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A NOTE ON O-FRAMES FOR OPERATORS
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Communicated by C. Heil

ABSTRACT. A sufficient condition for a boundedly complete O-frame and a
necessary condition for an unconditional O-frame are given. Also, a necessary
and sufficient condition for an absolute O-frame is obtained. Finally, it is
proved that if two operators have an absolute O-frame, then their product also
has an absolute O-frame.

1. INTRODUCTION

The notion of frames for Hilbert spaces was formally introduced by Duffin and
Schaeffer [5] in the context of nonharmonic analysis. Daubechies, Grossmann and
Meyer [4] revived interest in the theory in the early stages of the development of
wavelet theory. Frames are a generalization of orthonormal bases. Frames have
become a central tool in many areas of mathematics, such as image processing,
wireless communications, sigma - delta quantization, filter bank theory, etc. For
a comprehensive survey of frames and related concepts, we refer to the textbooks
by Christensen [3], Heil [8] and the survey article of Casazza [1].

Han and Larson [7] defined a Schauder frame for a Banach space E to be a
compression of a Schauder basis for F. Schauder frames were further studied in
(2,9, 10, 12, 13]. The notion of an O-frame for an operator T' € B(FE, F') was
introduced and studied by O. Reinov [11] as a generalization of Schauder frames.
In the particular case when the operator 7' = I, the notion of an O-frame is
equivalent to that of a Schauder frame.

The convergence (and mode of convergence) of series associated with redundant
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building blocks is important in applied mathematics. For example, the series
associated with frames (with frame operator S), ie., f = > 22 (f,.S7 fi)fx =
Sore (ST, fi) fr 1s unconditionally convergent. It would be interesting to know
about various modes of convergence, of the series associated with an O-frame
for a given operator, in a Banach space. In this paper, we obtain some results
related to the mode of convergence of the series associated with an O-frame for
an operator in Banach spaces.

We organize the paper as follows: In Section 2, we study O-frames for operators
and give a sufficient condition for an O-frame to be boundedly complete. Also,
we discuss O-frames in finite dimensional Banach spaces and obtain some new
results. In Section 3, we study unconditional convergence of series associated with
O-frames in Banach spaces and give a necessary condition for the unconditional
convergence of the series related to the O-frame. In Section 4, we introduce the
notion of an absolute O-frame for an operator in a Banach space and obtain a
necessary and sufficient condition for it. Finally, we prove that if two operators
have an absolute O-frame, then their product also has an absolute O-frame.

2. O-FRAMES FOR OPERATORS

Throughout this paper F will denote a separable Banach space and E* the
dual space of E.

Han and Larson [7] introduced the notion of Schauder frames in Banach spaces.
They gave the following definition:

Definition 2.1. Let E be a Banach space. A pair of sequences ({f}, {fi}) C
E x E* is called a Schauder frame for F if each f € E has the representation

f=> FiH) (2.1)

where the series in (2.1) converges in the norm topology of E.

O. Reinov [11] introduced the notion of an O-frame for an operator and gave
the following definition:

Definition 2.2. Let F and F be infinite dimensional separable Banach spaces
over the scalar field (K =R or C) and let ({f;},{gx}) C E*xF and T € B(E, F)
be given. We say that the pair ({f;},{gr}) is an O-frame for the operator T if

Tf=> fi(f)ge, forall feE, (2.2)
k=1

where the series in (2.2) converges in the norm topology of F.

Remark 2.3. An O-frame ({f;}, {gx}) C E* x F for T' = I is a Schauder frame
for E. Also, if ({f;},{fx}) is a Schauder frame for E and T" € B(FE), then
({fi},{T fr}) is an O-frame for 7. Indeed, if ({fi},{fx}) is a Schauder frame for
E then for each f € E, we have

o0
k=1
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and for all T € B(E) we have
Tf=> fi(f)Tf, foral f € E.
k=1
Thus, the pair ({fi}, {T'fx}) is an O-frame for T'.

In the following example, we see that a pair of sequences ({f;'},{gx}) C E*x E
that is not a Schauder frame can be an O-frame for some operator 7.

Example 2.4. Let E = F = L*(N,u) be the discrete signal spaces, where p
is counting measure. Let {xx} be the sequence of standard unit vectors in E.
Define sequences {fi} C E* and {gx} C F by

Jil) =& [={§r e E(keN)

and gr = Xg+1, kK € N. Then, we can easily verify that ({f;},{gx}) is not a
Schauder frame for E. However, if we consider the shift operator T': £ — E
given by

T(f) = {07517527-"7}7 f = {gj} € Ea
then, T' € B(E) and for each f € F we have

Tf= Z fi (g
k=1

Thus, the pair ({fi},{gx}) is an O-frame for 7'

Definition 2.5. [11] Let T € B(E,F) and let C' > 1. We say that T has the
C-BAP (C-bounded approximation property), if for every compact subset K of
E and for each € > 0, there exists a finite rank operator R : £ — F such that
[R|| < CIIT|| and supjeg [|Rf = Tf| < e

The operator T is said to have the BAP, if it has the C-BAP for some constant
C e ll,00).

O. Reinov gave the following characterization of O-frames in terms of BAP.

Theorem 2.6. [11] Let E and F be Banach spaces and let T € B(E, F). Then
the following statements are equivalent:

(1) T has an O-frame.

(2) T has BAP.

(3) The operator T' can be factored through a Banach space with a Schauder
basis.

Recall that an operator T' € B(F, F') is said to factor through a Banach space
G if there exist operators R € B(E,G) and S € B(G, F) such that T'= SR.

Definition 2.7. A sequence {f;} C FE is said to be w-linearly independent if
{ex} CK, 3002 erfi = 0 imply ¢ = 0, for all k € N.

Next, we state a result in the form of a lemma that will be used in the
subsequent work.

Lemma 2.8. 0] Let {fi} C E and let Y _;~, fi be a series of vectors in E. Then
the following statements are equivalent:

(1) If o(.) is any permutation of N, then Y. foy = f, for all f € E.
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(2) For each € > 0, there is a finite set 2 C N such that

Hf—ij

J€Qo

< €,

whenever 2y C N is a finite set satisfying 2 C (.

Definition 2.9. An O-frame ({f;},{gx}) C E* x F' for an operator T is said to
be boundedly complete if for each ¢** € E**, the series Y ,- | ¢™(fy)gr converges
in F'.

In the following result, we give a sufficient condition under which an O-frame
is boundedly complete:

Theorem 2.10. Let ({f;},{gx}) C E* x F be an O-frame for T such that

sup
n

‘ Z&kf;(f)ng <00 = Zakf,’;(f)gk converges in F,
k=1 k=1

where {ay} is any sequence of scalars and f € E. Then, ({fi},{gx}) is a
boundedly complete O-frame for T'.

Proof. Let ¢* € E**. If 0 # ¢* € [f;]*, then ¢**(ff) = 0, for all £k € N.
So, the series > o, ¢™*(f;)gr converges in F. Suppose that ¢** ¢ [fi]*. Define
T,: E— F by

Tof =) Ii(Hoe. [ €E.
k=1

Let T} be the adjoint operator of 7,,. Then

(Talg NG = (X0 @)fi) (). g €F'.feE.

This gives

n

Tig)=> g (g)fs, g€ Fn=1,23, ..
k=1

Further, for every g* € F'*, we have

n

(L (@) = (L) = 97 (X 6™ (fan ).

Therefore, we obtain
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where 7 is the canonical mapping of F' into F**. Since 7 is an isometry, it follows

that
H; o ()| = Hw(; o (o)

= 1757 (¢™)l
< I Tallllo™ -

This gives, sup ‘Zzzl o ( f,j)ng < oo. Without loss of generality we may

assume that f; # 0, for all & € N. Then, there exists a non-zero f € E such
that fi(f) # 0, for all £ € N. Choose {a;} C K (where K is the scalar field)

such that o™ (f) = ar fi(f), k=1,2,3,.... Then, sup ‘Zzzl akf,;“(f)gk‘

Therefore, by hypotheses, Y o> | ¢**(f;)gr converges in F. Hence ({f;},{gr}) is
a boundedly complete O-frame for 7. 0J

< 0Q.

Now, we discuss O-frames in finite dimensional Banach spaces.

Theorem 2.11. If E and F are finite dimensional Banach spaces, then every
operator T € B(E, F) has an O-frame.

Proof. Let E and F be finite dimensional Banach spaces. Then, there exist
sequences {h;}7_; C E* and {h;}}_, C E such that

f= ih;(f)hk, for all f e E.
k=1

Let T': E — F be a bounded linear operator. Define sequences {g,} C F and
{fz} C E* as follows:

3 N+1p ¢ (t:0’1’2”l:0,1,,’I’L-l,le,Q,,n)
fttL2+ln+£ = hZ

Then, for each f € F we have

fin2 +in+€ (f )9m2+ln+§

Hence ({f{},{gx}) is an O-frame for T O
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Next, we discuss a special type of perturbation of an O-frame for T € B(E, F)
and obtained a sufficient condition for the perturbed system to be an O-frame
for T

Theorem 2.12. Let ({f;},{gx}) C E* X F be an O-frame for T € B(E, F). For
a given € > 0 and a fized fo € E, let {h;} C E* and {dy} C F be given by

1 1
hy, = . — . llkeN
k |f;;<f())|+€fk |f;+1(f0)|+€fk+17 fOTCL S
and
k
di =Y (1f7(fo)l + €)gn, for all k € N.
n=1
If lim St (/) “dn = 0, then ({hi}, {di}) 0
x}) is an O-frame for T.

n=eo | f (fo)| +
Proof. By hypotheses, we have

n—oo

lim Y Ai(f)de = lim [15(f)dy + Ry (f)ds + ol g (F)duos + By (f) ]

IR i1 €0 . £ . 6
= Bl VA 00 S+
" !fé‘(fo)|+e{(|f1(f0)|+ Yo + (15 (o)l + g2}
DR e
TG e AU+ gr + (55 (o)l + )92
B0, fal)
T+ e T o) + e
i S (s — tim )
nl—xm;fk(f IHOO (o) +6dn
~Tf.
Hence ({h;}, {dx}) is an O-frame for 7. -

3. UNCONDITIONAL CONVERGENCE ASSOCIATED WITH O-FRAMES

In this section, we study the notion of an unconditional O-frame defined by
Reinov [11]. We begin with the following definition:

Definition 3.1. [11] Let E and F be infinite dimensional separable Banach spaces
over the scalar field (K =R or C). Let ({f;},{9x}) C E*x Fand T € B(E, F).
We say that the pair ({f;}, {gr} is an UO-frame (unconditional O-frame) for T
if

Tf=> fi(fge forall feE, (3.1)
k=1

where the series in (3.1) converges unconditionally for each f € E in the norm
topology of F'.
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Regarding the existence of an unconditional O-frame for 7T, we have the
following example:

Example 3.2. Let £ = F = L*(N,u) be discrete signal spaces, where p is
counting measure. Let {x} be the sequence of standard unit vectors in E.
Define sequences {fi} C E* and {gx} C E by

)= f={GleE (hen)

and

9k = X, (k €N).
Consider the operator T : ' — FE given by
SIS
T(f) = {517 EQa §3’ sy }7 f = {5]} € FE.
Then, T' € B(FE) and for each f € F we have

Tf = Z T () g
k=1

Hence the pair ({fi}, {gx}) is an O-frame for T". Also, the O-frame ({f;},{gx})
is unconditional. Indeed, let f = {&} C E. Then, for n,p € N, we have

I3 5
k=n

g AP & 12

=N

k

Since the series Y -, |£—k|2 converges in K, the series > ;7 f7(f)gr converges
unconditionally. Hence ({f;},{gx}) is an UO-frame for 7.

Next, we give an example of an O-frame which is not an unconditional O-frame.
Example 3.3. Let £ = F = (¢, ||.]|), Where ¢ = {{a,} € C: lim «,, — 0}.
Define {f7} C E by o

() = (0,0, & — &41,0,0...,0),  f={&} (K €N).

Take g, = Zle X;r1, where {X;} is the sequence of canonical unit vectors.
Consider the operator T': F — E given by

T(f) = {07517627537'-'7 fn aO; 070,---}, f = {ﬁn} e FE.

(n+1)th place

Then, T' € B(E) and for each f € F we have
Tf = Zfl:(f)gk
k=1

Thus, the pair ({f;}, {gx}) is an O-frame for T'. In order to show that ({f;}, {gx})
is not unconditional, let f € E and n,p € N. Then

IS 500l = s | r0)|
k=n

n<I<n+p 1
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1 1
Take f, = {0,5,0,5,0,...}. Then, for this fo, the series > .~ fi(fo) is

conditionally convergent. Therefore ({f;},{gr}) is not an UO-frame for T
Next, we give a necessary condition for an unconditional O-frame for 7.

Theorem 3.4. Let ({f;},{gx}) C E* x F be an UO-frame for T. Then, for
every f € K

i s 3 1 (lgtan] =0,

= ge e I fll<1 Sy

Proof. Let € > 0 be given. Since ({f;},{gx}) is an UO-frame for 7', by Lemma
2.8, there exists a finite subset d of N such that

\Tf— ka il < = 4, for all finite subsets d' of N with &' Cd. (3.2)
ied’
Define sets
di(f)y={ie{n+1,n+2,...n+m}:Real g*(g;) f7(f) > 0}
and

do(f)={ie{n+1,n+2,...n+m} : Real g"(¢:) f7(f) < 0},

where n > ng = max;eq i,m > 1 and g* € F* is such that ||¢g*|] < 1. Then, by
using (3.2), we have

Tinf [Real g"(g:).f \—Z > [Real g"(g:) £ (/)]
i=n+1 J=1 ied; (f)
_Z’Realg(;)f )
<Z) (3 50
i€d;(f)
san*uH > £
g=1 i€d; (f)
<Z<HTf— v > wual)

< 5, forall feF.

Similarly, we can show that

n+m

Z IIm ¢*(g:)f, )|<§, for all f € F.

i=n+1
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Hence

im s S 1)l =0, feE

= gep | fll<1 5
O

Next, we obtain a condition on 7' € B(E, F) under which an O-frame for 7" is
a Schauder frame for F'.

Proposition 3.5. Let E and F' be separable Banach spaces and let ({fi}, {gr}) C
E* x F be an O-frame for T € B(E, F). If T is invertible, then ({TY" f},{gx})
is a Schauder frame for F'. Moreover, if ({f;},{gx}) is an unconditional O-frame
for T € B(E,F), then ({T~Y" f;},{gr}) is an unconditional Schauder frame for
F.

Proof. For g € F, we have

FE(T " g)gi

I
NE

i
I

(T fi(9)gn

[
NE

i
I

Hence ({T Y£:3 {gr}) is a Schauder frame for F. Moreover, the series
Sore (T7H* f5(f)gr converges unconditionally as ({f;}, {gr}) is an unconditional

O-frame for T € B(E, F). Thus, {T7*f;},{gx}) is an unconditional Schauder
frame for F'. O

4. ABSOLUTE O-FRAMES

In this section, we define and study absolute O-frames. We begin with the
following definition:

Definition 4.1. Let ({f},{gx}) C E* x F be an O-frame for T' € B(E, F). We
say that the pair ({f;}, {gx} is an absolute O-frame for T if the series

k=1

converges absolutely for each f € E. That is, > ;= || f(f)gk|| converges in R,
for all f € E.

Existence of an absolute O-frame is ensured by the following example:

Example 4.2. Let F = F = L'(N,u) be discrete signal spaces, where pu is
counting measure. Let {xx} be the sequence of standard unit vectors in F.
Define sequences { f;} C £* and {gx} C E by

fik(f) =&,
() = f5(f) = &,
i) =100 = 15(f) =&,
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and
91:0,
ga=g X2
2 — Y3 — 5
2 X3
ga = 09s = g6 = —

3

Consider the operator T': ' — FE given by

T(f) = {0752753, ...,}, f= {§j} € FE.
Then, T' € B(E) and for each f € E, we have

Tf=> fi(f)gn
k=1

Thus, the pair ({f;},{gx}) is an O-frame for 7. Also, the O-frame ({f;}, {gx})
is absolute. Indeed, let f = {&} C E. Then

3 ‘
k=1

Since the series Y .-, |&| is convergent, the series > ;- fi(f)gr converges
absolutely.

felha| = Sl
k=2

Next, we define a positively confined O-frame for T" as follows:

Definition 4.3. Let ({f{},{gx}) C E* x F be an O-frame for T" € B(E, F).
Then, the pair ({f;}, {gx}) is said to be

(1) pre-positively confined, if there exist strictly positive constants « and 3
such that

a<lg| < B, forall keN,

(2) post-positively confined, if there exist strictly positive constants o and
3° such that

o < |IfEl < B° forall k€N,

(3) positively confined, if it is both pre and post-positively confined.

The following result provides a necessary and sufficient condition for a pre-
positively confined O-frame for 7" to be absolute.

Theorem 4.4. Let ({fi},{gr}) C E* x F be a pre-positively confined O-frame
for T. Then, the O-frame ({fi},{gx}) is absolute if and only if the series

Yo IfE(f)] converges for all f € E.

Proof. Since the O-frame ({f;},{gx}) is pre-positively confined, there exist
positive constants a and  such that a < ||gx|| < 3, for all £ € N. Suppose
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that ({f7}, {gx}) is absolute. Then, for all f € E we have

i|f;<f>|=i\\f |

g

ng<OO

Conversely, suppose that Y ;- | f7( f )| converges for all f € E. Then

o = 15Ol

<62\fk ) — 0 as m,n — co.

Therefore > -, f,;‘(f)ng converges in R. Hence the O-frame ({f;}, {gx}) is
absolute. O

Next, we give a necessary and sufficient condition for a post-positively confined
O-frame for 7™ to be absolute.

Theorem 4.5. Let ({gx}, {fi}) C E* X F be a post-positively confined O-frame
for T*. Then, the O-frame ({gx},{fr}) is absolute if and only if the series

Y rei lg*(gr)| converges for all g* € F*.
Proof. Tt can be worked out on the lines of Theorem 4.4. O

Next, we prove the following result related to an absolute O-frame satisfying
certain conditions.

Theorem 4.6. Let ({f;},{gx}) C E* X F be an absolute O-frame for T €
B(E,F). If{gx} is w-linearly independent and T is surjective, then there exists
a topological isomorphism of £*(N) onto F'.

Proof. Define ¥ : (}(N) — F by

w({&}) Z &f% L {6 € 4.

Then, for all {£,} € ¢}(N) we have

el || 3 S|

= llgxl
o0
< Z [kl < o0
k=1

Therefore, ¥ is a bounded linear operator such that Ker? = {0} (where KerW¥
denotes the kernel of W ). This follows from the fact that {gx} is w-linearly
independent. To show that ¢ is onto, let g € F' be any arbitrary element. Since
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T is onto, there is an f € E such that Tf = g. Choose ay = f;(f)l|gx||, for all
k € N. Since ({f{}, {gx}) is absolute, {a;} € ¢*(N). Also, we have

}) _ Z OLJk

el
Z Ji(F)llgellgn
95|
=g.
Thus V¥ is onto. Therefore, using Open Mapping Theorem, we conclude that
is a topological isomorphism of ¢!(N) onto F. O

If T7 and T, are bounded linear operators, then it is easy to verify that their
product 17 x T5 is also a bounded linear operator. The following result shows
that if T} and T5 are bounded linear operators having an absolute O-frame, then
their product T x T, with a suitable norm also has an absolute O-frame.

Theorem 4.7. Let Ey, Ey, Fy and Fy be Banach spaces. Let ({fi},{gx}) C Ef X
Fy and ({pi},{ax}) C E; x F5 be absolute O-frames for operators Ty € B(FEy, F})
and Ty € B(FEs, Fy), respectively. Then, Ty X Ty also has an absolute O-frame.

Proof. Let h = (f,g) € Ey X Ey, where f € Fy and g € Fy. Define {h} C Fy X Fy
and {h}} C (Ey x Ey)* by

hor = (gkzao)

hor—1 = (0, qx)

and

hoe—1(f59) = Pi(9).
Also, define Ty x Ty : By X Ey — Fy X Iy by
(Th x T)(f. g9) = (T1[. Tog).
Then, for each h € E; x Fy we have

Zhi(ﬁg)hkzzh (f.9 h2k+2h% L (f, 9) gy
k=1

= ( > FiHos Zp?i(g)qk)

= (T1f, Trg)
= (T1 x Ty)(h).

Thus ({h;}, {ht}) is an O-frame for Ty x Tp. Since ({fi},{9x}) C E} x F}
and ({p;}, {q}) C E5 x Fy are absolute O-frames for operators 71 € B(Ey, F})
and Ty € B(Es, Fy), respectively, the series Y o || fi(f)gk|| converges for each
f € E; and the series >~ ||p;(f)ax|| converges for each f € E,. Thus, by the
definition of the system ({h}}, {hs}), the series Y. ||} (f)h|| converges for all
h € Ey x Ey. Hence ({h}}, {ht}) is an absolute O-frame for T} x T5. O

{th(f, 9) = f:(f)
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Finally, as an application, we give the following result.

Corollary 4.8. If T7 and Ty are bounded linear operators having BAP, then the
product Ty x Ty with a suitable norm on the underlying space also has BAP.

Proof. 1f T} and Ty have BAP, then by Theorem 2.6, 77 and T, both have an O-
frame. Therefore, by Theorem 4.7, T7 x T, has an O-frame. Hence by Theorem
2.6 again, T} x Ty has bounded approximation property. 0
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