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Abstract. We consider the dynamics of a logistic neutral delay system which is
continuous in time and discrete in space. Such a system models the growth of a
single-species population distributed over a ring of identical patches and it allows for
population dispersing from one patch to its nearest neighbors. We shall show that (i)
in the case of instantaneous dispersion feedback, the dispersal in the local growth rate
and the neutral term have a stablizing effect on the population dynamics; (ii) increasing
the delay in the growth phase changes the stability of a positive equilibrium and leads
to a Hopf bifurcation of synchronous or phase-locked oscillations if the dispersion is
small; (iii) the neutral term may bring about several global branches of phase-locked
oscillations which would not occur in the absence of a neutral term, and hence the
neutral term in this situation has a destablizing influence.

1. Introduction. The purpose of this paper is to consider the dynamics of a
logistic neutral delay system which is continuous in time and discrete in space. Such a
system models the growth of a single-species population distributed over a ring of
identical patches (islands or habitats) and it allows for population dispersing from one
patch to its nearest neighbors. We shall study phase-locked oscillations in the model
and draw some conclusions about the effect of dispersion as well as the delay and
neutral term on population dynamics.

The role of space and dispersal in interactions among biological populations has
been the subject of much theoretical and experimental work (cf. [6], [20], [28]-[31],
[35], [38] and references therein). It is widely recognized that the spatial heterogeneity
of environment, which leads to ecological interactions, operates in general to increase
species diversity. For example, it has been asserted that in some cases dispersal can
lend stability to interactions (cf. [ 18], [19], [35], [38], [44]) while in other cases dispersal
can also give rise to instability (cf. [28], [35], [38], [44]). For the references related
to this subject, we refer to [18], [27], [28], [34], [35] and [43] for the study of
Lotka-Volterra models in a spatially heterogeneous environment on persistence and
stability, and to [5], [7], [8], [11], [12], [17], [19], [22], [35], [38], [40], [44] and
[46] for similar discussions on single-species models in a patchy environment.
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Our point of departure in this paper is the classical single-species delay logistic
model. By introducing a spatially heterogeneous environment to this model, we arrive
at a system which describes a population that grows and disperses in two different
phases. The growth phase (or the local growth rate) is modeled by a neutral logistic
equation that arises in the study of “food limited” population. The dispersal phase is
modeled by a linear operator that accounts for the redistribution (or migration) of the
population in its spatial habitat. There are a neutral term and time delays in the local
growth rate, which could affect the stability of a positive equilibrium and give rise to
Hopf bifurcations of symmetric periodic solutions which exhibit the phase-locked
oscillations and synchronous oscillations (cf. [2], [4], [14], [15], [27] and [32] for the
effect of delay on dynamics in other cases). We will show that (i) in the case of
instantaneous dispersion feedback, the dispersal in the local growth rate and the neutral
term have a stabilizing effect on the population dynamics; (ii) increasing the delay in
the growth phase changes the stability of a positive equilibrium and leads to a Hopf
bifurcation of synchronous as well as phase-locked oscillations if the dispersions are
small; (iii) the neutral term may bring about several global branches of phase-locked
oscillations which would not occur in the absence of the neutral term. In this situation,
the neutral term has a destablizing influence.

We have chosen the single species logistic equation as a beginning to an investigation
of spatial heterogeneity and phase-locked oscillations for two reasons. First, it is the
simplest single-species population model and contains no complex regulatory
mechanisms that might obscure the effects of environmental variation. Second, there
has been considerable literature, both mathematical and biological, available on the
study of the logistic equation, and its dynamics are well-known, so any change of its
behavior due to environmental heterogeneity will be apparent.

We emphasize that our study on single-species population dynamics in a patchy
environment is limited to a theoretical aspect and we have not tried to find any
experimental (or laboratory) data to fit the theory. We treat spaces as discrete ones, so
only patch models are considered and dispersal is thus viewed as a between-habitat
phenomenon. The continuous space diffusion model is left for a future investigation.

The remaining part of this paper is organized as follows. In Section 2, we present
the model equation by introducing the discrete diffusion to a neutral logistic equation
[15] which models the single-species population dynamics in a food-limited environment.
The Hopf bifurcation of phase-locked oscillations as well as synchronous oscillations
are considered in Section 3 in the case where the diffusion feedback in local dynamics
is instantaneous. We draw some conclusions about the effect of the delay and diffusion
on the stability of a positive equilibrium. Section 4 is devoted to an analysis of
phase-locked oscillations when the feedback in the local dynamics is delayed. In Section
5, we deal with the global bifurcation of phase-locked oscillations in the appearance of
the neutral term. In some special cases, several global branches of phase-locked and
synchronous periodic solutions are obtained. Finally, in the appendix, we describe some
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local and global symmetric Hopf bifurcation theorems for general neutral functional
differential equations which are used in the main body of the paper.
Our study in this paper is a continuation of that initiated in [22].

ACKNOWLEDGEMENT. The authors thank Professor H. I. Freedman for his helpful
comments and fruitful discussions on the model (2.6). The second author was supported
by the Natural Sciences and Engineering Council of Canada.

2. The model equation. Let N(z) denote the numerical size of a single-species
population growing in a constant homogeneous environment closed to immigration
and emigration. The classical Verhulst-Pearl logistic equation, which models the
dynamics of population growth, takes the following form

N ol 1 MO
@.1) 7_rN(t)[l K]

where r>0 is the intrinsic growth rate, K>0 is the saturation level or the carrying
capacity of the environment. The basic assumption in the equation (2.1) is that the per
capita growth rate (1/N)(dN)/(dt) is a linear function of the population size N. Due to
its mathematical simplicity and biological clarity, this model has been widely used not
only in ecology but also in biology and chemical engineering. For more details, we refer
to [9], [16], [33], [36], [39] and the references therein.

In his studies, however, Nicholson [37] observed that population sizes (or densities)
usually have a tendency to fluctuate around an equilibrium and in cases of convergence
to a positive equilibrium, such a convergence is rarely monotonic. This observation
obviously does not agree with the dynamics of the equation (2.1). To incorporate such
oscillations in population model system, Hutchinson [21] therefore suggested the
following modification of (2.1)

dN N(t—71)
(2.2) 7 —rN(t)[l X ] , 1€(0, 00) .
This equation is commonly known as the “delay-logistic” equation. The delay z
comprises various factors causing delayed growth rate response such as slow replacement
of food supplies, maturation and gestation periods. The equation (2.2) has been
extensively investigated and the validity of this model has been observed in several
different practical situations (cf. [36]). It is proved that if rt<3/2, then the unique
positive equilibrium K is globally stable and the (local) asymptotic stability continues
for rt<m/2. rt=n/2 is a critical value which gives rise to a Hopf bifurcation and for
every rt>m/2, the eauation (2.2) has a nonconstant periodic solution. For details, see
[4], [32] and [48].

Of course, due to the complexity of biological systems and the diversity of
environments in the real world, the models (2.1) and (2.2) are often unrealistic. In his
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experiments on the population dynamics of Daphnia magna, Smith [42] observed that
the per capita growth rate (1/N)(dN)/(dt) is not a linear function of the density but
rather a concave function. For a food-limited population, Smith argued that the term
(1—N/K) should then be replaced with a term representing the proportion of “the rate
of food supply not momentarily being used by the population.” Therefore

dN F
23) 7:%)[1 _7]

where F'is the rate at which a population of density N uses food and T is the correspond-
ing rate when the population reaches saturation level. The ratio F/T is not the same as
N/K. Clearly, a growing population will use “food” faster than a saturated popula-
tion. This is due to the fact that F/T, during the growth phase of a population, food
is consumed both for maintenance and growth whereas when the population reaches
saturation level, food is used mainly for maintenance only. Thus it is reasonable to
assume that F depends on N (the size of the population being maintained) and dN/dt
(the rate at which the population is growing). As a first approximation, Smith then
suggested a linear function F as follows

dN
F=CIN+627, C1>0, 0220.

When saturation is attained, dN/dt=0, N=F and T=K. Thus the equation (2.1)
becomes

N(@t)+c dN(t)

dN
2.4 ——=rN@)| 1—
24 y () X
where c=c,/c; >0. Again, it is realistic to incorporate the delayed growth rate response
by putting a discrete delay 7 in the per capita growth rate in (2.4). This has led Gopalsamy
and Zhang [15] to consider the following neutral logistic equation as a generalization
of Hutchinson’s equation (2.2)

N(t—r)+cN’(t—‘c):|

dN

in which c¢ is a real number and », t, K are as in (2.2). ¢N'(t—1) is called the neutral
term. The equation (2.5) has been studied by several authors. It is proved that the
positive steady state N(f)=K is stable if 0<|cr|<1 and 0<rt<pB,(1—c2r?) where
Bo=B.(c, t)e(n/2, ). Consequently, the presence of the neutral term has brought about
a stabilizing influence in the system (cf. [15]). The equation (2.5) and its modifications
are also studied by other authors. We refer to [10], [12], [24]-[26] for the asymptotic
behaviour of the solutions and [13] for the existence of mt periodic solutions, where
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m>0 is an integer.

The equation (2.5) and all others above are modeled in a constant homogeneous
environment and the spatial heterogeneity is therefore neglected. However, since all
ecological systems of varying complexity exist on landscapes or seascapes, the dynamics
of population and processes cannot be divorced from these spatial contexts. Following
Levin [28]-[31], we therefore consider a single-species population distributed over a
ring of n patches. Assume, for simplicity, that the growth of the species in each patch
can be described by the model equation (2.5) and that the dispersion from one patch
to the other occurs only in nearest neighbors and is proportional to the difference of
population sizes between two patches. Since a portion of the population in one patch
affects a portion of the population in another patch through movement of population
members or transmission of signals through space, and since the physical environment
varies from point to point in space, rates of population growth and interspecific
interactions also vary, and, as a consequence, population density varies through space,
too. Therefore, we arrive at the following system of neutral delay equations

dN;(t) . N,-(t—r)+cN§(t—r):l
K

eri(t)|:

—rle,-(t)[ Ni+1(1"‘7)_2Ni(lt<_‘7)+Ni—1(f_U)]
(2.6)
+dy(Ni1(8) =2N,(t) + N; (1)),
1<i<n, (modn)

where N,(t) denotes the population size in the i-th patch, N, (t)=N,(t), No(t)= N,(t),
d, is the transfer rate at which the dispesion serves as a feedback in the localized per
capita growth rate and d, is the transfer rate at which the dispersion affects the growth
rate in each patch. d; may be negative and, if that occurs, the dispersion is a positive
feedback to the system. The feedback can be delayed and ¢ >0 is incorporated to reflect
this delay, d,>0. In the equation (2.6), we have assumed the forward and backward
dispersion are the same and the anisotropy of the dispersion is neglected.

It should be mentioned that the model (2.6) ignores the consequences of structure
other than space within the population modelled. This can be age structure, physiological
structure, genetic or phenotypic structure. We incorporate a diffusion term in the
localized per capita growth rate (i.e. d; may not be zero), which is not seen in the
literature, by assuming that the dispersion may make a contribution to the local
dynamics, at least in the “food-limited” environment situation. This is motivated by a
similar consideration in [41] where the population’s per capita growth rate is assumed
to be a function of a linear combination of the densities of the individual population
(called the weighted total density) as in the predator-prey or competitive systems. Even
though the system (2.6) is a much simplified model, as we will see in the subsequent
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sections, the mathematical analysis of the dynamics of the model is still a problem of
formidable complexity. However, the tractable analysis does give some of the
implications of the dispersion and delay effect on the oscillation of population growth.

Clearly, if N(t) is a solution of the neutral delayed logistic equation (2.5), then
(N(), N(¢), ..., N(t)) is a solution of the system (2.6). In particular, (K, K, ..., K)is a
positive (homogeneous) equilibrium of the system (2.6).

We are interested in the stability of the equilibrium (K, K, ..., K) and in the case
when there is a change of stability, we shall study the Hopf bifurcation from this
equilibrium. Let x;(t)= N;(t)— K. The equation (2.6) is transformed into

dx;(t) x;(t—1)+exi(t—1) ]
dt K
Xi41(t—0)—=2x;(t—0)+ x;_ (I —0) :|

= “‘r(xi(t)+K)|:

_rd1(xi(t)+K)|: X
+do[xi 4 1(8) = 2x,() +x;-4]
1<i<n, (modn).
For later use, we give its linearized equation at the origin as follows:

%: —rx(t—1)—rexi(t—1) —rdi[x;4 ((t—0)—2x,(t— 0) + x;_ 1(t — 0)]

2.7
+dy[x; 1 1(6)—2x;(8) + x4 ()]
1<i<n, (modn).
Noting that the discrete Laplacian operator A: R" — R" defined by (Ax);=x;, ; —2x;+
x;_1, 1<i<n, (modn), xe R", has eigenvalues exp(i2nj/n) and associated eigenvectors
v;=(1, e, ., e?m = DiMT 0 < j<n—1, from the analysis in the appendix, we obtain
the characteristic equation of (2.7)

n—1
(2.8) pA, 1, 0,0)0= [] pj(, 1,0,0)=0
j=0

where
pi(A, 1,0, )=A+r(1+Ac)e” ¥ —rdya;e”* +d,a;,
2.9) .
a=4sin2 L, 0<j<n—1.
n

PrOPOSITION 2.1. Let ¢ € C([—max{a, 1}, 0]; R"). If ¢(s)e R",, the positive cone
in R", for every se[ —max{a, 1}, 0], then the solution (N(§)t)) through (0, ¢) of the
equation (2.6) remains in R", for all t>0.
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PrROOF. Suppose to the contrary that (N;(¢)(t))¢R". for some t>0. Then
t=min{r>0; Ni(¢)(t)=0, for some 1<i<n} and i,e{l,2,...,n} exist such that
N, (¢)7)=0 and N (¢)7)<0 with N,(¢)(7)=>0 for all 1<i<n. It follows from (2.6)
that

AN, (dNT _ )
‘%ﬁ): 2 Nig+1(NE) + Ny 1()T)] =0,

a contradiction to Nj (¢)()<0. This completes the proof.

3. Stability and Hopf bifurcation: Instantaneous feedback. Throughout this
section, we assume that the dispersion feedback is instantaneous, i.e. 6 =0 in the equation
(2.6).

Recall that in this case, we have the characteristic equation

3.1 P4, 1, 0)= ’T]j;pj(l, 7,¢)=0

where

pi(A, T, )=A+r(1+Ac)e™ " —(rd, —d,)a;
(3.2) .
aj=4sin2£, 0<j<n—1.
n
We first present a result on the local asymptotic stability of the positive equilibrium

(K,K,...,K).

THEOREM 3.1. Assume that 6 =0.

(i) If|rc|>1, the positive equilibrium (K, ..., K) of (2.6) is not stable for all 1> 0;

(ii) If |rc|<1 and there exist two disjoint subsets J, and J, of {0, 1, ..., [n/2]}
such that r < |(rd, —d,)a;| for all je J, and r>|(rd, —d,)a;| for all je J,, then
(K, ..., K) is stable when t<t*=min;;, 7;, where 1;=0;/w; and

\/ r*—(rd, —d,)a?

1—r2c?

— —cw?
9j=cot_1< rdy = dy)a; = v > ogs[i];
(i) If |rc|<1 and r>|(rd, —d,)a;| for some je{0, 1, ..., [n/2]}, then (K, ..., K)
is not stable if T>1;, where 1; is given in (ii).

J

(3.3)

Proor. Note that the characteristic equation at (X, ..., K) has the forms
(3.1)-(3.2). The conclusions follow directly from Theorem 4.2 of Kuang [25, Chapter
1] and Theorem 3.1 of Freedman and Kuang [10].
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ReMARK 3.1. If d; =0 (i.e. there is no feedback in the local dynamics) and ¢=0
(i.e. no neutral term), then we have from (3.3)

d,a:
Jri—dia?
and hence 0;/w;>n/2r. By (ii), (K, ..., K) is stable if rt<m/2. This implies that for the
delay logistic system with discrete diffusion, dispersion cannot change the stability of
the local dynamics. This generalizes a result in [22].

REMARK 3.2. Let bj=(rd1 —dz)aj, Jl = {1, 2, ceey [n/2]} al’ld JZ = {0}. It fOllOWS
from (ii) that if

(3.4) r<|b;| for lsjs[%],
1—r2c? re

35 <rg= YT ot ),

@-3) o r ( ./l—r2c2>

then (K, ..., K) is stable. Note that (3.5) allows us to choose r, ¢>0 so that we still
could have the stability in case rt > /2. However, this is impossible when ¢=0 (i.e. the
neutral term does not appear). The condition (3.4) can be satisfied by increasing the
dispersals. Therefore, the dispersals as well as the neutral term here exhibit a stabilizing
influence on the population dynamics (see also Gopalsamy and Zhang [15] and Kuang

[25D).

From Theorem 3.1, if |rc|>1, (K, ..., K) is always unstable. In what follows, we
therefore assume |re|<1.

We fix a, r, d; and d,, regard the delay t as a parameter and consider the Hopf
bifurcation in the equation (2.6). We find that when the dispersion is small, there are
phase-locked oscillations on the population growth, as the following theorem shows.

THEOREM 3.2. Assume that ¢=0, |rc|<1 and |(rd,—d,)a;|<r for some je
{0,1,...,[n/2]}. Let

_ [ r?—(rd,—dy)*a}

(3.6) ﬁf‘\/ I—r%?
o1 1| (rdi—dy)a;—cB? ]

(3.7 Tj=p; cot I:ﬂj(1+c(rd1—dz)aj) .

Then t=1; is a Hopf bifurcation point of phase-locked oscillations for the equation (2.6).
More precisely, there exists a sequence of p,-periodic solutions N¥(t) of (2.6) with t=1*
such that
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Tk—>‘Cj, P 2m/B;, N t)—> (K, ..., K)
uniformly for te R as k — oo and
N (6)=N4t—p,j/n), 1<i<n, (modnm), k>1, teR.

Proor. Recall that p;(1)=A+(r+rcA)e™* —(rd; —d,)a;. Let A=if, p>0, and set
p;(if)=0. Separating the real parts and imaginary parts gives
(3.8) {rcos Pr+refsin fr=(rd, —d,)a;
' rcfcosfr—rsinfr=—F.

Squaring them and solving for cos fft in (3.8) yield
r2+r2c2B?=(rdy —dy)*a? + B*
_ B(r+re(rd, — dy)a;)

sin fr=
(3.9) r}(1+c2p?)
_ rep?—r(rd, —d,)a;
R T B

Therefore, by (3.6)

ﬁ=ﬁj=\/r2—(rdl—d2)zaf

1—r2c?
satisfies p;(iB;)=0 and solving for t in (3.9) gives 7; in (3.7).
On the other hand, differentiating p;(1)=0 with respect to 7, we get
di MreA+r)e™*

(3.10) @ _ .
dv  1+[rc—t(rcA+r)]e

Note that (r+rcl)e” * =(rd, —d,)a;— A. It follows from (3.10) and (3.9) that
A=ip,

d
Sign {— (Re X)}
de =1,
S'gn{Re( di >_ 1}
=1 _ =i
#) Shom
ertre 1 ]}
= i R —_— T T
Slgn{ e|: MreA+r) A

gniRe— © 4Re ¢ }
= _— C——
S‘gn{ © Areh+n) Ared+r)

A=iB;

T=1,

A=iB;
=75

(3.11)
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Re +Re re }
/1((ra’1 dz)a —2) Mred+r) ) |;=

—il(rd, — dy)a;+iB;] +Re —rci(r—ircﬁj)}
ﬁ;[(rd1 dy)*a;+p3] B;lr?+r3c?p]

=Sign

{
{

r2c
(rd, — d2)2a2+ﬂ, r2+r2c2/3f}

1
=Sign{—*r~€2—}=l>0.
r2+ric?p?
This implies that degg(p;( *, 7;+¢), ) #degp(p;(*, t;—¢), 2) for some small ¢>0, where

Q={x+iy;0<x<0, p;—0<y<p;+6} and 6>0 is a sufficiently small number.
Consequently, the theorem follows from Theorem A in the appendix.

Let d, =d, =0 in (2.6). Then all the local dynamics are identical, and are described
by the neutral delay logistic equation (2.5). Recall that

1—r2c? cot_1< re >

Tg=—V—— —_ .
° r J1—=r3c?

It follows from Theorem 3.2 that 1 =1, is a local Hopf bifurcation point for the equation

(2.5). This leads to a branch of synchronous oscillations in (2.6).

COROLLARY 3.3. Assume that 6=0 and |rc|<1. Then t=1, is a Hopf bifurcation
point of synchronous oscillations for the equation (2.6). More precisely, there exists a
sequence of py-periodic solutions N¥t)=(n*(t), ..., n"t)) of (2.6) with t=1* such that
n*(t) is a py-periodic solution for (2.5) and

o1y, poo2n/1—r2c?/r, nkt)—

uniformly for te R as k— .

Proor. Note that fo=r//1—r2c?. The proof then follows from Theorem 3.2
by letting d; =d, =0.

Note that a;=4sin’ nj/n>0. If d,/d,> 1/r, then (rd, —d,)a; increases with j. This
implies that if (rd; —d,)a;<r for some je{l,...,[n/2]}, then (rd; —dy)a,<r for all
0</<j. By Theorem 3.2, we have also bifurcation points 7, other than 7;, where 1 </<j,
7; is given by (3.6)—(3.7) with j replaced by /. Moreover, the crossing number at each
bifurcation point is always — 1. Theorem B in the appendix implies the following simple
observation:

THEOREM 3.4. Assume 0=0 and |rc|<1. If |(rd; —d,)a;|<r for some je{l, ...,
[n/2]}. Then there undergoes a global Hopf bifurcation at each t=1,, 1 <I<j, such that
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every branch of phase-locked solutions of (2.6) in C*(S*; R™ x (0, o) x (0, 00), bifurcating
Sfrom each (0, t,, w,) with t, defined by (3.7) and w,=2x/,, does not terminate at (0, ,,, Brm)
with m#1.

4. Stability and Hopf bifurcation: Delayed feedback. In this section we consider
the case where the dispersion feedback in the local dynamics is delayed, i.e. ¢>0. We
regard o as a parameter.

Note that in this case, we have

4.1) pi(A, 0)=A+r(1+Ac)e” *—rdiae™* + dya;

where g; is as in (3.2).
We first obtain the following result on the asymptotic stability of the equilibrium
(X, ..., K).

THEOREM 4.1. Assume that (i) of Theorem 3.1 hold. If 0<|rd,|<d, and the
equation
42) (r*di—d3)a}—r*=y[(1+r2c?)y+2crycosyt—2rsinty]
+2d,a;(r cos yt + yresin yt)
has no positive solution y for every je{l,...,[n/2]}, then (K, ..., K) is asymptotically
stable for (2.6) with any 6 >0 and 1<t*, where t* is given by (ii) of Theorem 3.1.

ProOF. We show that for every ¢ >0, all roots of p;(4, t) have negative real parts.
To see this, let P(1)=A+r(1+Ac)e™* +d,a; and Q(A)= —rd,a;, 1 <j<[n/2]. We have
(1) P(—iy)=P(iy) and Q(—iy)=Q(iy) for every real y;
(ii) PO)+ Q0)=r—(rd, —d,)a;>0 since | rd; | <d,;
(i) p;(4, 0)=A+r(1 +Ac)e ™ ¥ —(rd, —d,)a; has all roots of negative real parts for
t<1* by Theorem 3.1;
(iv) F(y)=|P(iy)|*—| Q(iy)|* has neither positive nor negative zeros, since the
right-hand side of (4.2) is an even function of y.
Note that Q(4) is a non-zero constant function. Q(4) and P(4) have no common imaginary
zeros. By a result of Cooke and van den Driessche [3] (see also Freedman and Kuang
[10]), p;(4, 7) has only roots with negative real parts when 7 <t* and the asymptotic
stability of (X, ..., K) follows.
This completes the proof.

REMARK 4.1. The assumption that the equation (4.2) has no positive solutions
seems a complicated condition. However, we can show that if

1 _ 2
4.3) tdya;(t—2c)+ 21 < ————~( re) , cdya;<l1,
r

then (4.2) has no positive solutions. Indeed, under (4.3) and | rd, | <d,, for all y>0
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(1 +c?r?)y+2ycr cos yt+ (2d,a;r¢ —2r) sin ty] + 2d,a;r cos yt
>y?[1+c2r?—2rc+(2d,a;rc—2r)t] +2rd,a; cos yt
=y2[(1 —rc)* +2rt(cdya; — 1)1+ 2rd,a; cos yt
>2rd,a; >0,
while the left hand side of (4.2) is negative, implying that (4.2) has no positive solutions.

Theorem 4.1 seems to indicate that the delay in the dispersion feedback may not have
destablizing influence.

To obtain Hopf bifurcation, we now assume that the equation (4.2) has at least
one positive solution for some je {1, ..., [n/2]}. Let us denote this solution by y;. Then

(rcosy;t+y;resiny;t+dya;)* +(y;—rsiny;t+y;recos y;1)?* =r?dia? .

This implies that there exists a unique 6;€(0, 27] such that

(4.4) {dzaj+rcosyjr+yjrcsinyjr=rd1aj cos0;
yj—rsiny;t+y;rccos y;t= —rd;a;sin0; .
Define
9.
4.5) o;=—"1.
Vi

It follows from (4.4) that p;(iy;, 6;)=0, i.e. iy; is a purely imaginary root of p;(4, o) with

o=o;. This leads us to the following Hopf bifurcation of phase-locked oscillations.
THEOREM 4.2. Assume that there exists je{l,...,[n/2]} such that (4.2) has a

positive solution y;. If y; satisfies

(4.6)  (1+r2c®)y;—r(1—cy?+(c—1)dya;)siny;t #r[1—2c—cd,a;]y; cos yjt

then a; is a Hopf bifurcation point of phase-locked oscillations, whre a; is defined by (4.5).

Proor. By Theorem A in the appendix, we need only to check that

d
%(Rel) g:?;&o

where 4 is a root of p;(4, 0)=0.
To see this, let us differentiate p;(4, 6)=0 with respect to ¢ (by viewing A as a
function of o). It follows that

di —Ardyaze™

47 i :
“7) do  l+rce " —r(1+Ac)e™*+ordya;e™™

Note that p;(4, )=0 is equivalent to



DISCRETE DIFFUSIVE NEUTRAL LOGISTIC EQUATION 403

(4.8) r(1+Ac)e™* = —(A+dya;)+rdyaze™ .
Combining (4.7) and (4.8), we obtain

(ﬁ)“ _ l+rce” "+ (A+dya;)—rdiaze™* +ordaje”
do —Ardyaje™*

(4.9)
_ (L+dya;+ ) +ree™™ N l—0

—Ard,a;e™ A
Therefore, from (4.9),

Sign <* (Re l)) =Sign <Re ﬂ)
7=} do

e

A=iy,
g=o0,

l=iyj
B ( {(l+d2a + ) +rce” ™ N l—0
—Ardyae”* A pangec)
At
_s <Re 1+dya;+A+rce” .
—Ardyaje™* g:gf
iyt
n<Re 1+d,a; +zy,+rc€ >
—iyrdyae” "
_s { Re (1+d,a;)e Re 'rce“’J_Yﬂ.)i _Re 1 eiel}
iy;rda; iy;rdya;e rd,a;
Re i(1+dya;)e™ +Re irce™ ™" cos OJ}
yjrd,a; y;rdya; rd,a;
_s n{ (1+d,a;)sin0,—resin(0;,— y;v)—y; cos b; }#0
jrdlaj
whenever
(4.10) (14d,a;)sin0;#rcsin(0;—y;t)—y; cos b; .

A direct calculation, by noting that 0; satisfies (4.4), shows that (4.6) and (4.10) are
equivalent. This proves the theorem.

REMARK 4.2. The conditions given by (4.2) and (4.6) are usually difficult to verify.
However, we do have some solutions y;>0 to (4.2) and (4.6) in some special cases.
Take ¢=0 and d, =0, for example. Then (4.2) and (4.6) simplify to

4.11) ri(dia}—1)=y(y—2rsiny1),



404 H. XIA AND J. WU

4.12) y;—rsiny;T#ry;cosy;t.

Define f(y)=r*(d?a?—1)/y and g(y)=y—2rsinyt, y>0. If d}a}>1 and 2rt<1. Then
f(y) is decreasing and g(y) is increasing. It follows that there exists a unique y;>0 such
that f(y;)=g(y;). This ;>0 gives a positive solution to (4.11).

On the other hand, note that if r<1/2,

r r i
< <1 and ,L>1.
l—rcosy;t  1—r sin y;

So y; satisfies (4.12). Therefore, if
1
dia?>1, 2rt<1 and rg?

then y,>0 exists such that both (4.11) and (4.12) are satisfied. For the general case,
when the coefficients are specified we may use the computer to verify (4.2) and (4.6).

5. Global Hopf bifurcation: Neutral term effect. We now consider the global
aspects of phase-locked as well as synchronous oscillations in the system (2.6). For
simplicity, we only deal with the case where g =0.

In order to examine local bifurcation points, we shall regard a=rc<1 as a
parameter. Recall that we have the j-th characteristic equation as follows

pilA, )=A+(r+adje *—b;=0,

b,=(rd, —dy)a; , je{O, 1,2, [%]}

We look for purely imaginary roots of (5.1) for a fixed 1<j<[n/2].
Let A=if, >0, be a root of p;(4, ®), i.e. p;(iB, ®)=0. Separating the real and
imaginary parts, respectively, we get

5.1

bjcos ft+ Bsinfr=r,

(5.2) Bcospr—b; sin fr=—apf .

Squaring both sides of (5.2) and adding them yield

(5.3) NN el

<1
B
if b7 <r?. Also, solving for cos fz and sin ft in (5.2) gives us
(5.4) tan pr= — PUFab)
ap?—rb;

Substituting (5.3) into (5.4), we then obtain
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(5.5) tan pr= P HON DT
rbj— B/ B2 +b2—r?

Let

_ Br+bu/Br+bi—r? Yy
0 YT
Assume b;>0. It follows that f’(f)>0 for all f>,/r’—b7; and hence z=/(f) is an
increasing function. Note that f(/r?—b7)=/r?—b}/b;>0 and lim,_, f(B)=0,
limg_,,- f(B)= + oo and lim,_,,. f(B)= — co. We have infinitely many solutions for f§ to
the equation (5.5), which correspond to the f-coordinates of the intersection points of
two graphs z=tan ft and z= f(f).
Let 0<rr<m/2. Then we have solutions f,, to the equation (5.5) as follows:

2m—1
(5.6) Cm=lr g MU 123,
2t T
More generally, if there is a positive integer N such that (N—1)z/t<r<(2N—)n/21,

then

.7 [2(N+m)—3]=n <f < [N+m—2]=n

s m=1,2,...
2t T

exist as solutions to the equation (5.4) and if (N—q— D)n/t<./r?—b?<(N—q)rn/t for
some positive integer g, then

N—I—1 2N—-2[—1
_(___l < ﬁ—l < (_—_—)n_

(>8) T 2t

) 1<i<gq

also exist as solutions other than f,, to the equation (5.6). Thus, we get o values from
(5.3) as follows:

Ly =—"r—— m=—q,—q+1,...,—1,1,2,....
B
This leads us to the following local bifurcation result.
THEOREM 5.1.  Assume 0<b;<r for some je{1,2,...,[n/2]}. If
2N—1
(5.10) (N— 1)7t<r‘r$(*2)£

for some integer N>0, then (0, a,, B,), m=—q, —q+1,..., —1,1,2,..., with a,<1
are all local bifurcation points of phase-locked oscillations for (2.6).
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Proor. It suffices to show that

d
. Re A afwm?éo

=0ty

for each m. To see this, we differentiate both sides of (A—b;)e** +r+ad =0 with respect
to o and obtain

(.11) a_ 4 .
do e’ +(A—bre* +o

Setting p;(4, «)=0 implies that (A—b;)e* = —r—ad. Substituting this into (5.11) gives

! e’  o—rr
5.12 — =— — +at.
(5-12) < do ) A A
Consequently, using (5.2) in the last step, we have
Slgn — (Re A)

=SignRe — 7 1=it

e o—rT ) e’
) +ocr——> lfiﬁm=S1gn<oct—Re T)

A A=om

=Sign(ocm‘c— Slr;ﬁ'”T):Sign( b+ iy "o r)—l;éO

as desired. This completes the proof.

di dA\"!
=SignRe
ot |22 B g <da>

(5.13)

it

A=ifm
% =0m

=Sign Re( -

To study the global Hopf bifurcation, we choose any 0 <k <1 and let || <k and
investigate the equation on the region D:={xeR";0<|x|<K/k}, where |x|=
max; .; ., {| x;|} for xe R".

We need the following lemma concerning the periods of periodic solutions to the
equation (2.6).

LemMma 5.2. For any integer m>0, the equation (2.6) has no nonconstant 2t/m-
periodic positive solution {x;(t)}?-, with x;_(t)=x,(t—t/m) in D.

ProOOF. It suffices to show that the lemma holds for m=1, 2. In the following we
only give the proof for m=1. The case m=2 can be treated analogously.

By way of contradiction, we suppose that x(t)={x;(t)}/-, is a nonconstant
2z-periodic positive solution of (2.6) with x;_,(t)=x;(t—1). Then x,,,(t)=x;(t—7),
X;+1(t—1)=x;(¢) and x;_,(t—7)=x;(t). Let y;,(t)=x,(t—7). We have

X+ 1(8) = 2%,(8) + ;- 1 (£) = 2(p(t) — x;(¥))
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and
xgzrxi[l_&%mﬂo_%ﬂmz(yi_xi)
(5.14) 2y
, X+ Xi—Yi X\
J"i=rJ"i|:1——}(~+C(1—?>]+2d2(xi_yi)-
Put
x;(t) yi(t)
ut)=1———>- and t)=1—-——-
() X u(t) X

and §;=2d;, i=1, 2. The equation (5.14) becomes an implicit differential equation of
uand v

u'=ru—Dv—956,u—v)+cv']+35,K(u—vo)
{v’ =rv—D[u—0,(v—uw)y+cu'l+6,K(v—u)
which, by solving for u’ and v’, leads to an ordinary differential system
e Hu— D[ f(u, v)+cr(v—1)f(v, u)+g(v, w)] + g(u, v)
1—r2cX(u—1)w—1)

e ro—DLf (v, w)+criu—1)f(u, v)+g(u, v)] +g(v, u)
1—r2c?(u—1)—1)

(5.15)

b

where
S, v)=v—0,u—v), guv)=56,K@u—v),
(u,v)e{(u,v)eR?; |x—1|<1/k,|y—1|<1/k}.

Note that (5.15) is symmetric about u and v. The diagonal Ax{(u, v)eR?* [u—1|<
1/k, u=v} is invariant under the system (5.15) of ordinary differential equations.
Since any autonomous one-dimensional ordinary differential equation has no non-
constant periodic solutions, (u(t), v(t))¢ A for all z. Without loss of generality, we as-
sume that

(5.16) u(t)<u(t) for all teR.
Replacing ¢ by t—1 in (5.16), we get

(5.17) ut—1)<ov(t—1) forall teR.
On the other hand, we have

yilt—7) —1— x;(t) —u(t),
k k

vt—1)=1—
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=7 _ 1— yi(®)
k k

wt—1)=1-" —u(t).

Consequently, (5.17) implies that v(t) <u(t) for all e R, which contradicts (5.16). This
completes the proof.

We now state and prove the following global bifurcation theorem.

THEOREM 5.3. Assume n is even and 0<(rd, —d,)<r/4. Suppose that there exists
a positive integer N satisfying (5.10). Let q be an integer such that

WN—g—lm _ f——,z_bgﬂg(_’\’%)”.

T

Then for each integer m such that

T [r?—b2
—g<m<1—-N+— [— "2,
1 n 1—-k?
at least one of the following conclusions holds:
(1) For any ce(0, a,,/r), the system (2.6) has a p-periodic solution {Ny(t)}}- with
T(N+m—1)<p<2t/(2AN+m)—3) and satisfying

Nl—l(t)=Nl(t_p/2)’ i=1929-'~,n;

(i) For any ce(a,/r, k/r), the conclusion in (i) holds;
(iii) For any A€ (0, K), there exists a ¢ ,>0 and a p-periodic solution {N(t)}?- to
(2.6) with c=c 4, with period p>0 as in (i) and satisfying
Nl—l(t)':Nl(t_p/z)! maxINl(t)IzAa i=1529"'9n;

1<i<n
teR

(iv) For any Ae(K, K/k), the conclusion in (iii) holds,
where a,, is given by (5.9).

Proor. We choose j=n/2. Then by (3.2), a,, =4 and b;=4(rd, —d,) <r. It follows
that, from (5.3) and (5.7)—(5.8), §,, and f _, exist to the equation (5.5), where 1 </<q and

m<l1—N _T_ r_z_—_bf/_z
i 1—k2
and the locations of f,, f_, are estimated by (5.7) and (5.8). Let «,, be any a,, given
by (5.9). By Theorem 5.1, (0, a,,, B,,) is a bifurcation point with n/2-th crossing number
Vnj2(0m> B) <0. Consequently, the assertion of Theorem B in the appendix implies that
each bifurcating branch %, from (0, «,,, §,,) of phase-locked periodic solutions continues
to the boundary G, where
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G :={(N(p1), a, p); N(pt)e D is a 1-periodic solution of (2.6), 0 <a <k}
cHYS'; R") x (0, k) x (0, c0) .

Note that by Lemma 5.2, (2.6) has no nonconstant 2t/m-periodic phase-locked solu-
tions in D with N;_(t)=N;(t—1/m). Every bifurcating branch %, has the property

T 2t
N+m—1" 2(N+m)—3

{p; (M(p1), o, p)€F,} c[ ] . if m>1

or

27 T
IN—2m—1" N—m—1

This implies that each %,, contains a least one point from 0G with a=k, or =0, or
N(pt)e 0D. Consequently, at least one of (i)-(iv) holds. This completes the proof.

Let us now consider the global Hopf bifurcation of synchronous oscillations, i.e.
bifurcation of periodic solutions of the form N(t)=(n(t), n(t), ..., n(t)). We need only
to study the Hopf bifurcation for the scalar logistic equation (2.5). The characteristic
equation for the linearized equation at K of (2.5) reads

(5.18) p(A, o)=A+(r+al)e =0,

where a=rc< 1. We again use « as a bifurcation parameter.
As before, we first look at local bifurcation points. It follows that p(4, «)=0 has

purely imaginary roots iff where each f is a solution of the equation
5.19 tan fr = d
(5.19) an fit= W

We can also estimate the locations of 8 by viewing the solution f of (5.19) as the
intersection points of two graphs z=tan ft and z= —r/\/f%?—r2. If r<m/2t, then we
have

(5.20) @m=lr _p Mm% 12
2t T
and
2_ 2
(5.21) Al I S

A calculation similar to that of (5.13) shows that each (0, a,,, $,,) is a local bifurcation
point and their crossing numbers are all of the same sign.
We need a similar result concerning the periods of periodic solutions to (2.5).
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LEMMA 5.4. For each integer m>0 and constant 0<k<1, the equation (2.5) has
no nonconstant 2t/m-periodic solution N(t)e(0, K/k).

Proor. It suffices to show the lemma for m=1. Suppose that N(t) is a nonconstant
2t-periodic solution of (2.5) with N(t)e(0, K/k). Let M(t)=N(t—7). We have

N’(t)=rN(t)[l —imHchM(t)]
(5.22) Neha o
M’(t)=rM(t)[1 —MJ .
K
Put
N(t) M(t)

u(t)=l—T and o(t)=1— X

Then (5.21) simplifies to

{ u't)y=rlu—1[v+cv']
v'(t)y=ro—D[u+cu’].

An argument similar to that in the proof of Lemma 5.2 now leads to a contradiction.
This completes the proof.

We now obtain the following global result for the equation (2.5).

THEOREM 5.5. Let ﬁ/2<k<1 be given. Assume that n\/1 —k?<rt<m/2. Then
there exist (a,,, f,) given by (5.20) and (5.21), m=1,2, ..., q, such that at least one of
(1)—(iv) below holds for the equation (2.5):

(i) For any ce(0, a,,/r), (2.5) has a p-periodic positive solution N(t) with period

t/m<p<2t/2m—1);

(i) For any ce(a,/r, k/r), the conclusion in (i) holds;

(iii) For any A€(0, K), there is a ¢ ,>0 such that a positive p-periodic solution N(t)

to (2.5) with c=c 4 exists, with period p as in (i) and max, g N(t)=4;

(iv) For any Ae(K, K/k), the conclusion in (iii) holds;
where q is an integer satisfying

rt rT
—l<g<

n/1—k? n/1—k*
Consequently, the above bifurcating periodic solutions N(t) to (2.5) give rise to a global
Hopf bifurcation of synchronous oscillations (N(t), ..., N(t)) in (2.6).

Peoor. The proof is similar to that of Theorem 5.3. We therefore omit it.

ReMARK 5.1. Itis well-known (by a result of Wright [48]) that the unique positive
equilibrium K of (2.2) is globally stable under the condition r < 3/2t. However, Theorem
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5.5 shows that when the neutral term appears, the system (2.5) may have periodic
solutions. This implies, in another aspect, that the neutral term can have a destabilizing
effect on population dynamics.

Theorem 5.5 has the following corollary.

COROLLARY 5.6. Let 0<k<1 be given as in Theorem 5.5 and n./1 —k? <rt<3/2.
Then at least one of the following statements holds for each m>1 as in Theorem 5.5:
(i) For any a,/r<c<l/r, the neutral logistic equation (2.5) possesses a periodic
solution;
(ii) For any 0<A<K, there exists a number 0<c,<1/r such that the neu-
tral logistic equation (2.5) with c=c, has a periodic solution N(t) with
max, g | N()+ K| = 4;
(iii) For any K< A<K/k, the conclusion in (ii) holds;
where

O =/ ﬁr%l_rz/ﬁm
and B, is given by (5.19)—(5.20).

ProOOF. Note that the equation (2.5) reduces to (2.2) when ¢=0 and by Remark
5.1, the equation (2.2) has no nonconstant periodic solutions. This excludes the
alternative (i) in Theorem 5.5 and the conclusion follows.

6. Appendix. In this appendix, we describe two results regarding the existence
and global continuation of symmetric periodic solutions of neutral functional differential
equations.

Let 7>0 be a given constant and C= C([ —r, 0]; R") the Banach space of bounded
continuous functions from [ —t, 0] - R" equipped with the supnorm | - |. As usual,
for xe C([—1,0]; R™ and >0, define x,e C by x,(s)=x(t+s), se[—1, 0].

We consider the following neutral functional differential equation

6.1) % [xX(t)— blx,, @)] = Flx,, )

where xeR", aeR, b, F: Cx R— R" are continuously differentiable and satisfy

(Al) F: CxR—R" is completely continuous and there exists a constant k[0, 1)
such that | b(¢, o) — b, o) | < k||p — | for all ¢, yeC, aeR.

(A2) There exists a real orthogonal representation p: Z,— O(R") of Z, on R" such
that b(p(y)¢, o) = p(y)b(9, &), Flp(y)$, @)= p(y)F($, «) forall¢ e C,ae Rand ye Z,
where p(y)¢ € C is defined by (p(y)@)(s)= p(y)d(s) for all se[ —1, 0].

(A3) F(0,x)=0 for all e R and there exists aye R such that D F(0,o,): R"— R"
is an isomorphism, where F: R"x R— R", the restriction of F on R"x R, is
defined by F(x, «)=F(x, ®), xe R", e R, X is the constant map from [—t, 0]
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into R" with the value xe R" and D, F(0, ;) denotes the derivative of F with
respect to x at (0, o).
We call (0, «) a stationary solution and (0, a,) a nonsingular stationary solution. The
characteristic equation of (6.1) at (0, «) is given by

6.2) detcA(1)=0,

where A(4) is an 7 x n complex matrix defined by
A2 :=A[Id = Db(0, a)(e* Id)] — D4F(0, a)e* Id): C"—>C",
Dyb(0, a)(e? Id)=(D,b(0, e)e?s,), ..., Dyh(0, a)e?s,)) ,
D F(0, a)e* Id)=(D4F(0, a)e*e,), . .., DyF (0, a)e*e,),
etei(s)=e*e;, se[—r,0],

and {e,, ..., ¢,} is the standard basis of R" and C"=R"+iR".

A solution 1€ Cto the equation (6.2) is called a characteristic value of the stationary
solution (0, &). The point (0, &) is called a center of (6.1) if (6.2) has a pair of purely
imaginary characteristic values and it is said to be an isolated center if there is no other
center in some neighborhood of (0, «) in R" x R.

We also make the following assumption:

(A4) (0, ao) is an isolated center of (6.1).

By (A4), there exist constants f,>0 and 6>0 such that detcA, (iBy)=0 and if
0<|a—oay|<d, then iRn{Ae C; detcA,(1)=0}=.

Choose now constants b= b(x,, f,)>0 and c¢=c(ag, fy) >0 such that the closure of
Q=(0, b) x (Bo—¢, Bo+ )= R? contains no other zero of detgA, (). Note that detcA,(4)
is analytic in A€ £ and continuous in a€[oy—7, ag+6], detcA,, +5(4)#0 for 1e0Q.

The real orthogonal representation p of Z, induces a unitary representation, again
denoted by p, on C". Let us identify Z,={yeC;y"=1} and let y,=e"*"". Put
T,=p(y,): R"—> R" and denote by o(T,)e C the spectrum of 7T,

Define a subset of integers J={je {0, 1,...,n—1}; e*""eg(T,)}. We have the
following isotypical decomposition of C"

C'=® C},
jeJ
where C7, jeJ is the direct sum of all one-dimensional Z,-irreducible subrepresentation
spaces V of C" such that each restricted representation p |V is isomorphic to the irreducible
representation of Z, on C given by

ple2miMz = ei2milny — zeC, jeJ.

Note that b and F are Z,-equivariant by (A2). Thus A,(4): C"—> C" is Z,-equivariant
for all xe R and Ae C with Re 1>0. Therefore, A(A)C;<= C7 for each jeJ. This gives
for each jeJ a map
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A, j (D) =A%)

Recall that det¢A,, 1 45(4)#0 for A€ Q. We have detcA,, 15 (4)#0 for Ae0Q and jeJ.
Consequently, we obtain a well-defined number

C’j(%a Bo)= deta(detcAao —6,j( *), Q)—dety(dete Aao + a,j( ), Q)

C;‘a ]GJ

for each jeJ, where det, denotes the classical Brouwer degree. We will call A, ;(4)=0
the j-th characteristic equation and c;(«o, ) the j-th crossing number of (a, o).
We can now state a local symmetric Hopf bifurcation theorem.

THEOREM A. Assume that (A1)-(A4) hold. If there exists a jeJ such that
cj(og, Po) #0, then (ay, Po) is a bifurcation point. More precisely, there is a sequence of
triples {(xy, oy, B}y such that

(1) O o Bi) =0, o, Bo) uniformly for t€ R as k — oo;

(1)  x,(¢t) is a 27/ By-periodic solution of (1) with a=oy, k=1,2,...;

(i)  p(e?™™x,(t)=x,(t + 27 [(Byn)) for teR, k=1,2,....

For a global bifurcation theorem, we need the following assumptions:

(A5) F(x,2)=0 with xe R" such that p(e’>”x=x if and only if x=0. Moreover,
D.F(0, x)e GL(R") for every a€R.

(A6) The set {aeR; the stationary solution (0,a) has purely imaginary charac-
teristic values} is discrete.

For every jeJ, denote by 7 the closure in H(S!; R") x R? of the set consisting
of (z,a, p) such that x(t)=z(t/p) is a p-periodic solution of (6.1) with p(e*>™")z(t)=
z(t+j/n). Put

M={(0,ap);oeR p>0}c H(S'; R")x R*.
The global Hopf bifurcation theorem can be stated as follows:

THEOREM B. Let (Al), (A2), (AS) and (A6) hold. If there exists an integer j such
that &' has a bounded connected component €’, then €' n M is a finite set and

2
D cj<oc, —n—>=0.
(0,4, p)e€inM P

Theorems A and B are proved in Xia [49] by using the equivariant degree for
set-condensing mappings. They can also be proved by first using the symmetry condition
(iii) in Theorem A and then applying the S'-degree developed in [23]. For details, see

[47].
In our applications to system (2.6), Z, acts linearly on R" by

(p(e?™™x);=x;_,, 1<i<n, (modn), xeR"

and the associated mappings » and F are equivariant with respect to this action.



414

(1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]
[93
[10]
i)
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]
[22]

H. XIA AND J. WU

REFERENCES

J. C. ALEXANDER AND G. AUCHMUTY, Global bifurcation of phase-locked oscillations, Arch. Rational
Mech. Anal. 93 (1986), 253-270.

J. BELAIR, Life span in population models: using time delays, Lecture Notes in Biomathematics 92,
Proceedings of Differential Equations Models in Biology, Epidemiology and Ecology (S. Busenberg
and M. Martelli, eds.), Clarement, 1990, 16-27.

K. L. CooKE AND P. VAN DEN DRIESSCHE, On zeros of some transcendental equations, Funkcialaj
Ekvacioj 29 (1986), 77-90.

J. M. CusHING, Integrodifferential Equations and Delay Models in Population Dynamics, Lecture
Notes in Biomathematics 20, Springer-Verlag, New York, 1977.

D. F. DEARGELIS, C. C. Travis AND W. M. PosT, Persistence and stability of seed-dispersal species
in a patchy environment, Theoret. Population Biol. 16 (1979), 107-125.

D. F. DEARGELIS, W. M. PosT AND C. C. TrAVIS, Positive Feedback in Natural Systems, Biomathematics
15, Springer-Verlag, New York, 1986.

H. 1. FREEDMAN, Single species migration in two habitats: persistence and extinction, Math. Model 8
(1987), 778-1780.

H. I. FREEDMAN, Deterministic Mathematical Models in Population Ecology, Marcel Dekker, New
York, 1988.

H. 1. FREEDMAN, Persistence and extinction in models of two-habitat migration, Math. Comput.
Modelling 12 (1989), 105-112.

H. I. FREEDMAN AND Y. KUANG, Stability switches in linear scalar neutral delay equations, Funkcialaj
Ekvacioj 34 (1991), 187-209.

H. 1. FReepMAN AND J. Wu, Persistence and global asymptotic stability of single species dispersal
models with stage structure, Quarterly of Applied Math. 49 (1991), 551-571.

K. GorALsaMy, Stability and Oscillations in Delay Differential Equations of Population Dynamics,
Mathematics and Its Applications 74, Kluwer Academic Publishers, Dordrecht, 1992.

K. GopaLsaMy, X. Z. HE AND L. Z. WEN, On a periodic neutral logistic equation, Glasgow Math. J.
33 (1991), 281-286.

K. GoraLsamy, M. R. S. KuLeNovi¢ AND G. Lapas, Time delays in a “food-limited”” population
model, Applicable Analysis 31 (1988), 225-237.

K. GoraLsaMy AND B. G. ZHANG, On a neutral delay logistic equation, Dynamics Stability Systems
2 (1988), 183-195.

T. G. HALLAM, Population dynamics in a homogeneous environment, in Mathematical Ecology (T.
G. Hallam and S. A. Levin, eds.), Springer-Verlag, New York, 1986, 61-94.

D. P. HARDIN, P. TAKAC AND G. F. WEBB, Dispersion population models discrete in time and continuous
in space, J. Math. Biol. 28 (1990), 1-20.

A. HASTINGS, Spatial heterogeneity and the stability of predator-prey systems, Theoret. Population
Biology 12 (1977), 37-48.

A. HaAsTINGS, Dynamics of a single species in a spatially varying environment: the stability role of
high dispersal rates, J. Math. Biology 16 (1982), 49-55.

A. HaSTINGS, Mckendrick Von Foerster models for patchy dynamics, Lecture Notes in Biomathematics
92, Proceedings of Differential Equations Models in Biology, Epidemiology and Ecology (S.
Busenberg and M. Martelli, eds.), Clarement, 1990, 189-199.

G. E. HutcHINsoN, Circular causal systems in ecology, Ann. New York Acad. Sci. 50 (1948), 221-246.

W. Krawcewicz AND J. Wu, Discrete waves and phase-locked oscillations in the growth of a
single-species population over a patchy environment, Open Systems & Information Dynamics 1
(1992), 127-147.



[23]

[24]
[25]
[26]
(271
[28]
[29]
[30]

(311

[32]
[33]

[34]

[35]

[36]
(371

[38]
391

[40]
[41]

[42]
[43]
[44]

[45]
[46]

DISCRETE DIFFUSIVE NEUTRAL LOGISTIC EQUATION 415

W. KrawcEWwICZ, J. WU AND H. X14, Global Hopf bifurcation theory for condensing fields and neutral
equations with applications to lossless transmission problems, Canad. Appl. Math. Quarterly 1
(1993), 167-220.

Y. KUANG, On neutral delay two-species Lotka-Volterra competitive systems, J. Austral. Math. Soc.
Series B 32 (1991), 311-326.

Y. KuaNg, Delay Differential Equations with Applications in Population Dynamics, Mathematics in
Science and Engineering 191, Academic Press, New York, 1993.

Y. KUANG AND A. FELDSTEIN, Boundedness of solutions of a nonlinear nonautonomous neutral delay
equation, J. Math. Anal. Appl. 158 (1991), 193-204.

Y. Kuang, R. H. MARTIN AND H. L. SmMiTH, Global stability for infinite delay dispersive Lotka-Volterra
systems: weakly interacting populations in nearly identical patches, J. Dynamics and Differential
Equations 3 (1991), 339-360.

S. A. LEviN, Dispersion and population interaction, Amer. Natur. 108 (1974), 207-228.

S. A. LeviN, Population dynamic models in heterogeneous environments, Ann. Rev. Ecol. Syst. 7
(1976), 287-301.

S. A. LEVIN, Spatial patterning and the structure of ecological communities, in Some Mathematical
Questions in Biology VII, Amer. Math. Soc., Providence, R.I., 1976, 1-36.

S. A. LeviN, Population models and community structure in heterogeneous environments, in
Mathematical Ecology (T. G. Hallam and S. A. Levin Eds.), Biomathematics 17, Springer-Verlag,
New York, 1986, 295-321.

N. MacDonaLp, Time Lags in Biological Models, Lecture Notes in Biomathematics 28,
Springer-Verlag, New York 1979.

R. M. May, Models for single populations, in Theoretical Ecology (R. M. May, ed.), Saunders,
Philadelphia, 1976, 4-25.

J. F. McLAUGHLIN, Pattern and stability in predator-prey communities: how diffusion in spatially
variable environments affects the Lotka-Volterra model, Theoret. Population Biology 40 (1991),
148-172.

R. McMURTRIE, Persistence and stability of single-species and prey-predator systems in spatially
heterogeneous environments, Math. Biosci. 39 (1978), 11-51.

J. D. MURRAY, Mathematical Biology, Biomathematics 19, Springer-Verlag, New York, 1989.

A. J. NicHoLsoN, Compensatory reactions of populations to stresses and their evolutionary significance,
Austral. J. Zool. 2 (1954), 9-65.

A. Okuspo, Diffusion and Ecological Problems: Mathematical Models, Biomathematics 10,
Springer-Verlag, New York, 1980.

E. C. PiELou, Mathematical Ecology, Willy-Interscience, New York, 1977.

D. A. RoFr, Spatial heterogeneity and the persistence of populations, Oecologia 15 (1974), 245-258.

J. SELGRADE AND GENE NAMKUONG, Population interactions with growth rates dependent on weighted
density, Lecture Notes in Biomathematics 92, Proceedings of Differential Equations Model in Biology,
Epidemiology and Ecology (S. Busenberg and M. Martelli, eds.), Clarement, 1990, 247-255.

F. E. SMmiTH, Population dynamics in Daphnia Magna, Ecology 44 (1963), 651-663.

Y. TakeucHl, Diffusion effect on stability of Lotka-Volterra models, Bull. Math. Biol. 48 (1986),
585-601.

R. R. VANCE, The effect of dispersal on population stability in one-species, discrete-space population
growth models, Amer. Natur. 123 (1984), 230-254.

A. T. WINFREE, The Geometry of Biological Time, Springer-Verlag, Berlin, 1980.

J. Wu anD H. 1. FREEDMAN, Global stability in a population model with dispersal and stage structure,
Lecture Notes in Biomathematics 92, Proceedings of Differential Equations Models in Biology,
Epidémiology and Ecology (S. Busenberg and M. Martelli, eds.), Clarement, 1990, 247-255.



416 H. XIA AND J. WU

[47] J. Wu AND H. Xia, Self-sustained oscillations in a ring array of coupled lossless transmission lines, J.

Differential Equations 124 (1996), 247-278.
[48] E.M. WRIGHT, A nonlinear difference-differential equation, J. Reine Angew. Math. 194 (1955), 66-87.
[49] H. Xia, Equivariant Degree Theory and Global Hopf Bifurcation for NFDEs with symmetry, Ph. D.

Thesis, University of Alberta, 1994.

DEPARTMENT OF MATHEMATICS AND STATISTICS
YORK UNIVERSITY

NORTH YORK, ONTARIO

CANADA M3J 1P3





