1(b)

and the normal S'-vector bundle of the embedding of S2m+1(α) x S2n+1(b)
in Cm+1(a) x C*+1(δ) is trivial 2-plane bundle. q.e.d.

LEMMA 4.5. Let ai9 δ3 , ci9 d5 be positive integers. Assume 0 :g m ^
n. If

S2m+\a09al7 . . . , α j x S2*+1(δ0, δx, . . . , 6.)

is equΐvariantly diffeomorphic to

S2«+1(co, c o , cm) x S2"+1((i0, d1( , d%) ,

then

Σ (as*4 + »~αi) + Σ (χbj + x ~ b i ) = Σ (as** + *~Ci) + Σ («*' + a?"'3')
i=0 i=0 i=0 j=0

m the ring Z[x]/{(1 - x)m+ί).

P R O O F . Let

/: S2m+ί(ά) x S2*+1(δ) — S2m+1(c) x S2 w + 1(d)



210 F. UCHIDA

be an equivariant diffeomorphism. Then we have a commutative diagram:

KOAS2m+1(c) x S2n+1(d)) -i-» Ksι(S2m+1(c) x S2n+ί(d))

si/* = /*
T7T\ /Ό2»+l/ Λ \ w O2w+i/ZΛ\ C

 v Tf /Q2m+i/~\ w Q2n+i/ZΛ\

AC/£i(o (&J X o (Ojj > A^i^o ((Xj X o ^OJ; .
The similar argument as in the proof of Theorem 1.3 shows that

m n m n

S i \«Λ> ~Γ «Λ> ^ ~Γ x i Λ̂/ ^ ~r J/ ) —- s i \«v ~Γ tΛ/ ^ "T" / J \«Λ/ ^ T~ eΛ/ •'̂

i—0 i=0 i=0 j=0

in the ring Z[x]/{UT=o (1 - aΛ), Πj=o(l - ^ 0 ) . from (1.2), (4.3) and (4.4).
Since 0 ^ m ^ n, the ideal {(1 — a;)m+1} contains the ideal

{ft (1 - xai), Π (1 - a**)}
Thus we have the equation in the ring UΓ[#]/{(1 — x)m+1}. q.e.d.

PROOF OF THEOREM 4.1. If we define

a\ _ a(g - l)(α - 2) -»- (a - k + 1)

k) ~~ k\

for positive integer k, and ί ̂  j = 1, then we get the equation for positive

integer a

in Z[[y]], the ring of formal power series with integer coefficients. And
there are rational numbers n(k, p) such that

(̂A;) p) = o for odd p, w(fc, fe) Φ 0 for even fc .

On the other hand, the ring Z[x]/{(1 — x)m+ι) is a free abelian group with
the generators

1 , 3 - 1 , ( α - 1 ) 2 , . . . , ( B - 1 ) "

So, if we assume 0 <£ m ̂  n, we have the following equations

(3) Σ n(k, p)\±a* + Σ 6J - Σ c? - Σ ̂ } = 0

for 0 ^ k ^ m by Lemma 4.5 and (1). By induction on p, we have

Σ«!' + Σ b? = Σ c5p + Σ rff
»=o i=o *=o i=o
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for 0 < 2p <̂  m, from (2) and (3). This completes the proof of Theorem
4.1.
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