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Abstract. We show that a simple adjoint Chevalley group over a Q-algebra without
zero divisors and its elementary subgroup have isomorphic automorphism groups which
are generated by the inner automorphisms, the graph automorphisms and the ring
automorphisms. This leads to an expression for every automorphism as the composite
of a ring automorphism and an automorphism of an algebraic group, which is analogous
to the Borel-Tits theorem and the Margulis theorem for the automorphisms of rational
subgroups of algebraic groups over certain fields.

Introduction. Let G be a simple Chevalley-Demazure group scheme of adjoint
type. The main purpose of this paper is to describe the automorphisms of the Chevalley
group G(R) and its elementary subgroup E(R) provided that the rank of G is greater
than one, where R is an associative and commutative algebra over the rational number
field @ without zero divisors. The first study of this problem goes back to the work of
Schreier and Van der Waerden [ 13] where they gave a description of the automorphisms
of the projective group PSL, over an algebraically closed field. The automorphisms of
adjoint simple Chevalley groups were determined first by Steinberg [14] for finite fields
and then by Humphreys [12] for infinite fields. We refer to [11] for a historical survey
on homomorphisms of algebraic groups and Chevalley groups. In this paper we discuss
the automorphisms of all subgroups between G(R) and E(R). It turns out that such an
automorphism can be always expressed in a unique way as a product of an automorphism
induced by the conjugation of an element in G(R), a graph automorphism and a ring
automorphism (see § 1 for the definition). We find that each automorphism of a subgroup
between G(R) and E(R) is a restriction of an automorphism of G(R) and, meanwhile,
keeps E(R) invariant (see Theorem 1). This leads to an isomorphism between the
automorphism group of G(R) and the automorphism group of E(R). The structure
of the automorphism group of G(R) and E(R) is given by Theorem 2. We show in
Theorem 3 that every automorphism of a subgroup between G(R) and E(R) is a
composite of a ring automorphism and an automorphism as an algebraic group, which
is an analogue of the Borel-Tits theorem [4] and the Margulis theorem [17]. When
the rank of G is equal to one, the automorphisms of G(R) are known only for some
special rings R and we refer to [6, §1] for a brief review of recent developments in this
particular case.
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1. Terminology and main results. Let go be a complex simple Lie algebra with
a root system @. Using the adjoint representation of g, and a Chevalley basis, we can
construct an affine group scheme G over Z, which is called the Chevalley-Demazure
group scheme of adjoint type (cf. [9]). In particular, for each commutative ring R with
a unit, we obtain a group G(R) which is called the Chevalley group over R of adjoint
type. For each root ae @, there is a canonical (exponential) map u, from the additive
group R* into G(R) (cf. [1, §1.3]). We denote by U,(R) the set of images u,(r) for all
r€ R. The elementary subgroup E(R) is defined to be the subgroup of G(R) generated by
U/(R) for all ae ®. For example, if @ is of type A,_,, the corresponding Chevalley
group of adjoint type is then PSL,(R) and its elementary subgroup E(R) is the subgroup
of PSL,(R) generated by the images of all n x n elementary matrices over R under the
natural homomorphism from SL,(R) to PSL,(R). It is known that E(R)= PSL,(R) when
R is a semilocal ring (cf. [2]). The structure of the groups between G(R) and E(R) is
not yet clear for us for an arbitrary ring R. However, we have following result:

THEOREM 1. Let R be an associative and commutative Q-algebra without zero
divisors. Suppose G(R) is a simple Chevalley group of adjoint type and the rank of G is
greater than 1. Let H be a subgroup of G(R) which contains E(R). Then every automorphism
of H can be extended uniquely to an automorphism of G(R) and the restriction of each
automorphism of H to E(R) is an automorphism of E(R). In particular, the automorphism
group of G(R) is isomorphic to the automorphism group of E(R).

We need some description about certain particular automorphisms of G(R) and
E(R) before further stating our main results. Let K be a universal domain containing
Q. In the following, R stands for a Q-subalgebra of K and G is a simple Chevalley-
Demazure group scheme of adjoint type.

Let 4 be a set of fundamental roots of @ and y an automorphism of & which keeps
4 invariant. It is easily seen from [10, exp. XXIII, §5.5] that y gives rise to an automor-
phism of G and, hence, an automorphism $ of G(R) such that

(1.1 Y1 (1)) =ty (), forall aedor —4, reR.

7 1s called a graph automorphism of G(R) related to y. Since E(R) is generated by U,(R)
for all ae 4 or — 4, the restriction of 7 on E(R) is also an automorphism of E(R). We
call an automorphism of E(R) of the form (1.1) a graph automorphism of E(R) related to y.

Let ¢ be an automorphism of R. Since G is a covariant group functor on the
category of commutative rings with unity, ¢ gives rise to an automorphism of group
G(R), which is called a ring automorphism of G(R) related to ¢. A ring automorphism
of E(R) related to ¢ is an automorphism @ defined by

(1.2) Bur)y=u,lo(r), forall ae® and reR.

The ring automorphism of G(R) related to ¢ coincides with ¢ on E(R) (see the proof
of Proposition 4.2), hence we denote it also by ¢ without any confusion.
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For each element ge G(R), we denote by Intg the inner automorphism of G(R)
induced by the conjugation by g. Since G is of adjoint type, G(R) is centreless and we
may identify G(R) with the subgroup of Aut G(R) generated by Intg for all g€ G(R).

THEOREM 2. Suppose the rank of G is greater than one. Let H be G(R) or E(R).
Then Aut H is generated by G(R), the graph automorphisms and the ring automorphisms.
More precisely,

(1) every automorphism o€ Aut H has an expression

(1.3) a=Intg-9-@,

where g€ G(R), 7 is a graph automorphism and @ is a ring automorphism. Moreover, the
factors g, and @ are uniquely determined by «;

(i1) let A be the subgroup of Aut H generated by G(R) and the graph automorphisms,
and let B be the subgroup of Aut H generated by G(R) and the ring automorphisms. Then
we have normal sequences

(1.4) G(R)<wA<AutH

and

(1.5) G(R)=sB<1AutH ;
(1ii) we have following isomorphisms:

(1.6) Aut H/A~ B/G(R)~Aut R

and

(1.7) Aut H/B=A/G(R)= S,

where S is the group of order two if G is of type A,, D, (n=5) or Eq, S is the symmetric
group on three objects if G is of type D, and S is trivial for all other cases. In particular

(1.8) Aut H/G(R)~AutRx S'.

THEOREM 3. Suppose the rank of G is greater than one. Let H be a subgroup of
G(R) which contains E(R). If o is an automorphism of H, then there exist an automorphism

@ € Aut R and an automorphism B of the algebraic group G(K) such that
1.9) g)=PB(P(g),  forall geH,

where f and ¢ are uniquely determined by o.

2. Notation and some lemmas. Throughout this paper G stands for a simple
Chevalley-Demazure scheme of adjoint type and we assume that the rank of G is greater
than one, K is a universal domain containing @ and R is a Q-subalgebra of K. If M
and P are subgroups of a group H, we denote by Cp(M) and Np(M) the centralizer and
the normalizer of M in P, respectively. The centre of H is denoted by C(H). [M, P]
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stands for the subgroup of H generated by the elements of the form xyx~'y~' for all
xe M and for all ye P. A subgroup of H which is generated by subsets X, X,, ... is
expressed by (X, X,,...>. If H is an algebraic group, we denote by L(H) the Lie
algebra of H and if M is an abstract subgroup of H, we denote by cl(M) the Zariski
closure of M in H and by cl(M)° the connected component of cl(M) that contains the
identity element.

LemMmA 2.1.  Suppose H is a connected algebraic group of one dimension. Then every
infinite subgroup of H is Zariski dense in H.

PrOOF. Let M be an infinite subgroup of H. Since the quotient group cl(M)/cl(M)°
is finite, cl(M)° is infinite. This means that dimcl(M)°>1. On the other hand, the
inclusions cl(M)° =cl(M)< H implies that dimcl(M)°<dim H=1. Thus dimcl(M)°=1
and the above inclusions yield immediately that cl(M)=H.

For each root ae @ we simply denote by U, the group U,K), and let U (resp. U™)
be the subgroup of G(K) generated by U, for all ae ®* (resp. —aec®™). Let B (resp.
B7) be the Borel subgroup of G(K) which contains U (resp. U™) as its unipotent radical.
Then Bn B~ is a maximal torus of G(K), which is denoted by 7. Note that

U(Ry=U,nER), for all aed.

It is obvious that Un E(R) (resp. U™ n E(R)) is generated by U,(R) for all ac ®d* (resp.
—ae®™). We denote by U(R) the group Un E(R) and by U™ (R) the group U™ n E(R).

COROLLARY 2.2. (i) TnE(R)is Zariski dense in T
(ii) U(R) is Zariski dense in U and U™ (R) is Zariski dense in U~
(iii) Bn E(R) is Zariski dense in B.

Proor. (i) LetAd={a,,a,,...,a,}anddenote by T;for the group Tn<{U,, U_,>
for all 1<i<n. Then T, is a one dimensional subtorus of 7 for all 1<i<n and
T=[[{_,T:. Let Ty(R), 1 <i<n, be the set of R-rational points of T}, which is Zariski
dense in 7; by Lemma 2.1, since R is infinite. Moreover, it is easily seen that
TnER)2][];_, T«R). Therefore we have

n

T=c(TnE(R)= 'ﬂ A(T(R)=T,

i=

which implies that cl(7Tn E(R))=T.
(ii) Since U(R) is generated by U,(R) for all ae ®*, which is Zariski dense in U,
by Lemma 2.1, we have

l(U(R))=cl({U,R)|Vae ®*))={cl U, R))|Vac ®*)=(U,|Vacd*>=U.

Replacing the positive roots by the negative roots, we then obtain the Zariski density
of U(R)in U".
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(iif) Consider inclusions B2 Bn E(R)2(T'n E(R)) - U(R). By taking their Zariski
closures, we obtain from (i) and (ii)
B2cl(Bn E(R)2cl(TnER)-UR)=T-U=B
from which follows (iii).

PROPOSITION 2.3. Let H be a subgroup of G(R) which contains E(R). Then
ER= () N.

E(Q EN<H

PrOOF. Let M be the intersection of all normal subgroups of H which contains
E(Q). Then M < E(R) since E(R) is a normal subgroup of H by [16]. On the other hand,
for each ae @ and each xe Q% let

hox) = () _ o —x ™ V() — (Dt — e (1) € T E(Q) .
We have
ha(X)u(h(x) = u,(x?r), for all xeQ* and reR.
Choosing such xe @* that x2#1, we obtain
1 (r) = h()u(x2— 1) *h(x) tu(x2-1)"'r"teM, forall reR and aed,
since M is a normal subgroup of H. This implies that M 2 E(R). Therefore M = E(R).

Let g be a Z-form of the simple complex Lie algebra g and denote by gy the
R-Lie algebra g®,R. Let ad: gx—Mat,(K) be the adjoint representation of gg, where
n is the dimension of g.

Lemma 2.4. Let z be an element of g such that ad(z)e Mat,(R). Then z€ gg.

Proor. We write the Cheavalley base of g¢ as {e, e, ..., ¢,}. Then ad(e;®1)e
Mat,(Z) for all 1 <i<n. Suppose z has an expression ) 7_, ¢,®x;, where x;€ K for all
1<i<n. Then

Q.1 ad(z)= Y ad(e;®x;) .
i=1
On the other hand, suppose
ad(z)=(z,)eMat,(R), z,eR, for s,te{l,2,...,n}
and
ad(e;®1)=(e; ) eMat (Z), e ,,€Z, for i, s,te{l,2,...,n}.

Then the equation (2.1) implies following n? equations.

Zyy=Xg€1,91 X8 11t F X6, 11
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Zyp=X1€1,12 X285 12+ "+ X8, 12

Znn =xlel,nn+'x2€2,nn+ e +xnen,nn .

Since ad(e;®1), ad(e,®1), ..., ad(e,®1) are linearly independent, there are » linearly
independent equations in the above system. Hence the unique solution for x4, x,, ..., x,
satisfying the above equations is given by Cramer’s rule as the quotients of the
determinants of certain n x n matrices in Mat,(R) factored by the determinant of an
n x n matrix in Mat,(Z). Consequently, we obtain that {x, x,, ..., x,} = R. Hence z lies
in gg.

LEMMA 2.5. Suppose ge G(K). If gu,(1)g~* € G(R) for all ae @, then ge G(R).

PrOOF. Let {e,, h, |Vae ®, Va;e A} be a Chevalley basis of g¢, where [e,, e_, 1=
h, . Considering G(K) as a subgroup of GL,(g) via the adjoint representation of G(K), we
have (cf. [15])

u,(1)=expad(e,®1), for aed
and
(2.2 gul)g~ ' =expad(g - (e,®1)), for aed,

where exp is the canonical exponential map which sends the nilpotent elements in
Mat,(K) to the unipotent elements in GL,(K). Recall that the logarithm map log sends
the unipotent subset of Mat,(R) to the nilpotent subset of Mat,(R) and the composite
log - exp is the identity map on the nilpotent subset (cf. [5, Chap. II. §6.1]). Applying
log on both sides of (2.2), we obtain

log(gu,(1)g~)=ad(g * (e,®1))eMat,(R), forall aed.
Thus it follows from Lemma 2.4 that g - (e,® 1) lies in g for all a € @. Moreover, we have
g h,®)=[g-(e,®1),g"(e-,®1)]egg, forall aed.
Hence g€ GL,(gr) and we then obtain ge G(K)n GL,(gg)=G(R).

Let gk be a simple Lie algebra over K and @ a root system of ggx. Denote by g,
the root subspace of gg related to a root ae @. Let u be the subalgebra of gg generated
by g, for all ae @*. If b is a subalgebra of gg, denote by C,(D) the centralizer of d in
u. The following properties of u are obvious:

LEMMA 2.6. Suppose ac®*. Let I={be®" |a+b¢®"} and J={ce " |c+b¢
@*,Vbel}, then

(i) Cu8)=2 5
bel
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(i) CuCu8)= 8-

cel
Moreover, c+d¢ @ for all ¢, de J, hence C,(C\(g,)) is a commutative subalgebra.

LeMMA 2.7. Let I be as in Lemma 2.6 and ac ®*. Then Cy(U,) is generated by U,
for all be . In particular, Cy(U,) is connected for all ac ™.

Proor. Let H be the subgroup of G(K) generated by U, for all positive roots b
such that a+b¢ @. It is obvious by the commutator formula [15] that

(2.3) HcSCy(U,).
On the other hand, since L(U)=u and
a,=L(U,)= L(H), forall be®®, a+b¢d,

we have

dim Cy(U,)=dim C,(g)=dim ¥ g, <dim L(H)=dim H .

bel

This implies, together with (2.3), that dim C(U,)=dim H. Moreover, both Cy(U,) and
H are connected because the former is unipotent and invariant under the conjugation

of the maximal torus 7, while the latter is generated by connected subgroups. Hence
we obtain Cy(U,)=H.

LeEmMa 2.8. Let J be as in Lemma 2.6. If a is a positive root, then

24 Cu(CyU)=]1U..

cedJ

Proor. Since Cy(U,) is connected by Lemma 2.7, we obtain from Lemma 2.6 that
for each ae @™

L(CUCU( Ua)) = Cu(L (CU( Ua))) = Cu(Cu(ga)) = Z 9 -

celJ

Note that C,Cy(U,) is unipotent and invariant under the conjugation of 7. Hence it is
connected. Thus by the one-to-one correspondence between connected subgroups and
the related Lie subalgebras we obtain (2.4) immediately from the above identities.

LEmMMA 2.9.  Letabeapositive root. Then Cyg(U,(Q))is Zariski dense in Cy(U,).

Proor. It follows from Lemma 2.7 that U,(R)<S Cy(U,(Q)) for all bel. Since
U,Q) is Zariski dense in U, by Lemma 2.1, we then have

(2.5) CUWR)|Ybe Iy = Cyr(U Q)= Cymy(Ua) = Cy(U,) .
Moreover, the Zariski density of Uy(R) in U, for all be ®* implies
ACULR) | VbeID)={cl(U,R))|VbeI>={U,|Vbel)=CyU,).
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Hence, taking the Zariski closures of the subgroups in (2.5), we obtain

NCyr(Ud Q)= Cu(U,) .

3. Automorphisms of E(R). In this section we describe the automorphisms of
E(R), which will play a key role in the proofs of our main results.

LEmMMa 3.1. Let H be an absolutely almost simple algebraic group over K. If there
exists a homomorphism from E(Q) to H with Zariski dense image, then

dim H=dim G(K) .
For the proof of Lemma 3.1, see [7, Cor. 2.4].

PROPOSITION 3.2.  Every nontrivial homomorphism from E(Q) to G(K) has a Zariski
dense image.

Proor. Let a: E(Q)—G(K) be a non trivial homomorphism. We first show that
the Zariski closure of a( E(Q)) in G(K) is connected. Let d be the natural homomorphism
from cl(a(E(Q))) to its quotient group cl(a( E(Q)))/cl(x(E(Q)))°. Consider a composite of
homomorphisms da=pf: E(Q)—cl(( E(Q)))/cl(c( £(Q)))°. Then |E(Q)/kerf|<oo since
cl(c E(Q)))/cl((E(Q)))° is a finite group. This implies that, since E(Q) is infinite and
simple, E(Q)=ker . Thus we have

U E(Q)) = cl(e E(Q)))° =l E(Q))) -
Taking the Zariski closures of the above groups simultaneously, we obtain immediately
that cl(e( £(Q)))° = cl(«(£(Q))).
We show next that cl(a(E(Q))) and G(K) have the same dimension. Then the

connectedness of cl(a(E(Q))) yields immediately that cl(a(F(Q)))=G(K). Since E(Q) is
equal to its commutator subgroup, we have

[l E(Q)), U E(Q))] = cU[«(E(Q)), s E(Q))]) = A E(Q))) -

In particular, cl(«(£(Q))) is not a solvable group and, hence, cl(a(E(Q)))/Z is a nontrivial
semisimple group, where Z is the radical. Let {G; }* ; be the family of simple components
of cl(o( E(Q)))/% and G2 the adjoint simple algebraic group of the same type as G, for
1<i<m. Then there exists an isogeny ¢: cl(E(Q))/Z—~[] -, G*. Let n be the natural
morphism from cl(a(E(Q))) to cl((£(Q)))/# and p; the projection of [[7_, G to the
Jj-th factor G3* for 1<j<m.. Note that the image of a Zariski dense subset under the
map p; (resp. ¢ and =) is also a Zariski dense subset. Hence the composite pen preserves
the Zariski density. In particular, we have for 1 <j<m

cl(pjena B(Q) =p en(cl@E(Q) =G5,

which means that the composite p;ena is a homomorphism from E(Q) to G3* with
Zariski dense image. It follows from Lemma 3.1 that
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dim G=dim G%* =dim G, < dim cl(«(E(Q)))/2 < dim cl(( E(Q))) <dim G .
This implies that dim cl(«(£(Q))) =dim G(K). Hence a(E(Q)) is Zariski dense in G(K).

ProrosiTioN 3.3. Let H be a subgroup of G(R) which contains E(R). If o is an
automorphism of H, then there exists an element g€ G(R) such that

(Intg) - «(E(Q)) = E(Q) -

Proor. Since the restriction of a to E(Q) is a homomorphism from E(Q) to G(K)
with a Zariski dense image by Proposition 3.2, it follows from the Borel-Tits theorem
[4] that there exist a homomorphism of fields ¢ : @— K and an isogeny ¢ from *G(K),
the group obtained by the base change through ¢, to G(K) such that

ah)=¢ep°(h), for all heE(Q),

where ¢° is the canonical morphism from G(K) to *G(K) induced by ¢ (for the notations
see [4]). Note that ¢ is in fact the natural embedding, which implies that ¢° is the
identity map. This yields

3.1 alh)y=e(h), for all heE(Q).

Since char K=0, the isogeny ¢ is an automorphism of the algebraic group G by [8,
EXP. 23, 24], which can be written in the form (see [3, §14.9])

(3.2) e=(Intg™")-7,

where ge G(R) and % is a graph automorphism of G related to an automorphism y,of
. 1t is easily seen from the definition of a graph automorphism that

(3.3) HEQ)=EQ),
hence we have from (3.1) and (3.2)
(Intg) - a(E(Q))=Intg - &(E(Q)) = E(Q) .

We claim that g actually belongs to G(R). This is because, for each ae @, we have by
(3.1) and (3.3)

(Intg™ (1) =(ntg ™) - 5 w1 =~ (D))=~ () e HSG(R),
which implies by Lemma 2.5 that g~ !, hence also g, lies in G(R).

CoRrROLLARY 3.4. Suppose o is an automorphism of E(R). Then there exist an element
g€ G(R) and a graph automorphism 5 of E(R) such that

$-(Intg)-q)=gq, for all ge E(Q).

ProoF. Since each graph automorphism of G(R) induces by the restriction a graph
1

automorphism of E(R). This result follows from (3.1) and (3.2) where 7 is replaced by § ~ .
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LemMMa 3.5. If o is an automorphism of E(R) which fixes each element in E(Q), then
U(R)=U(R).

PrOOF. We have a(Bn E(R))= Bn E(Q). Taking the Zariski closures of the above
subgroups in G(K), we obtain from Corollary 2.2, (iii) that

cl(Bn E(R)2cl(Bn E(Q))=B..

Note that B is a maximal solvable subgroup and that cl(z(B(R)) is solvable since so is
o(B(R)). Thus we have cl(e(Bn E(R)))= B. In particular, this implies

(3.4) «(U(R)<B.

Let ae ®@*. We can choose an element ze T'n E(Q) such that a(h)#1 since Tn E(Q) is
Zariski dense in 7 by Lemma 2.2, (i). Then we have

(3.5) hu (rh ™ Yu(r)~ ' = u(a(h)— 1)r), forall ae®® and reR,
which implies that U (R)<=[Tn E(Q), U(R)] for all aze ®*. Thus we obtain by (3.4)
WUR) [T n EQ)), (UR)Y]<[T, BInE(R)=Un E(R)=U(R) .
This implies that o(U(R))= U(R) since a is an isomorphism.
LEMMA 3.6. Let o be as in Lemma 3.5. Then
(3.6) «(U(R)=ULR), forall acd*.

PRrROOF.  Suppose a is a positive root. Since U,(R) is contained in Cyg)Cyr)(U(D)),
we have by Lemmas 3.5, 2.9 and 2.8 that

(3.7) wU(R) S CU(R)CU(R)(“( U, 0)= CU(R)CU(R)( U,.Q)

=U(R)n CyCyr|(UQ))=UR)n CyCy(U,)=UR)n I_IJ u.,
where J is as in Lemma 2.6. Suppose J={cy, ¢,, ..., ¢,} where ¢;=a. If r=1, then
WU (R)SURNU,=U,R), from which follows (3.6) since a« is an automorphism.
Suppose r>2. Then a+#c¢, and (ker¢,)°\ kera is an open subset of (kerc,)°. Note that,
since (ker ¢,)° splits over Q (cf. [3, CH. III, Cor. 8.7]), (kerc,)° n E(Q) is Zariski dense
in (ker¢,)° by [4, Cor. 6.8]. Hence

{(ker c,)°\ ker a} n E(Q)={(ker c,)° n E(Q)} n{(ker¢,)° \ kera} # & .
Let e {(ker ¢,)° \ ker a} n E(Q). Then (3.5) and Lemma 2.8 yield

r—1

UJR)=[<hy, U(R)] and [<h>, I Uc.]g Mo,

i=1

Thus it follows from (3.7)
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A(UR)=[hy, U (R TT U,
This gives rise to (3.6) immediately if r=2. When r>3, we obtain (3.6) by repeating
analogous procedures as above.
LemMMA 3.7. Let o be as in Lemma 3.5. Then
U (R)=U,R), forall aed.
Proor. Thanks to Lemma 3.6, it is sufficient to show that for all ae ®*
AU_(R)=U_R).

Write w,=u,(1)u_—1)u,(1) for each ae®*. Then w,U,(Rw, ' =U_,R). Note that
a(w,)=w, for all ac ®*. Thus we obtain by Lemma 3.6

AU - (R) =W U(RN)w, ' =U_4R).

Let « be as in Lemma 3.5. Since o keeps U, (R) invariant for all ae @, we can assign
a map @,: R—R to each ae @, which is defined by

o(14,(r)) = ua(@(r)) -
@, is obviously well-defined and is an automorphism of the additive group R*.
LEmMMA 3.8. Let ae®P. Then ¢, is an automorphism of R and ¢,= ¢, for all be ®.

Proor. We first consider the case where a is a fundamental root. Since the rank
of G is greater than one, there exists a positive root b such that a+be®. Let h: ®* —Z
be the height function of @*. Then we have by the commutator formula [10, EXP.
XXII, §5]

u(Ny(SYu(r)~ upl(s) "t =ty paprshu,  for r,seR,

where »n,, is an integer determined uniquely by the roots @ and b, while « is a product
of elements u,(z) for re R and ce @™ such that A(c) <h(a+b). Applying o on both sides,
we obtain

U ()@@ () ! up(@p(5)) ™ 1= Uy s(Ma pPasp(r”

where u’ is also a product of elements of the form u/(t) for ce ®* with A(c)> h(a+ b).
On the other hand, it follows from the commutator formula that

U @) @) @)™ up(@y($)) T =ty 1My PP PHN"

where u” is a product of elements of the form u(¢) with A(c)> h(a+ b). Comparing these
two identities, we obtain

(3.8) Patp(rS) =) Pp(s) , forall r,seR.
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Taking r and s to be 1 respectively, we have
Parp=Pa=Pyp -
If ce 4, then there is a sequence of fundamental roots
a=a,, ay,...,0,=cC

such that a;+a;, ;€ ® for all 1<i<m—1. Thus we have by the above argument that
¢,=¢.forallce 4. Let ¢ stand for ¢, for all ae 4. It follows from (3.8) that ¢(rs) = @(r)@(s)
for all r,se R, which means that ¢ is a ring homomorphism and hence ¢ is an
automorphism of R.

We show next that ¢,=¢ for all ae®*. We use induction on the height of the
roots. If a is not a fundamental root, suppose that ¢,=¢ for all ce @ with A(c) < h(a).
We can write the root a in the form b+c¢ for some b,ce ®* with both A(b) and A(c)
being smaller than A(a). We then have

up(FYu(Sup(r) " us) Tt = u (ny rs)v forall r,seR,

where n, . is an integer which depends only on & and ¢, while v is a product of elements
u,(t) for some e R and de ®* with h(d)> h(a). Applying « on both sides and using the
induction hypothesis, we obtain
u(@(r)u@(s)up( (1)~ ul@(s) ™ = uy(my P (rs)V”
where v’ is a product of elements which involves only those positive roots whose height
is greater than A(a). On the other hand, we have by the commutator formula that
up( () @()u(@(r) " u@(s) " = u(my PMP(s))0"

where v” is a product of elements involving only the positive roots whose height is
greater than A(a). Comparing the above two identities, we obtain that ¢,(rs)=@(r)@(s)
for all r, se R. Taking s=1, we then have the identity ¢,=¢.

Finally we show that ¢,=¢ for every negative root a, hence ¢,=¢ for all be ®.
Let a be a negative root. Then for any re R

u(r)=w_u_(—rw-l.
Applying o on both sides, we have
UPr)=w - — PN)w =g =1 o(r)) .
Thus ¢,=¢. This completes our proof.
THEOREM 3.9. Every automorphism o of E(R) has an expression
(3.9) a=(Intg)-7-¢,

where g€ G(R), § is a graph automorphism and § is a ring automorphism. Moreover, the
factors g, % and @ are uniquely determined by o.
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Proor. It follows from Corollary 3.4 that there exist an element ge G(R) and a
graph automorphism j of E(R) such that the restriction of = - (Intg~!) -« to E(Q) is
the identity map on E(Q). This means by Lemmas 3.7 and 3.8 that §~*(Intg~!)-aisa
ring automorphism @ for some ¢ € Aut R, from which follows the expression (3.9).

We show now the uniqueness of g, % and @. Suppose we have

a=(Intg)-5-p=(Intg,) ;" P,

where g, € G(R), ¥, is the graph automorphism of E(R) related to an automorphism y,
of @ and @, is the ring automorphism related to an automorphism ¢, of R. Then

(3.10) (Intg; ") -(Intg)=5,¢:6" 5" .

Since graph automorphisms and ring automorphisms keep both U(R) and U™ (R)
invariant, the above equation implies

g1 '9€ Now(UR) N Ngr(U™ (R))
S Nw)(CUUR)) N Nyl U™ (R)) = Ngry(U) N N(r(U™)
=GR)NNHU)NNgU )=G(R)nBnB™ =G(R)nT.
This yields, for each fundamental root ae 4,
g1 tgud)gr '9) " =ualgr '9)) -
On the other hand, we have
710167 (D)) =1, ,-1(1) for all aed.

Comparing the two equations, we obtain y, =y and a(g; 'g)=1 for all ae 4. In other
words, g; 'ge (), kera=C(G(K)). This implies immediately g=g, and hence ¢, =¢
by (3.10).

4. Automorphisms of G(R) and its subgroups. In this section we give the proofs
of the theorems stated in §1. Notation is the same as that in the previous sections.

LEmMMA 4.1. Let H be a subgroup of G(R) with contains E(R) and o an automorphism
of H. If a fixes every element of E(R), then o is the identity map on H.

PROOF. Since E(R) is a normal subgroup of H by [16], we have for all he H
hgh™'=a(hgh™ )= a(h)ga(h) "', for all geE(R).
This yields
(a(h) " h)g = g(e(h) ™ Lh), forall geER), heH,
which means that, since E(R) is Zariski dense in G(K),

a(h) " he Cy(E(R)= Cy(G(K)) -
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Since G is of adjoint type, Ch(G(K)) is trivial. Hence we obtain that ()= for all he H.

PROPOSITION 4.2. (i) Every automorphism of E(R) can be extended uniquely to an
automorphism of G(R);

(i) If H is a subgroup of G(R) which contains E(R), the restriction of each auto-
morphism of H to E(R) is an automorphism of E(R).

In particular, Aut G(R)= Aut E(R).

ProoOF. (i) Let a be an automorphism of E(R). We know by Theorem 3.9 that
o has an expression of the form (Intg) - - @, where ge G(R), } is a graph automorphism
and @ is the ring automorphism of E(R) related to an automorphism ¢ € Aut R. It is
evident that § can be extended to a graph automorphism of G(R) by definition. Let ¢
be the ring automorphism of G(R) related to ¢. We show that the restriction of ¢ to E(R)
coincides with @. Identifying G(R) with Homg_,.,(Q[G], R), where Q[G] is the Q-
regular function ring of G, we can easily see that ¢ is defined by

4.1 PN f)=e@(f), for geG(R) and [eQ[C].

Suppose ae®. Let 1: U,—»G be the natural embedding and 1*: Q[G]->Q[U,] the
homomorphism of Q-algebras induced by : in the canonical way, where Q[ U,] is the
QO-regular function ring of U,. Then an element g belongs to U,(R) if and only if there
exists an element g'e Homg_,(Q[ U,], R) such that g=g'i*. Thus, given ¢ € Aut R, we
have a commutative diagram

0161 " oru,]

as(g)l X lg'

R —— R

which implies immediately @(U,(R))= U, (R), for all ae @. This, together with (4.1) (see
also [1, §1.37), yields

P(u,(r)) =u(o(r)) , forall reR and acd.

Comparing this identity with (1.2), we see that ¢ is an extension of @. Therefore, o can
be extended to an automorphism & in an obvious way. If @ € Aut G(R) is also an extension
of «, then & - &~ ! fixes every element of E(R) and, hence, d=4& by Lemma 4.1. Thus the
extension of a to an automorphism of G(R) is unique.

(i) Suppose « is an automorphism of H. Then it follows from Proposition 3.3
that there exists an element g€ G(R) such that the homomorphism (Intg) - «: H—G(R)
keeps E(Q) invariant. In other words, we have E(Q)<Intg-a(H)=gHg . Hence it
follows from Proposition 2.3 that

ER)= () N= 1 N',

NeP NeP’
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where P is the set of normal subgroups of H which contains E(Q) while P’ is the set
of normal subgroups of gHg~! which contains E(Q). Note that (Intg)-o induces a
one-to-one correspondence between P and P’. Thus we obtain

(Intg) - a)(E(R) =((Intg) - a) ( N N> N N'=ER).
NeP N'eP’
This implies, since E(R) is a normal subgroup of G(R) by [16], that a(E(R))= E(R).
In particular, on taking H to be G(R), we obtain from (i) and (ii) that the restric-
tion of the automorphisms of G(R) to E(R) yields an isomorphism from Aut G(R) to
Aut E(R).

THE PROOF OF THEOREM 1. Thanks to Propositon 4.2, we only need to show that
every automorphism of H can be extended uniquely to an automorphism of G(R). Let
oe Aut H and write o’ for the restriction of o to E(R), which is an automorphism of
E(R) by Proposition 4.2, (ii). It follows from Proposition 4.2, (i) that o’ can be extended
uniquely to an automorphism & of G(R). We claim that & is also an extension of «.
Indeed, we have for any ge E(R)

(@ Ng)=dle' g =0o'(' " (g))=
Therefore, since E(R) is a normal subgroup of H by [16], we have
hgh™'=(& - o~ YYhgh™ Y=d(o" "(W)g(@ o~ '(h) ", for all geE(R).
This yields
G (h) " *hg =g(@(a~1(h) " h), for all geE(R) and heH .
Hence
G@o'(h) the Ceuy(E(R)=C(G(K)={1}, forall heH.
Thus we obtain that &(h)=a(h), for all e H. Suppose &< Aut G(R) is also an extension
of «. Then @+ &~ ! is the identity map on H and hence is also the identity map on E(R).

This implies by Lemma 4.1 that & - &~ ! is the identity map on G(R). Thus &=« and the
extension of o to an automorphlsm of G(R) is unique.

THE PROOF OF THEOREM 2. (i) See the proof of Proposition 4.2, (i).

(i) It follows from the definitions of graph automorphisms and ring auto-
morphisms that G(R) is a normal subgroup of both 4 and B. Moreover, let S be the
group of automorphisms of @ which keep 4 invariant. Then for any ye S, p e AutR
and ae + 4, we have

FP(uy(r)) =5 (uP(r)) =ty o) @(r)) = Pluty (1)) = PF(u,(r)) ,  forall reR.
This implies that $@(g) = $7(g), for all ge E(R). We obtain therefore from Lemma 4.1
4.2) o=y, for all yeS and peAutR,
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from which follow the normal sequences (1.4) and (1.5) immediately.
(i) The normal sequences (1.4) and (1.5), together with the uniqueness of the
expression (1.3), give rise to the following structure of the automorphisms group of H:

A=G(R)><S; B=~G(R)><aAutR.
Hence, it follows from (4.2) that
Aut H2G(R)>< (S x Aut R),

from which follow the isomorphisms (1.6), (1.7) and (1.8). Finally, the structure of S is
well-known (see, for instance, [10, EXP. XXI, §7.4.6]).

THE PROOF OF THEOREM 3. It follows from Theorem 1 that each automorphism
o€ Aut H is the restriction of an automorphism, say &, of G(R). We know from Theorem
2 that & is a product of the form (Intg) - @ for some ge G(R), ye S and ¢ € Aut R. Note
that § can be extended to a graph automorphism of the algebraic group G(K) in an
obvious and unique way, and so does Intg. Hence (Intg) - can also be extended to an
automorphism of the algebraic group G(K). Denote this extension of (Intg) - J by ff and
we then have the expression (1.8). The uniqueness of f and ¢ is obvious.
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