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The Marcinkiewicz interpolation theorem has been generalized, on
the one hand, by Calderόn [2] and Hunt [4] to quasi-linear operators
from a couple of Lorentz spaces to another. After Lions and Peetre
discussed interpolation of linear operators from a couple of Banach
spaces to another, Kree [6] and Peetre-Sparr [7] have succeeded in
generalizing the theory to (quasi-) linear operators from a couple of
quasi-normed Abelian groups to another. On the other hand, the weak
type assumptions at the end points of indices have also been gener-
alized by Calderόn [2] in the case of Lebesgue spaces and by De Vore-
Riemenschneider-Sharpley [3] in the case of normed spaces. We give
here an interpolation theorem which generalizes all of the above results.

1. Real interpolation groups of a couple of quasi-normed Abelian
groups. We recall some of the results of Peetre-Sparr [7] (see [1]).

Let X be an Abelian group. A quasi-norm on X is by definition a
real-valued function || | | x on X satisfying the following conditions:

(1) I M U ^ O , and \\x\\x = 0~x = 0;

( 2 ) \\-x\\χ = \\x\\zl

( 3 ) \\χ + y \ \ x ^ f c ( \ \ χ \ \ x + l l i / I U ) ,

where tc is a constant independent of x and y. Such a quasi-norm is
called a κ-quasi-norm. An Abelian group equipped with a quasi-norm
is called a quasi-normed Abelian group.

If (42, ̂ £', μ) is a measure space, then for each 0 < p ^ oo the
Lebesgue space LP(Ω) is a quasi-normed Abelian group under the κp-
quasi-norm

( 4 )

where

, 0<

ess sup I f(s) I , p = oo
seΩ
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Kp~ [V1-** , 0 < p < 1 .

When (Ω, ̂ f', μ) is the multiplicative group (0, oo) with the Haar
measure ds/s, we write Lζ for LP(Ω). In this case we also admit ω as
an index and define Ll to be the subspace of LZ of all elements f(s)
such that f(s) -* 0 essentially as s ^ c o and as s -> 0. The norm is the
restriction of the norm of L;. The index ω is defined to be greater
than any finite p but we do not define order relation between ω and oo
to avoid confusion.

We define p > 0 by (2ιc)p — 2. Then for each /c-quasi-norm || | | x

there is a 1-quasi-norm || ||J such that

/ β \ l l / r l l * < Γ ll/y l l / 0 <1 9 l l / » l l *

Thus a natural uniform topology is introduced in the quasi-normed
Abelian group X by the metric \\x — y\\x.

A pair of quasi-normed Abelian groups (Xo, XJ is said to be com-
patible if there is a Hausdorff topological group ^ for which continu-
ous linear injections i0: Xo —> <%f and iλ: Xγ -^ <^ are defined.

Let X = (Xo, Xi) be a compatible couple of quasi-normed Abelian
groups with /c0-quasi-norm || | |X o and ^-quasi-norm || | |X l . Then the
sum Xo + Xi in ^ is a quasi-normed Abelian group under

(, ί ) II Λ l l xo+^i ~~ -1 ill x o | | x 0 i || Λ i Wx^ ** — *Ό -f Λ Ί J ,

which is a /c-quasi-norm with K = max {fc0, ΛΓJ. We also define a /c-quasi-
norm L(x, t) on Xo + Xi with a parameter 0 < ί < oo by

( 8 ) L(x, t) = L X O, ί) = inf {|| x0 \\XQ + ί'11| xx | |X l; a; = a?0 + ^1 .

This is nothing but K{t~\ x) of Peetre-Sparr [7] but more convenient in
many respects. When an x e Xo + XL is fixed, L(a?, ί) is a positive,
decreasing and continuous function of t.

If 0 < θ < 1 and 0 < g ^ o o o r # = α>, the ?*βαi interpolation group
Xθ>q = (Xo, XJ^^ is defined to be the set of all x e Xo + Xί such that

( 9 ) II&IU,,, = ll*^(», *)IUί<°° -
XΘ)q is a quasi-normed Abelian group under the quasi-norm | | a j | | ^ .
The index q = α> is often useful. For example, we have (C°, Cι)θt«> =

Lip^ and (C°, C1)/?^ = lip19. For other examples see [5], where oo — is
used instead of a).

If 0 < q ^ r or if q — ω and r = oo f then we have the continuous
inclusion Xθ>q c Xθtr. This is an immediate consequence of the following
lemma due to Hunt [4].
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LEMMA. Suppose that fit) is a non-negative and non-increasing
function on (0, oo) and that 0 < θ < 1. // tθf(t) belongs to L%, then it
belongs to L\ for any r ^ q and

(10) (θryr\\tθf(t)\\L:^(θqy*\\tθf(t)\\Ll.

If (Ω, ̂ S', μ) is a reasonable measure space, then the Lebesgue
spaces LP(Ω), p ^ P, are continuously imbedded in the Hausdorff topo-
logical vector space of all equivalence classes of measurable functions
which belong to Lp on each subset of finite measure. Thus (LP°(Ω),
LPί(Ω)) is a compatible couple of quasi-normed Abelian groups for all
0 < Pi ^ oo.

For the couple X = (L°°(Ω), LP(Ω)) with 0 < p < oo, Kree [6] and
Bergh (see [1] p. 109) show that

(11)

where /*(£) is the non-increasing rearrangement of /(s). Hence we
have the equivalence of interpolation groups (L°°(J2), Lp(Ω))θtq and Lorentz
spaces L{p/θ>q)(Ω) for all p ^ q ^ oo or q = ω. Here the Lorentz space
L{p>q\Ω) is by definition the space of all equivalence classes of measurable
functions f(s) such that

(12)

In fact, suppose that feL{p/θ>q)(Ω) with p <: q ^ oo or q = ω.
we have

Then

(13) , ί)IUs
Γ CtP 1/P

|l/2> 1

Up

τqlp

Here we changed variable as tp = u. Since the integral in the norm is
the convolution on (0, oo) of the integrable function

h(u) =
0, 0 < u < 1 ,

and (sθ/pf*(s))p e L^p

f where q/p ^ 1, the right hand side is bounded from
above by
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On the other hand, since /*(s) is non-increasing, the right hand
side of (13) is bounded from below by

P
-II q

Up

rQlP
^ p-llq\\uθlpf*{u)

Hence it follows that every fe (L°°(Ω), Lp(Ω))θ>q belongs to L{p/θ'g)(Ω) and
that two quasi-norms are equivalent.

2. The general interpolation theorem. We assume from now on
that X = (Xo, Xλ) and Y = (YOf YJ are compatible couples of quasi-normed
Abelian groups and that T is an operator defined on a subset D(T) of
Xo + X1 and with values in Yo + Yx.

DEFINITION 1. Let ζ0, ζl9 ηQ and ηx e [0, 1] with ζ0 < ξί and η0 Φ ηx

and let r0 and r t G (0, oo). Then T is said to be of generalized weak
type ((f0, r0), ηo; (ξlf r2), ^) if there is a constant M < oo independent of
xeD(T) such that

(14) LF(ΪX t) ^ Λf

where

(15) 7 = (% " 7o)/(fi - fo) .

The generalized weak type (pl9 q19- p2, q2) of De Vore-Riemenschneider-

Sharpley [3] is our generalized weak type ((l/plf 1), I/ft); ((l/p2> 1)> I/ft)-
We do not assume any kind of linearity of T. The main result of

the present article is the following.

THEOREM 1. Suppose that T is an operator of generalized weak

type ((ίo, r0), Vo, (ίi, n), Vi)> T h e n for anV ° < θ < ! α ^ ώ ° < 9 ^ r ^ °°
o r O < ^ r ^ f t ) there is a constant C < oo ŝ cfc ίfeαί

(16) \\Tx\\rηtr£C\\x\\Zξ9q, xeD(T)Γ\Xξ,q,

where

(17) f = (1 - θ)ξ0 + ^ , 7 = (1

PROOF. Because of (10) it suffices to prove (16) only when q = r.
First we consider the case where q = r >̂ max {r0, r j . We have by (14)
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= κg\y\-1«M (x, s)Y°ds/s
l/r0

The theorem in the general case is reduced to the above by the
following.

PROPOSITION 1. If T is of generalized weak type ((f0, rQ), ηo; (ξlf r j ,
%), then it is of generalized weak type ((f0, qo)9 ηo; (ζl9 qx), ηύ for any
0 < q0 ^ r0 and 0 < qλ ^ rx.

PROOF. Since Z/(cc, s) is decreasing in s, we have by Lemma

B tr

Similarly we have

Q o

For the second term we have

M I (s^L(x, tr))qids/s

Thus the right hand side of (14) is bounded by a constant times

(sζ«L(x, s))q°ds/s + r η \ (seiL(a?, s))qίds/s

3. The Holmstedt theorem for quasi-linear operators. T is assumed
as above to be an operator from D(T) c l o + l into Yo + Yu

DEFINITION 2. T is said to be quasi-linear if a? + y belongs to
D(T) whenever x and y belong to D(T) and if there are constants k
and c independent of x and y such that

(18) LY(T(x + 0), ί) ^ &(LF(Γ^, cί) + Lτ(Ty, ct)) .

If Γ is linear, then clearly (18) holds with k — κY and c = 1.
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Kree [6] calls an operator T with D(T) = Xo + Xx quasi-linear if
there are constants k0 and kt such that for any x0 e Xo and xx e X1 there
are y0 e YQ and yt e Yι satisfying

(19) T(x0 + xj = yo + y, and || yt | | r < ^ fc, || xt \\Xi .

This implies

(20) Lγ(Tx, t) ^ kLx{x, t), ^ e l o - f ί ,

with & = max {fc0, fcj. Hence it follows that T: Xθ,q-> Yβ,q is bounded.
We consider, however, operators T whose restrictions T: Xt —> Yt

are not necessarily bounded.

DEFINITION 3. Let ξ9 ^e[0, 1] and re(0, ©o], Γ is said to be of
generalized weak type ((£, r), 27) if there exists a constant M < °o such
that

(21) l|Γαj||F 9 f β β^Λf||α?||X ί i r, x e ΰ ( Γ ) n I ί ) r .

If I = 0 or 1 (resp. rj = 0 or 1), then we replace Xί>r by Xξ (resp. y7ϊoo

by Γ,).

If T is of generalized weak type ((£, r), 77), then it is clearly of
generalized weak type ((£, 5), 97) for any 0 < q ^ r.

The following theorem is due to Holmstedt [8] when T is linear.

THEOREM 2. Let £0, &, )70 α^d % 6 [0, 1] with ξ0 < fx and η0 Φ Ύ}X and
let r0 and ^ 6 ( 0 , 00). If a quasi-linear operator T is simultaneously
of generalized weak type ((£0, r0), %) α̂ cZ ((fx, r j , ^J, α?tcί ΐ/ ίfeere is a
constant a such that for every xeD(T) and 0 < t < 00 there are xQe
D(T) Π XQ and xιeD(T) Π -XΊ satisfying x = xQ + x1 and

(22) II Xo IU0 + ί-ΊI*i \\Xl^aLx{x,t) ,

then T is of generalized weak type ((ζQ, r0), ηo; (ξlf r j , 57J α^d, iw pαr-
ticular, the conclusion of Theorem 1 holds.

PROOF. Let x be an arbitrary element in D(Γ). If we replace a
by a larger number, we can find a piecewise constant functions xo(t) e
D(T) Π Xo and ^(ί) e J5(Γ) Π -XΊ such that

(23) II xo(t) \\Xo + r 1 II Xl(t) \\Xl £ aLx(x, t) , 0 < ί < 00 .

Then applying (18) to x = α?0(ί
r) and 7/ = Xi(ίr)> we have

(24) Lγ(Tx, t) S kLγ(TxQ(P), ct) + kL^Tx^P), ct)
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The modifications necessary in the cases ξt — 0, 1 or τji = 0, 1 would be
obvious.

Now, in case ξ0 > 0 we have

*-*> II * . ( * ' ) IU t o .
o.ro

Here we have

t:, s) + L^ίO, s))r°ds/s T'"

Since

^ ((i - foK r ^
{x, V)

Here we employed the fact that L(x, s) is decreasing.
Similarly we have

In case | 0 = 0 we have

Thus the first term of the right hand side of (24) is bounded by a
constant multiple of the right hand side of (14).

The second term of (24) is estimated similarly. We employ the
inequality
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, P) ^ ((1 - ξo)roγ
/r^(sζ°L(x, s)Y°ds/sJ

which is obtained from the fact that sL(x, s) is increasing.

4. Applications. First we prove the reiteration theorem of Peetre-
Sparr [7] as an application of Theorem 2.

THEOREM 3. Suppose that X = (XOf Xx) and Y = (Γo, Y,) are com-
patible couples of quasi-normed Abelian groups and that 0 ^ θ0 <θt^l.
Let 0 < 7) < 1 and 0 < q ^ oo or q = ω be arbitrary numbers and let

(25) θ = (1 - 7])ΘQ + ηθ, .

( 1 ) If Yta Xθi,~, i = 0, 1, then

(26) Yη,q c X^,α

( 2 ) // X .̂,g. c Γ o i = 0, 1, for some 0 < qt <^ ω or oof then

(27) Xθ,qdYv,q;

( 3 ) / / Xfl.,^ czYid -X0.,oo, i = 0, 1, for some 0 < qi ^ ω or CXD, ^ β ^

(28) Γ,fff - X,,g .

Here the inclusion A c B means that the quasi-normed Abelian group
A is included in the quasi-normed Abelian group B and there exists a
constant M such that

and A — B means that A and B are the same Abelian group with equi-
valent quasi-norms.

If 0O = 0 (resp. θ, = 1), then XΘQJOO and X ^ (resp. XθvOQ and X ^ )
should be replaced by Xo (resp. XJ.

PROOF. (1) Define the operator T: Yo + Y, -• Xo + ^ i by

+ 2/i) = l/o + Vι , Vi^Yi

This is a linear injective operator of generalized weak types ((0, *), ΘQ)
and ((1, *), ίi) simultaneously. Hence it follows from Theorem 2 that the
identity operator T: Yv,q —> X ,̂α is bounded.

(2) In this case the identity operator Γ: X ô,9o + Xβvq -+Yo + Yι is
linear and simultaneously of generalized weak type ((0O, g0), 0) and ((^, q^fΐ).
Hence ϊ7: X t̂ff -> Yη,q is bounded.

Let (£?, ̂ , μ) be a measure space. As we have shown in § 1,
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(Lβ(fl), L*(Ω))θ,r = U"°"\Ω)

for any r ^ p. Since p can be chosen arbitrarily small, the reiteration
theorem verifies the following.

PROPOSITION 2. Let 0 < p1 < p0 ^ oo αwd tf0, 9i e (0, oo] u {ω}. Then
for any 0 < θ < 1 ami

(29)

(30) 1 = J—A + JL .

Lastly we show that the interpolation theorem of Calderόn [2] and
Hunt [4] is a consequence of Theorem 2.

DEFINITION 4. Let (42, ̂ , μ) and (42', ̂ ' , JM') be two measure
spaces and let T be an operator with the domain D(T) in the space of
(equivalence classes of) measurable functions on 42 and the range in the
space of (equivalence classes of) measurable functions on 42'. T is said
to be quasi-linear if / + geD(T) whenever / and geD(T) and if there
exists a constant K independent of / and g such that

(31) I T(f + g)\ £ K{\ Tf\ + I Tg\) , a.e.

THEOREM 4. Let T be a quasi-linear operator from the domain
D{T) of measurable functions on Ω into the space of measurable func-
tions on 42' and let p0, plf q0, q1e(0, oo] with pγ<p0 and qQΦq^ If
for each f(s) GD(T) and m > 0 the truncations

\f(s)\fίm,

(32) /,(») =

(33) Ms) =

> T O ,

1/001

belong to D(T) and if there are constants Mo, Mu r0, rt > 0 such that

(34)

(35)

for all feD(T), then for every 0 < θ < 1 and 0 < r £ Ξ oo or r — ω there
is a constant M such that
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(36) \\

for all feD(T), where

(37) L
P Po Pi Q Qo Qi

PROOF. Let 0 < P < min {p0, px} and 0 < Q < min {q0, qj and regard
T as an operator from the couple X = (L°°(Ω), LP(Ω)) into the couple
Y = (L-(Ω')9 L%Ω')).

The quasi-linearity condition (31) implies

(T(f + g))*(t) ̂  K{(Tf)*(t/2) + (Tg)*(jt/2)} .

[ ctQ ηi/ρ

t-Q\ (h*(s))Qds , it follows that T is quasi-linear ithe sense of Definition 2.
In view of Proposition 2, conditions (34) and (35) say that T is

simultaneously of generalized weak type ((P/p0, r0), Q/q0) and ((P/pίf n),

Lastly, since the infimum Lx(/, ί) - inf {\\f0\\L°o{Ω) + t-'W
/o + /i} is attained by some truncations (32) and (33) for each t, every
feD(T) fl (L°°(Ω) + LP(Ω)) has a decomposition / = /0 + Λ with /0 e

Π L°°(i2) and f^D{T) Π I/P(β) such that

Hence it follows from Theorems 1 and 2 that there exists a con-
stant C < co such that

, i r ^ c\\f\\Xp/P}r, /ei)(Γ) n jrP/,fr.

Since XP/p,r = L(ί?'r)(i2) and ΓQ/g,r = Uq>r\Ω') by Proposition 2, we have
(36).
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