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PERIODIC SOLUTIONS OF CONVEX NEUTRAL FUNCTIONAL
DIFFERENTIAL EQUATIONS
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Abstract. In this paper we consider the existence of periodic solutions of neutral func-
tional differential equations. It has been proved that for convex neutral functional differential
equations of D-operator type with finite (or infinite) delay and hyperneutral functional differ-
ential equations with finite delay, there is a periodic solution if and only if there is a bounded
solution. The results proved by Massera, Chow and Makay are generalized.

1. Introduction. In this section we give a brief description of the background of and
solutions to the problem considered. As we all know, the existence of periodic solutions
of functional differential equations (i.e. FDE), which has been studied extensively, has great
theoretical and practical significance. A classical theorem due to Yoshizawa [1] shows that
if the solutions of a retarded functional differential equation (i.e. RFDE) with finite delay
are uniformly bounded and uniformly ultimately bounded, then it has an w-periodic solution
provided that r < w, where r is the time delay, and w is the period of the equation. In recent
years, many authors devoted themselves to the generalization of Yoshizawa’s theorem. Some
authors removed the restriction r < @ successfully (Li [2], indexed by SCI). Some authors
generalized Yoshizawa’s theorem to different equations: Arino, Burton and Haddock [3],
Wang and Huang [4, 5] to RFDE with infinite delay; Gao [6] to neutral functional differential
equations of D-operator type (i.e. NFDE(D, f)) with finite delay; Shi [7] to NFDE(D, f)
with infinite delay.

A remarkable fact is that the uniformly ultimate boundedness (i.e. UUB) does not im-
ply the uniform boundedness (i.e. UB) for FDE as Kato [8] has shown, so a very interesting
and meaningful question is brought out: is it possible that UUB without UB still guarantee
the existence of periodic solutions? Burton and Zhang [9] succeeded in this way for RFDE
with infinite delay under the assumption that the considered equation has a weak fading mem-
ory. Ma, Yu [10] and Zhang [11] considered the same problem for RFDE with finite delay
and removed the UB assumption. A counterpart result was obtained by Fan and Wang for
NFDE(D, f) with finite delay [12] and for NFDE(D, f) with infinite delay [13]. Though
UB is dropped, UUB is still a very strong condition. However, for linear ordinary differential
equations, Massera [14] proved that the existence of a bounded solution implies the existence
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of a periodic solution. Chow [15] considered a one dimensional FDE with finite delay in a
special form: the right-hand side of the equation was a functional linear in ¢ plus a perturbing
term depending only on z. Makay [16] generalized Chow’s result to convex RFDE with finite
and infinite delay and also to integral equations.

In this paper, we generalize the results proved by Massera for linear (inhomogeneous)
ordinary differential equations, Chow for linear retarded functional differential equations with
finite delay, and Makay for linear retarded functional differential equations with infinite delay
to convex NFDE(D, f) with finite delay in Section 2, to convex NFDE(D, f) with infinite
delay in Section 3, and to hyperneutral functional differential equations with finite delay in
Section 4. It has been proved that for convex NFDE(D, f) with finite (or infinite) delay and
hyperneutral functional differential equations with finite delay, there is a periodic solution
if and only if there is a bounded solution. We define a stable operator in Section 2 and a B-
uniformly stable operator in Section 3 to overcome the difficulty caused by x; in the derivation
of the left-hand side of the considered equation. In Section 3 we also introduce a new phase
space with a strong fading memory to overcome the difficulty induced by the infinite delay.
Our theorems give a necessary and sufficient condition for having an w-periodic solution and
generalize the known results.

2. Periodic solutions of convex neutral functional differential equations of D-op-
erator type with finite delay. Let (C, | - ||) be the Banach space of continuous functions
¢ : [—r, 0] — R" with the supremum norm. Consider the NFDE(D, f) with finite delay of
the form

dDx;
dt
where x;(s) = x(t+s) for —r <5 <0; f : Rx C — R" be continuous and locally Lipschitz
ing and f(t + w, ¢) = f(t, ¢) for some w > 0; Dp = ¢(0) — g(¢) be a linear operator, and
g: C — R"is linear and continuous in ¢, namely

2.1 = ft, x),

0
9(#) =/ du0)¢ ), forany ¢ €C,

—-r
where (0) is a bounded variation matrix function. We also assume that there exists a nonde-
creasing continuous function I/(s), s € [0, r] with [(0) = O such that

<lI(s) sup |¢p(0)|, forany ¢ € C.

—s<6<0

0
/ du(6)¢(©)

)

Under the above assumptions, for each (#9, ) € R x C there is a unique solution x;(fo, @)
of (2.1) that depends continuously on the initial data [17, 18], and if the solution is bounded,
then it can be continued for all future time [19].

DEFINITION 2.1. A functional differential equation is said to be convex if the solution
set of the considered equation is convex, i.e., x; and y; are solutions and @ € [0, 1], then
ax; + (1 — a)y; is also a solution.
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If an FDE is convex, we also say that the functional in the right-hand side of the equation
is convex. There are many convex NFDE, for example, one can easily prove that if the right-
hand side of (2.1) is linear in ¢, then (2.1) is a convex NFDE.

Throughout the proof of the theorems in this paper we insist on not using the convexity
of the considered system if we do not have to.

DEFINITION 2.2 ([19]). Suppose that D : C — R" is linear, continuous and atomic
at 0. The operator D in (2.1) is said to be stable if the zero solution of the homogeneous
difference equation Dy, = 0,¢t > O with yg = ¢ € Cp := {¢ € C : D¢ = 0} is uniformly
asymptotically stable.

LEMMA 2.1. Suppose that f(t + w, ) = f(t, ). If x;(tg, ) is a solution of (2.1)
With X1y = Xty+w, then
x((t0, #) = X140(t0, ®), t=10.
By the uniqueness of solutions and periodicity of (2.1), Lemma 2.1 is obvious.

LEMMA 2.2 ([6]). If D is a stable operator, then there exist positive constants b and ¢
such that for any h € C([t, +00), R"), every solution x,(ty, ¢, h) of Dx; = h(t), t > ty with
Xy, = ¢ satisfies

llx: (to, ¢, W)II < cexp{—b(t — 1)} lxs, |l + ¢ sup |h(u)].
to<u<t

LEMMA 2.3 ([6]). Suppose that D is a stable operator, « > —oo and h : [a, +00) —
R" satisfies

|h(t1) —h(2)| < H|t) — 1]
for any t|,tp € [a,400). Then there is a positive constant N (H) such that the solution
x:(to, @) of Dx; = h(t), t > to with x;; = ¢ satisfies

1x (20, $)(11) — x(t0, $)(12)| = N(H)|t1 — 1]

forany ti, ty € [ty, +00), to > o, where N(H) = c(c + 1)H, c being the constant in Lemma
2.2.

THEOREM 2.1. Suppose that D is a stable operator and f (t, ¢) is a convex functional
in ¢. Then there is an w-periodic solution of (2.1) if and only if there is a bounded solution of
(2.1).

PROOF. We only need to show that the existence of a bounded solution implies the
existence of an w-periodic solution, since a periodic solution itself is a bounded solution. Let
n = max{r, o}, and define Cy as the Banach space of continuous functions mapping [—7, 0]
into R" with the supremum norm, i.e., ||¢|lo = SUp_, <g<o |¢(6)| for any ¢ € Co. In the
following we will write x; (ty, ¢) or x(ty, ¢)(t) for the solution of (2.1) starting at zy with the
initial functional ¢ € Cp with the understanding that if » > r then we use only the values of
¢ on [—r, 0]. Suppose that the bound for the bounded solution x; of (2.1) is . From the local
Lipschitz condition on f, there is a constant K > O such that | f (¢, ¢)| < K for ||¢|| < h. Let
N(K) = c(c + 1)K, where c is the constant in Lemma 2.2.
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Consider the set defined by

(@ ligllo < A,
:=3¢peCo| (b) |p(s1)—d(s2)] < N(K)|sy — s2| forany s1,s2 € [-7,0],
©) 1Ix(0,®)llo <h foranyr >0

First of all, we need to show that £2 is nonempty. Consider the bounded solution x;. Since f
is an w-periodic function in ¢, we may assume (by a translation argument) that the bounded
solution x; is defined on the interval [—n —r, +00) and it satisfies the equation on [—n, +00).
Define ¢o(s) := xo(s) = x(s) fors € [—n, 0] and do(s) := X_p(s) =x(s—n)fors € [-r,0].
By definition, x; = x;(0, ¢) = x;(—n, ¢0) and hence ¢ satisfies (a) and (c) in the definition
of £2.

The bounded solution x; of (2.1) satisfies

t
Dx; = Dx;(—n, $0) = ¢o + / f (s, x5(=n, 0))ds := h(t).
-n

For any s1, s2 € [—n, +00), by the local Lipschitz condition of f, we have
1

[h(s1) — h(s2)| = f (s, x5(—n, do)ds

52

) _
< / 1 (5, xs (=11, Bo)Idis

2

s
< / Kds
2

where we use the boundedness of x;. By Lemma 2.3, for any sy, s2 € [—n, +00), we have

X (=1, $0)(s1) — x(=1, ¢o)(s2)| < N(K)|s1 — s2] .

= Kls1 — 2,

Hence
|#0(s1) — @o(s2)| = [x0(0, o) (s1) — x0(0, ¢o)(s2)|
= |x0(=1, $0)(s1) — x0(=11, $0)(52)
= x(=1, $o)(s1) = x (=1, $0)(52)]
< N(K)ls1 — 52|
for any s1, 52 € [—n, 0]. This proves that ¢q satisfies condition (b) as well as (a) and (c) in the

definition of £2, so ¢o € §2, and hence 2 is nonempty.
Next, we prove that §2 is convex. For any ¢, ¢ € 2, « € [0, 1], we have

lagr + (1 —a)pallo < alldillo + (1 — ) llg2llo < h
and
lagi(s1) + (1 — a)pa(s1) — (@gi(s2) + (1 — a)Pa(s2))]
< algi(s1) — d1(s2)| + (1 — a)|g2(s1) — ¢2(s2)|
< Klsi — 52
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for any sy, s3 € [—n, 0]. So conditions (a) and (b) are satisfied for the convex linear combi-
nation. For condition (c), by the uniqueness of the solution and the convexity of the equation
(this is the only place we really need it), for any ¢;, ¢2 € £2, one obtains

1x: (0, eegp1) + (1 — @)¢2llo = lleex: (0, p1) + (1 — &) x: (0, P2)llo
< allx: (0, ¢n)llo + (1 — ) lx: (0, p2)llo < A,

using the condition (c) for ¢ and ¢;, and hence condition (c) is satisfied. Now we have
proved that 2 is a convex set.

Obviously, £2 is equicontinuous and uniformly bounded. By Ascoli’s theorem, §2 is
precompact. We conclude that £2 is closed. In fact, if ¢, € 2 and ¢, — ¢ asn — +o0
in the supremum norm || - [|o, then ¢ clearly satisfies (a) and (b) in the definition of 2. If
the condition (c) is not satisfied, for contradiction, we suppose that ||x; (0, ¢)|lo > & for some
t > 0. By the continuous dependence of the solution on the initial function, we can find an
n > 0 such that ||x; (0, ¢,)|lo > A, a contradiction to the fact that ¢, € £2. This proves that ¢
satisfies (c) and hence ¢ € §2. Therefore §2 is closed, so it is compact.

Now, let us define the mapping P : 2 — £2 by

P¢ :=x,(0,9),
namely
Po(s) = x4(0,9)(s) = x(0,¢)(s + w) for s € [-7n,0].
First we prove that P maps 2 into §2. By (c) for ¢ € §2 we find that P¢ satisfies (a). For

condition (c) on P¢ we note that by the periodicity of f and the uniqueness of the solution
we find that

Ix: (0, PP)lio = I Xt+w(w, PP)llo
= ”xt—i—w(a)’ xw(()’ ¢))“0
= x40 (0, P)llo < h.

To prove (b) for P¢ we do exactly the same as we did in proving that ¢p € £2. We can prove
that for any ¢, #; € [0, +00), we have

(2.2) [x(0, #)(t1) — x(0, 9)(22)| < N(K)|t1 — 2] .
Since ¢ € £2, for any #, t; € [—n, 0], we obtain
(2.3) [x(0, @)(t1) — x(0, §)(12)| = | (1) — P(22)| < N(K)|t; — 2] .

Now we can conclude that
[Po(s1) — P (s2)| < N(K)|s1 —s2| forany s1,s2 € [—n,0].
In fact, if 51, 52 € [—w, 0] (resp. s1, 52 € [—7, —w]), by (2.2) (resp. by (2.3)), one gets
[Po(s1) — Po(s2)| = 1x0(0, §)(51) — x0(0, $)(52)]
= 1x(0, 9)(s1 + w) — x(0, ) (52 + w)|
< NK)|n —n].
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If 51 € [-n, —w], 52 € [-w, 0], then clearly s; < —w < s7 and by (2.2) and (2.3) we have
[PP(s1) — Pop(s2)] = |xu(0, @) (s1) — x4 (0, ) (s2)]
= [x(0, 9)(s1 + ) — x(0, $) (52 + w)|
= 1x(0, ) (s1 + @) — x(0, $)(0)| + [x(0, )(0) — x(0, $) (52 + )|
< N(K)ls1 + | + N(K)|s2 + |
= —=N(K)(s1 + w) + N(K)(s2 + @) = N(K)|s1 — 521 .

A

Hence, P¢ satisfies (a), (b) and (c), so P indeed maps £2 into §2. Moreover P is continuous
from the continuous dependence of the solution on the initial function. By Schauder’s fixed
point theorem P has a fixed point in §2, i.e., there isa ¢p € £2 such that P¢ = ¢, which means
that x,,(0, ) = ¢ = x0(0, ¢), and by Lemma 2.1 we have

x1 (0, 9) = x444,(0,¢) forall t >0.
Therefore x; (0, ¢) is an w-periodic solution of (2.1), and now the proof is complete.

REMARK 2.1. The periodic solution we find in the proof of Theorem 2.1 is bounded
by the bound of the bounded solution.

REMARK 2.2. Theorem 2.1 generalizes the results obtained by Chow [15] and Makay
[16] for linear RFDE with finite delay. In fact, if D¢ = ¢(0), then Theorem 2.1 is Theorem
1in [16]. If D¢ = ¢(0) and f(t, ) = L(t,¢p) + f(¢), where L and f are continuous and
periodic with w in ¢, and L is also linear in ¢, then Theorem 2.1 is Theorem 1 proved by Chow
[15] and the assumption @ > r is removed.

3. Periodic solutions of convex neutral functional differential equations of D-oper-
ator type with infinite delay. In this section we consider NFDE(D, f)

G.1) P rax
with infinite delay, i.e., x;(s) = x(¢ +s) for s € (—o0, 0].

The development of the theory of NFDE with infinite delay depends on a choice of a
phase space. In order to overcome the difficulties caused by the infinite delay we first establish
the phase space B with a strong fading memory for NFDE with infinite delay.

Suppose that (B, |- |g) is a Banach space of continuous functions mapping (—oo, 0] into
R" with norm | - |g, i.e., B = C((—00, 0], R"). For any givena > Oand ¢ € B, ty) € R, we
define

Foto@) = {x |x: (=00, 10+ a] > R", x, = ¢, x is continuous on [tg, o + &1},

FaioB) = | Faro(@) .
»eB

We assume that the space B satisfies the following hypotheses:
(B1) There is a positive constant k > 0 such that

19 (0)] < klgla
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forany ¢ € B.
(B2) Ifx € Fyuy(B), thenx, € Bforanyt > ty and x; is continuous in ¢ on [fo, to+o].
(B3) If x € Fu(B), then there exist a constant k; > 0 and a continuous function
ks : RY x B — R™ such that
[Xio+alg < ki sup  [x ()| + k(o xg)
s€ltg.to+a]

and satisfies
k2(e,0) =0, ky(a,¢) > 0 asa — 400, ka(e, ¢) < ka(a) for|p|p <a,

where k» : RT — R is continuous.
The phase space B defined here is a special case of the phase space defined in [20]. The
phase space (Cy, | - |) defined in [5] satisfies our assumptions (8;) — (83) on B.

DEFINITION 3.1. (B,] - |p) is said to be with a strong fading memory, if for any
compact set I C R~ and ¢, € B, n = 1,2, ..., the condition that |¢, — ¢|/ — 0, as
n — +oc and [¢,|p is bounded imply that ¢ € B and |¢p, — ¢|p — 0 as n — +oo, where
ol == supge; 19 (O)].

The phase space (Cp, | - |) defined in [S] has a strong fading memory.

DEFINITION 3.2. The operator D in (3.1) is said to be B-uniformly stable, if there
exist constants k3 > 0, k4 > 0 such that the solution x,(tg, ¢) of Dx;, = g(t), t > ty with
X1, = ¢ satisfies

|x(t0, @) ()| < k3 sup [g(s)| + kalxy B,

Oeltg,t]

where ¢ € B, x; € B and g € C([tp, +00), R").

In (3.1), we assume that D is linear and B-uniformly stable; f : R x B — R" is
continuous functional and satisfies f(t + w, ¢) = f(t, ¢) for some w > 0, and there exists a
constant L > 0 such that

(3.2) Lf@. 1) — f(t.92)| < Lig1 — ¢2lp.

Wu [20] establishes the fundamental theory for NFDE with infinite delay. Since (3.2) is
satisfied, we can conclude from [20] that for each (zp, ¢) € R x B there is a unique solution
x; (to, ¢), which depends continuously on the initial data, and if the solution is bounded, then
it can be continued for all future time.

LEMMA 3.1. Suppose that D is linear, continuous and B-uniformly stable, and there
is a constant G > 0 such that

l9(t1) — g(r2)| < Gty — 12|

for g € C(la, +00), R") (¢ > —o0) and 1,1 € [a, +00). Let x,(tg, ¢) be a solution of
Dx; = g(t), t > 1o with x,y = ¢, ¢ € B. Then there is a constant N(G) > 0 such that

[x (0, ¢)(t1) — x(t0, ) (22)| < N(G)|t1 — 12
forany ty, ty € [to, +00) (1o > «), where N(G) = (1 + k1k4)k3G.
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PROOF. First we note that by the linearity of D we can find that
D(xt+a(t0, @) — x:(t0, #)) = Dxr44(to, §) — Dx;(t0, ¢) = g(t + A) — g(t)
for any ¢ € [tp, +00) and A > 0. By the B-uniform stability of D one can obtain

|x (20, #)(t + A) — x(t0, ) ()| < k3 sup [g(6 + A) — g(O)| + kalxio+a — X1o|B

(3'3) 0€(to,t]
< k3GA + kalxigra — xg9lB -

For any s € [tp, t], by the B-uniform stability of D and the assumption (83) on B, we also
have

|x (t0, §)(s) — x (0, §)(t0)| < k3 sup |g(t) — g(to)| + ka|xsy — Xx4|B

telto,s]
< k3Gls — 10|,
|x20 (P05 @) — X1y (20, )| B < ki rES[I:PS] |x (20, $)(T) — x(t0, ) (20)| + k2(s — 10, 0)
< k1k3GOI,S — 1.
Hence
(3.4) IXtg+4 — Xip|B < k1k3GA.
By (3.3) and (3.4), we have

|x (0, §)( + A) — x(t0, p)(t)| < k3G A + k1k3kaGA := N(G)A.
Therefore for any t1, t» € [y, +00), there is a constant N(G) > 0 such that
Ix (o, ) (11) — x(t0, $)(2)| = N(G)|ty — 2],
where N(G) = (1 4 k1k4)k3G. This completes the proof.

DEFINITION 3.3. The solution x;(z, ¢) of (3.1) through (#p, ¢) € R x B is said to be
B-bounded, if there exists a positive constant M > 0 such that

lx:(to, )l <M for t >1.

THEOREM 3.1. Suppose that (B, ||| g) has a strong fading memory, D is B-uniformly
stable and f (t, @) is a convex functional in ¢ (see Definition 2.1). Then there is an w-periodic
solution of (3.1) if and only if there is a B-bounded solution of (3.1) defined on R.

PROOF. As before, we only need to show that the existence of a bounded solution
implies the existence of an w-periodic solution.

Suppose that the bound for the bounded solution of (3.1) is A. By (3.2), for ¢ € B,
|¢|B < h we have

If@t, )l <Liglp <Lh:=G.
Let N(G) = (1 + k1k4)k3G. Now we consider the subset
(@ l¢lp <h,
R:=1¢€B| (b) |p(s1)—@(s2)| < N(G)|s1 — s2| forany sy, 52 € (—00, 0],
(© 1x(0,¢)|p <h foranyr >0
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We do exactly the same as in Theorem 2.1, with only slight changes. The proof of the
nonempty and the convexity of §2 is very similar to that of Theorem 2.1 with n = +o00. To
prove that §2 is compact we cannot use Ascoli’s theorem, because we have an infinite interval.
Instead, consider a sequence {¢,} C £2. Obviously {¢,} is equicontinuous. First we point out
that {¢,} is uniformly bounded on [—m, O] (m is any positive integer) in the supremum norm.
Since ¢, € §2, by the assumption (8;) on the phase space B, for any 6 € [—m, 0], we have

1fn (@) — [#n(0)] < |6n(6) — ¢ (0)] < N(G)|6],

moreover

[Pn(0)] < |¢a(0)] + N(G)|6]
< klgulp + N(G)IO| < kh + N(G)|0].

Hence ||¢, |17 < kh 4+ m N (G), which means that {¢,} is uniformly bounded in the supre-
mum norm on [—m, 0]. Using Ascoli’s theorem on the interval [—1, 0], we find a subsequence
{¢r(,1)} C {¢n} converging in the supremum norm. For this sequence we find a subsequence
{¢,(,2)} converging on [—2, 0], etc. Let ¢, := ,(,"). Then 1, converges to a continuous func-
tion ¢ uniformly on any compact subinterval of (—oo, 0]. In particular, it converges point-
wisely to ¢, since (B, |-|p) has a strong fading memory (this is the only place where we really
need it). Hence ¢ € B and |¢,(,") —¢lp — 0asn — +00. Moeover we conclude that ¢ € £2.
In fact, since

pls < 1o — |5+ 1818 < | — ¢\ |s+h.
letting n — 400, we have |¢|p < h, namely, the condition (a) for ¢ is satisfied. For any
51, 52 € (—o0, 0], we have
6 (s1) — B(s2)| < [ (s1) — B (D + 185 (s51) — BV (s2)| + 185" (52) — B (s2)]
<o) — P (DI + N(G)lsi — 52| + 6 (52) — p(s2)] -
By letting n — +o00, one obtains |¢(s1) — @ (s2)| < N(G)|s; — s2], so (b) is satisfied. By the
continuous dependence of the solution on the initial function, (c) is clearly satisfied. Now we

reach ¢ € £2. Since §2 is a closed set (this can be proved as before), §2 is compact.
Define P : 2 — £2 by

P := x4(0, ¢).
By the continuous dependence of the solution on the initial function, we know that P is
continuous. Next, we show that P maps 2 into £2. By (c) for ¢ we find that P¢ satisfies (a)
in the definition of £2. For condition (c) on P¢ we note that by the w-periodicity of f and the
uniqueness of the solution we find that

1%:(0, PP) |3 = 1x:(0, x0(0, )8 = X110 (@, x0(0, 9)) |8 = X110, 9)Ig <h, =0.

To prove (b), we proceed as follows. We know that (3.1) with xo = ¢ is equivalent to

t
Dx;, = D¢ —|—f f(s, x50, 9))ds == g(t), t=>0.
0
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For any 11, t; € [0, +00), we have

lgr1) — g()| =

n
f f (s, x5(0, ¢))ds
]

<

= Gitl - t2| )

[5)
/ £ (s, x50, $))lds

n

where we used the boundedness of x;(0, ¢). By Lemma 3.1, the solution x; (0, ¢) satisfies

(3.5) {x(0, 9)(t1) — x(0, ) ()| < N(G)|t; — 2],
for t1, tp € [0, 400). Since ¢ € £2, for any ¢1, t; € (—o0, 0], we have
(3.6) [x(0, ¢)(21) — x(0, §)(2)| < N(G)|t; — 2] .

We conclude that
[P@(s1) — PP(s2)] < N(G)|s1 — 2|, forany s1,52 € (—00,0].
In fact, if 51, 52 € [—w, O] (resp. s1, s3 € (—00, —w]), by (3.5) (resp. by (3.6)), one obtains
[P (s1) — PP (s2)] < [x(0, @) (s1) — x4, (0, ) (s52)|
= [x(0, ) (s1 + @) — x(0, ) (52 + w)|
< N(@G)ls1 — 521 '
If sy € (—o0, —w], 52 € [—w, 0], obviously s; < —w < 53, by (3.5) and (3.6), we obtain
[P (s1) — Po(s2)| = |x0(0, @)(s1) — x0(0, §)(s2)|
= [x(0, #)(s1 + @) — x(0, $) (52 + w)|
= 1x(0, #)(s1 + w) — x(0, $)(0)| + [x(0, $)(0) — x(0, P)(s2 + w)|
< N(K)|s1 + ol + N(K)|s2 + o]
= —N(K)(s1 + ) + N(K)(s2 + @) = N(K)|s1 — 52] .
Now we have proved that P maps §2 into §2. By Schauder’s fixed point theorem, P has a
fixed point in £2, i.e., there is a { € £2 with Py = . This means that x,,(0, ) = x0(0, ¥),
and hence by the periodicity of f and the uniqueness of the solution we find that
xt+w(0’ 1//) =X,(O, ]//)s = 0.
We find an w-periodic solution and the proof is complete.

REMARK 3.1. The periodic solution we find in the proof of Theorem 3.1 is bounded
by the bound of the bounded solution.

REMARK 3.2. If D¢ = ¢(0), then Theorem 3.1 is Theorem 2 proved by Makay [16]
for RFDE with infinite delay.

4. Periodic solution of convex hyperneutral functional differential equations with
finite delay. In this section we consider the existence of periodic solutions for convex hy-
perneutral functional differential equations with finie delay.
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Let

C:={¢|¢:[-r,0] > R", ¢ is continuous},
Cli={¢pe C|¢existsand ¢ € C}.

We define

l$ll} ;== max{ sup [$©), sup |H(©O)]

—-r<6<0 -r<6<0

forany ¢ € C'. Forany H > 0, let
Cy={peC'|lol; <H}.
Consider the hyperneutral functional differential equation

(41) x(t):‘f(thtvxt)

with finite delay, i.e., x;(6) = x( + 0), x,(0) = x(t + 6) for 6 € [—r, 0], where f :
R x C' x C — R is continuous and w-periodic in t. We assume that (4.1) has a unique
solution x, (tg, ¢) (or x(t9, ¢)(¢)) for any (#9, ) € R x C', which depends continuously on
the initial data.

THEOREM 4.1. Suppose that for any H > 0 there is a continuous function W9 :
[0, +00) — [0, +00) with WH (0) = 0 such that

Lf (8, Xtys %) — f (2, Xy, )| < WH(It) = 12])

foranyty, t» € R and for any x; € C}_, (we may call f(t, x;, X;) equicontinuous in t uniformly
forx; € C ,l{). Assume, also, that f(t, ¢, @) is a convex functional (see Definition 2.1). If there
is a bounded continuous solution of (4.1), then there is an w-periodic solution.

PROOF. We do exactly the same as in the proof of Theorems 2.1 and 3.1 with only small
changes. Let 4 be the bound for the existing bounded solution and W be the function defined
above for h. Let S be the set of continuous differentiable functions mapping [—n, 0] into R"
with the norm [|¢ |} = max{sup_, <5< [¢(0)|, sup_, oo |#(6)]}, where n = max{w, r}. In
the following we will write x; (¢9, ¢) for the solution of (4.1) through (¢, ¢) € R x S with the
understanding that if n > r then we use only the values of ¢ and ¢ on [—r, 0]. We define £2
in a little bit different manner this time.

Let

@ ol <h,
R:=1¢eS| () |p(s1)—d(s2)| < W(ls; —s2|) forany sy, s2 € [-n,0],
(¢) x/(0,¢) € C! and ||x;(0, ¢)||! <h foranys >0

For the rest of the proof we need to be careful when we use the Lipschitz condition on f in the
proof of Theorem 2.1 or 3.1. Instead, we say (when proving that £2 is nonempty, for example)
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that

lgo(s1) — Po(s2)| = lx (=1, do)(s1) — x(—n, ¢o)(s2)]
= | f(s1, X5, (=1, §0), X5, (=1, $0)) — [ (52, X5, (=71, 0), X5, (=71, P0))
< W(s; — s2l)

for any s1, so € [—n, 0]. Also, Ascoli’s theorem can be applied, since condition (b) implies
the equicontinuity of the function in §2. The remainder of the proof is exactly the same as
before. The proof is complete.

The equicontinuity of f in ¢ uniformly for ¢ may seem to be a strong condition, since
there are examples (the equation x(t) = a(t) + b(t)x(t — r) + x(¢t — r), for example), for
which this condition is not satisfied. For these equations we can prove the following.

THEOREM 4.2. Suppose that f(t,§) is a convex functional. If there is a bounded

uniformly continuous solution x; (or x(t)) of (4.1), then there is an w-periodic solution of
4.1).

To prove the theorem, we need a definition.

DEFINITION 4.1 ([16]). We say that the function y : R — R”" is in the equicontinuity
class of the uniformly continuous function x : R — R”, if y is also uniformly continuous,
and if § > 0 is of the uniform continuity for € > O for x, then the same § works for y in the
definition of the uniform continuity for ¢.

Let & be the bound of the uniformly continuous solution x(¢), and define

@ Nl < h,
2:={¢ €S| (b) thesolutionx(0,¢)(¢)is in the equicontinuity class of x(¢),
© [Ix(0. )l <h foranyr >0

Clearly, the functions in £2 are equicontinuous. The rest of the proof is the same as that of
Theorem 4.1.

Finally, we point out the following.

1. From the proof of our theorems it is clear that the convexity condition on the equa-
tions cannot be dropped, because we use it to prove the convexity of the set £2. But we use
the convexity only at that particular point; one might be able to find some condition to ensurre
the convexity in another way.

2. The condition in Section 3 that (B, || - ||g) has a strong fading memory cannot be
dropped too, since we use it to prove the compactness of 2. But one might be able to find
other conditions to guarantee the compactness.

3. In order to find a bounded solution for convex differential equations, we can use
conditions implying that all solutions are bounded (see [16], [21] and their references).
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