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Abstract. The holonomic g-difference system of the first order associated with the
basic hypergeometric series is derived. The Wronskian of this system is also calculated.

In spite of widespread interests in holonomic g-difference systems (e.g. [2], [3],
[5]), very few systems have been calculated in an explicit manner. Thus it seems very
fundamental and important to construct such systems explicitly.

In this paper we first derive the holonomic g-difference system with respect to the
variable z, which is associated with the Jackson integral

j‘“ ! pe G
=1 (@t
with t,=1 and ¢,,, =z. This Jackson integral is one of the integral representations of
the basic hypergeometric series ,,;¢,. The special case n=1 corresponds to that of
Heine’s ,¢,, and the corresponding system is known. Although the n=2 case corresponds
to the one treated in Section 6 of [1], the equation for it there is very complicated. To
avoid such complexities we modify the integrand as above, of which the last factor is
changed. This permits us to derive the equation for general n.

Our second result is the determinant formula. The calculation of the determinant
of the coefficient matrix 4 of our system leads to the g-difference equation for the
Wronskian. By virtue of this equation, we get an expression for the Wronskian near
the origin z=0 and the infinity z= 0o, respectively. The connection coefficient between
them is also given. For works related with the determinant formulas we refer the reader
to [6] and [7]. Itis also noted that the condition of “n-balanced” makes our determinant
constant. It seems very important to know whether the condition for a well-poised
series and other conditions appearing in the theory of hypergeometric series [4] is
related to the determinant of the holonomic systems or not.

Throughout this paper the number ¢ is fixed as 0<g<1. The symbol (a),, stands
for the g-shifted factorial [ ]2 ,(1—ag’).

dity A -0 A dyt,

1. Holonomic g-difference system. Define a meromorphic function @ on the
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algebraic torus (¢, ..., 2,,,)€(C*"*! by

¢="ﬁl p (@it;/t;_ 1)
=1 (@1

with ¢,,,=z and t,=1. Associated with this function @, the g¢-twisted de Rham
cohomology Hy(V, d,) is defined. Under some conditions, which we do not use in this
paper, the dimension dim Hg(V, d,) of the cohomology group is n+ 1. See [1] for more
details. By means of the basis of this cohomology, defined by

1
b= ;
[T (t-1—g"t)
1<k<n+1
ki

for each 1 <i<n+1, we construct a holonomic g-difference system with respect to the
g-shift operator T, defined by (7,f)(z)=f(gz). For brevity, we denote the Jackson
integral of the rational function ¢ by

<¢>=J‘P¢df

anddv=dt; A - A dt,in what follows. The Jackson integral is taken over a suitable
cycle. In this notation we have the following:

THEOREM 1. Under the conditions o, %0, B;— B, >0 for each 1 <k<n+1, we have
a holonomic g-difference system of rank n+ 1 such that

(1) Tz(<(p1>a LA} <(pn+ 1>)=(<(p1>3 AR <(pn+ 1>)A

Here A=(a;;);<i,j<n+1 is the (n+1) X (n+ 1)-matrix with entries defined below.
Case (i) 1<i<j—1,

n i n B; — gP
Q.= Ek:;ak+zk=llﬂ;‘+zk:;+lﬂ;( (¢"—g")z
ii=9q n+1

g5ty
Case (i) i=j,

nt1 ] —gBit Lisksn+kxjPic z
aii:qZ,(:.-ak 1

n+1

1— q):k= 1bicy

Case (iii) j+1<i<n,
n i- B _ oPi
a..=q2k:;“k+zk=lj+xﬂk__(qj q__J)z
tJ n+1

l—qz"“ﬂ;‘Z )

ProOOF. Associated with the basis ¢; (1 <i<n+ 1), we introduce another basis
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t,_ —_— ﬂ:t
o=t 7T (1gi<n+).

kl;l1 (-1 — 9"t
Then we have
@ TAp> =gl
for each i with 1 <i<n+1. Namely,

Tz(<(p1>’ e s Prr1))=(KP1)s - -, {Prs+1D)C

with a diagonal matrix C=diag(g®* =~ *+1, g% *aner [ g**). To see this we first
take
ntd (@5 ity _y)
T< i>=T £~ 1 F0ki+ dien+ 1 ©dr
=\ z kl;I1 y (@ i/t

1 Bi 41 =8pei+ B om
=q¢n+1 J‘nlt[ tzk_1+6ki+ak,n+l(q - o Htk/[k‘l)“) dr .
k=1 (@t Do

At this step we change the variables 7, in the integral to gz, for each k such that i<k <n.
Then we have

n +1 41
T, (p,>= Thlia "H k= 1+t Ben st (C Ty
2\ q k B + Oxci ’
k=1 (q L/t Do

which is the equality (2).
Under the condition []}21(#_, —¢%) %0, the equalities

n+1

;= Z @:b;; (I<j<n+1)
i=1

are equivalent to

nt+1

€) tj—l_qﬂjtj= > (ti—l_qﬂ;ti)bij (1<j<n+1).
i=1

By comparing the constant terms and the coefficients of each ¢; for i such that 1<i<n
on both sides of (3), we have a system of linear equations of rank n+1. From this
system we can easily get an expression for b;;.

Therefore, by the product of two matrices A= BC, we have the desired expression
for a;;.

Moreover, if we set z to be zero, the coc':ltﬁlcient matrix 4 becomes a lower triangular
matrix with the diagonal elements a;;=¢*<=:* for 1<i<n+1. Thus the rank of the
system is n+ 1. ]



488 K. MIMACHI

2. Determinant formula. The calculation of the determinant of A4 is important,
because it gives the equation satisfied by the Wronskian

det( I (pjd?dr) .
€:

Here the symbols %; (1<i<n+1) stand for suitable cycles, which are not mentioned
explicitly in what follows.

PROPOSITION 2. We have

1 _qﬂl that - +Bnsi,

— Z:::kak
@ .

Proor. Define (n+1)x(n+1)-matrices Cy =(c;’i)1<i,j<n+1 and Cy =
(ce:ij)1<i,j<n+1 fOr 1 <k<n as follows:

c+..={q"" ) =(k+1,6)
ki i otherwise
and
c—“={_qpk (l’])=(k+1,k)
RN 2 j otherwise.
By using these matrices, the relation for the matrices
(CiC; -~ C/B)C Cry - Cf =F

is given. Here the elements b;; (1<i, j<n+1) of B’ are expressed -as

[ l_qﬂl+"'+ﬂn+1z
— T i=j=1,
l—qﬁ'1+"'+ﬂ;.+1z
b.= BitBiert o tBy g gBitBitit o Fhuiry,
b=) @ 1 ¥ iz, j22,
l—qﬁl RISy
L 0ij otherwise .
Therefore we get the desired result (4). [ |

Proposition 2 leads to the g-difference equation for our Wronskian W(z):

n+1

1 ] — Zie= 1Bk
®) (TW)(e)= g b T2
1— g-+= 1Bz
By virtue of (5), we can easily find expressions for W(©(z) and W(*)(z) of our Wronskian
which are characterized by the asymptotics

W(z) .
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(6) lim W(O)(Z)=ZZ:::k¢k(1 +c@z4 --0)
z—0
and
cl®)
(M lim W) (z) = 725 o= T B T 1""(1+—+ >
z>® z

respectively, and find the connection coefficient between them.

THEOREM 3. (i) The expressions for the Wronskian defined above are given by
et (G B
W(o)(z) — Z):"z 1kay (q kZ)
(@),
and

n 1—2"Z'ﬁk
(w)(z) sz 1kak i 1ﬂk+2k+:ﬂk(q ! /z)“)-

(¢ P Hp2),
(ii) The connection coefficient C between W (z) and W ®Xz) such that
W) (z)= CWOz) is given by
O st 06 P2)
g(qZZ::ﬁ;(z)
where 0(2)=(2) ,(9/2) »(9) » is the Jacobi elliptic theta function.

ReEMARK. The coefficient C is not a constant with respect to the variable z but is
a pseudoconstant, that is, (7,C)(z) = C(z2).

It is also noted that if Y ;1 Bk—Z"H B:, then the determinant of A is constant.
This condition is closely related to the “n-balanced” basic hypergeometric series ,, ;¢,.
To see this, recall the integral representation of the basic hypergeometric series

AyyevsApyy (29 R () k
8 +1Pn ,
® ne1?® <bb > Zo o @y

where (a), =(a),/(ag"),,. Namely,
" q(ﬂ) -1 ay— 1 (qtl)ao
l;[ q(a )rq(ﬁ —a;) 12t >th-12 21120 ! (q‘h 1)
(qt2/tl)oo e (qtn/tn—l)oo(qa"+ltnx)oo
(qﬂz_ath/tl)ao o (qﬂ"_u"tn/tn—l)oo(tnx)ao
T I'y(B:) 0(g**'x)
= H .
i= q(“;)rq(ﬂ; o;) 0(x) 12th>th-12> 21120

talu-l . tﬁ"_'ll_lt:"_a"”_l
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. (qtl)oo(qIZ/tl)oo e (qtn/tn— l)co(qx_ l/tn)oo
(qﬁ‘ _a‘tl)oo(qﬂz_uth/tl)ao e (qﬂ"—a"tn/tn— l)co(q1 Tonrix” 1/tn)oo
where g, =¢* (1<k<n+1),b,=q*(1<k<n),and I’ , Stands for the g-gamma function

F,,(a):(q)m(q“);l(l —q)' 7% The last equality in the above integral representations is
given by using the pseudoconstant

9

o 00 1)

" O(xt,)
with respect to the variable #,. The condition Y ;71 B,=Y 71 B; for our integral is
equivalent to the one Z::i ak+n=Z:=1ﬁk for the basic hypergeometric series (8), in
which case, (8) is said to be “n-balanced” if x=gq.
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