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1. Introduction. Let (Λf, η, g) = (Λf, φ, ξ, -η, g) be a contact Rieman-
nian manifold of dimension 2n + 1. If ξ is a Killing vector field, then
it is called a i£-contact Riemannian manifold. Further, if the covariant
derivative V^ of φ satisfies some relation, then it is called a Sasakian
manifold. The model spaces of contact metric structure are complete
and simply connected Sasakian manifolds of constant ^-sectional curvature
H. These Sasakian manifolds admit the maximal dimensional automor-
phism groups (Tanno [6]). The Riemannian curvature tensor R of a
Sasakian manifold of constant ^-sectional curvature is determined (Ogiue
[3]). However, we know almost nothing about geometry on contact
Riemannian manifolds of constant ^-sectional curvature. One good result
is due to Olszak [4], who showed an inequality on H and the scalar
curvature S of a contact Riemannian manifold of constant ^-sectional
curvature H. Generalizing this inequality, we obtain the following.

THEOREM 3.1. Let (Λf, η, g) be a contact Riemannian manifold of
constant φ-sectional curvature H. Then the Ricci curvatures satisfy

Ric(X, X) + Ric(φX, φX) ^ 3n - 1 + (n + 1)H

for each unit vector Xe TXM, xeM, such that i}(X) = 0. Equality holds
for any xeM and for any unit vector Xe TXM such that rj{X) = 0, if
and only if (Λf, 7), g) is Sasakian.

Generalizing the theorem of Blair [1], Olszak [4] proved that any
contact Riemannian manifold of constant curvature k and of dimension
2n + 1 ^ 5 is a Sasakian manifold of constant curvature k = 1. We
generalize this by replacing the constancy of sectional curvature by the
conditions on the Ricci tensor and the Zc-nullity distribution. Namely,
we obtain the following.

THEOREM 5.2. Let (Λf, η, g) be an Einstein contact Riemannian
manifold of dimension 2n + 1 ^ 5. If ζ belongs to the k-nullity dis-
tribution , then k = 1 and (M, Ύ], g) is Sasakian.

2. Preliminaries. Let (Λf, rj, g) be a contact Riemannian manifold
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of dimension 2n + l. Following Blair [1], we define h = (h)) by h = (l/2)Lξφ,
where Lξ denotes the Lie derivation by ξ. Then the structure tensors
of (M, Ύ], g) satisfy the following relations:

Vrf = 1 , φlF = 0 , VrΦ^ = 0 ,

j = o ,

(2.2) ViΎ]j = φti - ^ ί rfei ,

$fcj = — ΛJ^5, htjξ' = 0 .

fe = 0 is equivalent to the condition that (Λf, 7̂, g) is a X-contact Rieman-
nian manifold. We prepare some relations which hold on a contact
Riemannian manifold. By (2.2) we obtain

(2.3) V ^ V ^ - hίrh
rj - 2hiS + gti - ηrηύ .

The next two relations are obtained by Blair [1], [2].

(2.4) Rirjsξrξ8 + RarUrζ8φiφ) = -2Λ<rfcJ + 2ft, - 2)7,77,.,

(2.5) Ric(f, f) = 2n - ||/ι||2,

where | |Γ | | 2 - W T ^ , for Γ = (Γ^).

LEMMA 2.1. T%e Jϊicci tensor satisfies the following.

(2.6)

(2.7)

+ 2feirfe]S - 4λΛ + 2 ^ - 2(471

PROOF. Contracting Rϊklξ
r = VfcV^ — VΪV^* with respect to i and k,

we obtain the first equality of (2.6). To verify the second equality we
rewrite VrVrηd as VfVf% = Vr(2^ri) + V rV# r. Then, applying (2.1), we
get (2.6). Next, operating VrVr to φ)φk8 = —gjk + η/ηk, we obtain

Applying (2.3) and (2.6) to the last equation, we get (2.7). q.e.d.

We define P = {Pr8i) on a contact Riemannian manifold by

(2.8) Pr8i = Vrφ8i - η8gri + !)#„ .

LEMMA 2.2. PrHPr9j is given by
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(2.9) PrsiPr83 = V^V'0} - 2Λ,, - gd - (2n -

PROOF. First we get

Since ^.V^J = — V#,0J, applying (2.2) to the last equation, we obtain
(2.9). q.e.d.

We define Rf5 by the same way as in the Kahlerian case:

222<* = —Rirkιφ
rjφ .

By the Bianchi identity Rfi is written also as

We define S* by S* = Rfig**.

LEMMA 2.3. Rfό satisfies the following.

(2.10) R*s + R% = Riά + Rr,φlφ) - 2(2^ - l ) f t i

PROOF. By the Ricci identity for φ, we obtain

Contracting the last equation with respect to i and fc, we get

(2.11) -2nVιηj - V.V^ - -R8lφ) + Λ f i r I^ .

Transvecting (2.11) by —φι

k9 we obtain

(2.12) 2nV#,0i + ^IV.V^J - Λ.,^i - i2ffc .

Transvecting (2.11) by φ{f we obtain

(2.13) -2nV{ηόφi - φ\$?tιφ\ = Λ« - «!.?% " «& .

Change Z to j in (2.13). Then the result and (2.12) imply

Anφrjφl + ΦkV'ΦrΦa - V5φίr) = Rjk + Rr8φ
r

άφ% - Rjsζ
8ηk - 2Rfk .

Since Vrφtj + V^ i r + V^r< = 0, the above is written as

4n(ffΛ - 7y%) - φlV^iφjr = i?ifc + -Rr.## - ^ ί ^ f c - 222/* .

Taking the symmetric part of the last equation and using (2.7) and (2.9),
we obtain (2.10). q.e.d.

We define P(X) for a vector field (or tangent vector) X by P{X) =
(PniX% Then we get ||P(X)||2 = {Pr8iP

r8

5X
lXu). By (2.9) it is easy to

verify

(2.14)



444 S. TANNO

Therefore, (Af, η, g) is a iί-contact Riemannian manifold, if and only if
P(ξ) = 0. A contact Riemannian manifold (Af, η, g) satisfying P = 0 is
called Sasakian.

By Lemma 2.3 we obtain the following.

PROPOSITION 2.4. A contact Riemannian manifold (Af, η, g) is Sasa-
kian, if and only if

ΛJJ + Rf< = Ri3 + Rnφiφ) - 2(2n - l)giS + 2(n - lty# y .

REMARK. (2.5) and (2.10) give the Olszak's inequality;

(2.15) S* - S + in2 = (1/2)(||V |̂|2 - An) + \\h\\2 ^ 0 ,

where | |P | | 2 = ||V0||2 - An (cf.[4]). S* - S + An2 = 0 is a necessary and
sufficient condition for (Λf, 77, gf) to be Sasakian.

3. Constant ό-sectional curvature. By D we denote the contact
distribution of a contact Riemannian manifold (M, η, g) defined Ύ] = 0.
(Af, Ύ), g) is said to be of constant ^-sectional curvature if at any point
xeM the sectional curvature K(X, φX) is independent of the choice of
non-zero XeDx. In this case, the ^-sectional curvature H is a function
on M.

THEOREM 3.1. Let (Af, η, g) be a (2w + l)-dimensional contact Rieman-
nian manifold of constant φ-sectional curvature H. Then the Ricci
curvatures satisfy the following inequality

(3.1) Ric(X, X) + RiφX, φX) ^ 3n - 1 + (n + 1)H

for each unit XeDx, xeM. Equality holds for any point xeM and

for any unit XeDx, if and only if (Af, ηf g) is Sasakian.

PROOF. We define A and B by

= RirksΦWl + RarUζaξhφWlViVk ~ Ra

Bijkl = H(gik - 7}tηkχgsι - ηόr]ι) .

Then K(X, φX) = H for any non-zero XeDx is equivalent to

(3.2) (Aijkl - Bίjkl) Y* Y* Yk Yι = 0

for any Ye TXM. Put Q = A - B. Then (3.2) is equivalent to

Qiju + Qaik + Qiku + QiM + Quki + Qnsk + Quki + QΛI*

+ Quit + QkiU + Qiai + Quik = 0 .

Transvecting the last equation by gjl, we obtain
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Rik + Rr8φlφ% - Raίbkζ
aξh - R

r<4 - 17,%) = 0 .

Let XeDx such that | |X|| = 1. Transvecting the last equation by X^X*
and applying (2.4) and (2.10), we obtain

(3.3) 4 Ric(X, X) + 4 R i φ X , ^X)

= 12n - 4 + 4(Λ + l ) i ϊ - 3||P(X)||2 - 5||ΛX||2 .

Therefore we obtain (3.1). Equality of (3.1) for any XeD implies
P(X) = 0 and hX = 0 for any XeD. Since fcf = 0, hX = 0 for any
XeZ) implies Λ = 0. Thus, we obtain P(£) = 0 by (2.14). Therefore,
P(X) = 0 for any XeZ) implies P = 0, and (M, η, g) is Sasakian.

REMARK. Let {ea, φea, ξ l ^ a ^ n} be B,n adapted frame of TXM of
a contact Riemannian manifold of constant ^-sectional curvature H.
Since \\hφX\\ = | | ^ X | | - ||ΛX||, (3.3) gives \\P(φX)\\ = | |P(X)| |. Thus, we
obtain IIPII2 = 2Σ«l|ίJ(e.)li I + IWI2 and ||Λ||2 = 2Σ«l|ΛβJI1. Then, by (2.5)
and (3.3), the scalar curvature S is given by

S = Ric(ί, f) + Σ

- 3^2 + n + n(Λ + 1)H - ||Λ||2 - (3/4)Σ« \\P(βa)\\% ~ (5/4)Σ« I

= 3^2 + n + w(w + 1)H - (3/8)||P||2 - (5/4)||fe||2 ^Sn2 + n + n(n

The last inequality is due to Olszak [4],

REMARK. Let (M, η, g) be a ίΓ-contact Riemannian manifold of con-
stant ^-sectional curvature H. If H is constant on M, then H can be
deformed by a D-homothetic deformation of the structure tensors. For
example, if H > — 3, then choosing a constant θ = (H + 3)/4, we get a
iί-contact Riemannian manifold

(M, 0, (l/0)£, 017, 0<7 + (θ2 - θ)η ® 77)

of constant ^-sectional curvature 1 (cf. (2.14) of Tanno [5]).

REMARK. It seems to be an open problem if there exist contact
Riemannian manifolds of constant ^-sectional curvature, which are not
Sasakian.

4. Conformally flat contact Riemannian manifolds. Let (Λf, η, g)
be a conformally flat contact Riemannian manifold. Then the Riemannian
curvature tensor R is expressed as

R)kl = (l/(2n - mδiRn - δίRjk + R{gn - R\gjk)

to - δίgjk) .
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Hence, Rfά is given by

Let X e D such that ||X|| - 1. Then

RϊjX'X' = a/(2n - l))(Ric(X, X) + Ric(φX, φX)) - Sj2n(2n - 1) .

On the other hand, (2.10) gives

2R?jX
iXj = Ric(X, X) + RiφX, φX) - 2n{2n - 1) + ||P(X)||2 + \\hX\\2 .

Combining the last two equations we obtain

(4.1) (2n - 3)(Ric(X, X) + RiφX, φX))

- 2{2n - I)2 - Sin - (2n - 1)(||P(X)||2 + \\hXψ) .

Therefore we obtain the following.

THEOREM 4.1. Let (M, rj, g) be a conformally flat contact Rίemannian
manifold of dimension 2n + 1 ^ 5. Then, for any unit XeD,

(4.2) Ric(X, X) + RiφX, φX) ^ 4π + [2^(2^ + 1) - S\/n(2n - 3)

holds. Equality holds for any unit XeD, if and only if (M, η, g) is
Sasakian.

REMARK. Let {ea, φea, ζ} be an adapted frame of TXM of a conformal-
ly flat contact Riemannian manifold. Then, using (2.5) and (4.1), we can
show that the scalar curvature S is given by

ST = 2^(2^ + 1) —((2^ —1)/4(^ —l))]|i^||2—((2^, —3)/2(^ —1))||Λ,||2 ^ 2^,(2^ + 1) .

This is the inequality due to Olszak [4].

5. fc-nullity distribution. Let i; be a real number. By
NJJc) we denote the fc-nullity distribution of a Riemannian manifold
W, g):

Nx(k) = {Ze TXM; R(X, Y)Z = k(g(Y, Z)X - g(X, Z)Y\ X, Ye TXM} .

Considering the second theorem of Blair [2] as k = 0 case, we prove the
following.

PROPOSITION 5.1. Let (M, η, g) be a contact Riemannian manifold.
If ξ belongs to the k-nullity distribution, then k ^ 1. If k < 1, then
(M, 7], g) admits three mutually orthogonal and integrable distributions
D(0), D(λ) and D( —λ), defined by the eigenspaces of h, where X = i/l — k.

PROOF. By ς e N(k) we can verify Ric(f, ξ) = 2nk. Then, (2.5) implies
k ^ 1. Now we suppose k < 1. Olszak ([4], p. 250, p. 251) proved that
ξ e JV(fe) with k < 1 implies h2 = (k - l)φ2 and
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(5.1) Vrφ\ = (gr8 + hn)ξ* - vXδl + hi) .

Since hξ = 0 and h is symmetric, h2 = (k — l)^2 implies that the restriction
h\D of h to the contact distribution D has eigenvalues λ = ι/l — k and
—λ. By Z?(λ) and D(—x) we denote the distributions defined by the
eigenspaces of h corresponding to λ and — λ, respectively. By D(0) we
denote the distribution defined by ξ. Then these three distributions are
mutually orthogonal. Let XeD(x). Then hX = XX and φh = —hφ imply
h(φX) = — λ(^X), and hence φXeD(—λ). This means that the dimension
of JD(λ) and D(—x) are equal to w. We prove that D(x) (D(—λ), resp.)
is integrable. Let X, YeD(χ) CD(-λ), resp.). Then,

= - ( 1 +

and Vrf = - (1 ± λ)^Γ. Therefore, g(Vzξ, Y) = g(Vγζ, X) = 0 holds. Thus,
= 0 and 77([X,Γ]) = O follow. I , 7 e ΰ and ξeN(k) imply
= 0. On the other hand,

0 = VxVγξ - VFVxf - VUιYΊξ

= - ( 1 ± λ)Vz(^Γ) + (1 ± λ)VF(^X) + 0[Xf F] + ^Λ[X, Γ]

= - ( 1 ± X){(Vxφ)Y - (VF^)X} πF Xφ[X, Y] + φh[X, Y] .

By (5.1) the first term of the last line vanishes. And so we obtain
φh[X,Y] = ±Xφ[X,Y], which together with η([X,Y]) = 0 implies [X,Y] e
D(χ) (D(-x), resp.). q.e.d.

REMARK, (i) In Proposition 5.1, if k = 0, then D(0) + D(—χ) is also
integrable ([2]).

(ii) In a Sasakian manifold, ξeN(ΐ) holds.

THEOREM 5.2. Lei (M, 77, g) be an Einstein contact Riemannian
manifold of dimension 2n + 1 ^ 5. // ζ belongs to the k-nullity dis-
tribution, then k = 1 and (M, 77, 0) is Sasakian.

PROOF. By ξ e N(k) we obtain [|V |̂|2 = An(2 - k) (cf. [4], p. 251) and
H&ll2 = 2n(l - k). We obtain also Ric(£, ξ) = 2w&. Since (M, 0) is an
Einstein manifold, we get Rtj = 2nkgijt and hence S = 2?ι(2n + l)fc. Op-
erating V to f'iϊtfw = k{Ύ]kgβι - ηιgih\ we get

(5.2) φ^Rijkl + f 'V^w = 2kφlk .

By the second Bianchi identity and Ri3 = 2nkgφ we see that VjRijki

vanishes. Hence, transvecting (5.2) by φkl, we get S* = 2nk. Substituting
these values into (2.15), we obtain 4w2(l — k) = 4w(l — k). Since n^29

we get fc = 1. Therefore, we get Λ = 0 and ||V^||2 = An, and (M, η, g)
is Sasakian. q.e.d.
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REMARK. Theorem 5.2 is a generalization of Olszak's theorem [4]
that any contact Riemannian manifold of constant curvature k and of
dimension 2n + 1 ^ 5 is a Sasakian manifold of constant curvature k = 1.
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