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By aresult of the second author, the Connes embedding conjecture (CEC) is false
if and only if there exists a self-adjoint noncommutative polynomial p(#;, #) in
the universal unital C*-algebra o = (t1, 1, :t; =17, 0 <t; <1for 1 <j <2) and
positive, invertible contractions xp, x; in a finite von Neumann algebra Jl with
trace T such that T(p(xy, x2)) < 0 and Trx(p(A1, A2)) > 0 for every positive
integer k and all positive definite contractions Ay, A; in M;(C). We prove that
if the real parts of all coefficients but the constant coefficient of a self-adjoint
polynomial p € s have the same sign, then such a p cannot disprove CEC if
the degree of p is less than 6, and that if at least two of these signs differ, the
degree of p is 2, the coefficient of one of the tiz is nonnegative and the real
part of the coefficient of 71, is zero then such a p disproves CEC only if either
the coefficient of the corresponding linear term ¢#; is nonnegative or both of the
coefficients of #; and #, are negative.

1. Introduction

The Connes embedding conjecture (CEC) is true if every separable type II; factor
MM embeds in a tracial ultrapower R of the amenable type II; factor ®. This
question concerns the matricial approximation of the elements of a type II; factor
M with faithful normal trace state t in the sense we now recall. For an N-tuple

(x1, ..., xy) of self-adjoint elements in Jl, R > 0, n, k € N and ¢ > 0, we let
Cr(x1,...,xy:n,k,¢)
denote the set of tuples (A, ..., Ay) of those k x k self-adjoint matrices over C

of operator norm at most R satisfying

1
‘L'(xilx,'z .. .xip) - Z Tr(AilAiz, PN Aip) <§é,
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whenever 1 < p <nand (i1, i2,...,i,) €{1,2,..., N}’. We call the elements of
Cr(x1,...,xy 1 1, k, &) approximating microstates for (xi, ..., xy) of precision
(n, €) using k x k matrices of norm at most R. A separable type II; factor Ji
embeds in an ultrapower R if and only if for all tuples (xi,...,xy) of self-
adjoint elements in Jl, all n € N and all € > 0, it is possible to find k e N and R > 0
such that I'g(x1, ..., xy : 1, k, &) # . In [Radulescu 1999] it is proved that this
statement is true under the restriction that n € {2, 3}, and that if the statement were
true for n = 4, the CEC would follow.
Our paper concerns the following reformulation of the CEC:

Theorem 1.1 [Hadwin 2001, Corollary 2.3]. Let ¥ be a separable Hilbert space.
The Connes embedding conjecture is false if and only if there is a positive integer n,
a noncommutative polynomial p(t, t2, ..., t,) in the universal unital C*-algebra
A, = (1, to, ...,t,,:tj=t;f, —1<t;<I1for1<j<n)andann-tuple (xi, ..., xp)
of self-adjoint contractions in B(H) such that

(1) Trr(p(Ay1, Ag, ..., Ay)) = 0 for every positive integer k and every n-tuple
(A1, ..., Ay) of self-adjoint contractions Ay, Ao, ..., A, in My (C), and

(i) W*(x1, x2, ..., X,) has a faithful tracial state T and t(p(xy1, x2, ..., x,)) <O.

It is well known that a separable type II; factor M embeds in an R® if and only

if M@ M (C) does for all k € N. If Al is generated by k self-adjoint elements then

M Q@ My (C) is generated by two self-adjoint elements [Sinclair and Smith 2008,

Proposition 16.1.1]. Whenever x € B(H) is a self-adjoint contraction and ¢ > 0, it
follows (e.g., by the continuous functional calculus for x) that

(1+e)+x
2+¢

is a positive invertible contraction. Therefore, if we replace «,, by
d=(t,n:tj=1;, 0<t;<1forl=<j=<2),
and repeat the argument in [Hadwin 2001, Section 2], we obtain the following.

Theorem 1.2. Let ¥ be a separable Hilbert space. The Connes embedding con-
Jecture is false if and only if there is a noncommutative polynomial p(ty, tp) in the
universal unital C*-algebra sl = (t, 1 : t; = t}k, with0 <t; <1 forl <j<2),
and positive, invertible contractions x| and x, in B(H) such that

(1) Trr(p(A1, Ap)) > 0 for every positive integer k and all positive definite con-
tractions A1 and A, in My (C), and

(i) W*(x1, x2) has a faithful tracial state T and t(p(x1, x3)) < O.
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Also note that if a polynomial p € o satisfies (i) and (ii) in the theorem, then
so does the polynomial p + p*. We may therefore assume that the polynomial
appearing in the theorem is self-adjoint.

Note that, even if we restrict our attention in Theorem 1.1 (or Theorem 1.2) to
the case where the degree of p is less than or equal to 3, we cannot use [Radulescu
1999] to rule out the possibility of finding such a p that will disprove the CEC,
because existing methods only allow us to use, when R’ < R, the existence of a
microstate in I'g(x1, ..., xy : 1, k, €) to guarantee the existence of a microstate in
Cri(x1,...,xy:1, k, &), where ¢ < ¢ and n’ > n—that is, decreasing R comes
at the expense of increasing n. See, for example, Proposition 2.4 of [Voiculescu
1994] or Lemma 4 of [Dostdl and Hadwin 2003]. Even if this difficulty were
overcome, there is no guarantee that the matrices in any approximating microstates
found would be positive definite. It behooves us, therefore, to either look for a
noncommutative polynomial that may be used to disprove the CEC as prescribed in
Theorem 1.1, or to proceed inductively, by degree, to show that such a polynomial
cannot exist.

In Section 2 of this paper we prove, in Corollary 2.5 and Theorem 2.6 that
if the real parts of all coefficients but the constant coefficient of a self-adjoint
noncommutative polynomial p € s share the same sign, then such a p cannot
disprove the CEC if the degree of p is less than 6. We prove in Section 3 that if
the degree of a self-adjoint noncommutative polynomial p € A is 2, the real part
of the coefficient of 7,1, is zero and the coefficient of one of the tl.2 is nonnegative,
then such a p disproves the CEC only if either the coefficient of the corresponding
linear term ¢; is nonnegative or if both of the coefficients of #; and #, are negative.

From here on in this paper, the symbols #; and 7, will denote the standard gen-
erators of the universal C*-algebra

&d:(tl,tz:tjzt}“, O<tj<lforl<j<2).

We refer the reader to [Kadison and Ringrose 1983; Sinclair and Smith 2008] for
the basic theory of finite von Neumann algebras.

2. 7-symmetrizable monomials

We prove that if the real parts of all coefficients but the constant coefficient of
self-adjoint p € o share the same sign, and the constant coefficient is positive,
then p cannot disprove the CEC if its degree is less than six. Let .l be a finite
von Neumann algebra with faithful trace state 7, and 0 < x1, x, < 1 self-adjoint
contractions in /.

Definition 2.1. A symmetric expression in x1, x, is a finite sequence

(wo, Wi, ..., WN—1, WN)
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of elements in /L, where N e N, wy =x7 withi € {1, 2}, s € {1, 1/2} and wy =wy_¢

forall k € {0,1,..., N}. A monic monomial m(x;, x2) = x;,X;, ...x;, € M with
ij € {1,2} for j € {1,2,...,1} is T-symmetrizable if there exists a symmetric
expression (wg, Wi, ..., Wy—1, Wx) in X1, X3 such that

r(x,-lx,'z . .xi,) = ‘L'(w()wl ce wale).

The element wow; ... wy—jwy € J is called the element associated to the sym-
metric expression (wg, Wi, ..., Wy—1, WN).

Lemma 2.2. If (wg, wi, ..., Wy—_1, Wy) IS a symmetric expression in X1, X, then
the associated element wow, ... wy_jwy in M is a nonnegative contraction.

Proof. We prove this by induction on N + 1. If N +1 =1, then N = 0 and the
result is clear from the assumptions on the x;.

Assume now that the result holds for N + 1 <[, that is, for all symmetric ex-
pressions (wo, wy, ..., w;_1, w;) in xy, x with j < /. Let (wo, wy, ..., w;—1, wy)
be a symmetric expression in x1, xo. Then so is (wy, ..., w;—1). By the induction
hypothesis, wy ... w;_; €.l is a nonnegative contraction. Since wo = w; = x; for
some i € {1,2} and s € {1, %}, we have

Ofwowl...wl_lwlzxfwl...wl_lefxizs§xi§1. O

Remark 2.3. It is a straightforward exercise to verify that every monic noncom-
mutative monomial m(xy, xp) of degree less than six is t-symmetrizable in any
finite von Neumann algebra il with faithful trace state t. (Here, of course, it is
essential that 0 < x1, xp < 1)

Corollary 2.4. If m(xy, x2) = x;,Xi, . . . Xi; € M is a T-symmetrizable monic mono-
mial, then 1 — t(m(x1, x2)) > 0.

Proof. Since m is T-symmetrizable, there exists a symmetric expression
(wo, wi, ..., WN—1, WN)
in x;, xo such that
T(X; Xiy .. X)) = T(WoW] ... WN—_TWN).
By Lemma 2.2 and the fact that 7 is a state, T(wow; ... wy_jwy) < 1. O

In the following two results, J = J \ {0} denotes a finite index set, and for all
j€J,cjeC,and m;(t, ;) # 1 denotes a monic monomial in .

Corollary 2.5. If 0 < x1,x; < 1 in M and p(t1, ) = col + Zjej cjm(ty, 1)
is a self-adjoint noncommutative polynomial in A such that, such that co > 0,
Re(cj) = 0forall j € J, p(1,1) = 0and m;(xy, xp) is T-symmetrizable for every
j €J,then t(p(x1, x2)) = 0.
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Proof. This is trivial application of Corollary 2.4. (|

Theorem 2.6. If 0 < x1,x, < 1 in M and p(t1, 1) = col + Zje] cimj(ty, tp) is
a self-adjoint noncommutative polynomial in s such that co > 0, Re(c;) < 0O for
all j € J, p(1,1) = 0 and m(xy, x2) is T-symmetrizable for every j € J, then
T(p(x1,x2)) = 0.

Proof. Suppose p(t1, tp) satisfies the hypotheses. We have

p(l,1)=col+ ) ¢; >0,
jeJ

and therefore

T(p(x1,x2)) = Y cj(mj(x1,x2) —1) > 0. O
jeJ

3. Degrees 1 and 2

In degree 1 it is convenient to consider the statement of Theorem 1.1 above. The
next result rules out the possibility of finding a polynomial p of degree 1 that will
disprove the CEC via Theorem 1.1. Observe that if p(s,t) = co + c15 + ot =
co+ 15 + cot for any real numbers —1 <, ¢ < 1 and that p(s, ) > 0 for any such
s and 7, then ¢g > |c1 + ¢2].

Theorem 3.1. Let 3 be a separable Hilbert space. Let x| and x; be self-adjoint
contraction operators in B(H) such that W*(x1, x2) has a faithful trace state t. If
p(ti, 1) = co+city +catr = co+Cit) + Caty is a self-adjoint polynomial in 4 with
co = |c1 +c2f then T(p(x1, x2)) = 0.

Proof. Observe that T(co+ c1x) +cox2) =co+c17(x1) +c21(x2) > co— |c1 + 2],
since —1 < t(x;) <1fori e{l,2}. U

We now turn to degree 2. We first prove in Theorem 3.4 that if
plt1, ) = co+city + oty + catf + catita + Eataty + 513

is a quadratic, self-adjoint noncommutative polynomial such that either c4 is the
only nonzero degree 2 term with 2Re(cs) # 0 or one of c3 or c5 is positive, then
whenever p(s, t) is nonnegative for all real numbers 0 < s, ¢t < 1, it follows that
Tri (p(A, B)) > 0 for all positive definite contractions A and B in M (C), for any
k eN.

To prove the result above, we shall need the fact that any positive definite square
matrix has strictly positive entries on its main diagonal. This is a direct conse-
quence of Sylvester’s minorant criterion for positive definiteness.

Lemma 3.2. Let A = (Aij)f.;l € My (C) be positive definite. Then A;; > 0 for all i
e{l,2,..., k}
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Proof. We prove this by induction on k. Recognize that the case k = 1 is clear.
Assume the claim holds for k =1, and that A = (A; j)ﬁ;rl] is a positive definite matrix.
By Sylvester’s criterion, A = (A; j)f: | is also positive definite, and therefore, by the
induction hypothesis, A;; > 0ifi {1, 2, .../}. We need only show Ay1)¢+1) > 0.
Let v € C'*! be the vector with 1 in its ( + 1)-st row and zero elsewhere. Then
(Av, v) = Ag+1a+1) > 0 by the positive definiteness of A. O

We now observe that if a polynomial is nonnegative on (0, 1] x (0, 1], then its
constant term must be nonnegative.

Lemma 3.3. If p(s,t) = co+c15 +cat + c352 +2Re(cq)st + cs5t? > 0 for all real
numbers 0 < s,t <1, then cy > 0.

Proof. For any ¢ > 0 we have
0 < p(e, &) =co+ (c1 + 2+ (c3+2Re(cs) +c5)e)e;
hence co > 0. O

Theorem 3.4. Let p(t1, 1) = co+ c1t; + cotr + C3l‘12 + cat1ty + catrt] + (,’52‘22 be a
self-adjoint noncommutative polynomial in . Suppose

p(s,t) =co+c1s+cat —i—C3s2 + 2Re(cy)st —|—05t2 >0

for all real numbers 0 < s,t < 1, and either c3 = 0, ¢5 = 0 and 2Re(cq) # 0 or
c3 > 0orcs > 0. Then Try(p(A, B)) > 0 for any positive definite contractions
A, B in M (C).

Proof. For simplicity, let us assume cs > 0. Let A, B be positive definite con-
tractions in My (C). By the spectral theorem, we may assume A = diag(A,-)i.‘:1 is
diagonal. A simple computation establishes that, for all i € {1, 2, ..., k},

(P(A, B))ii = p(Ai. Bi)+ 3 sl Byl
JE{L.2,. kN\{i}
Since A is a positive definite contraction, each A; satisfies 0 < A; < 1. If we
could establish that the matrix By := diag(B,-,-)f?: | 1s a positive definite contrac-
tion, then each p(A;, B;;) would follow nonnegative by assumption and therefore
Try(p(A, B)) = Zle(p(A, B))ii = 0. Positivity of By is a simple consequence
of the positive definiteness of B, since every diagonal entry of a positive definite
matrix is strictly positive by Lemma 3.2. It remains to show that By is a con-
traction, which is equivalent to proving that I — By is positive semidefinite. We
know, however, that I — B is positive semidefinite, and hence that for all ¢ > 0 that
(I 4+ &) — B is positive definite. Again as a consequence of Sylvester’s criterion,
((I+¢e)—B);; >0foralli €{1,2,...,n}, therefore for all such i it follows that
1+ ¢ > Bj;, and hence 1 > B;;. It follows that I — By is positive semidefinite,
hence By is a contraction. O



A NOTE ON MOMENTS IN FINITE VON NEUMANN ALGEBRAS 71

Let Al be a von Neumann algebra with faithful trace state 7. Below,
(x,y)a=t(y*x) and |x[3=t(x*x)"/?, forx,ye.l.

Letn € N and x1, x; be positive invertible contractions in Jl. For every k € N, there
are spectral projections {P( )}k ,in {1, x1}" such that r(P(k)) =1/k for each i and

-2 e] <

i=1

Ifi=j, let V(k) = P(k) and if i # j, let V(k) be a partial isometry in Jl with
initial prO_]eCUOIl P{® (meaning that V(k)(V(k))* = P;) and final projection P*
(meaning that (V(k))*V(k) P(k)) We now prove that if x, is sufficiently close
@in || - ||2) to a positive deﬁmte element in the type I subfactor of Jl generated by
{V(k)}l =1 then t(p(x1, x2)) > 0 when p satisfies the hypotheses of Theorem 3.4.
In the statement of the theorem, we regard x, as an operator matrix and compare

it entry-wise to the element (b;; Vz(,k))z =1

Theorem 3.5. Let M be a finite von Neumann algebra with faithful trace state
T, let x1, x be positive, invertible elements in M, and adopt the notation in the
previous paragraph. Let p(t1, tz) = co+c1t] + catr + C3t12 + catity + c4tat] + (:5t22
be a self-adjoint noncommutative polynomial in A. Suppose that

p(s,t) =co+cis+cat + C3s2 +2Re(cy)st + C5t2 >0

for all real numbers 0 < s,t < 1, that either c3 = 0, ¢cs = 0 and 2Re(cq) # 0
or ¢z > 0 or cs > 0, and that for all k € N there exists a type I subfactor of
M generated by {V( )}k j=1 asin the previous paragraph, and a positive definite
contraction (b; j)l =1 € Mk (©) such that

| PO xa PO — by v foralli,je{1,2,... k}.

ij Vij ”2 = %100
Then t(p(x1, x2)) > 0.

koo
Proof. Let Dy = Z%PJ") and By = Z by V. Writing xy = Dy + (x1 — Dy)

and x, = By + (xlg_l— By), we have e
t(p(x1), p(x2))
=co+c17(Di+ (x1 — D)) + 2t (Bi + (x2 — BY)) + 37 ((Dy + (x1 — Dp))?)
+2Re(ca) T ((Di+ (x1 — D)) (B + (x2 — Br))) + st (B + (x2 — B))?)
= p(t (D), T(Br)) +c17(x1 — Dy) + c2t(x2 — By)
+2¢3T (D (x1 = D)) + ¢3t (01 — Di)* + 2 Re(e) T (De(x2 — By))
+2Re(c4)T(Br(x1 — Dy)) +2Re(ca) T ((x1 — Dy) (x2 — By))
+2¢s7(Bi(x2 — By)) + 57 ((x2 — Be)?).
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Therefore, by the triangle and Cauchy—Schwartz inequalities and the fact that the
operator norm dominates the || - ||2-norm,

1
[T (p(x1), p(x2)) = p(z(Di), T(Bi)| = (le1] +leal + 3lea] + 6 Re(ca) +3cs) 1
Since W*(Dy, Br) = W*(diag((i — 1) /k,i €{1,...,k}), (bij)i'{,j=1) C M (C) via
the obvious trace-preserving *-isomorphism, it follows that

t(p(x1), p(x2)) = 0. a

Proposition 3.6. Let p(t), 1) = co + c1t1 + oty + 632‘12 + catity + catrt) + C5l‘22
be a self-adjoint noncommutative polynomial in 9 satisfying the hypotheses of
Theorem 3.4, and let M be a finite von Neumann algebra with faithful trace state
T. If 0 < x1,xo < 1 in M then t(p(x1, x2)) < 0 if and only if

esllxa —T(x) 15+ csllxn — T(x1) 13 + 2 Re(ea) (x1 — T(x1), X2 — T(x2))2
< —p(t(x1), T(31))-

Proof. Writing each 7(x;x;) as 7((x; — T(x)D(x; — 7(x;)1)) + T(xi)T(x;), we
see that

T(p(x1, x2)) = p(r(x1), T(¥1)) +¢sllxa — T(x) |13+ esllxn — T(xn)|3
+2Re(cq) (x1 — T (x1), X2 — T(x2))2.

The result follows. ([

In the rest of this section, we narrow down the possibilities for disproving the
CEC using polynomials satisfying the hypotheses of Theorem 3.4 in the nonrotated
case, where Re(c4) =0. We point out that if p(¢(, r) =co+c1t1 —|—c2t2+63t12 +C5t22
is a self-adjoint noncommutative polynomial in & satisfying the hypotheses of
Theorem 3.4 with both ¢5 > 0 and ¢3 > 0, then 7(p(x1, x2)) > 0 by the proof of
Proposition 3.6.

Theorem 3.7. Let p(t1, 1) = co+ci1t] + crtr + C3t12 + C5l‘22 be a self-adjoint non-
commutative polynomial in s satisfying the hypotheses of Theorem 3.4 with c3 > 0,
¢s < 0 and such that ¢y > 0 and ¢y <0. Then, for any finite von Neumann algebra
M with faithful trace state T, we have

T(p(x1, x2)) >0,
for any positive definite contractions x| and x; in M.

Proof. Assume that p(#1, 1) satisfies the hypotheses. Suppose that there exists
a finite von Neumann algebra Jl with faithful trace state T and positive definite
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contractions x| and x, such that 7(p(xy, x2)) < 0. If c; > 0 and ¢; <0, then
p(t1, 1) = co+city + eatr + catf + cst3,
so cg+ (c1 + c38)e + 2 + ¢5 > 0 for every € > 0, and hence ¢y > —c5 — ¢,. Thus

0>co+city +catr+ C3l‘12 + C5l‘22
> —cs —cr+ ety + ety + 3ty + st

=—cs(1=13)+ 3t} + 1t —ea(l — 1),

and
0> —cst(1 —x3) +c3t(x) +c1t(xy) — crr(1 —x2) > 0.

This is a contradiction. ([l

Theorem 3.8. Let p(t1, 1) = co+ci1t1 + co2tr + 63l12 + C5l22 be a self-adjoint non-
commutative polynomial in s satisfying the hypotheses of Theorem 3.4 with c3 > 0,
cs < 0 and such that ¢c; < 0 and c, = 0. Then for any finite von Neumann algebra
M with faithful trace state T,

t(p(x1,x2)) >0,
for any positive definite contractions x| and x; in JM.

Proof. Assume that p(t;, tp) satisfies the hypotheses. Let Jl be a finite von Neu-
mann algebra with faithful trace state 7 and let x; and x; be positive definite con-
tractions. If ¢; < 0 and ¢, = 0, then for every ¢ > 0 letting r; = ¢ — c¢1/(2c¢3),

2

2 €
co+c3e”——+cs >0,
dcs
2

C
and therefore cg > —- — ¢5. Then
4C3

(11, 1) +<t+cl)2 C%+t2
,h)=co+c — ) ——+4c
ply, 1o 0312C3 dcs 515
>i—Cs+C3(f1+C—1>2—i+Cst2=—Cs(1—f2)+03(l‘1+i>2
~ dcy 2c3/  4cs 2 2 23/
Therefore
2 €1 \?
T(p(x1, x2)) = —c5t(1 —x5) + 37 (xl—i—?) > 0. |
3

The previous two theorems establish that any polynomial p(t, ©,) =co+c1t; +
ety + c_o,tl2 + C5t22 in o that has a chance to disprove the CEC must satisfy either
¢y >0orbothc; <0Oandc; <O.
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