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ANALYTIC GENERATORS FOR ONE-PARAMETER GROUPS
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The purpose of generator theory of one-parameter semi-groups and
groups of operators is to establish a correspondence between these families
of operators and a single mathematical object, in general an unbounded
operator. We propose in the case of groups such a correspondence, based
on analytical extension.

It is proved that the "analytic generator" is closed (Theorem 2.4).
We study the spectral properties of the "analytic generator" (Theorem
3.2 with its corollaries and Theorem 3.6) and give a representation formula
for the group in terms of its "analytic generator" (Theorem 4.2). Spectral
subspaces for the "analytic generator" are defined and it is shown (Corollary
5.7) that they coincide with the spectral subspaces associated by W.
Arveson to an one-parameter group (see [1]). Finally, we examine two
particular cases, obtaining also a new proof of Stone's representation
theorem (Theorem 6.1).

We remark that our results can be used in Tomita's theory of
standard von Neumann algebras (see the remarks about [5] and [15] in
the last section).

1. Vector valued functions. In this section, with an introductory
character, we are precising some facts about analyticity and integrability
of vector valued functions.

We call dual pair of Banach spaces any pair (X, ^~) of Banach
spaces together with a bilinear functional

X X &~ B (x, φ) H+ (x, φ) ,

s u c h t h a t

11 x 11 = s u p I (x, φ) | f o r a n y xeX ,
φ 6 ^ "

||9>|| = sup \(x, φ)\ for any φe^.
xeX

l|s|!=gi

In all this paper we consider only complex Banach spaces.
We recall the following classical result ([8], Theorem 2.8.6):

PROPOSITION 1.1. Let (X, &~) he a dual pair of Banach spaces and
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Scz X such that for every φ e

SUP I (X, φ) I < + co .

xeS

Then

sup 11 a? 11 < +00 .
xeS

Proposition 1.1 implies the following result ([8], Theorem 3.10.1.)
PROPOSITION 1.2. Let (X, ^ O be a dual pair of Banach spaces,

D(zC% an open set and F: D—>X such that for every φ e ^ "

D3OCI-* (F(a), φ)

is analytic. Then F is analytic in the norm-topology of X.

By Proposition 1.2 the analyticity of an X-valued function depends
not on the topology considered on X.

Let (X, *β^) be a dual pair of Banach spaces, Ω a topological space
and F: Ω —+ X. Then F is called ^-continuous if for every φ e J^ the
function

Ω 3 a f— (F(a\ φ)

is continuous. If ΩaCn then F is called ^-regular if it is .J^-continuous
and its restriction to the interior of Ω is analytic.

We are interested especially in regular functions on vertical strip
and half-planes. If a < 6, / is regular on{αeC; α ^ E e α ^ δ } and f(a) =
0 for Re a = a then / vanishes identically. We recall also the following
theorem of F. Carlson ([3] or [10], Part Three, Problem 328):

PROPOSITION 1.3. Let f: {a e C; Re a ^ 0} —• C be a regular function
such that

( i ) I f(a) I ̂  c^2 1"1 for Re a ^ 0, with c19 c2 ^ 0;
(i i) I f(it) I ̂  c3β

C4|ί| for teR, with c3 ^ 0, π > c4 ^ 0;

(iii) 0=f(0)=f(l)= . . . =f(n)= ••••
Then f vanishes identically.

Let (X, J?~) be a dual pair of Banach spaces.
An everywhere defined linear operator T on X is called ^-continuous

if, considering on X the .^topology, T is continuous. By Proposition
1.1 every .^continuous linear operator is bounded. We denote the
linear space of all .^-continuous linear operators on X by B^(X). It is
easy to see that any T e B^(X) defines a Γ* e Bx(^) by

(T(x), φ) = {x, T*(̂ )> , xeX, φe
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A linear operator T in X is called ^"-closed if the graph of T is
closed in the product of the ̂ "-topologies. Every T e B ,{X) is obviously
^-closed.

We consider for (X, \^) the following axioms:
(Ax) the convex hull of every relatively J?"-compact subset of X is

relatively ^-compact:
(A2) any everywhere defined ^"-closed linear operator in X belongs

to BAX).
The following result is a slight extension of [13], Ch. IV., Exercise

39(a) and [1], Proposition 1.2:

PROPOSITION 1.4. Let (X, J?~) be a dual pair of Banach spaces,
satisfying (Ax), Ω a locally compact Hausdorff space, μ a complex regular
Borel measure on Ω with variation \μ\, let F: Ω —+X be such that for
any compact Kd Ω and ε > 0 there exists a compact L czK such that
F\L is ^-continuous and \μ\(K\L) ^ ε and such that

has a I μ \-integrable majorant. Then there exists a unique xF e X such
that for any φ e

> = (XF, φ) .

In the conditions of Proposition 1.4 we denote

xF = ^— \ F(a)dμ(a) .

It is easy to verify that for every T e J5^(X) the mapping a \-^ T(F(a))
and the measure μ satisfy also the conditions of Proposition 1.4 and

T(F(a))dμ(a) =
Ω

Let T be an ^^-closed linear operator in X. The resolvent set p(T)
of T is the set of all XeC such that λ — T: £?τ —>X is injective and
surjective, that is (λ — T)"1 is well and everywhere defined. p(T) is
open in C. If (X, J^) satisfies (A2) and Xeρ(T) then (λ - Γ)~16 5^(X).
The spectrum of T is σ(T) = C\ρ(T).

Let X be a Banach space and X* its dual space. Then (X, X*)
endowed with the natural pairing is a dual pair of Banach spaces, satis-
fying (AO ([7], Theorem V.6.4) and (A2) (the usual closed graph theorem).
The pair (X*, X) is also a dual pair of Banach spaces, satisfying
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(by the Alaoglu theorem) and (A2) (by the usual closed graph theorem,
[8], Theorem 2.10.4 and the Alaoglu theorem).

2. Groups of operators and analytical extensions. Let (X, ά^) be
a dual pair of Banach spaces.

An one-parameter group in B^(X) is a family {Ut}teR in B
such that

Uo = id .,

Ut+s = UtUs, t,seR.

The group {ί7Jίe« is called
( i ) ^-continuous if for every xeX the mapping t H^Utx is

continuous;
(ii) strongly continuous if for every x e X the mapping 11-> Utx is

norm-continuous. Obviously, (ii) =~ (i).
If {Ut} is .^continuous, then using Proposition 1.1, we have for any

toeR+ = {te R; t ^ 0}

s u p HCT II < + o o .

{Ut} is called
(iii) bounded if sup ί e Λ || Ut\\ < + ° ° .
The following known majorisation of \\Ut\\ is implied by [8], Theorem

7.6.1 and by the above remark:

LEMMA 2.1. Let (X, J^) be a dual pair of Banach spaces, {Ut}tB

an ^-continuous one-parameter group in B^(X) and

I ί>o t <<° — t

Then there exists a constant c > 0 such that

\\Ut\\ ^cea[t{ , t e R .

Let {Ut}t6R be an one-parameter group in B^(X). For every e19 ε2 e R,
eί <; 0, ε2 ^ 0, we consider the following linear subspace of X:

ί it\->Utx has an .^-regular)
e i *2 1 ' extension on ^ ^ Re α: ^ ε j

If x e e iϋ%2 then the .^^regular extension of it H* t/ia? on ε1 ^ Re α: ̂  ε2 is
unique. We denote it by Fx.

Denote
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( itv^>Utx has an analytical)

ei,e2eit ( extens ion on C J
ε2^0

The following density lemma is inspired from [9]:

LEMMA 2.2. Let (X, ^~~) be a dual pair of Banach spaces, satisfying
and {Ut}teR an ^-continuous group in Bjr(X). Then the sequential

^-closure of -oô +oo is X.

PROOF. Following Lemma 2.1, there exist positive constants a, c,
such that

11*7*11 ^cealtι , t e R .

Let x e X be arbitrary. For every integer n >̂ 1 the mapping 11->
e~nt2Utx and the Lebesgue measure on iί satisfy the conditions of Pro-
position 1.4, so we can consider

Xn = J i L ^ r - [+0°e-nt2Utxdt .

By the ..^continuity of {Ut} in 0 and by the Lebesgue dominated con-
vergence theorem the sequence {xn} converges to x in the .^topology.
On the other hand, for every n ^ 1

is an analytical extension on C of it\-*Utxn. Hence xft 6 _oo^+0o. q.e.d.

Using Lemma 2.2 and the remark before Lemma 2.1, it is easy to
prove that if ^ = X*, then every .^continuous one-parameter group
in Bjr{X) is strongly continuous ([8], Corollary of Theorem 10.2.3).

Now we show how the group property of {Ut} can be extended by
analyticity:

LEMMA 2.3. Let (X, J?~) be a dual pair of Banach spaces, {Ut}teR

an ^-continuous one-parameter group in B^(X), εlf ε2 e R, εt <Ξ 0, ε2 ^ 0,
and β e C, εt <̂  Re β <; ε2. Then for every x e ε i ^ 2 we have:

Fx(β)eεi_Beβ^ε2_neβ,

FFχ{β){a) - Fx(a + β) , ε, - Re β ^ Re a ^ ε2 - Re β .

PROOF. Let teR. The mappings

7)
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are . .^-regular extensions of is i—> Ut+Sx on εL ^ Re 7 5̂  ε2, hence they
coincide.

Consequently, for each teR

UtF.(β) = Fx{it + β) ,

and this implies that a h-> ̂ ( α + β) is an ..^regular extension of iί ι->
# i ^ (β) o n εx — Re /3 ̂  Re α: <: ε2 — Re /9. From this the statement of
the lemma follows. q.e.d.

Let {Ut}teR be an .^-continuous one-parameter group in B^(X). For
every a e C we define a linear operator Ba in X, called the analytical
extension of {Ut} in a, by the formulas:

WRea if Re a ^ 0 ,

α^Ό if Re α ^ 0 ,

We call ^ the analytic generator of {Z7J and denote it simply by B.
The following theorem is our basic result in this section:

THEOREM 2.4. Let (X, J^~) he a dual pair of Banach spaces such
that (X, J?~) and {jβ~~,X) satisfy (Ax) and {Ut}teR an ^-continuous one-
parameter group in B (X). Then the sequential ^-closure of

aeC a

is X, for any aeC the linear operator Ba is ^-closed and injective and:

Ba ~ Ut , t e R ,

B_a = .B"1 , a e C ,

Baι+a2 = β α i ΰ α 2 , α,, α:2 e C, (Re ̂ ( R e a2) ^ 0 .

PROOF. Following Lemma 2.2, the sequential .^-closure of Π α e c ^ ^
_oo£^+oo is X.

Let α e C .
Suppose that (x, y) is in the closure of the graph of Ba in the product

of the .^-topologies. Then there exists a net {xc} a &Ba such that

Baxc — y

in the Mackey topology associated to the
By Lemma 2.1 there exist α, c > 0 such that
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Hence for any xeC

limβ-ί l+"||t/;|| = 0 .
|ί|-»oo

Let φej?:
For every c and for every Ύ eC with Re 7 between 0 and Re a, using

Lemma 2.3, we have

1 sup
ε between
0 and Reα

Hence 7 π e {r/i)2(FXe(y), φ) is a bounded regular function on {ΎeC; Re7
between 0 and Re a).

Since {?/**} is an X-continuous one-parameter group in BX{J^) and

limβ-ί2||C7*|| = lime-*8111/; 11 = 0,
|ί|-»oo |ί|-»oo

the set

is relatively X-compact. Since (^*, X) satisfies (AJ, the convex hull of
this set is also relatively X-compact, hence

(x, Ut*φ)

uniformly for t e R.
Analogously,

e-{{a+it)/ί)2(Bax(, Ut*φ)-»e-{{a+it)/i)2(y, Ut*φ)

uniformly for t e R.
In conclusion, the net {Ύt-+e~lr/i)2(FXe(Ύ), φ)} of bounded regular func-

tions on {7eC; Re7 between 0 and Re a) converges uniformly on the
boundary. By the Phragmen-Lindelof theorem it converges uniformly
to a bounded regular function G. We have for any t e R

Gφ(U) = lim e~t2( Utxt, φ) = e~t2( Utx, φ) ,

Gφ(a + it) = lime-«a+ίt)/ί)2(UtBaxc, φ) = e~^+it)/i)\Utyf φ) .
c

Now the .^-continuity of {Ut} and the relations
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lime-t2||?7(|| = 0,

l ime- ί ( α + i ί ) / i ) 2 | |Z7 ί | | = 0
jt|- oo

imply that the set

{e~t2Utx, e~{{a+it)/ί)2Uty; teR}aX

is relatively .^compact. Since (X, ̂ ~) satisfies (AJ, the convex hull K
of this set is also relatively .^-compact.

For every φ e J?" and for every t e R

|G,(ίt)l = \<e~t2Utxf φ)\ ^ sup |<z, φ)\ ,
K
p

zeK

\Gr(a + it)\ = \(e-^u^Uty, g>)\ ^ sup | <z, ψ)\ .
zeK

By the Phragmen-Lindelof theorem, for any 7 e C with Re 7 between 0
and Re a

p|<

Let 7 with Re 7 between 0 and Re a. Then

is a linear functional on < 7̂ continuous in the Mackey topology associated
to the X-topology. There results that it is continuous in the X-topology,
hence there exists G{Ί) e X such that

Obviously G is an ..^regular mapping on {7 e C; Re 7 between 0 and
Reα} and

G(it) = e~t2Utx , teR ,

G{a) = β-(β/<)V

Putting F(J) = e(r/ί)2G(7), F is ^'-regular on {7 e C; Re 7 between 0
and Reα} and

F(it) = Utx , ί G i? ,

Consequently α? e ̂ α and βαίc = y.
Hence we have proved that Ba is .^-closed.
Let x 6 ̂ Brt, βαa; = 0. Using Lemma 2.3, Fβ(7) = 0 for Re 7 = Re a,

hence Fx is identically 0. In particular, x = ^(0) = 0. Consequently
Ba is injective.
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Finally, the statement

Bit = Ut , t 6 R ,

is trivial and, using Lemma 2.3, it is easy to see that

£>ai+(X2 — £>aιΣ>a2 , ulf α 2 e c , \ îie α^^iίe α 2 j ^ υ .

q.e.d.

In particular, in the conditions of Theorem 2.4, the analytic generator
of {Z7J is ^-closed.

Let (X, ^~) be a dual pair of Banach spaces, satisfying (AJ, and
{Ut) an ̂ "-continuous one-parameter group in B^(X). If / : R—*C is
Lebesgue measurable and

R3t^f{t)\\Ut\\

is Lebesgue integrable then for any xe X

- [+o°f(t)Utxdt

is well defined (Proposition 1.4). The next result shows that the operators
Ba commute with the operator

-\+"f(t)Utxdt.

COROLLARY 2.5. Let (X, ^~) be a dual pair of Banach spaces such
that (X, J?~) and (J^~, X) satisfy (AJ, {Ut}teR an ^-continuous one-
parameter group in Bjr(X) and f:R~+Ca Lebesgue measurable function
such that

R3t^f(t)\\Ut\\

is Lebesgue integrable. Then for any aeC and for any x eSfBa

and

PROOF. If / is bounded and has compact support then it is easy to
see that

- [+0°f(t)Fx(it + 7)dt
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is an ^-regular extension of

is^U$(jT- [+°°f(t)Utxdή

on {ΎeC; Re 7 between 0 and Reα}. In the general case we approximate
/ with the functions fn defined by

1*1 ̂ Λ a n d

(0, | t | > w o r \f(t)\>n,

and use the fact that Ba is .J^-closed. q.e.d.

COROLLARY 2.6. Lβί (X, , ^ ) be a dual pair of Banach spaces such

that (X, ά?") and ( ^ 1 ) satisfy (AJ and {Ut}teR an ^-continuous one-
parameter group in B, (X). Then for any aeC, Ba is the sequential
^-closure of the restriction of Ba to _oo=S2+oo.

PROOF. Let xe&Ba.
In the proof of Lemma 2.2 we have seen that for any integer n ^ 1

x<». — \l—^ —

Using Corollary 2.5,

B x = / ̂ .J^"*

M π

Since xn —> x and Baxn —•> i?x in the ^^topology, (x, i?αx) belongs to the
sequential ^'-closure of the graph of 2Jα |-oo^+oo q.e.d.

We remark that by Theorem 2.4, in reasonable conditions, every con-
tinuous one-parameter group {Ut} on X defines an analytic two-parameter
group {B8+it I _ooî +oo} on _oô +oo. We shall see in the fourth section that
if {Ut} is bounded then {Bs+ίt\_00^r+oa} is uniquely determined by 2?1|_oo.̂ '+oβ.

3. Spectral properties of the analytic generator. In this section we
study the spectral behaviour of the analytic generator B of a bounded
one-parameter group. More precisely, we study the injectivity and the
surjectivity of λ + B, X e C, we give an integral formula for (λ + B)~ιBx,
xe^fjB, in term of the group and we characterize the situation σ{B)aR+.
In the particular cases considered in the last section we have always
σ(B)dR+.

Denote /?_ = {ί e R; t <£ 0}. For any λ 6 C\R_ we define argλ e R by

λ = |λ|e<#arg* , I argλ I < π .

Then the function
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is analytical.

LEMMA 3.1. Let (X, ά?~) be a dual pair of Banach spaces, {Ut}teR a
bounded ^-continuous one-parameter group in B^(X), Bε its analytical
extension in εeR and XeC\R_. Then X + Bε is injective.

PROOF. Let x e &Bε such that (λ + Bε)x = 0. Then it b^ Utx has an
analytical extension Fx on the whole complex plane and

Fx{a + e) = -xFx{a) , a e C .

If ε = 0 then x = Fx(0) = -\Fx(0) = -\x, so x = 0.
If ε Φ 0 then α π Iλl"8""1"^^:) is a bounded analytic mapping on C.

By the Liouville theorem it is constant, hence

\χrFx(e) = Fx(0) = x ,

Fx(e)=\X\x.

Since ^(ε) = — λ ^ O ) = -Xx and X£R_, that is λ Φ — |λ|, we deduce
x = 0. q.e.d.

The following theorem and its corollaries are our strongest results
about the surjectivity of X + B in the general case:

THEOREM 3.2. Let (X, J^) be a dual pair of Banach spaces, satisfying
i), {Ut}teR a bounded ^-continuous one-parameter group in B^{X), Bε

its analytical extension in εeR, ε > 0, and XeC\R_. Then for any

Bεx e

and

(X + Bε)
ιBεx = (2εi)-\^ - Γ λ Fx{ά)da ,

jc-ΐoosinτrε xa

where ceR, 0 < c < ε, is arbitrary.

PROOF. Using Lemma 2.3, Proposition 1.4 and the Cauchy integral

theorem, it is easy to see that
x _Ί Fx{a)da

c-<oosinτrs a

is well defined and depends not on c. Denote
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xλ = (2εί)~1^- Γ t°° λ £ α Fx(a)da
J i o o s i n π ε 1a

λ \ (Fx(a) - x)da

S c+ioo \ —ε~l«r
- ^ dax .

c-i^smπε ιa

F o r e a c h teR

Utxλ =
λ £ l* {Fx{a + it) - Fx{it))da

in7rε ιaιa

- ^ -daFx(it)
c-ioosin π ε " 1 ^ :

S c + ioo >v -ε—!(α-i ί )

c-i°°sinτrε \a—ιt)

- ^ --daFx{ίt) .

c-i^smπε xa

Consider on {(α, β) e C2; 0 < Re α: < ε, 0 ̂  Re β ^ ε} the .^-regular map-
ping G defined by

(Fx(a) - Fx(β)) if a
" 1 ^ — β )

πε'1
if α = /S .

Then

Utxλ =

- ^ -daFx{ίt).
c-iπ&mπε ιa

Hence xλ e 3fBt and

Bεxλ = (2ε
Jc-io

c + ioo Λ - ε ~ l αS c + ioo Λ - ε ~ l α

c-ioosinπε x α

-ioo s in ( π ε ^ — π )

c + ioo Λ —ε'~ίa

.(α) ~ Bεx)da

S c + ioo Λ —ε'~ίa
— — ^ - d α 5 ε

o-iooginπ ε x α
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-± Fx(a)da

+ (1 + λ)(2εi)-1 Γ+'°° λ " e '" daB.x .
Jc-î sinπ-ε 'α

By [5], Kap. 6, §8, we have

-±——da = (2i)"1 _™ dΊ

c-i~sinτrε a h-u-^smπΊ
= (2ττi)-1 [ ' C + 'V'Γ(7)f(l - 7)dT

Je~"1c-ϊoo

= (1 + λ)"1 ,

so

Btxx — —Xxλ + Bεx ,

(λ + Bε)xλ = Bex .

Consequently, Bεx e £&{χ+Bε)-ι and (λ + Bs)~~ιBεx — xλ. q.e.d.

COROLLARY 3.3. Let (X, άf) he a dual pair of Banach spaces, satis-
fying (Ai), {Ut}teR a bounded ^-continuous one-parameter group in

), Bε its analytical extension in ε e R, e > 0, and λ e C\R_. Then

λ 6 a

for any x 6 i ^ ε

(λ + Bεγ
γx = λ"1^ - (2λε ΐ ) " 1 ^^- Γ+ΐ°° λ 6 a Fx(ά)da ,

Jc-ioosinπε ^

where c e R, 0 < c < ε, is arbitrary.

PROOF. Let α e ^ β . Then by Theorem 3.2 Bεxe^ru+Be)~i and

(λ + BJ-'B.x = (2εi)

Since obviously (λ + Bε)x e ^ ; + j B 6 ) - i , there results that

a? = λ-χ(λ + Bε)x - λ-^a? G

and

(λ + S,)-^ = λ"1^ - χ-\x + Bεγ
ιB,x

q.e.d.
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We r e m a r k t h a t Lemma 3.1, Corollary 3.3 and Corollary 2.5 imply
t h a t if (X, J?~) satisfies (AJ and {Ut} is bounded then for every εeR
and λ e C \ / ί _

(λ + Bε) I _„&+„: _„&+» — -„&+„

is injective and sur jective. So the spectrum of Bε | -αcϋ̂ +oo is included in R+.

COROLLARY 3.4. Let (X, &~) be a dual pair of Banach spaces such
that (X, J^) and ( ^ 1 ) satisfy (A^, {Ut}teR a bounded ^-continuous
one-parameter group in Bjr(X), Bε, Bδ its analytical extensions in εeR,
e > 0, respectively in deR, δ > 0, and XeC\R_. Then

and for any x e 3fBi

(λ + Btγ
xx = X-'x - {2Xei)-1^ - [+ X ^ Fx(a)da ,

Jc-ioosin7rε ιa
where c e R, 0 < c < ε, 0 < c < δ, is arbitrary.

PROOF. If δ ^ ε then &B§ ID £&BB, hence the statement of the corollary
is a trivial consequence of Corollary 3.3.

Now suppose that δ < ε. Let x e i ^ . Using Corollary 2.6, there
exists a sequence {xn} c £i%jε such that

in the ^'-topology. We remark that by Proposition 1.1 every .^-con-
vergent sequence is norm-bounded.

For every t e R

FXn(δ + it) = UtBδxn ->UtBδx = Fx(δ + it)

in the ..^-topology, so, using the Lebesgue dominated convergence theorem,

yn -

S 5 + ΪC5O v̂ — ε " 1 ^

- ^ FXn{a)da

converges in the ..^topology to

y = λ"xx - ( 2 λ ε ΐ ) - 1 ^ ' - Γ+ί°° λ " £ 1<X_ Fx(a)da
Jc-^smπε ^
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On the other hand, following Corollary 3.3, for every n, yne &λ+Bε

and (λ + Bε)yn = xn. So

(λ + Bε)yn — x

in the .^-topology.
By Theorem 2.4 λ + Bε is ^^closed and we deduce that y e &λ+Bt

and (λ + Bε)y = x. q.e.d.

In particular, in the conditions of Corollary 3.4,

i => U ^ .
50

We remark also the following consequence of Theorem 3.2 which
extends [5], Lemmas 4.2 and 4.3.

COROLLARY 3.5. Let (X, ^~) be a dual pair of Banach spaces, satis-
fying (Ax), {Ut}teR a bounded ^-continuous one-parameter group in
Bjr{X)y Bε, Bε/2, B_ε/2 its analytical extensions respectively in ε, ε/2, — ε/2,
where e e R, e > 0, and λ e C\R_. Then for any x e ^ i £ / 2 Π -^i_e/2

(X

PROOF. Following Lemma 2.3, # = J5_ε/2x e ^ B β . Using Theorem 3.2,
Bε/2x = Bεy e &{λ+Bε)-ι and

(λ + BεY
ιBεnx = (λ + 5ε)-

1.Bε2/

S ε/2+too >v - ε - i α

- ^ Fy{a)da

ε/2-iooSin πs
 ιa

_ ^

~°° sin( + iπε-'sin( —

-1/2-iε-H
A _ , -UtBε/2ydt

-~cos^7Γε xί
— ± -Utxdt .

-co e™~ιt + e " ^ - 1 *

q.e.d.

Now we can characterize the situation σ(B)dR+:

THEOREM 3.6. Let {X, ^~) be a dual pair of Banach spaces such
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that (X, J^) satisfies (AJ, (A2) and (^7 X) satisfies (Ax). Then for any
bounded ^-continuous one-parameter group {Ut}teR in Bj^(X) the follow-
ing statements are equivalent:

( i ) there exist ε0 e R, ε0 > 0, and λ0 e C\R_ such that the image of
λ0 + Bεo is sequentially ^-closed;

(i i) there exists ε0 e R, ε0 > 0, swcA £/&α£ p(Bεo) Φ 0
(iii) for every εeR we have σ(Bε)aR+.

PROOF. Obviously, (iii)=>(ii) and, since p(Bεo) is open, (ii)=>(i). It
remains to show that (i) => (iii).

By Lemma 3.1 λ0 + Bεo is injective and by Corollary 3.3 and Lemma
2.2 the sequential .^closure of the image of λ0 + Bεo is X. So Xo+Bεo is
injective and surjective. Since (X, ^") satisfies (A2), (λ0 + B^)'1 e Bjr(X).

Let ε e R, ε > 0, and λ 6 C\R_ arbitrary. By Lemma 3.1 λ + Bε is
injective. We finish the proof by showing that (λ + Bε)&λ+Bε = X.

Let xe _oo&+oo. Following Corollary 3.3,

λ(λ + Bε)~ιx — λo(λo + B^x

( . , ~ ° λ o ° )Fx(a)da ,

where ce R, 0 < c < δ — min {ε, ε0}. It is easy to see that the analytic
function

{a e C; 0 < Re a < δ} 3 a — ε > s° κ °
sin πε~ιa sin πε^ιa

has a continuous extension / on {a e C; 0 <£ Re a < δ}. Using the Cauchy
integral theorem, there results:

= -(1/2)^""- Γ ° ° / ( ^ ) ^ ^ .
J —CX3

Define for every i e l

Γ/(^) = -

Since {j^~, X) satisfies (A^, for every ψ e

<Pf= -

is well defined and belongs to ^~. For every xeXand for every φ

(Tf(x), φ) - <x, 9V> ,
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hence TfeBjr(X).
Consequently,

T = λo(λo + B£or + Tf

belongs to B^(X) and for x £_„&+„

Tx = λ(λ + BzYιx ,

that is

Tx e ^ + ΰ £ ,

(λ + Bε)Tx = λα .

Using the ^-density of ^Sr+n and the fact that λ + J5ε is ^-closed, we
deduce that the above relations hold for every xe X. Hence

(λ + B^&i+Bt => (λ +

Now the proof is finished, because σ(Bε) c R+ implies that σ{B_ε) =
q.e.d.

In particular, if B is bounded then σ(B)aR+.
We remark that the results of this section can be extended for

groups {Ut} for which

|| IT; || ^ c^"8"1, t eR , where c2 < π ,

replacing in the statements C\R_ by {λeC\iί_; | a rgλ | < π — cj and J?+
by {λeCVR_; | a rgλ | < c2}.

4. An inversion formula and the unicity theorem. In this section
we represent the bounded one-parameter groups in terms of their analytic
generators. In particular, the analytic generators uniquely determine
the groups.

LEMMA 4.1. Let (X, J^) he a dual pair of Banach spaces, satisfying
(AJ, {Ut}teR a bounded ^-continuous one-parameter group in B^(X\ B
its analytic generator and x e ^B. Then for every λ 6 R, λ > 0,

Bx

and

maxsupl lu . i l m a x { | | α ? | | , | | B a j | | } ^ ^
ten πsm2πc λ

where c e /?, 0 < c < 1, is arbitrary.

PROOF. By Theorem 3.2 for every λ e R, λ > 0,
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and

(λ + BY'Bx = (2ί)-'^- [+ιo°J^l-Fx(a)da ,
Jc-ϊoosmπα

where c e if, 0 < c < 1, is arbitrary. Hence

BΓBx\\£ sup \\Fx{ . 7 .,„<**sin π(c + ^ί) I

= sup \\Fx(a)\\ (+o° ^ L .

Using Lemma 2.3 and the Phragmen-Lindelof theorem, we have

s u p \\Fx(a)\\ £ s u p \\Ut\\ m a x { | | s | | , \\Bx\\] .
OSReαSl ί e R

On the other hand,

dt

dt
o (e2πt + e~2πt - 2 cos 2πc)ιn

= 2 Γ°° —
Jo (e2πt + e~2πt - 2cos2ττc)1 / 2

< 2 ί+°° *

= 2
— cos

7Γ Ji s2 — cos 2πc

If cos 2πc ^ 0, then

f + 0 °
Ji s 2 —cos 2πc

and if cos 2πc ^ 0, then

s2 — cos 2τrc Ji (1 — cos 2πc)s2 1 — cos 2πc 2 sin2 πc

Hence for every 0 < c < 1

dί ^ 2ι: 7Γ S i n 7ΓC
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q.e.d.

Lemma 4.1 implies that for every x e 3ίB and for every 0 < c < 1
there exists a constant d{x, c) such that

||(λ + B)-ιBx\\ ^ d&A , λ > 0 .

Consequently, for any αeC, 0 < Re α < 1, the integral

V'Xλ + B)~ιBxd\

converges. Indeed, applying the above remark with 0 < c < Re α, we
deduce the convergence of the integral in 0 and, applying it with Re a <
o < 1, we deduce the convergence in +oo.

Hence for 0 < Re a < 1 the "Balakrishnan fractional powers" Ba (see
[2]) can be defined. Now we show that Ba is the analytical extension Ba

of {Ut} in a:

THEOREM 4.2. Let {X, ̂ ) be a dual pair of Banach spaces, satis-
fying (Ai), {Ut}teR a bounded ^-continuous one-parameter group in B
B its analytic generator and x e 3fB. Then for every a eC, 0 < R e

Fx(a) = *mπajr- ( V ( λ + BY'BxdX .
π J

In particular, for every teR

Utx = j r - i i m

 s i n 7 r a . ^ - ( V - χ ( λ + B)~lBxdX .
a-^it % JO

0<Reα<l

PROOF. Let φ e J^ arbitrary.
By Theorem 3.2, for every λ > 0

π (Fx(a), φ)da, 0 < c
ΪOO s i n π<x

that is

{λ e R; λ > 0} 3 λ f-> <(λ + B)~ιBx,

is the inverse Mellin transform of

{ ; }

smπa

Since the conditions of [6], Kap. 6, §8, Satz 3, are satisfied, it follows,

that
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{a e C; 0 < Re a < 1} s a κ> —-—(F x(a),
smπa

is the Mellin transform of

{λ G R; λ > 0} s λ H* <(λ + JS)-1^, <?> .

Consequently, for every a e C, 0 < Re a < 1,

()

q.e.d.

Theorem 4.2 implies the following converse of Corollary 3.5:

COROLLARY 4.3. Let (X, J?~) be a dual pair of Banach spaces, satis-
fying (AJ, {Ut}teR a bounded ^-continuous one-parameter group in
Bjr(X), B, B1/2, B_U2 its analytical extensions respectively in 1, 1/2, —1/2
and x e &Bιl2 Π ̂ B_ 1 / 2 - Tfeew /or ever?/ ί G β

Utχ -
2τr

PROOF. We apply Theorem 4.2 with # = l?_1/2# G ̂ β and a = 1/2 + iί.
q.e.d.

An other consequence of Theorem 4.2 is the following unicity theorem:

THEOREM 4.4. Let (X, ^~) be a dual pair of Banach spaces, satis-
fying (Ax), {Ut}teR, {Vt}teR bounded ^"-continuous one-parameter groups
in Bjr(X), B, D their analytic generators and Y, Z ^-closed linear sub-
spaces of X. If

{ ί / 6 7 n a π 3fΏ\ (λ + B)~ιy - (λ + ΌYιy e Z for all λ > 0}

is j^-dense in Y, then

(Ut-Vt)YczZ, teR.

In particular, ifB = D then Ut — Vt for all teR.

PROOF. Following Theorem 4.2, for any y e 2$B Π 3fΏ

(Ut-Vt)y

= ^ - lim
0<Reα<i

Jo

hence, for y in an ̂ ^^dense subset of Y, (Ut —Vt)yeZ. q.e.d.

This result implies our statement at the end of Section 2.
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We remark that the above results can be extended to the case

11*7*11 ^ c^'2"1 , teR, where c2 < π .

Now we prove another unicity theorem:

THEOREM 4.5. Let (X, ^~) be a dual pair of Banach spaces, {Ut}teR,
{Vt}teR ^"-continuous one-parameter groups in B (X) such that for some
constants c1 > 0, π > c2 > 0

II TJ II < o ί>c2l*l II V II < r ί>c2i*i teR

B, D their analytic generators and Y, Z ^-closed linear subspaces of
X. If

Bny\\1/n < +oo, ϊhR\\Dny\\1/n < +oo,]||^||

Bny - Dny e Z for all

is J^-dense in Y then

(Ut-Vt)Y(zZ, teR .

PROOF. Let Ba, Da, be the analytical extensions of {Z7J respectively
of {Vt} in aeC and

i / e 7 n f l ^Bn n h î>»

such that

ϊϊm | | 5 ^ | | 1 / % < +oo , ΠH ||jDn2/||1/Λ < + °° ,

β ^ __ 2 ) ^ G ^ for all w ^ 1 .

Then for every φeZL in ^ * the formula

f(a) = (βay - Day, φ) , Re a ^ 0 ,

defines a regular function on {αeC R e α ^ 0} which verifies the conditions
(i), (ii), (iii) of Proposition 1.3. Consequently / vanishes identically, hence

<Uty-Vty,φ) = 0, t e R .

Since φeZL is arbitrary, it follows

Uty -VtyeZ , teR .

Now, using the .^-density hypothesis of the theorem, we deduce

(Ut-Vt)YaZ, teR .

q.e.d.

Theorem 2.4 and Lemma 3.1 imply that the eigenvalues of the ana-
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lytic generator of a bounded one-parameter group are included in iϊ+\{0}.
Now we characterize these eigenvalues in terms of the group:

COROLLARY 4.6. Let (X,yr) be a dual pair of Banach spaces, {Ut}teR

a bounded ^-continuous one-parameter group in B^{X) and B its
analytic generator. Then for x e X and X e R+\{0} the following state-
ments are equivalent:

( i ) x e Ξ?B , Bx = Xx

(ii) Utx = Xux , t e R .

PROOF. Obviously, (ii) implies (i). For the converse implication we
apply Theorem 4.5 with Vtv = xuv, teR,veX, Y = Cx and Z = {0}.

q.e.d.

5. Spectral subspaces. In this section we analyse sets of elements
x 6 X for which n —• Bnx, where B is the analytic generator of a bounded
.^•continuous one-parameter group {Z7J, has exponential increasing. The
importance of these elements is justified by Theorem 4.5 and we shall
show that they are .^-dense in X. We associate to every closed subin-
terval [κ19 λ2] of (0, + co) a closed linear subspace of X which is invariated
by {Ϊ7<} and on which the spectrum of B is included in [Xίf λ2]. We show
that this subspace coincide with the spectral subspace Mu([ln λlf In λ2])
defined in [1], Section 2.

LEMMA 5.1. Let (X, J^) be a dual pair of Banach spaces, {Ut}teR

a bounded ̂ -continuous one-parameter group in B^(X) and B its analytic
generator. If xe Π«=i <^Bn and X = lim^*, || Bnx\\1/n then for every integer
m ^ 1

PROOF. Let Fx be the ^-regular extension of it\-*Utx on {aeC;
Re a ^ 0}. If n ^ m ^ 1 are arbitrary integers then, using the "three line
theorem" ([7], Theorem VI. 10. 3),

sup 11 UtB
mx I ( ̂  f sύp II t/; 11 J5 α? || V ^ f s u p || Z7411 IM|Y~ m / % .

teR \ teR / \teR I

Taking n —• + °o, there results

sup IIUtB
mx\\ ^ λ " s u p | | t Γ t | | | | α ? | | .

ίeft teR

q.e.d.
In particular, if Iίmn_κx> \\Bnx\\ί/n = 0, then Bx = 0, so x = 0.
Now we are able to give the structure of {Ut} if σ(B) is a compact

subset of (0, +co) :
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THEOREM 5.2. Let (X, J^~) be a dual pair of Banach spaces, {Ut}teR

a bounded ^-continuous one-parameter group in B ^(X) and B its
analytic generator. If

m = inf I λ I > 0 , M = sup | λ | < + oo ,
λeσ(B) Xeσ(B)

then there exists He Bjr(X), σ{H) c [ln(m), In (M)], such that

Ut = exp (itH) , t e R .

PROOF. Lemma 5.1 implies that B and B~ι are bounded:

So, using Proposition 1.2, there results that {Ut} is strongly continuous.
Following Theorem 3.6, σ(B) c [m, Λf ].

Let Γ: [0,1] —> {λ e C\/J_; | arg λ | ^ 1} be a positively oriented rectifiable
closed Jordan curve around [m, M]. Consider the one-parameter group
{Vt} defined by analytical functional calculus (see [7], Chap. VII):

vt = BU = -L- ί λ«(λ - By'dx.
2πτ Jr

Then for any teR

| | V t | | ^ - ^ length (Γ) sup \\(X - BΓ\\e
2π ;er([o,i])

and the analytic generator of {Vt} is B. Using Theorem 4.6 with Y — X
and Z — {0}, we deduce

Ut = Bu , teR .

Now let / be the analytic function defined on C\R_ by the formula

/(λ) = In λ = In I λ I + i arg λ .

Define

H = f(B) .

By the spectral mapping theorem ([7], Theorem VII. 3.11) σ(H) = In σ(B) c
[In (m), In (M)] and by [7], Theorem VII. 3.12

Ϊ7 f = e x p (itH) , teR .

q.e.d.

In particular, {Z7<} is uniformly continuous if and only if σ(B) is a
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compact subset of (o, + °°).

LEMMA 5.3. Let (X, J^) be a dual pair of Banach spaces, {Ut}teR

a bounded ^-continuous one-parameter group in B^{X) and B its ana-
lytic generator. If 0 Φ x e Π~=-°o ̂ B then

ϊϊm 11 J5*α: | | 1 / w fiiα 11 -B-*a? | | 1 / Λ ^ 1 .

The equality holds if and only if x is an eigenvector of B (with eigen-
value lϊm.^oHB αll1^).

PROOF. The case l inv^ ||jB*a;||1/n — +oo is trivial, so we suppose
that λ = Ϊim^coll-B a ll17* < +oo.

Let m ^ 1 be an arbitrary integer. Since ϊΐΐn^oo \\Bn(B'mx)\\Un = λ,
using Lemma 5.1 we have

11 γ 11 — II D m / Ώ-mΎ\ 11 < Λ ^ Q l i n \\JT II II Tf-m^ 11

11 Λ/ 11 — 11 x> \J-> <"/ \\ = A* b u y 11 cy^ 11 11 x> **/ll>

ί e Λ

Taking m —• <>o, there results

1 ^ Xhm\\B-mx\\ί/m .

W—»oo

Now we suppose that

Iΐm||.B-*z||1/'1 = λ-1 .
n—*oo

Then a \-> X~aFz(a) is a bounded entire mapping, so, by the Liouville
theorem, it is constant. Hence

\~ιBx = x ,

Bx — Xx .

q.e.d.

Let {Ut} be a bounded ^^-continuous one-parameter group in B^(X)
and B its analytic generator. For 0 < Xλ ^ λ2 < + oo we define the
spectral subspace

JB αll1./* ^ λ2, Π S
n-*oo

Using Lemmas 5.1 and 5.3, it is easy to see:

( i ) if [λί, λ2] c [λϊ, λ2

2] then

XB([X{,Xl])^XB([xl,Xl]);
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(ii) if {[X[, λg]}̂ / has non-empty intersection then

χB(n [λί, λίi) = n χB([χ, λίi)
\eel I eel

(in) every XB([X19 λ2]) is norm-closed and invariant under the action
of{uty,

(iv) XB([X, X]) = {xe &B', Bx = Xx}f 0 < λ < +00;
( v ) for every x e XB([xlf λ2]) and for every integer n ^ 1

λr(sup III/;ll)"1!!a?||^ ||J8 aj|| ^ λ?sup |
\ teR / teR

in particular,

For every / e L\R) we define its inverse Fourier transform / by

f ( s ) = \ + O ° f ( t ) e ί t s d t , s e R .

If feL\R) then the following inversion formula holds:

f ( t ) = - L \ + o ° f ( s ) e - i t s d s , t e R .
27Γ J-00

Now we prove our main technical lemma:

LEMMA 5.4. Let (X, J^~) be a dual pair of Banach spaces, satisfying
(Ax), {Ut}teR a bounded ^-continuous one-parameter group in B^(X)9 B
its analytic generator and XB([Xl9 λ2]) the spectral subspace associated to
[Xlf λ2] c (0, + 00). Then for every f e L\R)JeC\R), s u p p / c [In λlf In λ2],
and for every xeX

- \+O°f(t)Utxdt e XB([X19 λ2]) .
j — 0 0

On the other hand, for every f e L\R), f eC\R), supp/ compact, supp/ Π
[lnλχ, lnλ2] = 0 , and for every xeXB([X19 λ2])

- \+O°f(t)Utxdt = 0 .

PROOF. Let / e U{R), f e C\R), supp/ c [In x19 In λ2]. Then / has an
entire extension defined by

Since
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(iaff(a) = -A- [Ώλ2f"(s)e-iaads ,

there exists a constant c > 0 such that

I f{a) I ̂  -—9—^e l m a l n \ Ima^O ,
1 + \a\2

I f(a) I ̂  β ^ I m

1 + IΛI

Let a? e X be arbitrary. It is easy to see that

a ^ ^ - ί+°°/(ί + ia)Utxdt
J-oo

is an entire extension of

hence

2/ = ^r- \+~f(t)Utxdt e fl ^
J—oo n=—oo

and

^7/ = ^ - Γ°°/(t + in)Utxdt , - oo < ^ <
J —oo

For n ^ 0

11 B'y 11 ̂  c ί ̂ -JL-dίβ '^. sup 11 Ut 11 11 x 11 ,

J-°° 1 + t <e«

SO

ίϊϊn|[J5^||1 / ί l ^elnλ* = λ, .
ίί,—»oo

Analogously,

In conclusion, /̂ e XB([λlf λ2]).

To prove the second statement, we can suppose either

supp/c:(lnλ2, +oo) ,

or

supp/c(—co, lnλj .
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In the first situation, denoting by a > In λ2 the greatest lower bound
of supp/, / has an entire extension such that for some c > 0

Using the Cauchy integral theorem and Lemma 5.1, for every x e XB([Xlf λ2])
and for every integer n ^ 1

- \+COf(t)Utxdt

in)UtB
nxdt

dtex%mv \\Ut\
1 + t2 <eΛ

Since l im^^ e~anXt = 0, we deduce

^ - \+COf{t)Utxdt = 0 .
J-oo

In the second situation we follow a similar reasoning. q.e.d.

To exploit Lemma 5.4, we need the following "approximate unit
lemma", which is undoubtly known but for which we found not reference:

LEMMA 5.5. There exists a sequence {fn} in L\R) such that for any

" πn t2 '

fneC\R),

O g / « g l , Λ = l on [ — n, n],fn = 0 on (—°°, — 3w] U [372,, +°o) .

Let (X, ^) be a dual pair of Banach spaces, satisfying (AJ, and {Ut}teR

a bounded ^-continuous one-parameter group in B^(X). Then for
every xeX

in the ^-topology.

PROOF. For every n ^ 1 we define the continuous function ψn on
R by the relations:



354 I. CIORANESCU AND L. ZSIDO

0 s e ( — oo, — 3w] ,

0 se[-n,0],

is linear on the intervals

Ψn(s) = ψΛ-s), seR

Let φneC2(R) be defined by:

It is easy to verify that

0 2a ?>„ ̂  1, 9>« = 1 on [ —w, »], ?„ = 0 on (— oo, — Zn] U [3%, +

s)ds = 4% ,S +o

Now we define for every n ^ 1 the function / n as being the Fourier
transform of φn:

t e R .

So, for every ί,

Since

we have for every ί Φ 0

π

e R ,

Consequently,
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t2

7Γ 7Γ 7Γ

7Γ

If (X, ^ * ) and {ί/J are as in the statement of the lemma, then for
every xeX, φe J?" and ε > 0 there exists δ > 0 such that for \t\ ^ δ we
have I < Utx — x, φ) \ ^ τrs/16. Since

there results

x, φ

tfi - x, <p)dt

2

Hence there exists nε such that for n ^ nε

Suppose that (X, ^) and ( ^ X) satisfy (AJ and a?
are as in Lemma 5.5, then by Lemma 5.4

by Corollary 2.5

= ^ - - [+o°fn(t)UtBxdt
J-oo

q.e.d.

. If {/J

and by Lemma 5.5

xn—+x, Bxn —> -Bo;

in the .^-topology. Consequently, for bounded groups Corollary 2.6 can
be improved:
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(vi) if (X, ̂ ~) and (^~, X) satisfy (AJ then the sequential
closure of B | Uo<a1̂ i8<+oo XB([\, λ2]) is B.

Supposing that (X, ̂ ~) satisfies (A^, we define for 0 < λL < λ2 < +

f e

( J s u p p / c [Inλ l f Inλ2], xeX

By Lemma 5.4, XB((\19 λ2)) c XB([Xlf λ2]).
We prove a "regularity property" which improves [1], Proposition

2.2 in the case of the additive group R:

THEOREM 5.6. Let (X, J^) he a dual pair of Banach spaces, satis-
fying (AJ, {Ut}t&R a bounded ^-continuous one-parameter group in

), B its analytic generator and 0 < X1 ̂  λ2 < + °°. Then

= n
δ l

for every f eL\R), feC\R), supp/

x e X; compact, supp/ Π [In x19 In λ2] = 0 ,

we have J?~'— \ f(t)Utxdt — 0

PROOF. We denote the last set in the above equalities by S.

Let xeS,s>0 and / e U{R) such that feC2(R), f = 1 on [In \ t - ε,

lnλ 2 + ε] and s u p p / e [lnλi — 2ε, lnλ 2 + 2ε]. Consider a sequence {fn} in

L\R) as in Lemma 5.5. Since Λ ^ T ^ Λ = Λ ~ /Λ belongs to C\R),
has compact support and vanishes on [lnλi — ε, lnλ2 + ε], there results

- [+"fJί)Utxdt
J-oo

= j r - \+~(f*fn)(t)utχdt + &•- ί+"(/. - f*fn)(t)utxdt
J-oo J-oo

= &- V°°(f*fn)(t)Utxdt.
J

If n^n0^ max {| In A* - 2e |, | In λ, + 2e |} then /*^(s) = /(s)Λ(s) = /(β),
s e R, hence /*/„ = /. Consequently, for n^n0

- \+"fΛ(t)Utxdt = ̂ ~- \+"f(t)Utxdt.
J—oo J—oo

By Lemma 5.5

in the .^topology, so we deduce
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x = &~- \+°°f(t)Utxdt e - X ^ β -
J

In conclusion, for every δ>l,Sa XB((X^~\ x2δ)).
Using Lemma 5.4, the above inclusion and property (ii) of the spectral

subspaces, we deduce:

: Π XB([\δ

= XB([\19 λj) .

q.e.d.

If (X, ^~) and ( ^ X) satisfy (AJ then for every / e L\R) the operator

V ( * ) ^ ^
is .^continuous ([1], Proposition 1.4). Hence Theorem 5.6 implies:

(vii) if {X, &~) and (^ X) satisfy (Ax) then every XB([Xlf λ2]) is
^-closed.

COROLLARY 5.7. Let (X, j^) he a dual pair of Banach spaces such
that (X, ^~) and (^ X) satisfy (AJ, {Z7Jίejι α bounded ^-continuous
one-parameter group in B^{X), B its analytic generator and 0 < X1 ^
λ2 < + oo. Then

ί for every f e L\R), supp/ Π [In \lf In λ2] = 0 , j
XB([κ» \A) = \xeX; h ^ r + - / m τ τ A+ nwe feαvβ ̂ ^— I f(t)Utxdt = 0

V J-C5O J

PROOF. We denote the right hand side of the above equality by M.
By Theorem 5.6 M cXΛ([λ l f λj).

Now let x G Xβ([λx, λ2]) and / e L\R\ supp/ n [In X19 In λ2] = 0 . Then
there exists ε > 0 such that / vanishes on [lnλx — ε, lnλ2 + ε]. Following
Theorem 5.6 x e XB((Xίe~% X2e

ε)), so for some g eU(R), supp le [In \ — ε,
lnλ2 + ε], and for some yeX

S +oo

g(s)Usyds .

Using the fact that

I θ 2 h > ^ - [+β°f(t)Utzdt

is .^-continuous, for every φ e
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i ^ - \+C°f(t)Utxdt, ψ) = \+Ύ"'f(t)g(s)(Ut+sy, φ)dtds
\ J—oo / J_ooJ_oo

= \+m(f*g)(t)(Uty,φ)dt.
J-oo

Since f*g = fg = 0, there results f*g = 0, so

In conclusion, XB([X19 λ2]) c Λf.

q.e.d.

The right hand side of the equality from Corollary 5.7 was defined
by W. Arveson in [1], where he denotes it by Mu([ln Xlf In λ2]). Hence
the spectral subspaces of B considered by us coincide with the spectral
subspaces of {Ut} defined by Arveson.

The use of spectral subspaces reduces the study of bounded ^^-con-
tinuous one-parameter groups to computations with bounded uniformly
continuous one-parameter groups.

We remark that further progresses may be expected using techniques
of generalized scalar operators (see [4]).

6. Some examples. In this section we examine two important par-
ticular cases.

Firstly we consider strongly continuous groups of unitary operators
on a Hubert space. For functional calculus with self-adjoint operators
we send to [11].

THEOREM 6.1. Let H be a Hilbert space, {ut}teR a strongly continuous
one-parameter group of unitary operators on H, ba its analytical exten-
sion in cceC and b = bλ its analytic generator. Then b is self-adjoint,
positive, injective and for any aeC

PROOF. Let ε > 0.

For each ξ, η 6 £&ht the mappings

are regular extensions of itv-*(utζ\r]) on {aeC; 0 <ΞRea: ̂  ε}, hence they
coincide. Consequently
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that is bε is symmetric.
If ξ e £&h% and η e Ξfh* then the mapping

is bounded and regular on {a e C; 0 ^ Re a <: ε}. We have the following
estimations on the boundary:

| ( F e ( e + i t ) | ? ) | = K t t r f l δ ^ l ^ Hi l l \\bΐη\\ .

Using the Phragmen-Lindelof theorem,

\{Fξ{a)\r])\ ^ Hill max{||)?||, ||δ£*>?||} , 0 ^ Reα: ^ ε .

Thus there exists G(ά) e ί ί such that

(ξ\G(3)) = (Fe(a)\y), ξe^bε.

It is easy to see that cc \-+ G{a) is an iϊ-regular extension, of it t—> t6t^
on {α e C; 0 ^ Re α ^ ε}. Hence r]^^rhε, so δε is self-ad joint.

Since by Theorem 2.4 6 = 61/261/2, it follows that 6 is self-adjoint,
positive and injective.

By Theorem 2.4 and by the unicity of the self-adjoint positive square
root of a self-adjoint positive operator, we deduce that for all dyadic
rationals reR

br = b'.

Hence for each ζ e Π£=-<*> ̂ i » the integer mappings

a H* Fξ(a) ,

av-+baζ

coincide on the dyadic rationals; therefore they coincide on C. Conse-
quently, for any aeC, ba and ba coincide on Γ)ίί-°° &hn a n<ϊ, using Corollary
2.6, we deduce:

K = ba .

q.e.d.

In particular, we obtain the Stone representation theorem:

ut = bil , t e R .

We remark that, applying Corollary 3.5 with ε = 1 in this case, we
obtain [5], Lemma 4.3.

Now we consider our second particular case.
Let H be a Hubert space and {ut}, {vt} strongly continuous one-para-
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meter groups of unitaries on H. It is known that in B(H)* there exists
a unique norm-closed linear subspace B{H)* such that the duality between
B(H) and B{H)* induces the relation B(H) = (B(H)*)* (see for example
[12], Corollary 1.13.3). The linear forms

B(H)3x^(xξ\y), ξ,yeH,

form a total set in B{H)* in the norm-topology. Define for every t e R
an isometry Ut in BB{HU{B{H)) by

Utx = vtxut .

It is easy to see that {Ut} is a JB(JH
Γ)Hί-continuous one-parameter group.

THEOREM 6.2. Let H be a Hilbert space, {ut}teR, {vt}teR strongly con-
tinuous one-parameter groups of unitary operators on H, δ, d their
analytic generators, {Ut}teR the above defined B{H)^-continuous one-para-
meter group of isometries in BB{H)χB(H)) and Ba its analytical extension
in aeC. Then for every cceC

&Ba = {xeB(H); ba\^daxba = b" and daxba is bounded}

and if xβ 3ίB then

Bax = daxba .

PROOF. We consider, for example, that Re a >̂ 0. In the case
Re a <̂  0 the proof is similar.

Suppose that x e B(H) is such that ba \ Ξfά«xh* = ba and

Then

\(xb*ξ\d"y)\ ̂

Since ba \ &d*xb« = ba, we deduce that the above inequality holds for every
ξ e 2Pha, η e &da. Using the Phragmen-Lindelof theorem, there results:

\(xbrξ\<fy)\ t £ m a x { \ \ x \ \ , c}\\ξ\\ \\y\\ ,

ί G &ba , η G &rdΈ, 0 ̂  Re 7 <: Re a .

Hence for 0 <; Re 7 <: Re a there exists F(J) e B(H) such that

(F(7)ξ I y) = (xbr ξ I d/y\ ξ e ̂ b«, y e 3tda .

It is easy to see that 7h^F(7) is an B{H)*-regular extension of it\-+vtxut
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on {7 e C; 0 ^ Re 7 <̂  Re a). Consequently x e
Conversely, let x e 3fBa. For ξ e ^6«, η e

7 H+ (xbrξ I d7η)

are regular extensions of it H-> (vtxutξ \ η) on {7 e C; 0 g Re 7 g Re α}, hence
they coincide. In particular,

For every ξ e&ba

\(xb«ξ\d«η)\ ^ \\(Bax)ξ\\ \\η\\ , η e ^rd* ,

so η v-+ (xbaξ I darj) defines a bounded antilinear functional on H. Conse-
quently

xb"ξ 6 ^{da )m = ^rda ,

that is

Moreover,

βa?)f I η) = ( d ^

(Bax)ξ = daxbaξ .

In conclusion, Sfάaxha = 3th<χ, daxba is bounded and Bax — daxba. q.e.d.

Applying Corollary 3.5 with ε = 1 to {Ut} and B, it follows [5],
Lemma 4.2.

We remark also that Theorem 4.4 is applied in this particular case
in [15].

We are grateful to A. van Daele who communicated us an example
of {ut} and {vt} for which σ(B) = C. Hence he contributed to correct an
error in our initial version. However, it seems that, using techniques
from [14], it can prove that if b or d is bounded then σ(B)aR+.
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