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1. Introduction. Let F be a locally convex Hausdorff space over
the field of real numbers and Ff its dual space. Let X be a compact
convex subset of F, and let C(X) denote the Banach lattice of all real-
valued continuous functions on X with the supremum norm || ||. Let
F'χ denote the set of all restrictions of functions in Fr to X and 1 the
unit function on X Throughout this paper, (Lα) will be a net of positive
linear operators of C(X) into itself.

The following theorem is a generalization of the well-known theorem
of Bohman-Korovkin [6]. See, for instance, [1], [2], [5], [7] and [8]:

THEOREM A. Suppose that (LJig1)) converges to gί for all g in F'x
and for i = 0,1, 2. Then (La(f)) converges to f for all f in C(X).

The purpose of this paper is to recast Theorem A in a quantitative
form which estimates the rate of convergence of (!/«(/)) to / in C(X) in
terms of the quantities associated with the system {gu, g e F'x, i = 0,1, 2}.

In the case that F is the m-dimensional real Euclidean space Rm our
results will cover the results of 0. Shisha and B. Mond [10], E. Censor
[3] and the result of R. De Vore [4] concerning the estimate for approxi-
mation of differentiate functions on the closed interval in the real line.
Furthermore, they will suggest the characterization of the saturation
class of positive linear operators satisfying the hypotheses of Theorem 1
in the author [7] and that of the Bernstein-Schnabl operators constructed
by M. W. Grossman [5].

2. Definitions and lemmas. We shall begin with the following,
which all the derived estimates for \\La(f) — f\\ recasting Theorem A
will involve.

DEFINITION 1. Let {gl9 •••,#*} be a finite subset of F'x, 8 a non-
negative real number and / in C(X). Then we define

o>(f; g» , Λ, 8) = sup {\f(x) - f(y)\;

\Qi(x) - gλv)\ ^ δ, x, y e X, i = 1, 2, . , k]
and
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ω(f9 δ) = inf {ω(f; gί9 , gk, δ);

gl9 •• , Λ e ί τ i > Σ l l f f i l l = l,fc = 1,2, .-•},

which are called the modulus of continuity of / with respect to g19 , gk

and the total modulus of continuity of /, respectively.

LEMMA 1. Let gl9 •••, gk be in F'x and f in C(X).

( i ) ω(f; glf , gk9 δ) is a non-decreasing function of δ9 δ ̂  0.
( i i ) ω(f; g19 , gk9 Xδ) ^ (1 + λ)ω(/; g19 , gk9 δ) for each λ, δ ̂  0.
(iii) lim^0 (*>(f, δ) = 0.

PROOF, (i) is clear. Since X is compact and i*^ separates the points
of X9 the original topology on X is identical with the weak topology on
X induced by F'x. Thus (iii) follows from the continuity of /. Next,
let us show (ii). Let n be a natural number. Suppose that x9 y in X
and

9i(x) - 9i(y)\^nδ , i = 1, 2, , k .

Then we divide the segment joining x and 7/ into n equal parts by the
points

Zj = x + — 0/ — a?) , i = 0, 1, , n ,
n

which belong to X since X is convex. I t is obvious that

f(v) - f(x) = Σ (/(«y+i) - /(«y))

Since

Iflr,(ί?i+1) - gt(zj)I ^ δ , i = 1, 2, , k ,

we have

and so

1/(2/)

>) - / ( ^

-/wι

•)l̂ ω(/5flfχ,

which yields

( 1) α>(/; Λ, , Λ, nδ) ^ ΛO)(/; Λ, , Λ, δ) .

Now let n be the largest integer not exceeding λ, i.e., n ^ λ < n + 1.
Then (ii) follows from (i) and (1).

For a bounded linear operator L of C(X) into itself and g in F'z,
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we define

μ(L,g)=\\L((g(x)-g(y)γ,y)\r,

where the operator L is applied to the variable x and the norm is taken
with respect to the variable y. This convention will be used throughout.

LEMMA 2. Let L be a positive linear operator of C(X) into itself.
Then μ(L, g) = 0 for all g in Fx if and only if L(f) = /L(l) for all f
in C(X).

PROOF. Suppose that μ(L, g) = 0 for all g in Fx. Let / be in C(X)
and ε > 0 be given. Then there exists a finite subset {g19 , gk} of Fx

such that for all x, y in X

\f(χ) -
ϊ = l

Since L is positive and linear, we have

\L{f)(y) - f(y)L{l)(y)\

^ eL(l)(y) + Σ L((9i(x) - gt{y)Y, y)

for all y in X, and so

( 2 ) \\L(f) -

which establishes L(f) — /L(l). The converse statement follows from the
equality

{μ{L, g)Y = \\L(g>) - 2gL(g) + </2L(l)|| .

COROLLARY 1. Let L be a positive linear operator of C(X) into
itself with L(l) = 1. Then μ(L, g) = 0 for all g in F'x if and only if
L is the identity operator.

DEFINITION 2. / in C(X) is said to have the mean value property
(briefly, MVP) if there exist a finite subset {Λ, ••-,/,} of C(X) and a
finite subset {h19 -"fhr} of Fx such that for all x, y in X

( 3) f{x) - f(y) = ΣΛίfXΛ^) - ht(y)) ,

where ζ is an internal point of the segment joining x and y. We some-
times say that /has MVP associated with the system {f19 •• ,fr\hu , hr)
if it satisfies (3).

For a finite number of elements g19 , gk in F'x, for instance, every
polynomial in g19 , gk has MVP. Note that for F = iϋw, every continu-
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ously differentiable function / has MVP; in this case /, and ht in (3) can
be taken the i-th partial derivative of / and the i-th coordinate linear
functional, respectively.

3. Main theorems. From now on let us set μ(La, g) = μa(g)- We
first have the following.

THEOREM 1. Suppose that (La(l)) converges to 1 and (μa(g)) converges
to zero for all g in Fx. Then (La(f)) converges to f for all f in C(X).

PROOF. Obviously, we have for all / in C(X) and all a

(4) | | L α ( / ) - / | | ^ | | L α ( / ) - /

Putting L = La in (2), and passing to the limit, the desired result follows
from (4) and the hypotheses.

REMARK 1. Since for all g in Fx and all a

Theorem A can be covered with Theorem 1.

In order to estimate the rate of convergence of (La(f)) to / in
we define

k

Ωa(f) = inf {ω(f; glf , gk, Σ J"«(0<));

ίϋ , Λ 6 F x , Σ μ J i g d * o,& = l ,2, .•},
t=l

which converges to zero if (μa(g)) converges to zero for every g in Fx.

THEOREM 2. We have

(5) | | L β ( / ) - / | | <

for all f in C(X) and all a. In particular, if La(l) = 1, then (5)
reduces to

\\LJίf)-f\\£2ΩJίf).

PROOF. Let / be in C(X) and a be fixed. In view of Lemma 2, it will
suffice to show (5) in the case of {g; g e F'x, μa(g) = 0} Φ Fx. Let {glf , gk}
be a finite subset of Fx with Σ t i ^Qi) Φ 0, and let δ > 0. Then by
Lemma 1 (ii), for all x, y in X, we have



DEGREE OF CONVERGENCE OP POSITIVE LINEAR OPERATORS 85

I f(χ) - f(y) I ̂  (l + δ-1 Σ19i(χ) - gλv) I)

X <t>(f ,9u '",9k, δ) ,

and so

\La(f)(y)-f(y)La(l)(y)\

^ (La(l)(y) + δ"1 Σ La(\gt{x) - 9i{y)\, y))

x co(f;glf •••, 9k9 ̂ )

The Cauchy-Schwarz inequality for positive linear operators gives

La(\9i(χ) - 9i(v)\, v) ̂  μa(gi)(La(i)(y)y/2

for all y in X and for i = 1, ••-,&. Therefore, we obtain

( 6 ) \La(f)(y)-f(y)La(l)(y)\

^ (La(l)(y) + δ-\La(l)(y)r> Σ μJLg*))

x o)(f;gu '-',gk,δ)

for all y in X. Putting d = Σ?=i faiβd in (6), and taking the norm, we
have

11 La(f) - fLa(l) 11 ^ 11LJΪ) + (L^

x ω(f',9i, -",9k,

Therefore, (5) now follows from (4) and the above inequality.

COROLLARY 2. Let {glf g2, , gk} be a finite subset of F'x and (λβ) a
net of positive real numbers converging to zero. If | |Lα(l) — 1|| = O(λ«)
and \\La(g)) - g)\\ = O(X2

a) for i = 1, 2, j = 1, 2, . . , k and for all a,
then there exists a constant C such that for all f in C(X) and for
all a

(7) | |L.(/)-/Hs*C(l + 11/11)
x (λ* + ω(f; glf g2, , gk, λα)) .

// LJX) = 1, LJLg) = g and \\La(g2) - g>\\ ̂  (M\\g\\XaY for all g in F'x
and for all a, then (7) reduces to

Concerning the functions having the mean value property we have
the following.

THEOREM 3. If f in C(X) has MVP associated with the system
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{/» '"tfr'iK, " , K}> then for all a, we have

(8) ||

\\La(l)\n±μa(hi)Ωa(fi).
i l

In particular, if La(l) = 1 and La(g) = # /or αW # m î x α7iώ for all ct,
then (8) reduces to

\\La(f)-f\\^2±μa(hί)Ωa(fί).

PROOF. Let a be fixed. In view of Lemma 2, it will suffice to show
(8) in the case of {g; g e F'x, μa(g) = 0} Φ F'x. Let {glf , gk} be a finite
subset of F'χ with Σ*=i j"«(ί/<) ̂  0, and let δ > 0. From (3), we have

+ Σ,(ft(ξ)-Mx))(ht(x)-ht(y)),

and so

(9) f(x)La{l)(x) - LJίfXx)

+ Σ L&Uζ) - UxWίAx) - Uv)), *)

By virtue of Lemma 1 (ii), for i = 1, , r, we have

^ (1 + δ - Σ Iff/if) - 9^)\)\hJίx) - hAy)\
3 = 1

X (*>{fi\ 9if ••', ^ ,

Σ l ί i i ( ) gAv)\)\Hχ) - Hv)\

x
and therefore, the Cauchy-Schwarz inequality for positive linear operators
yields

LJ\(m) - fitoXUx) - ht(y))\, x)

3 = 1

x ω ( f i \ 9if m m m f 9 k , δ ) ,
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which yields

\\La(\(Uζ) -/,(*)X*<(») - *«(*)) I, χ)\\

Therefore, (8) follows from (4) and (9).

COROLLARY 3. Suppose that f in C(X) has MVP associated with the
system {flff2, "',fr>h19h2, « ,fer} Let (λα) be a net of positive real
numbers converging to zero and {glf g2f , gk} a finite subset of F'x. If
\\LJX) - 1|| - O(λ'), \\La(g)) - g)\\ = O(K) and \\La(K) - K\\ = O(λ2

α) for
i = 1, 2, j = 1, 2, - -, k, n = 1, 2, , r and /or aϊϊ a, ί/ien ίΛβre
a constant C such that for all a

(10) l |L a(/)-/II^

x (λ2

a

1/ L a(l) = 1, La(g) = g and \\La(g>) - g2\\ ^ (M\\g\\XaY for all g in F'x
and for all a, then (10) reduces to

ilia/) -/n ^ MO. + Λf)λβέ HMβK/o >•«)

REMARK 2. In the case of F = Rm we see that the modulus of
continuity with respect to the coordinate linear functionals is majorized
by the usual modulus of continuity defined by

sup {\f(x) - f(y)\; x,yeX, d(x, y) ^ 3} ,

where x = (xlf , xm), y = (ylf , ym), fe C(X), 3^0 and d(x, y) =

(ΣΓ=i (xt - Vi)Ψ\ and so Theorems 2 and 3 cover Theorems 1 in [3], [10]
and Theorem 2.1 in [4], respectively.

4. Degree of convergence of Bernstein-Schnabl operators. Denote
by A(X) the space of all real-valued continuous affine functions on X.
For a point x in X, an A(X)-representing measure for x is a probability

measure vx on X such that f(x) = \ fdvx for all / in A(X). Let E be a
closed subset of X, containing the extreme points of X, and let ^{E) —
{Vχ}xex be a selection of A(X)-representing measures supported by E.
Let P = (pnj)n,szι be a lower triangular stochastic matrix, i.e., an infinite
real matrix satisfying: pnj ^ 0 for all n ^ 1 and j ^ 1, pnύ = 0 whenever
j > w, and Σ/fci P«y — 1 ^ o r e a c ^ w = l Then the Bernstein-Schnabl
operators on C(X) with respect to the matrix P and the selection
are defined by
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BiΨ\f)(x) = \ fdπUvf"), feC(X), xeX, n = 1, 2, • ,
J X

where πntP: En —• X are defined by

(x) denotes tensor product and π%fP{vψ) are the induced measures on
X([5]). Briefly, we write ( Σ ; ^ ; ) 1 / 2 = K and J 5 ^ } - Bn.

THEOREM 4. Suppose that (λJΛ2ϊl converges to zero. Then we have

( i ) l | 5 . ( / ) - / | | ^ 2 ω ( / f λ β )

/or αiϊ / m C(X) and all n ^ 1. /n particular, if f in C(X) has MVP
associated with the system {fίf *-•,//, hlf « ,fer}, then (i) reduces to

(ϋ) | | 5 (/) - f\\ ^ 2Xn±\\ht\\(&(fi9 K)
ι=l

PROOF. It can be verified that for all g in A(X) and all n ^ 1,

and therefore,

since the operator norm of Bx equals one. Therefore, (i) and (ii) follow
from Corollaries 2 and 3, respectively.

REMARK 3. In the special case that the entries of P are chosen as
follows:

pnj = - , (n^l,l£j£n),
n

Pnj = 0 , (j > n) ,

Theorem 4 (i) should be compared with the result of R. Schnabl [9,
Satz 3].

The author [7] proved that if (λ*)^ converges to zero, then (Bn)n^
is saturated with order (λi),,^ and its trivial class coincides with A(X).
Theorem 4 (ii) suggests the characterization of the saturation class of
(#Jτ^i a n d i n general, Corollary 3 does that of positive linear operators
satisfying the hypotheses of Theorem 1 in [7].
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