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1. Introduction. Let F be a locally convex Hausdorff space over
the field of real numbers and F” its dual space. Let X be a compact
convex subset of F, and let C(X) denote the Banach lattice of all real-
valued continuous functions on X with the supremum norm ||-||. Let
F’; denote the set of all restrictions of functions in F’ to X and 1 the
unit function on X. Throughout this paper, (L,) will be a net of positive
linear operators of C(X) into itself.

The following theorem is a generalization of the well-known theorem
of Bohman-Korovkin [6]. See, for instance, [1], [2], [5], [7] and [8]:

THEOREM A. Suppose that (L.(g')) converges to g* for all g in Fyx
and for 1 =0,1,2. Then (LJf)) converges to f for all f in C(X).

The purpose of this paper is to recast Theorem A in a quantitative
form which estimates the rate of convergence of (L.(f)) to f in C(X) in
terms of the quantities associated with the system {g%; g€ F%, 7 = 0, 1, 2}.

In the case that F is the m-dimensional real Euclidean space R™ our
results will cover the results of O. Shisha and B. Mond [10], E. Censor
[3] and the result of R. De Vore [4] concerning the estimate for approxi-
mation of differentiable functions on the closed interval in the real line.
Furthermore, they will suggest the characterization of the saturation
class of positive linear operators satisfying the hypotheses of Theorem 1
in the author [7] and that of the Bernstein-Schnabl operators constructed
by M. W. Grossman [5].

2. Definitions and lemmas. We shall begin with the following,
which all the derived estimates for ||L.f) — f|| recasting Theorem A
will involve.

DEeFINITION 1. Let {g, ---, g} be a finite subset of F%, 0 a non-
negative real number and f in C(X). Then we define
O(f; g1 =+ *5 gis 0) = sup {| f(z) — F(W);
lgl(x) - gz(y)l = 5’ z, ye-X’ 1= 17 27 Yy k}
and
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a)(fr 5) = inf {w(f; 91 ***y Gy 5);
k
gy "';gkeF.’X,iglaHgiH :lvk':l’z; "'}!

which are called the modulus of continuity of f with respect to g, ---, 9;
and the total modulus of continuity of f, respectively.

LEMMA 1. Let g, -++, g; be in F% and f in C(X).

(i) o(f; 9, *++, gi 0) 18 a non-decreasing function of 9,0 = 0.

(i) o(f; 9y ) 90 M) = L + No(f; gy * -+, giy 0) for each N, 6 2 0.

(iii) lim,_, @(f, 8) = 0.

Proor. (i) is clear. Since X is compact and F', separates the points
of X, the original topology on X is identical with the weak topology on
X induced by F%. Thus (iii) follows from the continuity of f. Next,
let us show (ii). Let n be a natural number. Suppose that z, ¥y in X
and

lg(x) — g(y)| =mo, 1=1,2---,k.

Then we divide the segment joining z and y into n equal parts by the
points

zJ:x+']—(y_x)’ j:():lr"',n’
n
which belong to X since X is convex. It is obvious that

W) = F@) = % (Fes) = Flz)

Since
lgi(z:i+1)_gi(zj)|—§5’ 'L:l’ 2; "'1k9
we have
lf(zi+1) - f(z.‘l)[ é (l)(f; Gy ***y Ok 8) y
and so

|f(y) '_f(x)] = nw(f’ G **°y Ok 3) ’
which yields
(1) o(f; gy +++, G, m0) = n@(f; 9y ) G 0) «

Now let n be the largest integer not exceeding X, i.e., n <A< n + 1.
Then (ii) follows from (i) and (1).

For a bounded linear operator L of C(X) into itself and g in F%,
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we define

ULy 9) = || L((9(x) — g(¥)), )II'*,

where the operator L is applied to the variable x and the norm is taken
with respect to the variable y. This convention will be used throughout.

LEMMA 2. Let L be a positive linear operator of C(X) into itself.
Then (L, g) =0 for all g in F% if and only if L(f) = fLQ) for all f
n C(X).

ProoF. Suppose that p(L, g) = 0 for all g in F%. Let f be in C(X)
and € >0 be given. Then there exists a finite subset {g,, -, g} of F%
such that for all z, ¥y in X

k
flw) — f(y)| = ¢ + gl. (g92) — 9:/v))* .
Since L is positive and linear, we have

| L(f)(y) — f(y)L(A)Y)|
< sL®) + 3 L) — 90), v)
for all y in X, and so
(2) I L(f) — FL)[| = || LA) ]| +g(#(L, 9))
which establishes L(f) = fL(1). The converse statement follows from the
equality
(UL, 9)) = [ L(g*) — 29L(9) + ¢°’L()|[ .
COROLLARY 1. Let L be a positive linear operator of C(X) into

itself with L(1) = 1. Then (L, g) =0 for all g in F% if and only if
L 1s the tdentity operator.

DEFINITION 2. f in C(X) is said to have the mean value property
(briefly, MVP) if there exist a finite subset {f,, ---, f,} of C(X) and a
finite subset {h,, -, h,} of F% such that for all z, y in X

(3) f@) = ) = 74 h@) — hw))

where ¢ is an internal point of the segment joining z and y. We some-
times say that f has MV P associated with the system {f,, <+, fo; hy, +++, h,}
if it satisfies (3).

For a finite number of elements g, ---, g, in F%, for instance, every
polynomial in g, ---, g, has MVP. Note that for F' = R™, every continu-
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ously differentiable function f has MVP; in this case f; and h, in (3) can
be taken the ¢-th partial derivative of f and the i-th coordinate linear
functional, respectively.

3. Main theorems. From now on let us set (L, 9) = tt.(9). We
first have the following.

THEOREM 1. Suppose that (L. (1)) converges to 1 and (¢.(g)) converges
to zero for all g in Fy. Then (LJf)) converges to f for all f in C(X).

PrOOF. Obviously, we have for all f in C(X) and all «
(4) L f) — fll S || LS) — FLLD) ]|
+ [ F I La(1) — 1]]

Putting L = L, in (2), and passing to the limit, the desired result follows
from (4) and the hypotheses.

REMARK 1. Since for all g in Fy and all «
(2(9)) = || La(9°) — &*I|
+ 2[[g|ll| L(9) — gll + [lg]I*| L(1) — 1] ,

Theorem A can be covered with Theorem 1.

In order to estimate the rate of convergence of (L,(f)) to f in C(X),
we define

Q.f) = Inf {0(F; 9o+, G 3, el

k
(1) "'ygkeFA,Y’;#a(gi)#;O’k:1’2’ ...}’

which converges to zero if (¢.(g)) converges to zero for every g in F.
THEOREM 2. We have
(5) ILS) = FII S (| FI1] La(1) — 1]
+ | La(1) + (Lo(1))*][ 2:()
Jor all f in C(X) and all a. In particular, tf L (1) =1, then (5)
reduces to
I Lf) — fII = 22.(f) .

Proor. Let f be in C(X) and « be fixed. In view of Lemma 2, it will
suffice to show (5) in the case of {g; g € F'%, tt(g) = 0} # F%. Let {g, : -, g}
be a finite subset of F% with X%, ¢.(g9.) # 0, and let 6 > 0. Then by
Lemma 1 (ii), for all z, ¥ in X, we have



DEGREE OF CONVERGENCE OF POSITIVE LINEAR OPERATORS 85

F@) — F)| £ (@ + 07 5 10do) — 0.0)

X Q)(f; g1, **°y Oy 5) ’
and so

| L(f)(y) — f(¥)L1)(¥)|
< (L) + 7 3, Ll 9o) — 9.0)], v)
X w(f;gu oy On 5) .
The Cauchy-Schwarz inequality for positive linear operators gives
L(lg42) — 9|, ¥) = talgNL(1)(w))"*

for all ¥y in X and for ¢+ =1, ---, k. Therefore, we obtain
(6) | L(fNy) — f(y)L(1)(w)]

= (L)) + L@ 3 10))

X a)(f; Gy ***y Ory 6)

for all ¥y in X. Putting 6 = X%, tt(g;) in (6), and taking the norm, we
have

|L(f) — L) = [[ Lo(1) + (La(1))|
X (I)(f; G5 s Grs g #a(gt)) .

Therefore, (5) now follows from (4) and the above inequality.

COROLLARY 2. Let {g,, g ***, gx} be a finite subset of F% and (\,) @
net of positive real numbers converging to zero. If ||L.(1)— 1| = O(\2)
and ||LAgi) — gill = O0(\%) for 1=1,2,=1,2,---, k and for all «,
then there exists a constant C such that for all f in C(X) and for
all a

(7) | Lo(f) = FIl = CQA+ || £])
x (\; + (l)(f, 91y 925 **°y Ory 7\'01)) .

If L) =1, L{g) = g and [[LAg") — ¢*| = (M||g|IX.)* for all g in F%
and for all a, then (7) reduces to

I L(f) = Fll = @ + M)o(f, Ne) -

Concerning the functions having the mean value property we have
the following.

THEOREM 3. If f in C(X) has MVP associated with the system
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{fy *=+, fr; By +++, h,}, then for all @, we have

(8) ILf) = FII < [ F I Lo1) — 1]
+ S Ll (@) = ki), B
+ (L + I LD)1) 3 1alh) 2L -

In particular, if L ) =1 and L, g) = g for all g in Fy% and for all a,
then (8) reduces to

L) = FII = 2 35 kDR -

PROOF. Let « be fixed. In view of Lemma 2, it will suffice to show
(8) in the case of {g; g€ F%, pt.(9) = 0} = F%. Let {g, --+, g} be a finite
subset of F; with >\, ¢.(9:) # 0, and let 6 > 0. From (3), we have

@) = fw) = 3, F4@)h@) — h(w))
+ 3 (Fd8) — F@) ) — h(v)) ,
and so ;
(9) F@LAL)@) — Lf))
= 3 @)L (@) — h(w)), @)
+ 3 Lul(£() — £@) @) — hiw)), o) -
By virtue of Lemma 1 (ii), for 1 =1, .-+, r, we have
| £48) — fi@)| | h() — hu()|
= (1407 510,60 — /) D hd@) — b))
X O(F3; Gy 1 Gur 0)
= (L + 37 3 1040) — 9,0 DI Aa) — b))

X (l)(fl; Gy * s Ony 3) ’

and therefore, the Cauchy-Schwarz inequality for positive linear operators
yields
L|(fi(8) — fu@)(h(x) — hiy))], ®)

= (IZDI* + 57 3 lg:)ielh)
X w(fz; Gis ***y Gis 5) )
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which yields

I Lo(| (F8) — Fl@))Bix) — Ri(y))], @)]|
= (@ + (L) )t ) 2o ) -
Therefore, (8) follows from (4) and (9).

COoROLLARY 3. Suppose that f in C(X) has MVP associated with the
system {fy, fo *+*, fss By by, -+, h,}. Let (\,) be a met of positive real
numbers converging to zero and {g,, s, -, gx} @ finite subset of Fy%. If
([ La(1) — 1]| = O3, || Lu(97) — 951l = O(NZ) and || Lu(hi) — hi|| = O(\L) for
1=127=1,2 ---k, n=12 ---, 7 and for all a, then there exists
a constant C such that for all @

(10) L) = Fll=CA+ ([ FIl + ; 1711

X ()\'i + )"ag} (D(fl; 91y 925 *°°y Giy 7\'at)) .

If L) =1, L(g) =g and |[Lg*) — ¢*|| < (M||g|IN.)* for all g in F%
and for all a, then (10) reduces to ‘

1 Lo(f) — fll = MQA + M)Mg. A ll@(fi Na)

REMARK 2. In the case of FF= R™ we see that the modulus of
continuity with respect to the coordinate linear functionals is majorized
by the usual modulus of continuity defined by

sup {| f(x) — fW)|; %, y e X, d(z, y) < 0},
where @ = (2, -+, %), ¥ =Wy ***, Yn)y F€CX), 620 and d(z,y) =

G, (x; — v:,)")"% and so Theorems 2 and 3 cover Theorems 1 in [3], [10]
and Theorem 2.1 in [4], respectively.

4. Degree of convergence of Bernstein-Schnabl operators. Denote
by A(X) the space of all real-valued continuous affine functions on X.
For a point « in X, an A(X)-representing measure for x is a probability

measure vy, on X such that f(x) = SX fdy, for all f in A(X). Let Ebea

closed subset of X, containing the extreme points of X, and let Z/(F) =
{v,).ex be a selection of A(X)-representing measures supported by E.
Let P = (D,;)s,i=: Pe a lower triangular stochastic matrix, i.e., an infinite
real matrix satisfying: p,; =0 for all n =1 and j = 1, p,; = 0 whenever
j>mn, and Xz, 0,; =1 for each n =1. Then the Bernstein-Schnabl
operators on C(X) with respect to the matrix P and the selection Z/(E)
are defined by



88 T. NISHISHIRAHO

BP(f)a) = | fdm,(57), FeCX), aeX, n=12 -,

where 7, . E* — X are defined by
T p(@yy + 00y ) = 21 Pai®i s
® denotes tensor product and 7, (v§") are the induced measures on
X([5]). Briefly, we write (3};2: 92;)"* = A, and BZ{¥ = B,.
THEOREM 4. Suppose that (\,).=: converges to zero. Then we have
(i) IB.(f) — fl = 20(f, \,)

for all fin C(X) and all n = 1. In particular, if f in C(X) has MVP
associated with the system {f, <+, f.; hy <+, h,}, then (i) reduces to

(i) HBn(f)—fll§2M§||hillw(fi, Ny) -
ProOOF. It can be verified that for all g in A(X) and all n =1,
Bn(g) =40,

B.(¢%) = ¢" + Mu(By(9") — 7)),
and therefore,
|Bu(g*) — &Il = Nallg Il

since the operator norm of B, equals one. Therefore, (i) and (ii) follow
from Corollaries 2 and 3, respectively.

REMARK 3. In the special case that the entries of P are chosen as
follows:

Pni = — (’ngl,lé]én)!
nw

pni:()r (.7>ﬂ'):

Theorem 4 (i) should be compared with the result of R. Schnabl [9,
Satz 3].

The author [7] proved that if (A2),., converges to zero, then (B,),=;
is saturated with order (\2),», and its trivial class coincides with A(X).
Theorem 4 (ii) suggests the characterization of the saturation class of
(B.).2: and in general, Corollary 3 does that of positive linear operators
satisfying the hypotheses of Theorem 1 in [7].



DEGREE OF CONVERGENCE OF POSITIVE LINEAR OPERATORS 89

REFERENCES

[1] H. BAUER, Theorems of Korovkin type for adapted spaces, Ann. Inst. Fourier, 23, 4 (1973),
245-260.

[2] H. BERENS AND G. G. LORENTZ, Theorems of Korovkin type for positive linear operators
on Banach lattices, Proc. Intern. Symp. Approximation Theory (Univ. of Texas, Austin,
1973), 1-30.

[3] E. CENSOR, Quantitative results for positive linear approximation operators, J. of Ap-
proximation Theory 4 (1971), 442-450.

[4] R. DE Vorg, Optimal convergence of positive linear operators, Proc. of the conference
on constructive theory of functions (Budapest, 1969), 101-119.

[6] M. W. GrossMAN, Note on a generalized Bohman-Korovkin theorem, J. of Math. Anal.
and Appl., 45 (1974), 43-46.

[6]1 P. P. KoroVKIN, Linear operators and approximation theory, Hindustan Publ. Corp.,
Delhi, 1960.

[7] T. NISHISHIRAHO, Saturation of positive linear operators, (to appear in Téhoku Math. J.).

[8] W. ScHEMPP, A note on Korovkin test families, Arch. Math., 23 (1972), 521-524.

[9] R. ScHNABL, Eine verallgemeinerung Bernsteinpolynome, Math. Ann., 179 (1968), 74-82.

[10] O. SmisHA AND B. MoND, The degree of convergence of sequences of linear positive
operators, Proc. Nat. Acad. Sciences U. S. A., 60 (1968), 1196-1200.

DEPARTMENT OF MATHEMATICS

RYUKYU UNIVERSITY

TONOKURA-CHO, NAHA, OKINAWA, JAPAN








