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Introduction. An affine homogeneous convex domain £ in the n-
dimensional real number space R" is said to be reducible if it is affinely
equivalent to a direct product of affine homogeneous convex domains.
Otherwise, it is said to be rreducible. By using the characteristic
function @, of 2, we have a Riemannian metric g, = Hessian of log @,
on 2, which is called the canonical metric of 2. The canonical metric
is invariant under the group G(2) of all affine automorphisms of 2 (ef.
[18], [16]).

With respect to the canonical metric, an affine homogeneous convex
domain is a reducible homogeneous Riemannian manifold if it is a reducible
convex domain ([16]). It is natural to raise the question whether the
irreducibility of a convex domain 2 implies that of the Riemannian
manifold (2, g,) or not. A homogeneous convex cone is a special case of
an affine homogeneous convex domain. It is known that a homogeneous
convex cone in R*(n = 2) is always reducible as a Riemannian manifold
([7], [15]). However, for affine homogeneous convex domains other than
homogeneous convex cones, the answer is affirmative. The main purpose
of the present paper is to prove this fact. After reviewing results of
[18] in §1 and preparing some lemmas in §2, we will prove the main
result in §3 (Theorem 3.1).

In §4, we will study Riemannian geometric relations between an
affine homogeneous convex domain 2 and the tube domain D(Q) over it.
It is known that the canonical metric of 2 coincides with the metric
induced from the Bergman metric of D(2) (cf. [6]). By using this and
a result of [3], we will prove that a tube domain D(®2) is irreducible
with respect to the Bergman metric if and only if 2 is an irreducible
convex domain (Theorem 4.4).

The Bergman metric of an arbitrary homogeneous bounded domain
in a complex number space is Einstein (cf. e.g., [5], [12]). In the case
of affine homogeneous convex domains, an elementary domain is the only
irreducible domain whose canonical metric is Einstein. This fact will be
proved in §5 (Theorem 5.1).
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In the present paper, the theory of affine homogeneous convex
domains and T-algebras developed by E. B. Vinberg ([18], [19]) plays an
important role, and also, the results obtained in [14]-[17] will be used.
The same terminologies and notation as those in the previous papers
will be kept.

1. Preliminaries. In this section, we will briefly recall the funda-
mental correspondence between affine homogeneous convex domains and
T-algebras due to E. B. Vinberg. The full description for them can be
found in [18].

Let % = > j<r A;; be a T-algebra of rank » provided with an
involution *. We now employ the following notation:

n; = dimA;, n, =1 +%I§imk

and
0= ——e, (1S40, is7),
2V n, =
where ¢;; =1 is the unit element of the subalgebra A;, = R of 9.
General elements of 9;; will be denoted as x,;, y.;, 2;, - -+, and also an

element x of 9 will be represented by the matrix x = (x,;), where z,;
is the 9,;-component of x. The unit element ¢ of % is given by e = (9,;),

where 0,; means the Kronecker delta.

Let us define subsets T = T(A), V =V(A) and X = X(A) of A by
1.1) T={t= (e tii>0(1§7:§”'),tij:0(1§j<'£§7')};
) V={*tcT} and X ={zec?;2* =2},

respectively. Then the set V is a homogeneous convex cone in the real
vector space X and the set T is a connected Lie group acting linearly

and simply transitively on V.
We next define subsets T, = T,(%) and X, = X,(A) of A by

T.={t=(t;eT;t,=1 and X, ={r=(xy)eX; 2, =0},
respectively. Let us put
1.2) Q) ={tt*;te T} =VN(X + e .

If the rank of % is greater than one, then 2(%) is an affine homogeneous
convex domain in the affine subspace X, + e of the vector space X.
Moreover, T, is a connected Lie subgroup of T acting simply transitively
on 2(N) as affine transformations by
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(s, tt*)e T, X 2(A) — (st)(st)* € 2N) .

Conversely, every affine homogeneous convex domain is affinely equivalent
to the domain Q2() given by means of a T-algebra 9.

The Lie algebra t, of T, can be identified with the following sub-
space of A:

{t)eWt;=01l=sj<i=7) and ¢, =0}

provided with the bracket relation [a, b] = ab — ba. By identifying the
tangent space of 2(A) at the point ¢ with the vector space X,, we have
the following linear isomorphism:

act,—a+a*ecX,.

Using this isomorphism and the canonical metric g,4, at the point ¢, we
have an inner product <{,) on t,.. With respect to this inner product,
the condition {e; e;> = 1 holds and the Lie algebra t, is the orthogonal
direct sum of the subspaces A, (1 <1 <r—1) an U,;A =1 < j=Z 7).

The connection function a and the curvature tensor R for the
canonical metric are given by the following formulas (cf. [8]):

at, X t,—>t,,
(a@w, u), 2> = L[z, 2], v + 2, v], 2> + {[w, ¥], 2) ;
(1.3) 2
R:t, xt, xt,—t,,
R(z, y, z) = R(z, ¥)z = a(x, a(y, ) — a(y, alx, 2)) — a(z, y], 2)
for all x, y, zet,.

From now on, for an affine homogeneous convex domain, we will

consider exclusively the domain realized as the form (1.2) by means of a
T-algebra.

2. Some lemmas on irreducible domains. In this section, we
prepare some lemmas for later use. Let 2 = 2(%) be an affine homo-
geneous convex domain and « the connection function for the canonical
metric of 2. For every xet,, we now define a linear operator A4, on t,
by A,(y) = a(x, y). Let us denote by .o~ the subspace {4,; x € t,} of gl(t,).
Then it is known in [9] that the Lie algebra ) of the holonomy group
for the canonical metric is equal to the smallest Lie subalgebra of gl(t,)
such that R(x, y)e ) for all «, yet, and [ Hh]CHh. The homogeneous
Riemannian manifold (2, g,) is irreducible if and only if % is irreducible
as a set of linear operators on t,.

We first prove the following
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LEMMA 2.1. For an affine homogeneous convexr domain 2, the holo-
nomy algebra ¥ coincides with the Lie subalgebra of gl(t,) generated by the
set 7 In particular, the Riemannian manifold (2, go) is irreducible
if and only if 7 is irreducible on t,.

PrOOF. Let Y be the Lie algebra generated by the set % Then
by (1.8), we have R(z, y)e [, ] + & and R(x, y)€ )’ for all z, yet,.
It is clear that the condition [ §]c ¥ is satisfied. Therefore,
pcy. On the other hand, from the condition A,, =01 =¢=<r—1) (cf.
Lemma 2.1 of [16]), it follows that the equality A, = 3..<. ;<. 4,,; holds
for every x = (w;;)€t,. By [e, x,;] = (1/2 n)x,; and (1.3), we have R(e,,
€;) = (—12Vn)A, ,(1<i<j<r). Therefore, the equality A4, =
S cicize (—2V ) R(e,, ;) holds, and hence, .97 ch. From these, it follows
that the Lie algebras % and § are identical. q.e.d.

We now introduce the following condition (C) on a T-algebra 9 of
rank r(r = 2):

(C) For every pair (i, 3) of indices 1 <1< J < r — 1, there exists
a series of indices 1 < i, %y, -+, 1, < r — 1 satisfying the conditions i, =
1,1, =17 and n,_,; # 0L =N = p).

We next prove the following

LEMMA 2.2. Let m be an Y~invariant subspace of t, containing the
subspace U;; for some index j(1 < j = r —1). If the condition (C) holds,
then m = t,.

PROOF. By using Lemma 2.2 of [14] and Lemma 2.1 of [16], we can
see that the following identities hold:

1 —1
Ax”'(ej) = zl/Exw , Azjk(ej) = 21/—/':1:;&7 ik ;
1 1 1
2.1) Azij(xij) = —2'”451-1'”2(1'/—%;@1 - l_/Tjej) ’
1 of 1 1
A, (@) = E“%k” (7‘—;% - 1/;’5;(1 - 5kr)€k>

for 1 <1< j<kgZr. Therefore the condition n;; # 0(1 < 1 < j) implies
A; cm and A, cm. Moreover, the condition n; # 0 < k < r) implies
A,cm and A, cm, and also, the condition =, # 0 implies A;, Cm.
Hence, by using the condition (C), we have m = t,. g.e.d.

Similarly as in the above lemma, we can prove the following.

LEMMA 2.3. Let m be an S-invariant subspace of t, containing the
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subspace U,; for some pair (i, Jj) of indices 1 <1< j=<1r satisfying
ny; # 0. If the condition (C) holds and 2 is mot affinely equivalent to
a convex cone, then m = t,.

PrROOF. By (2.1), AV n)e; — 1/V'n;) 1 — 8;,)e;e m.  Therefore, if
j = r, then the subspace ,; is contained in m. In this case, by Lemma
2.2, we have m =t,. Now, we can assume that j<»r—1. If n, =0
for every index k(1 < k < r — 1), then the domain £ is affinely equiva-
lent to a convex cone ([18], [16]). Hence, there exists an index
k(1 < k< r—1) satisfying the condition #n,, # 0. If k= j, then the
condition n;mn;, # 0 implies n,, # 0 (cf. [18] or (1.2) in [16]). Therefore,
we can assume that k = 5. We now want to show that the subspace
A, is contained in m. By the condition (C), there exist different
indices 1 < 4,4, *++, %, <7 — 1 such that 4,=j, i,=k and n,_,, #0
(1<) p). Using (1.3), (2.1) and the condition (1/v'n)e; — (1V n;)e; €
m, we have inductively that A, . cm for every M1 <\ =< p), where
(i5_,, 1;) means (i, %;) or (i; 1;_,) in accordance with 14, , <4, or
i3 < 13-, Therefore, from (2.1) and the condition A, _, cm, it follows
that (1/V/n,,_Je,,_, — (1/V/mye, is contained in m. Again by using (2.1),
we have

ip—1

1 > 1
€; . — ——€; | = Lrr, €M
1y, ) 2my

for every € 9,,, and heﬂce, A, cm. From this, it follows that the
condition 4, (2,) = (1/2V/n,)| %y, |er € m holds. Therefore, %, cm. By
Lemma 2.2, we get m = t,. q.e.d.

By (1.8), we can easily verify that the following formulas hold:

(2.2) (a(as;, %), bys)
=101 g5 ¢ e — 1w, eda., by
—3{17'7](1 ayr) <x.7n e.7> 1/_/’;;<il3“, ez>}<a’w’ bt.7>
and
(2.3) @@, ), 0) = s—=Cay, )

for all zet, and a;, b;eU;A ST < JZ 1)
-1
(2.4) (a(a;, @), e;) = m(am ®i;)

for all zet, and ;e Y;A =< r—1).
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By making use of the above formulas, we can prove the following

LEMMA 2.4. Let m be a non-zero S7-imvariant subspace of t,. If
the condition (C) holds, them for an arbitrary inder (1=t =7r—1),
there exists an element x € m such that the U,-component of x is non-zero.

ProOF. Let us take a non-zero element yem and fix it. We first
suppose that there exists an index jA < j=<r—1,J 1) satisfying
y;; # 0. If an index [ is smaller than j and satisfies n,; # 0, then we
take a non-zero element a,;€ %; and put z = A4, (y)e m. By the formula
(2.2), we have

_1/1 _ .
Ry; = ?<1—/T]<y“, ej> E<ylls el>)a/la .

The condition y;; # 0 implies y,; # 0 or z;; = 0. In the case where z;,; #
0, we put w = A4, (z)em. Then, by (2.3), w, # 0. If an index k satisfies
the conditions n,, # 0 and j < k < r — 1, then by using (2.2) and (2.4)
we have similarly an element we m such that w,, # 0. Now, we take

different indices 1 < 4y, %y, + -+, ©, = » — 1 satisfying the conditions i, = j,
i,=1and n,_ ,, #01 <\ =< p). Then, by the above arguments, we have
elements z®, z®, ..., 2 in m such that a{, # 0(1 =<\ =< p). Hence,

putting x = 2 we get xem such that z, # 0. We next suppose that
there exist two indices j and k(1 < j < k < r) satisfying the condition
¥; #0. Putting z= 4,,,(y) and using (2.3), we have z;; = (1/2V/n;)| ¥ ’e; =
0. By using the same argument as in the first case, we get a desired
element xem. q.e.d.

3. Irreducible domains. In this section, by making use of the
lemmas obtained in the previous section, we prove the main result of
this paper.

The homogeneous convex domain 2(n) in R"(n = 2) defined by

3.1 Qn) ={W, ¥ -, ¥yIeR, Y > W)+ @)+ - + @)}
is called the elementary domain of dimension n.
We now prove the following

THEOREM 3.1. Let 2 be an affine homogeneous convexr domain which
18 not affinely equivalent to a homogeneous convex cone. Then the follow-
ing conditions are equivalent:

(1) £ is an irreducible conver domain;

(2) The condition (C) stated in §2 holds for the T-algebra A
satisfying 2 = 2(A);

(3) (2, go) is an trreducible Riemannian manifold.
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Proof. The implications (1) — (2) and (3) — (1) have been proved in
[17] and [16], respectively. So, it remains for us to prove that the
implication (2) — (3) holds. We now suppose that the rank of the 7T-
algebra ¥ is equal to two. If n, =0, then 2 is affinely equivalent to
the cone of all positive real numbers. Therefore, the number %,, must
be positive and 2 is affinely equivalent to the elementary domain 2(n,, + 1)
(cf. [18]). The elementary domain 2(n, + 1) is a hyperbolic space form
of the sectional curvature —1/(2n, + 4) ([16]), and hence, (2, g,) is
irreducible. So, we can assume that the rank » of the T-algebra ¥ is
greater than two. Now, let m be an arbitrary non-zero .w~invariant
subspace of t,, We first prove that m coincides with t, in the case
where the condition n,;n;, # 0 holds for some indices ¢ and j(1 <<
j<r—1). By Lemma 2.4, there exists xem satisfying x, = 0. Let
us take arbitrary elements a,,€ %, and a;,€¥;,, and let us denote by
A, and A; the linear operators A,, and A,; on t, respectively. Then
by using Lemma 2.2 of [14] and Lemma 2.1 of [16], we get the following
equality:

(3.2) Ax) = 5/1_—%:<xm @i pe; — ﬁ(xm €0,

1
+ — Z (wkraiﬁ' — Ly
1Sk<i

1
+ = > (anxi — 2has,) .
2 i<k<r

Similarly by using the condition (1.3) of [16] and the formulas (51), (52)
in p. 392 of [18], we have the following formulas:

Ay(Ai(x)) = ﬁ—’b__<x;§.ai” ajr>ej - Zl/l;’b—__<x“’ ei>aira.;'kf
J i

1 1

- Z .(xkiair) a‘.);r - —Z (xi»;ca’ir)a;rr
4 15k<i 4 i<k<j
1 1

— = > a;(afxy) — —(a,%h)a;, ;

4 j<k<r 4
Ai(Aj(Ai(x))) = 871-—,’;@7“‘, ez’> (a’jra;)air - ﬁ<a’ira;‘n airxfr>3i ’
(3.3) ALALALA@D)) = (21, € <ur0E, Quate; -
16V nm;

Here, we take non-zero elements a,;€9,; and a;,€¥;,, and put a, =
a;a;,. Then a,a} 0. Hence, the conditions z, # 0 and (3.3) imply
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that 9;; cm. Therefore, by Lemma 2.2, we have m =1, We next
prove that m coincides with t, in the case where the condition n;n;, = 0
holds for every pair (3, j) of indices 1 <7< j<»—1. Since 2 is not
affinely equivalent to a homogeneous convex cone and the condition (C)
holds, there exists a pair (¢, j) of indices 1 <7 < j < » — 1 such that
the conditions n,n, # 0 and n;, = 0 are satisfied. By Lemma 2.4, there
exists an element x e m satisfying x,, # 0. By (3.2), we have

Aw(x) = 2’]_/17<xin a’ir>ei - 21/1’"/_<x“’ ei>a'ir em.

If 2, =0, then ¥, cm. Hence, by Lemma 2.3, m =t,. If z,, # 0, then
we take an arbitrary element a,;€ %;;. By Lemma 2.2 of [14] and Lemma
2.1 of [16], we have

A (A@) = =2y, ada em
4dn,
Hence, 9;; cm, and again by Lemma 2.3, we get m =1t,. Therefore,
7 is irreducible on t,, and by Lemma 2.1, the Riemannian manifold
(2, g,) is irreducible. q.e.d.

Finally in this section, we remark that in the case of homogeneous
convex cones, the condition (C) was treated in [1].

4, Tube domains. For an affine homogeneous convex domain 2 in
R", the domain D(Q) = {x + V' —1ye C"; yc 2} is called the tube domain
over 2. In this section, we study Riemannian geometric relations be-
tween 2 and D(Q).

The group of all affine transformations:

z+1V —1lye D(Q) - (Ax + a) + V' —1Aye D(Q) (AcG(R), ac R")

acts on D(R) transitively. Therefore, D(2) is holomorphically equivalent
to a homogeneous bounded domain in C", and there exists the Bergman
kernel function k: D(2) x D(2) — C of D(2). By using properties of the
Bergman kernel function (cf. Lemma 6.1 of [12]) and the characteristic
function @, of 2 (cf. [18]), we can see that there exists a positive
number ¢ satisfying

(4.1) k(z, z) = c(Po(¥))*
for all 2z =2 +1 ' —1ye D(2). We now denote by g,, the Bergman
metric of D(2), that is,

(4.2) Ira(z) =2 3 Flog k(z, 2) 17
1sigsn 02077
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for z = (2%, 2%, ---, 2") e D(Q) (cf. p. 73 of [12]).
The following proposition is well known but for the sake of com-
pleteness, we give a proof here (cf. [6]).

PROPOSITION 4.1. For an affine homogeneous convexr domdin 2 inm
R", the Riemannian manifold (2, g,) is a totally geodesic submamnifold
of the tube domain (D(R2), gp) by a natural imbedding o:ye 2 —
V' —1ye D(Q).

Proor. By (4.1) and (4.2) we have
2
43) Go0@) = 3, TIEPW) gy
1si;jsn 0Y'0Y’
for all z=2 +1V —1lye D(Q), 2" = o' + 1 —1y'(1 £ i < n). Therefore, it
can be easily verified that o*g,, = g, holds on 2. We next consider
the following mapping

i +1V —1lye DQ)— —x +V —1ye D(Q) .

Using (4.3), we can see that 7 is isometric with respect to the Bergman
metric. Moreover, the set of all fixed points of 7z coincides with ¢(Q).
Therefore, (2, go) is a totally geodesic submanifold of (D(2), g5.9) (cf. §8
in Chap. VII of [5]). g.e.d.

We now give a typical example of tube domains.

ExaAmMpPLE 1([6]). Let £ be the elementary domain in R*(n = 2)
defined by (3.1). We consider the following holomorphic imbedding
. n —_— 1 1/__1 k\2 l 2 1 n)
0: D(@) - €, 0(2) = (2 G B @ s,
for all z = (2!, 2% ---,2")e D(2). Then the image @(D(Q)) coincides with
the domain {z€ C"; ¥* > >l.<i<.|2*’}, Which is holomorphically equivalent

to the open unit ball in C*. It should be noted that the domain D(R)
can not be realized as a tube domain over a convex cone (cf. [3], [10]).

By using the above proposition we can prove the following.

THEOREM 4.2. An affine homogeneous convex domain 2 is Riemannian
symmetric with respect to the canonical metric if and only if the tube
domain D(Q) s Hermitian symmetric with respect to the Bergman metric.

PROOF. In order to prove the assertion, we can assume that 2 is an
irreducible domain (cf. Proposition 1.1 of [16]). Let (2, g,) be Riemannian
symmetric. Then by Theorem 4.2 of [16], 2 is affinely equivalent either
to an irreducible homogeneous self-dual cone or to an elementary domain.
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The assertion in the first case was proved by Rothaus [11]. In the second
case, by Example 1, D(2) is holomorphically equivalent to an open unit
ball. Therefore, (D(2), 952) is Hermitian symmetric. The converse
assertion follows from Proposition 4.1. q.e.d.

We next consider the irreducibility of a convex domain and the tube
domain over it. For this purpose, we employ the notion of Siegel domains
from [2], [6] and [10].

Let X and Y be real vector spaces and V, be a homogeneous convex
cone in X. Then a symmetric bilinear mapping F:Y XY — X is called
a homogeneous Vy-symmetric form if the following three conditions are
satisfied: (1) F(y, y)€ V, (the topological closure of V, in X) for every
yeY; (2) F(y,y) =0 implies y = 0; (3) The subgroup of G(V,) defined
by {Ae G(V,); there exists Be GL(Y) such that AF(y, y) = F(By, By)
for all ye Y} is transitive on V.

For a homogeneous V,-symmetric form F:Y x Y — X, the real Siegel
domain

(4.4 QVy F) ={, e X xY;z— Fy, y)e Vi}

is an affine homogeneous convex domain. Let X°¢ (resp. Y¢ be the
complexification of X (resp. Y). Then from the affine homogeneous convex
domain 2(V,, F'), we can construct a homogeneous Siegel domain in X¢ X
Y€ as follows: Let F¢Y¢ xY¢— X¢ be the Hermitian extension of F,
that is,

Fy, + V' =1y, ys + V' —1y) = {F(y,, %) + Fy, 90}

+V =UF(y,, ¥:) — F(y,, v} -

Then F°¢ is a V,-Hermitian form on Y°¢ and the domain
(4.5) D(V,, F€) = {(z, u)e X X V¢ Imz — FCu, u)e V,}
is a homogeneous Siegel domain of type II (ef. [10]).

LEMMA 4.3. For an affine homogeneous convex domain 2 = Q(V,, F),

the tube domain D(R2) is holomorphically equivalent to the Siegel domain
D(V,, F°).

ProOOF. Following Gindikin [2] we consider the holomorphic imbedding
®: (2, u)e D(Q) — (z + ‘/—FC< u, %), ‘/_u)e X x Ye,

Then by (4.4) and (4.5) we can verify that ® maps D(2) onto D(V,, F°).
q.e.d.
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We next give an example of a non-symmetric tube domain by making
use of the above lemma.

EXAMPLE 2. Let us consider the affine homogeneous convex domain
2 ={y=(y;)e H 3, C); ys = 1}

in the affine subspace {y = (y,;,)e HS, C); ¥, =1} of H(3, C), where
H*(p, C) is the cone of all positive definite elements in the real vector
space H(p, C) of all complex Hermitian matrices of degree p. Then 0
is realized as a real Siegel demain over the cone H*(2, C) by the following
symmetric bilinear mapping

F.C*x C*— H(2, C), F(yl; yz) = ‘;_(t'ylgz + ty2?71) .

Using Theorem 4.2 and Lemma 4.3, we can easily show that the tube
domain D(R) is holomorphically equivalent to the non-symmetric Siegel
domain given by (2.7.b) in p. 43 of [4].

Let D(V, F) be a homogeneous Siegel domain associated with a
homogeneous convex cone V and a V-Hermitian form F. Then it was
proved by Kaneyuki [3] that D(V, F) is irreducible with respect to the
Bergman metric if and only if the cone V is irreducible. Making use of
this and the results obtained above, we can prove the following

THEOREM 4.4. An affine homogeneous convexr domain 2 in R*(n = 2)
18 irreducible if and only if the tube domain D(Q) is irreducible with
respect to the Bergman metric.

PROOF. As was noted above, the assertion was proved by Kaneyuki
[3] in the case of homogeneous convex cones. So, we may assume that
2 is not affinely equivalent to a homogeneous convex cone. Let U be a
T-algebra of rank »(» = 2) such that Q is affinely equivalent to the domain
2(A) defined by (1.2). Then by Theorem 3.1, @ is irreducible if and only
if the condition (C) holds for the T-algebra 2. On the other hand, the
convex domain Q2() is realized as a real Siegel domain as follows: Let
A, be the subspace of A defined by A, = < j<r Wiy and let X(A,) be
the subspace of all Hermitian elements in %,. Furthermore, we put ¥ =
Susicr1 U, and define a symmetric bilinear mapping

F:YXY—X®,) by F(a,b) = -;—(ab* + ba*)

for every a,bc Y. Then by using results in Chap. III of [18], we can
see that the set
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Vo = m({tt*; te T(A) N (A + Re)}) = m(V(A) N (X(,) + Re))

is a homogeneous convex cone in X(%, and F is a homogeneous V-
symmetric form, where « is the projection of X() onto X(%,). Moreover,
the real Siegel domain 2(V,, F) is affinely equivalent to 2(%) (For the
notation, see also (1.1), (1.2) and (4.4).). Hence, by Lemma 4.3, the tube
domain D(Q) is holomorphically equivalent to the homogeneous Siegel
domain D(V,, F¢). On the other hand, according to Asano [1], the convex
cone V, is irreducible if and only if the condition (C) holds for the T-
algebra 9. Therefore, from the result of [3] stated above, it follows that
the Siegel domain D(V,, F©) is irreducible with respect to the Bergman
metric if and only if 2 is an irreducible convex domain. q.e.d.

Combining Lemma 4.3 and Theorem 4.4 with the result of [3] used
in the above proof, we have. the following

COROLLARY 4.5. Let 2 be an affine homogeneous convex domain
which is affinely equivalent to a real Siegel domain Q(V, F') associated
with a homogeneous convex cone V, and a homogeneous Vy-symmetric form
F. Then 2 is trreducible if and only if V, is irreducible.

5. Einstein convex domains. It is known that the Bergman metric
of an arbitrary homogeneous bounded domain in C* is Einstein (cf. e.g.,
[5]). In this section, we determine all affine homogeneous convex domains
whose canonical metrics are Einstein.

Let S be the Ricei tensor for the canonical metric of an affine
homogeneous convex domain 2 = Q(). Then S is given as follows (cf.
e.g., [5]:

5.1) Sit,xt, >R,
S(x, y) = trace of the linear mapping: zet, — R(z, x)y i, .

The canonical metric of 2 is Einstein if and only if there exists a
constant number ¢ satisfying the equality S =¢{,) on t, X t,.

By using Lemmas 1.1 and 2.2 of [14] and the formula (1.3), we can
easily see that the following identities hold:

fe 2] = 5o S o~ o) ASisr—1

1Sk<1 i<ksr
and
1 . .
R(x, e))e; = 4l/nm,—xij l=si<ygsr—-1)

for every z€t,. Therefore, by (5.1) we have
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(5.2) S(ey ¢) = ——my; 1Si<jsr—1).
ners
Several conditions for an affine homogeneous convex domain in order
to be affinely equivalent to an elementary domain are known. TUsing
them, we can state the following

THEOREM 5.1. For an irreducible affine homogeneous convex domain
2 in R*(n = 2), the following conditions are equivalent:

(1) The canonical metric g, of 2 is Einstein;

(2) 2 is affinely equivalent to the n-dimensional elementary domain;

(3) (2, g0) 18 an irreducible Riemannian symmetric space;

(4) The sectional curvature of (2, gy) is a megative constant;

(5) The sectional curvature of (2, go) 18 strictly negative;

(6) (2, g0 admits an infinitesimal non-affine isometry;

(T7) The tube domain over R is holomorphically equivalent to the
open unit ball in C".

PROOF. The implications (2) — (3) and (2) — (4) have been proved in
[16], and (2) <~ (5) is due to Shima [13]. The proof for (2) — (6) can be
found in [17]. The implication (4) — (5) is trivial. For (2) — (7), see
Example 1 in §4. The implication (7) — (5) follows from Proposition 4.1.
We prove the implications (1) — (2) here. Now, we suppose that the
condition (1) holds. Then, by the conditions (5.2) and <{e, e;» = d,;, We
can see that n,; = 0 is satisfied for every pair (i, 7) of indices 1 <1 <
J=<r—1. Since 2 is an irreducible convex domain, the condition (C) is
satisfied (cf. [1] and Theorem 3.1). Thus, the rank of the T-algebra %A
satisfying the condition 2(Y) = 2 must be equal to two. If n, = 0, then
2 is affinely equivalent to the cone of all positive real numbers and the
dimension of £ is equal to one. Hence, n, must be positive and 2 is
affinely equivalent to the elementary domain Q2(n), where n =1n,+ 1
(cf. [18]). Conversely, we suppose that the condition (2) holds. Then
(2, 9,) is a hyperbolic space form of the sectional curvature —1/2n + 2)
([16]). Therefore, (2, g,) is Einstein (cf. e.g., [6]), and hence, the con-
dition (1) holds. q.e.d.

By using the above theorem, we can easily verify the following

COROLLARY 5.2. Let 2 be a reducible affine homogeneous convex
domain. Then the canonical metric of 2 is Einstein if and only if 2
is affinely equivalent either to a direct product of elementary domains
of the same dimension or to a direct product of the half-lines of all
positive real mumbers.
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