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Introduction. Several characterizations of decomposable operators
have been found by Lange [2], Radjabalipour [4] and Tanahashi [6]. On
the other hand, S-decomposable operators have been studied by Bacalu
[1], Nagy [3] and Vasilescu [7], and we know that there are many
similarities between decomposable operators and S-decomposable operators.
This paper is a continuation of Tanahashi [6] and we show that S-
decomposable operators have characterizations similar to decomposable
operators. For example, a bounded linear operator T on a complex
Banach space X is S-decomposable if and only if XT(F) = X(T9 F) and
the operator TF on X/XT(F) induced by T satisfies σ(TF) c (C\F*) U S
for all closed sets FΌS in the complex plane C where F* is the interior
of F. This is a generalization of Radjabalipour [4] which is the case
S — 0 , that is, T is a decomposable operator.

The author wishes to express his sincere thanks to the late Professor
T. Saitδ and Professor T. Yoshino for their kind suggestions and
encouragements.

1. Preliminaries. An operator T means a bounded linear trans-
formation on a complex Banach space X Then there exists a unique
maximal open set Ωτ in the complex plane C with the property that if
GaΩτ is an open set and if /: G —> X is an analytic function such that
(z - T)f{z) ΞOonff, then f{z) = 0 on G. Let Sτ = Ωc

τ be the complement
of Ωτ in C.

For an operator T and a closed set F in C, we denote XT(F) =
{x 6 X\ there exists an analytic function f: Fc ->X such that (z — T)f(z) = x
on Fc}, and for any set E in C we denote XT(E) = \J{Xτ(F)\FczE and
F is closed} (cf. [4]). These definitions are different from those of [1],
[3] and [7]. But it is easy to show that if E contains Sτ, then these
definitions are equivalent.

Lat(Γ) is the lattice of all invariant subspaces of T and T\Y denotes
the restriction of T to TΓeLat(T). For a closed set F in C, we denote
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by X(T,F) an invariant subspace of T such that (1) σ(T\X(T, F)) c F
and that (2) if FeLat(Γ) satisfies σ(T\Y)<zFf then YaX(T,F). Of
course X(T, F) may or may not exist, but if such an invariant subspace
exists, then it is obviously unique. FeLat(T) is called a spectral
maximal space of T if σ(T\Z)cσ(T\Y) implies ZaY for all ZeLat (Γ).
We denote by SM(Γ) the family of all spectral maximal spaces of T.
Then X(T,F)eSM.(T), and conversely ΓeSM(Γ) can be written Y =
X(T, F) with F = σ(T\Y). (cf. [3]).

Let T be an operator and Scσ(T) be a closed set. A family of
open sets {Gl9 — ,Gn;G0} is called an S-covering of σ(T) if Gx U U
Gn U G0Z)σ(T) and G{ Π S = 0 for i = 1, , n. T is called S-decom-
posable if for every S-covering {Glf — -,Gn;G0} of σ(T) there exists a
system {Xu — ,Xn;X0} of spectral maximal spaces of T such that (1)
X = X, + - - + Xn + Xo and (2) σ(Γ|X<) c G , for i = 1, -, n, 0.

For ΓeLat(Γ), let Tγ be the operator on X/Y induced by T. If
Y = -XΓCJF) for a closed set JP1 in C, then we write Γ2" instead of Tγ.
We denote by x the image of xeX under the canonical mapping of X
onto X/Y.

2. Main results.

THEOREM. Let The an operator and Saσ(T) be a closed set. Then
the following assertions are equivalent.

(1) T is S-decomposable.
(2) XT{F) = X(T,F) for all closed sets Fz)S and XT(LG1ΌG0) =

XT(@I) + Xτ(Go)f where Gx and Go are arbitrary open sets with Gx Π S = 0
and G0Z)S.

( 3) XT{F) = X{ T, F) and σ{ TF) c (C\ F') U S for all closed sets Fz) S.
(4) If G^S is open, then there exists YeLat(T) such that

σ(T\Y)dG and σ(Tγ)aGc{jS.

We need some lemmas for the proof of Theorem.

LEMMA 1 ([3, Lemma 2]). // a closed set F contains Sτ and XT(F)
is closed in X, then XT{F) = X(T, F).

The proof of Lemma 2 is similar to [4, Theorem 2.10], hence we
omit it here.

LEMMA 2. Let r e L a t ( T ) . If xeXτγ(F) for a closed set F in C,
then x e XT(F U σ(T\ Y) U Sτ).

The following was inspired by [7, Theorem 4.1].

LEMMA 3. Let T be an operator and Saσ(T) be a closed set. If
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XT(H) = X(T, H) for all closed sets HziS, then XT(F) = X(T9 F) for all
closed sets F with F Π S = 0 .

PROOF. Let Fbe a closed set with Ff]S = 0. Let Y = jSΓ ί̂7 u S).
Then σ(T\Y)aF\jS. Since F and S are disjoint closed sets, by the
Riesz decomposition theorem (see [5, Theorem 2.10]), there exist Yλ and
Yo in Lat (T\Y) such that Γ = Γ.φΓo and ^ ( Γ I D I Γ J c F , σ((Γ|Γ) |Γ 0 )cS
where 0 denotes the topological direct sum. We show first XT(F) = Yx.
Let xe Yx. Since {T\Y)\Y, = Γ|Yi, we have <r(T|Yi) c i*7, hence (z - T)
(z - TlYJ^x = x on JF\ Thus xeXτ(F). Conversely let xeXτ(F).
Then there exists an analytic function /: Fc —> X such that (z — T)f(z) = x
on F*. By [7, Proposition 2.2], f(z) e XT(F) for all z e F% hence cc and
/(z) belong to XT(F U S) = Γ, and so (« - Γ)/(^) = (« ~ T|F)/(z) = a; on
J?78. We can write x = xx + xQ where xi e Γt for i = 1, 0. Let D be a
Cauchy domain with boundary Γ such that SczD and DczFe. Then,

*o = r ^ t (β - Γ I D - ^ ώ = ± \ Mdz = 0 .

Hence » = ^ e YΊ. Thus XT{F) — Yλ and XΓ(JP) is closed. Since
σ(T\Xτ(F)) = σCZTOcjF, it is easy to show XT(F) = X(T, F).

PROOF OF THEOREM. We show the implications (1) =* (3) ==> (4)«
(2) - (1).

(1)=>(3). Let T be S-decomposable. Then SτdS by [3, Lemma 4],
and so Xτ(-F) = X{T, F) for all closed sets Fz)S by [3, Lemma 5]. We
show σ(ΓF)c(C\F')UiS for all closed sets Fz)S. Let z^F'nS*. Then
there exists an open disc Gi with center z1 such that ^ c F and Gx Π
S = 0 . We can choose another open set Go in C such that zι & Go and
{Gij GJ is an S-covering of σ(T). Then there exist Xλ and XoinSM(!Γ)
such that X = Xλ + Xo and σ(T\Xt) c Gf for i = 1, 0. We have only to
show that zλ — TF is bijective. Let y eX he given. Then we can write
V = VL + Vo where j / ^ I , for i = 1, 0. Since ^e^ΓIXo), there exists
x = fe - ϊΊXoΓ1^, and so (^ - Γ)a? = »0. Hence (z, - ΓF)ί = ^0 = fa +
yo = y because Xx c -XrCGJ c XT(F). Thus ^ — Γ2" is surjective. Let
{zι - Γ2")^ = 6. Then {z1 - T)x e XT(F). We can write x = x1 + x0 where
a?, e Xi for i = 1, 0. Since (zλ — T)xx e Xx c XriGJ c XT(F), we have
fe -- Γ)a?0 = («! -^ΓJa? - (z, - Γ ) ^ e X r(F). Hence (z, - T)x0 e XT(F) f]
XT(GO) = XΓ(JP Π G) because SτaSc:F and S c Go. Then there exists
an analytic function /: (FΠ G0)

c-^ X such that (« - T)f(z) = (z, - T)x0.
By [7, Proposition 2.2], we have f(z) e XT(F Π Go) c -X"Γ(G0), hence

T\Xτ{GQ))-\z ~ Γ|-ΓΓ(GoM«) = (^ - T\Xτ{GQ))-\*i - T)α;0 = x0 on ,PC be-
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cause x0 e XT(GO). This implies x0 e XT(F). Then x = xι + x0 e XT(F),

hence x = 0. Thus zx — TF is injective.
(3) — (4). Let Y = XT(G) for all open sets Gz>S.
(4) ==> (2). We show first Sτ c S. Let D be an open set in C with

DΠS = 0 , and f:D-±X be an analytic function such that (z - Γ)/(z) = 0
on D. We have only to show /(z) = 0 on D. We may assume D to be
an open disc. Then there exists an open disc G with GczD. Since Gc

is an open set containing S, there exists YeLat(T) such that

σ(T\Y)<zGe and σ ( Γ F ) c G u S . Then (z - ΓF)/(z) Ξ= 0 on Zλ Since

D n |O(ΓF) =£ 0 , we have f{z) = 0 on ΰ n |0(TF), hence /(z) = 6 on Z>

because f(z) is analytic on Zλ Hence f(z)e Y on D, and so (z—Γ)/(Z)Ξ

(z - T\Y)f(z) = 0 o n ΰ . If /(z) ί θ on fl, then it is easy to show

Dcσ9(T\Y)czσ(T\Y)<zGβ where σp(T\Y) is the point spectrum of T\Y.
This is a contradiction. Thus /(z) = 0 on D.

We show next XT(F) = X(T, F) for all closed sets J P D S . Since
Fz)Sτ,we have only to show that XT(F) is closed by Lemma 1. We
may assume Fcσ(T). Let Gz^F be any open set. Then there exists
yeLat(T).such that σ(T\Y)czG and σ(Γ F )cG c US. Since Gc and S are
disjoint closed sets, by the Riesz decomposition theorem, there exist Zλ

and Z, in Lat (ΓF) such that X/Y = Z, 0 Zo, and we write Tγ = U, 0 C70

with σiUJczG0 and σ(U0)c:S where t/, = Γ F | ^ for i = 1, 0. Let αe
XT(F) be given. Then there exists an analytic function f: Fc -± X such

that (z — T)f(z) ΞΞ a; on ί767. Hence we can write (z — Tγ)f(z) =

f# TT λπ (vλ (X\ (v Π \n (v\ — w C& -r — ^ nn TΓ̂  -fnv /V r'i — ry /'•r̂  £Ώ ϊ̂ Γ̂ ^
VΛ' C/i)yι\ό) xjp \& — uo/ί/ov^/ — *̂ i vl7 *̂ o — *k ^̂ ^ -̂  lux J\ά) — ί/iv^/ \I7 yoK^J

with g^eZi for i = 1, 0. Since ^(ZJJcG0, we can extend ^(z) analyt-
ically on Fc U G = C. And since ^(z) = (z — U^1^ —> 0 as | z | —> °o, we
have ^(z) = 6 by Liouville's theorem, and xx = 0. Hence x = xQe Zo.
Thus XT(F) a Π-\Z0) where Π: X-^Z^Zo = X/Y is the canonical
mapping. We show next Π~ι{ZQ)czXτ{G). Let a? e Π~\Z0) be given. Then
£ e Zo, and so (z - TF)(z - U^x = x o n ρ(U0)Z)Sc. Hence £ e XΓr(S), and
so α_e XT(SUσ(T\Y)\jSτ)a XT(G) by Lemma 2. Hence JSΓΓ(F) dI-\Z0)c
XT(G). Since G D ί7 is any open set and S Γ c S c F , we have XΓ(F) c Π
{11 \Zio)\r CCr/CZ [ | \Λ.τ\κjr)\Jb Clhr) = Λ.τ\r ) . lnUS Λ.τ\r ) = f | | i i (Z0J|.r COr}

and X Γ (JP) is closed.
We show XT(G, U Go) = Xτ{Gt) + XΓ(G0) for all open sets Gx and Go

with G x nS=: 0 and G0=)S. It is clear that X^G^Go)^ X^G,), XT(GO)
and X Γ (G 1 UG 0 )IDX Γ (G 1 ) + X Γ (G 0 ) . Conversely let xeX^G^G^ be given.
Then there exists a closed set JF7 C GX U GO and an analytic function
f: Fc -> X such that (z — T)f(z) = x on F σ . Then we can choose open
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sets D1 and Do such that DtcGίf for i == 1, 0, and
And we can choose an open set D2 such that SaD2, D2aD0 and
A Π G1 — 0 . Since G = (A Π A) U A is an open set containing S,
there exists Γ6Lat(Γ) such that σ(T\Y)cG and σ(Tγ)aGc[jS. Then
(s - TF)/(z) = x on JF*. Since <o(TF) =) G n S c => A Π A, we can extend
/(z) analytically on F σ U (A Π A) = {(F\D1) U (F\DO)}C. Hence we can
write x = x, + x0 where xieXτγ(F\Dj)f for i =£ i, by [4, Theorem 2.3].
Hence x=xι+xQ+y for some yeY. Then by Lemma 2, x1 e XT((F\DO) U
G), and so x, e XΓ(A) + XTΦ*) C -XΓCGJ + XΓ(G0) by [4, Theorem 2.3].
Similarly x0 e XT((F\D1) U G c (Xr(G0) and j / e Γ c XΓ(G) c XT(GO). Thus
a? e XΓ(GX) + XT(GO) and XΓ(GX U Go) c XΓ(GJ + XΓ(G0).

(2) => (1). Let {Gl9 - , Gn; Go} be any S-covering of σ(T). _ Then we
can choose an S-covering {A, •••, Dn; A} of o(T) such that Ac:Gi for
i = 1, , n, 0. Then I c l Γ ( ί j ( Γ ) ) c XΓ(A U U A U A ) = -X"r(A) +
XΓ(A U : U Dn u A) - = XΓ(A) + + XΓ(J?«) + XΛDo) c -Xr(A) +
• + XΓ(AJ + -Σr(A). Sjnce A => S, we have XΓ(A) = X(T, A) by the
assumption. And since A ί l S = 0 for i = 1, , n, we have Xτ{ A) =
X(Γ, A) for i =_1, , n by Lemma 3. Hence X = X(T, A) + +
X(T, Dn) + X(T, Do). This implies that T is S-decomposable.

REMARK. Lemmas 1 and 2 hold for all closed linear operators on a
complex Banach space. Then can Theorem be extended to all closed
linear operators?
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