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Projections of quadrics in finite projective
spaces of odd characteristic
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Abstract

The set of points obtained by projecting a quadric from a point off the
quadric on a hyperplane has many interesting properties. Hirschfeld and
Thas [12, 13] provided a characterization of this set, only by means of its
intersection pattern with lines. However, their result only holds when the
finite field has even order. Here, we extend their result to finite fields of odd
order.
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1 Introduction

Let Q,+1 be a nonsingular quadric in a finite projective space PG(n + 1,q),
n > 1. Consider a point r ¢ Q,,+1, distinct from its nucleus if n + 1 and ¢ are
even, and a hyperplane PG(n, ¢) not through r. Let R,, be the projection of the
quadric Q,,+1 from the point r on the hyperplane PG(n, ¢). This set has many
nice properties (see Section 2).

A set K of points of PG(n, ¢) is said to be a set of class [m1, ..., mi|, 0 < my <
o <my < g+ 1,if foreveryline L, |LN K| = m; for some 1 < i < k. Itis
said to be a set of type (m1, ..., my) if every m,; actually occurs for some line L.
One can similarly define sets of certain class or type with respect to subspaces
of dimension m > 1.

*This research was supported by a BOF (”Bijzonder Onderzoeksfonds”) grant at Ghent
University.
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If ¢ is even, R, is a set of class [1,1¢q+ 1,¢+ 1] in PG(n,q). Sets of class
[1,m,q + 1], in PG(n,q), q even and ¢ > 4, have been classified. See Tallini
Scafati [18], Hirschfeld and Thas [12, 13] and Glynn [9] for more details. The
case ¢ = 4 is special, see also Hirschfeld and Hubaut [10] and Hirschfeld,
Hubaut and Thas [11]. If m = £ 4+ 1, ¢ > 4, then a set of type (1,m,q + 1)
is indeed the projection of a nonsingular quadric.

If ¢ is odd, R, is a set of class [1,3(q + 1), 3(q +3),q + 1] in PG(n,q). The
purpose of this paper is to prove a characterization of R, for odd ¢, simi-
lar to the results in the ¢ even case. In concrete, we classify all sets of class
[1,4(¢+1),3(qg+3),¢+ 1] in PG(n,q), n > 2 and ¢ > 7 odd.

Section 2 provides a general view of the set R,,. Sets of class [1, %(q +1),
(¢ +3),¢+ 1] in the plane PG(2,q), ¢ odd, were classified in [5]. We state
this result in Section 3. Some of the sets in the plane occur as plane sections
of R,,, others do not. In Section 4, we show that some combinations of plane
sections cannot occur. Section 5 discusses two notions of singularity in sets of
class [1,3(q+ 1), 5(q + 3),¢+ 1]. Next, in Section 6, we cite the classification
of projective Shult spaces by Buekenhout and Lefevre [3] and Lefévre-Percsy
[17]. This result can be seen as a characterization of quadrics, and it is used in
this sense in Sections 7 and 8, where we prove our main result.

Main Theorem. Let K be a set of class [1, (¢ + 1), (¢ + 3),¢ + 1] in PG(n, q),
n > 2 and q > 7 odd. Then one of the following cases occurs.

1. K=R,.

2. K is singular. Either K is the set of all points of PG(n, q), or K is a cone with
vertex an m-space U of PG(n, q), 0 < m < n — 2, and base a nonsingular set
of class [1,5(q+1),3(qg+3),q+ 1] inan (n — m — 1)-space V skew to U.

3. K is quasi singular. Then K consists of 1(q + 1) hyperplanes through a
common (n—2)-space U and a nonsingular set, which is of class [1, 3(q + 1),
1(q+3),q+ 1] in a hyperplane U’ 2 U, U’ distinct from the %(q + 1)
hyperplanes contained in K.

4. n = 2 and there is a nondegenerate conic C' and a point p € C such that K
is the union of the tangent line L to C at p and the set of internal points of
C.

2 ThesetR,

We recall that Q,,1; is a nonsingular quadric in a finite projective space PG(n +
1,q9), » > 1, and that » ¢ Q,,;1 is a point distinct from its nucleus if n + 1 and
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q are even. Let R,, be the projection of the quadric Q,,+1 from the point r on
a hyperplane PG(n, ¢) not through r. Let 7,, C R,, be the set of points p of
PG(n, q) such that the line (p,r) is a tangent to Q,,+1, and let P, = R, \ Tp,.
In the even case 7, is a hyperplane of PG(n, ¢). For ¢ odd, the tangent lines to
Q,.+1 through r are precisely the lines joining r with the points of Q,, .1 N7+,
where r is the polar hyperplane of » with respect to Q,,+1. We have r ¢ r+,
so we may assume without loss of generality that PG(n, q¢) = r*. Now 7, is the
nonsingular quadric Q,,,1 Nr+.

Assume ¢ # 2. A point-line geometry HT,, arises naturally from the set P,,.
The points of HT,, are the points of P,, and the lines of HT,, are the lines of
PG(n, ¢) which contain ¢ points of P,, or, equivalently, which are the projections

of the lines of Q,,; that are not contained in 7.

A number of interesting graphs and geometries are related to projections of
quadrics. For example, if n is even, the point graph of HT,, is a strongly regular
graph. In fact it is the strongly regular graph of Hubaut and Metz [15]. If ¢ = 3,
then the point graph of HT,, is a strongly regular graph, also when n is odd.
More precisely, it is the strongly regular graph C.10’ of Hubaut [16]. There
are some constructions of partial geometries and semipartial geometries (for
the definitions, see Bose [2] and Debroey, Thas [6]) which have these strongly
regular graphs as point graphs, see Thas [19], Hirschfeld and Thas [13] and
Delanote [7]. Thas [20] unified and extended these constructions in the concept
of SPG-systems.

We will now focus on the ¢ odd case. The following proposition, the proof
of which is trivial, shows that R,, is a set of class [1,3(¢+ 1), 5(¢ +3),q +1].
The set of lines of PG(n,¢) containing ¢ points of R, will be denoted by £,,
ie{l,3(g+1),5(q+3),q+1}.

Proposition 2.1. Consider the set R, in PG(n,q), q odd. Let L be a line of
PG(n,q), and let m = (r, L). One of the following cases occurs.

1. The plane w intersects Q,1 in a nondegenerate conic C. Then L is in
E%(qﬂ.) or L1443y a.ccordlng'as r is an internal or etxternal point of C,
or equivalently, according as L is an external or secant line to 7.

2. The plane  intersects Q41 in two distinct lines Ly, Ly. Then L € L4441 and
L is a tangent line to T,,, the point of tangency being the point L1 N Lo.

3. The plane 7 intersects Q,, 11 in a point p. Then L € £, and L is a tangent
line to 7, the point of tangency being the point p.

4. The plane  intersects Q41 in the line L. Then L € Lq41 and L C 7,,.
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If n+1 = 2m + 1, either Qy,,.1 = QT(2m + 1,q) is a hyperbolic quadric
or Qomt1 = Q7 (2m + 1, q) is an elliptic quadric. In either case the orthogonal
group of Qs,,+1 acts transitively on the points off Q,,,11 (see Hirschfeld and
Thas [14], Theorem 22.6.6), and so the set Rs,, is uniquely determined. We
write Rgm = R;m if Q2m+1 = Q+(2m + 17(]) and Rgm = RQ_m if Q2m+1 =
Q (2m+ 1,q). In either case, the quadric 73, = Qa1 N PG(2m, q) is a non-
singular parabolic quadric.

If n+1 = 2m, then Qs,,, = Q(2m, q) is a parabolic quadric. Here however, the
orthogonal group of Q-,, has two orbits on the points off Qs,,. If the point r is
such that the quadric 73,,—1 = Qa,, NPG(2m — 1, ¢) is a nonsingular hyperbolic
quadric, then we write Ro;,—1 = R;rm_l. If the quadric 75,,—; is a nonsingular
elliptic quadric, then we write Royp—1 = R5,,_1-

Proposition 2.2. If g is odd, the number of points of the set R, is as follows.

+ + 1m m quil
Rl = 1Phul + 1B | = 3a” (" £ 1)+ L1
qg—1
1, L) (" F 1
(Rba| = [Py |+ | T = gam g 7 1)+ S E L,

Proof. This follows from the facts that |Q(2n,q)| = (¢*" — 1)/(q¢ — 1), that
Q" (2n +1,9)| = (¢" +1)(¢"*" —1)/(¢ — 1), and that [Q"(2n + 1,q)| =
(@" = D" +1)/(a—1). O

Choose a basis in PG(n,q) and let 7,, : F(X) = 0, with X = (Xo,..., Xn).
Let S(q) = {z? | # € GF(q)} be the set of squares and N(q) = GF(q) \ S(gq) be the
set of nonsquares. Let P,, = PG(n,q) \ R,, and R,, = 7,, U P,..

Theorem 2.3. P,, = {p(x) | F(x) € S} with either S = S(q) \ {0} or S = N(q).
In = 2m, then P, = {p(@) | F(w) € $(@)\ {0}}, P = {ple) | F() € N(g)),
P =P, and Py, =Py . Ifn=2m—1, then P}, _, is projectively equivalent
to P3,,_, and there exists a projectivity which fixes 75, _; and interchanges P3,,
and P, _, € {+,—}.

Proof Extend the basis of PG(n, ¢) to a basis of PG(n + 1, ¢) such that PG(n, q) :
Xn+1 = (0and T’(O, N O7 1) Put Qn+1 : F/(X, XnJrl) =0. As Qn+1ﬁPG(n, q) =
7, and as r is the pole of PG(n, q),

F/(X, Xni1) = X2y + 2F(X)

for some z # 0. A point p(x,0) & 7,, of PG(n, q) is in P, if and only if there is
a point p’(x, z,,4+1) on the line (p,r) such that p’ € Q,, ;. Hence p € P, if and
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only if there is an ;4.1 € GF(q) such that 22, = —zF (). The first statement
follows.

Let n = 2m. Then without loss of generality we may assume that
F(X)=X24+X1Xo+ -+ Xom_1Xom.
If Qany1 = QT (2m + 1, ¢q) is a hyperbolic quadric, then since
F'(X, Xomt1) = X1 +2(X + XaXo + - + Xom—1Xom),

the polynomial X3, ., + zX¢ is reducible. So —z € S(q) \ {0}, and so P;} =
{p(x) | F(x) € S(q) \ {0}}. If Qo1 = Q7 (2m + 1,q) is an elliptic quadric,
then the polynomial X3, + 2X¢§ is irreducible. So —z € N(g), and so P, =
{p(z) | F(x) € N(g)}-

Let n = 2m — 1 and consider R3,, ,, x € {+,—}. Consider the pencil of
quadrics of PG(2m, q)

P={0Q: : X2 +2F(X)=0]ze GF(q)U{oc}}.

We have shown that Qs,, = Q3,, for some z ¢ {0, c0}. For every z € GF(¢)\ {0},
Q3. NPG(2m — 1,q) = 75, , and the projection of Q3 \ 75, ; from r on
PG(2m — 1,q) is either P}, _, or P3,._;.

Every element of the orthogonal group PGO, (2m,q) of 7.}, _; can be ex-
tended to a projectivity of PG(2m, ¢) which fixes the point r, and hence fixes the
pencil P. Hence {75}, _1,P3,,_1, P5,,_1} is an imprimitive partition of PG(2m —
1, q) for the group PGO,(2m, ¢q). As PGO,(2m, q) acts transitively on the points
off 7%, _,, there is a projectivity which fixes 75%, _; and interchanges P;,,_; and
Pl O

Proposition 2.4. Consider the graph T',, on the points of PG(n,q) off 7,, two
points being adjacent if they determine a tangent line to 7,. If Q.1 contains
lines, then P, is the vertex set of a connected component of T',,.

Proof. Proposition 2.1 says that if a line L of PG(n, ¢) is tangent to 7,, at a point
p and contains a point p’ of P,,, then (r, L) N Q,,+1 consists of two distinct lines
intersecting at p, so L \ {p} C P,. It follows that if p’ € P, then the connected
component of p’ in T, is contained in P,,. As Q,, 11 contains lines, the geometry
HT,, is connected. So P,, contains only one connected component of I';,. O

Corollary 2.5. It easily follows from Theorem 2.3 and Proposition 2.4, that, as-
suming n > 3, the graph I';, has exactly two connected components, the vertex sets
of which are P,, and P,,.
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Proposition 2.6. Let n = 2m be even. Let o be the orthogonal polarity of To.,.
Then P, is the set of all points p such that p? N T, is a nonsingular hyperbolic
quadric, and P,,, is the set of all points p such that p¥ N Ty, is a nonsingular
elliptic quadric.

Proof Let ¢’ be the polarity of Qs,,,+1. Let p & T, be a point of PG(2m, q)
and let L = (p,r). Then p¥ = L¢ and L is a secant to Qoma1 if and only if
L¥ N Qom+1 = p¥ N 7oy, is of the same type as Qot1- O

3 The projective plane

The sets of class [0, 3(¢ — 1), (¢ + 1), ¢] in the projective plane PG(2,q), ¢ > 3,
were determined in [5]. Notice that for ¢ = 3, such a set is simply the com-
plement of a blocking set. By taking complements, we obtain the following
result.

Theorem 3.1. Let K be a set of class [1,5(q+1),2(q+ 3),q+ 1] in the plane
7 = PG(2,q), ¢ > 3. Then K is of one of the following types.

Type 1. There is a nondegenerate conic C, such that K is the union of C, and its
internal points. So K = R; and K is a set of type (1, 3(q + 1), 1(q+3)).

Type II. There is a nondegenerate conic C, and a point p, € C, such that K is
the union of the tangent line L, to C, at p, and the set of internal points of
Cr. Here KC is a set of type (1,3(q+1),1(¢+3),q+1).

Type III. There is a nondegenerate conic C; such that K is the union of C, and its
external points. So K = R and K is a set of type (3(q+ 1), 3(q+3),q + 1).

Type IV. K is the union of either % (q+ 1) or 3(q+ 3) distinct lines through a given
point p.. Here K is a set of type (1,3(qg+1),q+1) or (1,2(¢+3), ¢+1),
respectively.

Type V. K consists of the points on (g + 1) lines through a given point p, and
1(g—1) or $(q+1) points, distinct from p, and not on these lines, which are

onaline L through p,. Here K is a set of type (1,%(q+ 1), 2(q + 3),q + 1).
Type VI. K consists of the points on a line L,. Here K is a set of type (1,q + 1).
Type VII. Every point of  is a point of K. Here K is a set of type (¢ + 1).

Type VIII. ¢ = 5 and K is the set of points on three nonconcurrent lines, except
the points of intersection. Here K is a set of type (1, 3, 4).
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Let K be a set of class [1,1(q+1),4(q+3),q+1] in PG(n,q), n > 3 and
g > 3, and let 7 be a plane of PG(n,q). Then clearly = N K is a set of class
[1,4(¢+1),3(¢+3),¢+ 1] in 7. We say that  is a plane of type I, I, ... if
TN K isof type L 11, ..., respectively.

If a plane of type IV consists of £ (¢ + 1) lines, then we call it a plane of type
IVa; otherwise we call it a plane of type IVb. If 7 is a plane of type V and the line
L, contains %(q — 1) points of K, other than p,, then we say that 7 is a plane of
type Va; otherwise 7 is said to be a plane of type Vb. If 7 is a plane of type IV or
V, then the point p, is also called the vertex of .

Foreveryi € {1,2(g+1),1(q+3),q+1}, let £; denote the set of lines L such
that | LN K| = 4. Table 1 gives useful information on the sets which occur in
Theorem 3.1.

The following proposition, the proof of which is trivial, tells which types of
planes can occur in the set R,,.

Proposition 3.2. Let Q, 1 be a nonsingular quadric in a finite projective space
PG(n + 1,q9), n > 1, g odd. Let R,, be the projection of the quadric Q,+1 from
a point r ¢ Q.1 on a hyperplane PG(n, q), not through r. Let 7 be a plane of
PG(n, q), let p be a point of R, not in w, and let W = (p, 7). One of the following
cases occurs.

1. If WN Qpy1 is a nonsingular elliptic quadric, then wN 7, is a nondegenerate
conic C, and 7 is of type I, with C, = C.

2. If WN Qpy1 is a nonsingular hyperbolic quadric, then w N7, is a nondegen-
erate conic C, and 7 is of type IIL, with C, = C.

3. If W N Quy1 is a quadratic cone, then m N 7, is either the union of two
distinct lines or a single point p. In the first case, w is of type IVb, and in the
second case T is of type IVa with vertex p.

4. If WN Q41 is the union of two planes 1, s, then w N7, is the line m N7y
and 7 is of type VIL

5. IfWNQuiisaline L, then m N7, = L and = is of type VL

6. If W N Q41 is the plane w, then m C T, is of type VIL
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‘ 7T ‘ KNl ‘ P ‘ Ly ‘E%(qul) ‘E%(q+3) ‘ Lgt1 ‘

I |3 +3g+1 p € Cr 1 q 0
internal to C 0 qur1 q‘gl 0
external to C, 2 % %1 0
II |12 +31g+1 P = pr 0 q 0 1
P € Lz \ {px} 1 i a2 1
internal to C; 0 % q—fl 0
p € Cr \ P 1 q 0 0
external, p & L, 2 % %1 0
I | 242 +3¢g+1 p € Cr 0 0 q 1
external to C, 0 q%l %1 2
internal to C 0 %1 %1 0

IVa %q2+%q+1 P = Dpx % 0 0 q—42'1
P # Pr 0 q 0 1
péEgK 1 q 0 0

IVb %q2+%q+1 P = Dx %1 0 0 qT+3
P # Pr 0 0 q 1
péEK 1 0 q 0

Va | 1> +q+43 D = Dr 9—1 1 0 att
pE Lx \ {pﬂ'} 0 1 q 0
p &Ly 0 atl a1 1
peL, 0 q+1 0 0
p& L 1 et 1 0

Vb | 12 +q+2 P = Dr 9—1 0 1 att
PELN{p}| O | 0 |q+1| 0
p¢& Ly 0 9-1 att 1
peL, 0 q 1 0
p& L, 1 L et 0
VI qg+1 p€E L, q 0 0 1
p&Lr g+1 0 0 0

VII | ¢*>+q+1 p 0 0 0 qg+1
VIII 12 p 1 4 1 0
p=pt 4 0 2 0
p# Py 3 3 0 0

Table 1: For each type of plane m, the number of points of K in 7 is given.
Also, for all points p € 7, the number of lines of £; in 7 through p are given,
i€{1,3(¢g+1),3(¢+3),q+ 1}. The points p € K are printed in bold.
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4 The projective line

Let K be a set of class [1,3(q + 1), 3(q +3),¢ + 1] in PG(n,q), n > 3, ¢ > 3.

Proposition 4.1. Let 7 be a plane of type I or IIl. A line L C 7 is a line of L1441
if and only if L is an external line to the conic Cy. In this case LN K = R]. On
the other hand L € Liga) if and only if L is a secant line to C. In this case
LNK=R],withT, = LNC,.

Proof. Proposition 3.2 says that if 7 is of type I, then 7 N K = R, , and if 7 is of
type III, then 7 N K = R . Hence Proposition 2.1 applies. O

Proposition 4.2. Let 7 be a plane of type IL. A line L C 7 is a line of E%(qﬂ) if
and only if L is a secant line to the conic Cy. In this case LNK = P;" U{p}, where
T, =LNCrandp = LN L,. On the other hand L € £§(q+3) if and only if L is
an external line to C.. In this case LNK =Ry U{p}, withp= LN L,.

Proof Note that, when we delete from the set 7 N K the line L, and add the
conic C, then we obtain a set of type I. So we can apply Proposition 4.1. [

One can wonder whether the line sections as given in Propositions 4.1 and
4.2 can be projectively equivalent. This question has been discussed (in another
context) for instance by J. C. Fisher [8], who proves that R| and P; are pro-
jectively equivalent if and only if ¢ < 7. This implies that when ¢ > 7, planes of
type II cannot occur together with planes of type I or III, as we will prove in the
next theorem.

Theorem 4.3. Let K be a set of class [1,3(q+1),3(¢+3),q+ 1] in PG(3,q), ¢
odd. If there is a plane 1 of type I or 111, and a plane m, of type 11, then ¢ < 7.

Proof. Suppose that there are such planes 71, 73, and that g > 7. Let L = w1 Nms.
Let p € L be a point that is not on the conic C,,. It follows from Table 1
that there are two lines L1, Lo € E%(q +1) through p, distinct from L, such that
L; C m;, © = 1,2. Consider the plane 7 = (L1, Lo). By Proposition 4.1, L; N K
and L, N K are projectively equivalent if 7 is of type I or III. The same holds if 7
is of type IV or V (note that 7 cannot be of type VI, VII or VIII as it contains lines
of L1(g41) and as ¢ > 7). By Proposition 4.1, L; N K is projectively equivalent
to R|, and by Proposition 4.2, L, N K is projectively equivalent to P} U {p}
for some point p’ ¢ P;". As we assume ¢ > 7, by the result of Fisher, L; N K
and L. N K are not projectively equivalent, so 7 is of type II. But then L; N K
is projectively equivalent to P;" U {p'} for some point p’ & P;". This contradicts
again the result of Fisher. O
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5 (Quasi) singularity

Let K be a set of class [1,3(q + 1), 3(¢ + 3),q + 1] in PG(n, q), n > 3, ¢ odd and
g > 7. For every point p € K, let A, be the set of lines L € L1y YULigrs
through p. The set K is called singular if it has a singular point, that is, a point
p such that A, is empty. The set S of all singular points is always the point set
of a subspace of PG(n, ¢). Indeed, let p,r € S. Then every line through p or
risin £1 U L441. By Table 1, every plane through L = (p,r) is of type VI or
VIL. Hence L C S. So § is the point set of an m-space U of PG(n, g). It follows
that if I is singular, then either mm = n, so K is the point set of PG(n,q), or
0 <m <n—2and K is a cone with vertex U and base a nonsingular set of class
[1,5(¢+1),3(q+3),¢g+ 1] inan (n — m — 1)-space V skew to U.

A point p € K is called a quasi singular point if A, # () and A, is contained in
a hyperplane of PG(n, g). The set K is called quasi singular if it is not singular
and has a quasi singular point.

Lemma 5.1. Let Ky and K be sets of class [1, 3(¢ + 1), 3(q + 3),q + 1] in PG(2, q),
godd and q > 5, such that K1 # K2 and there is a line L such that K1\ L = K2\ L.
Then there are lines L = L, ..., Lygq1) through a point p and distinct sets K/,
and Ky withp € K, C Lo and |K}| € {1,4(¢+1),3(¢+3),q+1}, i = 1,2, such
thatICZ- :Ll U"'ULé(q-l-l) UIC;, 1= 1,2

Proof Let £ be the set of lines M such that | M NK;| =4, € {1,¢q+ 1},
j € {1,2}. Let M # L be a line of PG(2,¢). Since the symmetric difference
K1 AK2 C L, (MNKy) A (MNKs) contains at most one point. So if M € £},
then also M € £2, and moreover M NK; = M NKs, i = 1,q+ 1. Using this and
Theorem 3.1, it is an easy exercise to prove the lemma. O

Proposition 5.2. Let K be a set of class [1,4(q + 1), 3(q +3),q + 1] in PG(3, ),
g odd and q > 5. If K has a quasi singular point p, then K consists of the
union of %(q + 1) planes through a line L > p, together with a set of class
[1,3(q+1),5(q+3),q+ 1] in a plane = through L.

Proof. Let 7 be a plane through p containing the lines of A4,. Then K\ 7 is a
cone with vertex p and base a set X’ in a plane 7’ # p. As p is nonsingular, there
exist lines Ly, Lo in 7, not through p, such that the projections X} and X, of the
sets L1 N K and L, N K, respectively, from the point p on the line L’ = ' N7 are
distinct. Let m; # 7 be a plane through L;, i = 1,2. As X U X; is the projection
of m; N K from p on 7/, X U X; is a set of class [1,3(¢+1),5(¢+3),¢+1] in
7', 4 = 1,2. However X; # X,. It follows from Lemma 5.1 that there are lines
Mo(= mNa'),..., M4y in o’ through a point p’ and distinct sets X] and
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X, with p’ € X/ C My and |X/| € {1,1(¢+1),2(¢ + 3),q + 1}, such that
XUXi:M1U~~~UM%(q+1) UXx!,i=1,2.

Let M C «’ be a line through p/, distinct from M. Then M N (X U &}) =
M N (X U X;), whence M ¢ w. Hence the plane (p, M) is a plane of type VII
if M = M;, forsome 1 < < %(q + 1), and a plane of type VI otherwise. So K
consists of the planes (p, M;), 1 <i < 1(q¢+ 1), and a set of points in the plane
(p, Mo). .

Corollary 5.3. Let K be a set of class [1,%(q+1),%(q+3),q+ 1] in PG(3,q)
with q odd and ¢ > 5. If K is quasi singular; then K consists of the union
of (g + 1) planes through a line L, together with a nonsingular set of class
[1,4(¢+1),3(q+3),q+ 1] in a plane 7 through L.

Proof. Indeed, the set w N K is nonsingular since otherwise the set K would be
singular. O

6 Projective Shult spaces

We are now almost ready to begin with the actual characterization of projections
of quadrics. But in order to characterize projections of quadrics, we clearly
need some characterization of quadrics. A very strong result in this sense is the
classification of projective Shult spaces.

A Shult space S [4] is a partial linear space with the property that for every
anti-flag {p, L}, the number «(p, L) of lines of S through p intersecting L is ei-
ther 1 or | L|, where | L| denotes the number of points on L. If the case |L
does not occur, then S is called a generalized quadrangle (note that this defini-
tion includes the degenerate geometries where one line contains all points or
all lines contain a common point, which are usually not regarded as generalized
quadrangles). The radical of a Shult space S is the set of points of S which are
collinear with all points of S. A Shult space is said to be degenerate if its radical
is not empty.

A Shult space § is said to be fully embedded in a projective space PG(n, q),
n > 2, if the lines of S are lines of the projective space, if the points of S are
all the points of PG(n, ¢) on the lines of S and if incidence is determined by the
projective space.

The Shult spaces fully embedded in PG(n, ¢) are completely classified. Pro-
jective generalized quadrangle (i.e., fully embedded in a projective space) were
classified by Buekenhout and Lefevre [3], and general projective Shult spaces
by Lefévre-Percsy [17].
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Theorem 6.1 ([3, 171). Let S be a Shult space fully embedded in PG(n, q). Then
one of the following cases occurs.

1. S is the geometry of all points and all lines of PG(n,q). The radical is
PG(n, q) itself.

2. The point set of S is the union of k subspaces of dimension m + 1 through a
given m-space U, k > 1, 0 < m < n — 2. The line set is the set of all lines in
these (m + 1)-spaces. The radical of S is U.

3. S is formed by the points and lines of a quadric Q (of projective index at
least one) of PG(n,q), n > 3. The radical of S is the space of all singular
points of Q.

4. q is a square and S is formed by the points and the lines of a Hermitian
variety H (of projective index at least one) of PG(n,q), n > 3. The radical
of S is the space of all singular points of H.

5. The points of S are the points of PG(n,q). There is an m-space U and an
(n —m — 1)-space W skew to U, with m > —1, n — m — 1 > 3 and odd,
and a symplectic polarity 3 in W, such that the line set is the set of all lines
in the (m + 2)-spaces joining U to a line of W which is totally isotropic with
respect to 3. The radical of S is U.

7 Projective three-space

In this section, we classify all sets of class [1, 3(¢ + 1), (¢ + 3),¢ + 1] in PG(3, q),
q>T.

Proposition 7.1. There are no sets of class [1,3(q+1),5(¢+3)] in PG(3,q),
q > 5. Aset of class [5(q+1),5(q+3),q+ 1] in PG(3,q), ¢ > 3, is necessarily
the set of all points of PG(3, q).

Proof. Suppose that K is a set of class [1,1(q+ 1), (¢ + 3)] in PG(3,q), ¢ > 5.
By Theorem 3.1 and Table 1, every plane is of type I. Counting the number of
points of K in the planes through a line L; € £; and in the planes through a
line Ly € L1, yields a contradiction.

Suppose that K is a set of class [1(¢+ 1), (¢ +3),¢+ 1] in PG(3,q), ¢ > 3.
By Theorem 3.1 and Table 1, every plane is of type III or VII. Suppose there is
a plane of type III. Counting the number of points of K in the planes through
a line L, € L1ig41) and in the planes through a line L, € L1(g43) yields a
contradiction. So every plane is of type VII.
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Lemma 7.2. Let K be a set of class [1,5(q+1),3(q+3),q+ 1] in PG(3,q), ¢
odd and q > 5. If there is a point p and a plane w through p such that the set A},
of lines of Ap, not in m, has at most g elements, then K is (quasi) singular.

Proof. If A}, is empty, then p is (quasi) singular, so we are done. Assume M €
Aj,. Suppose that m contains at least two lines of A,. By Table 1, 7 contains
at least ¢ — 1 lines of A,. Analogously, for every line L’ € A, in 7, the plane
(M, L') contains at least ¢ — 3 lines of A}, distinct from M. So ¢ > [ A}, | >
1+ (¢ —1)(q — 3), a contradiction.

Hence 7 contains at most one line of A,,. So | A, | < q¢+1.If | A,| > 2, then
we can choose a plane 7’/ which contains at least two lines of A,. Now A, C 7/,
otherwise we obtain again a contradiction. So K is quasi singular. If | A, | < 2
then clearly K is (quasi) singular. O

Proposition 7.3. Let K be a set of class [1,(q+ 1), 5(¢+3),q + 1] in PG(3,q),
g odd and q > 5. If there are two distinct planes o, 71 of type VI or VI, then K is
(quasi) singular.

Proof Let Ly = mp N . Consider a plane m # m;, i« = 0,1, through Ly. By
Table 1, thereisaline L € £; UL, in 7, distinct from Lg. Let p = LoN L. Let
7 be a plane through L, distinct from 75. Then 7 contains three lines L, 7 N 7,
mNm € L1 ULy through p. It follows from Table 1 that 7 is of type IV or V,
with p, = p, or of type VI or VII. So  contains at most one line of A,. Hence
the set A, of lines of A, not in 7> has at most ¢ elements. By Lemma 7.2, we
are done. O

Proposition 7.4. Let K be a set of class [1,(q+ 1), 3(¢+3),q + 1] in PG(3,q),
q odd and q > 5. If there is a plane m of type VI, then K is (quasi) singular.

Proof By Proposition 7.3, we may assume that there are no planes of type VI
or VII, distinct from mg. Let Ly C 7o be a line of £;. Every plane through L is
of type I, II, IV or V. Suppose that there are distinct planes 71, 7 of type I or II
through L. Then there is a point p € Lo, p ¢ K, which isnoton Cy,, i = 1,2.
Hence there are distinct lines L1, Lo € £ through p, with Ly # L; C m;,i =1, 2.
The plane 7 = (L4, Ly) contains three lines 7 N 7o, L1, Lo € £,. Hence 7 is of
type VI, a contradiction.

So there is at most one plane of type I or II through L, and the other planes
through L, are of type IV or V. If 7 is a plane of type IV or V through L, then
clearly p, is the unique point p of K on L. So there is at most one line of 4, in
7. By Lemma 7.2, K is (quasi) singular. O
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Lemma 7.5. Let K be a set of class [1,%(q+1),3(q+3),q+ 1] in PG(3,q), ¢ >
5. Suppose that there are intersecting lines L1 € £, and Ly € Lq41 such that
neither Ly nor Lo is on a plane of type VI or VIL Then if m = (L1, L2),

1

2q2+ KN,

L 3
K| = 54 +
every plane through L, is of type 1, Il or IVa, and every plane through L, is of type
111 or IVD.

Proof Let ' # m be a plane containing L, or L. As 7’ is not of type VI, VII or
VIII, Table 1 yields

1, 1 1, 3
- —q+1<|Kn7'| <z¢®>+Zq+ 1.
2q+2q+ < | 7r|_2q+2q+

Counting the points of K in the planes through L yields

1 1
K] ZQ(QQQ‘FEQ)‘*‘ [Knml,
with equality if and only if every plane ' # = through L, contains precisely
1¢*> + $q + 1 points. Counting the points of K in the planes through L, yields

1 1
K] SQ(§Q2+§Q)+ [Knml,
with equality if and only if every plane ' # = through L, contains precisely
1¢*> + 3¢+ 1 points. The lemma follows. O

Theorem 7.6. Let K be a set of class [1,4(q+1),3(q+3),q+ 1] in PG(3,q),
q > 7. If there is a plane of type VII, then K is (quasi) singular.

Proof Suppose there is a plane 7 of type VII, and that X is not (quasi) singular.
By Proposition 7.3, there are no planes of type VI, and n is the only plane of
type VIL. As ¢ > 7, there are no planes of type VIII. As every plane contains a
line of £,41, there are no planes of type I. Suppose that there are no planes
of type IV or V. By Theorem 4.3, either every plane = # g is of type II, or
every plane 7 # 7 is of type III. In the first case, the complement of K \ 7 is a
set of class [(g + 1), (¢ + 3), ¢ + 1], which contradicts Proposition 7.1. In the
second case, K is a set of class [$(q+ 1), 3(q + 3),¢ + 1], a contradiction. So
there is a plane of type IV or V.

For every plane « of type IV or V, Lemma 7.5 says that || = 3¢® + 3¢° +

|X N7 |. So any two planes of type IV or V contain the same number of points
of K.
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Let p € mo, and let B, be the set of lines L € £, U £, through p such that
L ¢ m. Suppose that 3, contains three noncoplanar lines L, Lo, L3. Then the
planes m;; = (L;, L;), 1 <1i < j < 3, are planes of type IV or V. Without loss of
generality, we may assume that L; € £; and Ly € L441. Indeed, if Ly, Lo, L3 €
L, then we may replace L, with a line L C w5 of Lg4q. If L1, Lo, L € L4411,
an analogous reasoning applies. Now by Lemma 7.5, the plane 73 is of type
IVa, and the plane o3 is of type IVb. But then | Nms| # |[KNmasl, a
contradiction. So B, does not contain three noncoplanar lines.

Let 7 be a plane of type IV or V, and consider two lines I; € £; and Ls €
Lq+1 of m, where Ly # wNmo. Denote the vertex of 7 by p. By Lemma 7.5, every
plane 7’ # m through L; is of type II or IVa, and every plane 7’ # 7 through
L is of type III or IVb. Suppose that there is a plane 7’ # 7 through L; or Ly
which is of type IV. As 7’ Nmy € L4411, p is the vertex of 7’. But then B, contains
three noncoplanar lines, a contradiction. So every plane n’ # « through L, is
of type II, and every plane ' # 7 through L5 is of type III. But this contradicts
Theorem 4.3. O

Theorem 7.7. Let K be a set of class [1,4(q+1),4(q+3),q+ 1] in PG(3,q),
q > 7. If there is a plane of type V, then K is (quasi) singular.

Proof Suppose that 7 is a plane of type V and that K is not (quasi) singular.
By Proposition 7.4 and Theorem 7.6, there are no planes of type VI or VII. As
q > 7 there are no planes of type VIIL.

We use the notation of Theorem 3.1. Let pg = p,, and let Ly = L,,. Consider
aline Ly € £y of my. Suppose there is a line L € £, such that py € L Z m.
Then by Lemma 7.5, every plane = # (Lq, L) through L, is of type I, II or IVa,
a contradiction since 7 is of type V. So there is no such line L. On the other
hand Lemma 7.5 says that every plane = # 7o through L, is of type I, II or IVa.
As 7 does not contain any line of £,4; (such a line would have to intersect mg
in pg), m is of type L. Since L; NK = {po}, po € Cx. As this holds for every plane
m # mo through L, Table 1 yields that every line L such that py € L € g, is a
line of L1 (443

Consider a plane 7 # 7y through L. Every line L # Ly in 7 through py is
in L1443, and Lo € L1441y U L1(g45)- It follows from Table 1 that 7 is of
type V, and that py € L,, but pg # p.. Suppose L, # Lo. Then, analogously,
every plane through L, is a plane of type V, so in particular the plane (L., L1)
is of type V. But every plane through the line L, except 7, is of type I, a
contradiction. So L, = Lo and pg # pr. So every plane through L, is of type
V and for any two planes 7, 7’ through Lo, L, = L, = Lo and p, # p,.. But
Ly contains at most (g + 3) points of K, a contradiction. We conclude that K
is (quasi) singular. O
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In the following theorem, we use a result on ovoids of PG(3,¢q). A cap in
PG(n, q), is a set of points, no three on a line. A cap in PG(3, ¢), ¢ > 2, contains
at most ¢> + 1 points. If a cap of PG(3, q), ¢ > 2, contains ¢ + 1 points, then it
is called an ovoid. Barlotti [1] showed that every ovoid of PG(3, ¢), ¢ odd, is a
nonsingular elliptic quadric.

Theorem 7.8. Let K be a set of class [1,5(q+1),5(q+3),q+ 1] in PG(3,q),
q > 7. If there is a plane of type IVa but no planes of type V, VI or VI, then
K=7R;.

Proof. As q > 7, there are no planes of type VIII, so every plane is of type I, II, III
or IV. Let Iy, and 1y}, be the sets of planes of type IVa and IVb, respectively.

Let m € Iliva. Consider two lines Ly € £; and Ly € L4411 in 7. Then
Lemma 7.5 says that

1 1
Kl=z¢+¢+=q+1.
| K| 54+ + 5t
Now IIyyy, = 0, since otherwise we would have that |K| = 1¢° + ¢* + 3¢+ 1,

a contradiction. As Iy, = @), Lemma 7.5 says that every plane ' # 7 through
L4 is of type III. By Theorem 4.3, there are no planes of type II. Lemma 7.5 says
that every plane 7’ # 7 through L, is of type I or IVa. Note that this holds for
any plane 7 of type IVa and any two lines L, € £, and Ly € L4 in 7.

Let pg be the vertex of a plane my € Il1v,. Suppose there is a plane © # mg
of type IVa which intersects 7y in a line L; € £;. Then py € L; and py is the
vertex of w. Let L be a line of £,; in 7, let L} # L, be a line of £; in my and
let 7’ = (L, L}). Consider L} and a line Ly € £441 in my. Then by Lemma 7.5,
7’ is a plane of type I or IVa. As n’ contains the line L € L£,44, it is of type
IVa. Consider the lines L and L;. Then by Lemma 7.5, 7’ is a plane of type III,
a contradiction. We conclude that every plane 7w which intersects 7 in a line
L, € L, is of type 1. Furthermore since L; N KC = {po}, po € Cy. It follows that
every line L such that py € L ¢ 7 is in L1(gy3)- Aswe have shown, a plane 7
intersecting 7o in a line Ly € L4y is of type III. Since every line L # L, through
po in 7 is a line of E%(q+3), Table 1 yields that pg € C..

Let Prv, be the set of points pg such that there is a plane 7y € Iy, with
vertex pg. Let pg € Prva and mg € Iy, such that pg is the vertex of my. As every
plane m # m, through p, intersects 7y in a line of £y or L4411, m is the only
plane of type IVa through py. So a point of Pry, is on exactly one plane of type
IVa, and conversely, a plane of type IVa contains exactly one point of Prvs,.

Consider a plane 7 of type Il and a line L € £,4; in 7. Then L is a tangent
line to C.. Let p be the point of tangency. As every plane of PG(3, ) is of type
I, IIIT or IVa, every plane through L is of type III or IVa. Counting the points of
K in the planes through L yields that there is exactly one plane 7’ of type IVa
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through L. As the vertex of 7’ has to be on the conic C,, it is the point p. It
follows that L N Pry., = {p}. Hence m N Pry. = C. As 7 is an arbitrary plane
of type III, we also have 7' N Pry, = C, for each of the ¢ — 1 other planes 7’ of
type III through the line L. As L € £,,1, L is a tangent line of the conic C/, for
every such plane 7. It follows that | Prya, | = ¢% + 1.

Suppose that Pry, contains three distinct collinear points pi, p2, p3. Let L be
the line containing p1, p2, ps3, and let L’ # L be a line of £, through p;. Then
the plane 7 = (L, L) is of type III or IVa. Suppose that  is of type IVa. Then  is
the unique plane of type IVa through p;, and p; is the vertex of 7. But the same
holds for p, and p3, a contradiction. So  is of type III. Hence 7 N Prva = Csr.
But then the nondegenerate conic C; contains three distinct collinear points p,
p2, p3, a contradiction. It follows that Pry, is a cap. Since | Prva| = ¢>+ 1, Prva
is an ovoid of PG(3, ¢). By Barlotti [1], Prv, is a nonsingular elliptic quadric.

Let p1,p2 € K\ Prva. Then L = (p1,p2) contains at least %(q + 1) points of
KC. Suppose there is no plane of type III through L. Then every plane through
LisoftypelorIVa. So |[K| < 1¢® 4+ 1(¢+1), a contradiction. Hence there is
a plane 7 of type III through L. As we have shown, w N Pry, = Cy. It follows
that there is a path from p; to py in the graph I' on the points off Pry,, two
points being adjacent if they are on a tangent line to Prv,. By Proposition 2.2,
|| = |R5 |. Proposition 2.4 implies that £ = R; . O

Theorem 7.9. Let K be a set of class [1,4(q+1),4(q+3),q+ 1] in PG(3,q),
q > 7. If there is a plane of type IVDb but no planes of type V, VI or VI, then
K = R},

Proof. As q > 7, every plane is of type I, II, III or IV. Let I}y, and II1yy, be the
sets of planes of type IVa and IVb, respectively.

Let 7 € IIvy,. Consider two lines Ly € £y and Ly € L,41 in m. Then
Lemma 7.5 says that

1 3
Kl=z¢+¢+>q+1.
|| 50 Td e+

Now Iy, = 0, since otherwise we would have that [K| = 3¢* +¢* +1¢+1,a
contradiction.

Suppose there is a plane 7 of type II. Let L be the unique line of £,; in 7.
As every plane 7’ # w through L contains at most 2¢> + 2¢ + 1 points of K,
|K| < 3¢®+ ¢*>+ 1q + 1, a contradiction. So only planes of type I, III or IVb
can occur.

Let mp € Il1yy, and let py be the vertex of my. By Lemma 7.5, every plane «
which intersects 7 in a line L; € £4, is a plane of type I. Since L; N K = {po},
po € Cr. This means that every line L such that py € L & m, is a line of
L1 (443)- By Lemma 7.5, every plane 7’ which intersects 7y in a line Ly € L4441,
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is a plane of type III or IVb. If 7’ is a plane of type III, then since every line
L # Ly through po in 7" is a line of £, 3), Table 1 says that py € Cr.

Let Prv, be the set of points py such that there is a plane mg € Iy, with
vertex po. We have shown that for every plane « of type I or I, 7 N Pryp, C C.
Let 7 be a plane of type I, and let p € C,.. Let L be the unique line of £; in 7
through p. If every plane through L is of type I, then |K| = 3¢°+¢*+ 1¢+1,a
contradiction. So there is a plane 7’ of type III or IVb through L. Since L € L4,
7' is of type IVb. Since L N K = {p}, p is the vertex of w. So 7 N Pry, = Cy.

Let mg € Ilryp, and let pg be the vertex of my. Let L be a line of 7y not
containing pg. Then L € L1igy3)- If none of the planes through L is of type
I, then |K| = 1¢® + 3¢*> + ¢ + 1, a contradiction. So let 7 be a plane of type
I through L. By Table 1, L is a secant line of C;. So L contains exactly two
points of Pryp. As this holds for every line L of 7y, not through py, it follows
that w9 N Pryp consists of the points of two distinct lines through py.

Consider the point-line geometry S = (Prvv, £,1), where £ is the set of lines
which are contained in Pryy,, and I is the natural incidence. Clearly S is fully
embedded in PG(3, ¢). We have shown that if 7 is a plane of type I, then Pry1, N
m = C,, if w is a plane of type III, then Py, N7 C C;, and if 7 is a plane of type
IVb, then Py, N 7 is the union of two distinct lines. Hence for every anti-flag
{p, L} of S, there is precisely one line of S through p which intersects L. Every
line of S contains ¢ + 1 points. If L is a line of S, then every plane through L is
of type IVb, so there are exactly ¢ + 1 lines of S which intersect L. Since every
point of L is on at least two lines of S (every point of Pryy, is the vertex of some
plane of type IVb), it follows that every point of L is on exactly two lines of
S. So S is a generalized quadrangle of order (g, 1), fully embedded in PG(3, q),
from which follows (see for instance Theorem 6.1) that Pryy, is a nonsingular
hyperbolic quadric.

Consider the complement X’ of K in PG(3, ¢), and let p;,p2 € K. Then the
line L = (py,ps) contains at most (g + 3) points of K. Suppose there is no
plane of type I through L. Then every plane through L contains 3¢ + 3¢ + 1
points of K, so |K| > 3¢* + 3¢*> + ¢ + 1, a contradiction. Hence there is a
plane 7 of type I through L. As we have shown, = N Pryp = Cy. It follows that
there is a path from p; to py in the graph I' on the points off Pry,, two points
being adjacent if they are on a tangent line to Pry,. So K’ is contained in a
connected components of I'. By Theorem 2.3 and Proposition 2.4, " has two
connected components, both projectively equivalent to P;". By Proposition 2.2,
|K'| = | P, so these connected components are K’ and K \ Pry1,. Hence
K =7RiI. O

Proposition 7.10. Aset K of class [1,3(q+ 1), 3(¢+3),q+ 1] in PG(3,q), ¢ > 7,
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always has a plane of type IV, V, VI or VIL

Proof. Suppose that only planes of type I, II or IIl occur. If there is a plane of
type 1I, then by Theorem 4.3, every plane of PG(3,¢) is of type II. Consider a
line L, € £, and a line Ly, € L,y;. Counting the points of K in the planes
through the lines L, and L,, respectively, yields

1
2

1

1 1
59 = |K| =q+1+(¢+1)(5¢* - Sq),

1 D(=q*

)50+ 5~ 5
a contradiction. So every plane is of type I or IIl. By Proposition 7.1, there is at
least one plane of each type. So there is a line L; € £; and a line Ly € L44;.
Since no plane containing L, is of type III, and no plane containing L is of type

I, we find that
1

1 1
54 = |K] =q+1+(¢+1)(5¢*+5q),

1
L g+ 150 + S0+

2

a contradiction. O

Theorem 7.11. Let K be a set of class [1,4(q+ 1), 5(q+3),q+ 1] in PG(3,q),
q > 1. Then one of the following cases occurs.

1. K=R;.
2. K= R;r
3. K is (quasi) singular.

Proof. 1f there is a plane of type V, VI or VII, then K is (quasi) singular by
Theorem 7.7, Proposition 7.4, Theorem 7.6, respectively. If there are no planes
of type V, VI or VII, but there is a plane of type IV, then Theorems 7.8 and 7.9
say that K = R3 or K = R7. Finally Proposition 7.10 says that there is always
a plane of type IV, V, VI or VIIL. O

We recall that if K is singular, then either K is the point set of PG(3,¢), or
K is a cone with vertex an m-space U of PG(3,q9), 0 < m < 1, and base a
nonsingular set of class [1,3(q+1),3(¢+3),q+ 1] ina (3 — m — 1)-space V
skew to U. If K is quasi singular, then by Corollary 5.3, K consists of the union
of 1(g+ 1) planes through a line L > p, together with a nonsingular set of class
[1,3(qg+1),4(q+3),q+ 1] in a plane 7 through L.
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8 The general result

In this section, we prove the Main Theorem. Note that for n = 2 and n = 3, the
Main Theorem holds by Theorems 3.1 and 7.11, respectively. (Whenn = 2, a
set of type IV, VI or VII is a singular set, and a set of type V is a quasi singular
set.) The proof for n > 4 goes by induction on the dimension of the projective
space PG(n, q).

Consider the quasi singular set K as in case 3 of the Main Theorem. We say
that the (n — 2)-space U is the vertex of K.

Lemma 8.1. Consider the set Rs in PG(3,q), ¢ odd. For every line L € E%(qﬂ) U
E%(ﬁg), there is a plane of type 1 containing L.

Proof. The line L € L1441y U L1 (443), S0 it is secant or external to the nonsin-
gular quadric 73. A plane is of type I or III if and only if it intersects the quadric
73 in a nondegenerate conic. Note that every plane is of type L, III or IV.

As L is external or secant to 73, there are at most two planes of type IV
through L, and these planes contain at least 3¢ + 2¢+ 1 points of R3. Suppose
that no plane through L is of type I. Then the other planes through L are of type
III. It follows that

1 1 1 1 1
> = 2(=¢*—= D (=z¢*+q—=
[Rs| 2 5(a+3)+ <2q 2)+(q )(2q +4q 2>
1, 3,
=+ —q+1.
2q + 2q q+
But this contradicts Proposition 2.2. O

Theorem 8.2. Let n > 4, and suppose that the Main Theorem holds in PG(m, q),
goddand q > 7, for all 2 < m < n. Let K be a set of class [1,3(q + 1), 3(q + 3),
g+ 1] in PG(n,q), g odd and q > 7. If there is a plane of type 1l or V, then every
subspace of dimension 3 < m < n intersects K in a (quasi) singular set.

Proof. If there is an m-space U, 3 < m < n, such that X N U is not (quasi)
singular, then by the Main Theorem X N U = R,,, so U contains a 3-space W
such that £ N W is not (quasi) singular. Hence it suffices to show that every
3-space intersects K in a (quasi) singular set.

Suppose there is a plane = of type Il or V, and a 3-space W such that X N W
is not (quasi) singular. By Theorem 7.11, X N W = Rj3. Note that by Theo-
rem 7.11, and since R3 only has planes of type I, III or IV, every 3-space W'
through = intersects K in a (quasi) singular set. Som € W.

Assume that 7 intersects W in a line L € L1 ,41y) U L1(443). By Lemma 8.1,
there is a plane 7’ of type I in W through L. Let W’ = (x,7’). Then W' N K
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is (quasi) singular. Since 7’ is of type I, W’ N K is not quasi singular (indeed,
a quasi singular set in PG(3, ¢) contains a plane, but 7’ N K does not contain
any line). So W’ N K is singular. But 7 is of type Il or V and =’ is of type I, a
contradiction.

Assume that 7 intersects W in a line L € £; U £,41. Then either L C 73 or
L is tangent to 73, where 73 is the nonsingular quadric which corresponds to
K NW = Rs. In any case there is a plane 7’ C W through L which is tangent
to 73. Hence 7’ is of type IV. Let W’ = (n,#"). Then W’ N K is (quasi) singular.
Since L € £1ULg41, the vertex p of 7’ is on L. Suppose W/'NK is singular. Then
p is a singular point. But 7 N K is nonsingular and p € , a contradiction. So
W’ NK is quasi singular. Let M be the line of intersection of the (g + 1) planes
of W’ contained in K, and let #/ C W’ be the unique plane through M which
is not of type VI or VII. Then n’ # 7" (otherwise K N W' would be singular), so
M intersects 7’ in the vertex p of «’. Let r be a point on the line ' N7, r € M.
Let L” be a line of L1(g41) Y L1(g43) throughrin 7" and L' a line through r in
7', L' € «”. Then (L', L") is a plane of type V which intersects W in the line
L" € L1441y Y L1(g43)- This yields a contradiction.

Assume that 7 intersects W in a point p. Let L be aline of L1, 11)U L1443
in W through p, and let W’ = (r, L). Then W' N K is (quasi) singular. If W/ N K
is singular, then it is a cone with vertex a point » ¢ 7 and base 7 N K. Since
L€ LiguyYLyrgysy,r & L. So there is a plane n’ of the same type as =
through L in W’. This yields a contradiction.

So W’NK is quasi singular. Hence W’ NK consists of 1(¢+ 1) planes through
a line M and a nonsingular set of class [1,3(q+1),4(q + 3),¢ + 1] in a plane
7’ through M. As L € E%(qﬂ) U E%(ﬁg), L # M. If L C 7’ then every plane
7" # ' through Lin W’ isof type V.If L € n/ then LN M = (. Letr = LN ~’.
Since 7 N K is nonsingular, there is a line L' € L1 ;1) U L1(413) in 7’ through
r. Now 7" = (L, L'} is a plane of type V. We obtain again a contradiction.

Assume finally that 7 is skew to W. Let p € W \ K and let W’ = (r, p). Then
W' N K is (quasi) singular. If W’ N K is singular, then p is not the vertex since
p € K. So there is a plane «n’ through p in W’ of the same type as 7. This yields
a contradiction.

So W’ N K is quasi singular. Let M be the line of intersection of the planes of
W' contained in K. Since p ¢ K, p ¢ M. Now a contradiction follows from the
fact that there is a plane of type V through p in W”’. O

Theorem 8.3. Let n > 4, and suppose that the Main Theorem holds in PG(m, q),
goddand q > 7, for all 2 < m < n. Let K be a set of class [1,3(q + 1), 3(q + 3),
g+ 1] in PG(n,q), q odd and q > 7. If every subspace of dimension 3 < m < n
intersects K in a (quasi) singular set, then K is (quasi) singular.
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Proof. For every point p € K, let 3, denote the set of lines of £; U £441 through
p. So B, is the complement of A, in the set of lines through p.

We may assume that there is a hyperplane U such that X N U is not the point
set of U or an (n — 2)-space. As every subspace of dimension 3 < m < n
is (quasi) singular, L N U is one of the following (note that we use the Main
Theorem).

1. KNU is a cone with vertex an (n — 4)-space and base a plane of type I, II
or III.

2. KNU is a cone with vertex an (n — 3)-space and base a set of (¢ + 1) or
1(¢q + 3) points on a line.

3. KNU is quasi singular, or XNU is a cone with vertex an m-space, 0 < m <
n—4, and base a quasi singular set in an (n —m — 2)-space skew to this m-
space. In both cases, KNU consists of 3(g+1) subspaces of dimension n—2
through an (n — 3)-space and a set of class [1,3(¢+ 1), 3(¢+3),¢+ 1] in
an (n — 2)-space through this (n — 3)-space.

In any case, there is an (n — 2)-space Uy C U such that there is a set of (n — 3)-
spaces V = {V1,...V1(44q)} through a common (n — 4)-space Wo, and a set
Ko of class [1,3(g+ 1), 3(q+3),q+ 1] in an (n — 3)-space V; ¢ V through W,
suchthatUoﬂKleu---UV%(QH) U Ko.

Let p € Wy, and consider the quotient space PG(n, q)/p = PG(n —1, ¢). Then
Up/p is an (n — 3)-space in PG(n, ¢)/p, and (Uy/p) \ (Vo/p) C B,.

Let U’ be a hyperplane through U,. Suppose that U’ N K is a cone with vertex
an (n — 4)-space W' and base a plane of type I, Il or IIl. If W/ & Uy then Uy N K
would be a cone with vertex the (n — 5)-space W’ N U, and base a plane of type
I, IT or III, a contradiction. So W’ C U,. Hence W’/ = W,. So p € W’, and
U'/p C B,.

Suppose that £ N U’ is a cone with vertex an (n — 3)-space W’ and base a
set of 1(q + 1) or (¢ + 3) points on a line. If W' C Uy, then either Uy C K
or Uy N K = W', a contradiction. So W’ ¢ Uy, and hence Wy = W’ N U,. So
p € W'. It follows that U’ /p C B,.

Suppose that KNU’ consists of 3(g+1) subspaces of dimension n —2 through
an (n— 3)-space V' and a set of class [1,4(¢+1),2(¢+3),¢+ 1] inan (n —2)-
space U” through V'. Suppose that V' & Uy. Then clearly Wy = V' N Up. If
V' C Uy, then necessarily Uy = U”. Since V C Kand Uyn K =V, U---U
Vi(g41) Y Ko, Ve VU {V}, so Wy C V'. In any case, Wy C V', and hence

(U"/p)\ (U" ) C B,.
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We conclude that for every hyperplane U’ through Uy, the set (U’ /p) N A, is
contained in a subspace of codimension zero in U’/p. Hence

n—l_l

q
|Ap|§ﬁ- )

Suppose that K is not (quasi) singular. Then 4, spans PG(n, ¢)/p. Let U be
a hyperplane of PG(n, ¢) containing p such that .4, N (U/p) spans U/p.

If U N K is a cone with vertex an (n — 4)-space W and base a plane of type I,
II or III, then p ¢ W. Let ® © p be a plane skew to W. Table 1 says that there
are at least ¢ — 1 lines of A, in 7. So | A, N (U/p)| > ¢" 2 —¢" 3.

If U N K is a cone with vertex an (n — 3)-space V and base a set of 1(¢ + 1)
or (g + 3) points on a line, thenp ¢ V and | A, N (U/p) | = ¢" 2.

Suppose that KNU consists of £ (q-+ 1) subspaces of dimension n — 2 through
an (n — 3)-space V and a set of class [1,1(q+1), (¢ +3),¢+ 1] inan (n — 2)-
space U’ through V. Thenp ¢ V and | A, N (U/p)| > ¢" 2.

We conclude that | A, N (U/p)| > ¢"~2 — ¢"~3 for every hyperplane such
that A, N (U/p) spans U/p. Using (1) and the fact that .4, spans PG(n,q)/p, a
contradiction follows easily. O

Lemma 8.4. Consider the set R,, in PG(n,q), n > 3, q odd. For every point p of
PG(n, q) and every hyperplane U > p, there is a plane 7 of type I or IIL, such that
penmZU.

Proof. A plane is of type I or III if and only if it intersects the quadric 7, in a
nondegenerate conic. The lemma follows from the fact that 7,, is a nonsingular
quadric. O

Lemma 8.5. Let n > 2, and suppose that the Main Theorem holds in PG(m, q), q
oddand ¢ > 7, forall 2 < m < n.

Let Ky and K be sets of class [1,1(q+1),2(¢+3),q+ 1] in PG(n,q), q odd
and q > 7, such that K1 # K2 and there is a hyperplane U such that K1 \ U =
K2 \U. Then there is a set of (q+1) hyperplanesUd = {Un, ... Ui (g+1)} througha
common (n—2)-space U’, and sets Ky and K of class [1,4(q + 1), (¢ + 3),q + 1]
in a hyperplane Uy ¢ U through U’, such that K; = Uy U--- U Ui(g+1) Y K,
j=12

Proof. If n = 2, the lemma holds by Lemma 5.1. Suppose that the lemma holds
forall 2 < n' < n.

Let £/ be the set of lines L such that | LNK;| =i,i € {1,¢+1},j € {1,2}.
Clearly a line L ¢ U is in £} if and only if itisin £2,i € {1,q + 1}.
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As we assume that the Main Theorem holds for PG(n, q), K1 as well as K is
of one of the types described in the Main Theorem.

Suppose that K; is not (quasi) singular. Then K is projectively equivalent to
R.. Let p € U be a point in the symmetric difference ; A Ko. By Lemma 8.4,
there is a plane 7 such thatp € # € U and 7NK; isof type Lor III. Let L = 7NU.
Then 7 N Ky # 7N Ky, but (nNK1)\L = (7N K3)\ L. Lemma 5.1 yields a
contradiction.

So both Ky and K5 are (quasi) singular. Next, we show that K; and K,
contain 1 (g + 1) hyperplanes through a given (n — 2)-space. We do this for ;.
If K; is quasi singular, then we are done since we assume the Main Theorem
holds.

Suppose that Ky is singular, and let V' be the subspace of singular points.
Clearly K; # PG(n,q). So V has dimension m < n — 2. Let p € V, and let L be
a line of £} such thatp € L ¢ U. Then L € L2, so p € K5. Hence V C Ks.

Let V' be an (m + 1)-space through V, V' & U. Then either V' NX; = V or
V' C Ki. Soeveryline L C V'isin L UL}, ;. It follows that V' NK; = V' NK,.

Suppose that V € U. Letp € U\ V, and let V' = (p, V). Then V' € U, so
V' N Ky = V' 'NK,, and so p is not in the symmetric difference K1 A K. But
now K; A Ky = 0, a contradiction. So V C U.

Let W be an (n—m—1)-space skew to V, which contains a point p € K1 AKs.
If n —m —1 = 1 then K; consists of some hyperplanes through the (n — 2)-
space V, so we are done. So we may assume 2 < n—m—1 < n — 1. Let
Ki=K;nW,j=1,2. Then K # K5, and U N W is an (n —m — 2)-space such
that K1\ (UNW) = K5\ (UNW). By the induction hypothesis, K} contains
1(q + 1) subspaces of dimension n — m — 2 through a common (n — m — 3)-
subspace, and we are done.

We have shown that there is a set U; of (¢ + 1) hyperplanes contained in
K;, all containing a given (n — 2)-space U}, j = 1,2. In fact it also follows that
there is a set V; of §(q¢ — 1) hyperplanes through U}, which intersect K; in U}
only, j = 1,2. Let W; be the unique hyperplane through U’ not contained in U;
orV;, j = 1,2. We show that U] = UJ.

Let p be a point of PG(n,¢) \ U;. Then the only lines through p which are
possibly in L] or £}, ,, are the lines joining p to a point of U].

Let p € U). Then every line through p, except possibly the lines contained
in W, but not in Uy, is a line of £ or £2,,. Hence every line through p, not
contained in Wy or U, is in £{ or £/, ,. If p € U], counting the number of lines
of L1 U L}, through p yields

q
n __ n—1 _ n—1 _
" -1 q 1 <4 1
q—1 q—1
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a contradiction. So U} C Uj, whence U] = Uj. The lemma follows. O

Theorem 8.6. Let n > 3, and suppose that the Main Theorem holds in PG(m, q),
qodd and q > 7, for all 2 < m < n. Let K be a set of class [1, Lg+1),3(q+3),
g+ 1] in PG(n,q), g odd and q > 7. If there is a quasi singular point p, then K
consists of 1(q+ 1) hyperplanes through a common (n — 2)-space U} > p and a set
of class [1,%(q+1),5(q+3),q+ 1] in a hyperplane Uy 2 U{, Uy distinct from
the 1(q + 1) hyperplanes contained in K.

Proof. Let U be a hyperplane through p containing the lines of A,,. Then L\ U is
a cone with vertex p and base a set X in a hyperplane U’ Z p. As p is nonsingular,
there is a line L € A? in U. Let U; and U, be hyperplanes not containing p such
that UyNL € K and Uy N L &€ K, respectively. Let V; = U; N U, and let X; be the
projection of V;NK from p on U’, i = 1,2. Then X; UX is the projection of U;NK
fromponU’,i=1,2. Hence X;UX isasetof class [1,3(q+ 1), 3(q+3),q + 1]
inU,i=1,2. Let VV=U'NU. Then X} UX # X, UX, and (X3 UX)\ V' =
(X UX)\ V. So Lemma 8.5 applies: there is a set of 1(g + 1) distinct (n — 2)-
spaces W = {W1,... Wy (441} of U’ through a common (n — 3)-space W', and
sets K4 and K, of class [1,4(q+ 1), 3(¢ + 3),¢ + 1] in an (n — 2)-space Wy ¢ W
of U’ through W', such that X; UX =W U--- U Wi(g41) UKL i=1,2.

Suppose that W’ C V’. Consider the point p’ = LN V’. Then p’ € X; and
pl ¢ XQ. As

X AX,= (X UX)A (X UX) =K, AK),

p' € Kf AKj) and so p’ € Wo. So Wy = V', whence X = (W1 U+~ UWi(g41)) \
V'. So K consists of (g + 1) hyperplanes (p, W1), ..., (p, Wi (g41)) through the
(n — 2)-space Uj = (p, W') and a set of class [1,4(q + 1), 2(¢+ 3),¢ + 1] in the
hyperplane Uy = U.

Suppose that W’ € V'. Let U} = (p, W’), and let U” be a hyperplane through
Uj. £ U" NU’ is an element of W, then (U" NU)\U C X,s0U"\U C K,
whence U” C K. IfEU” N U' ¢ WU {W,}, then (U NU)\U)NX = W'\ U,
so (U"\U)NK = Ui\ U, whence U’ N K = U). It follows that K consists of
3(q+1) hyperplanes (p, W1), ..., (p, Wy (441)) through the (n —2)-space Uj and
asetof class [1,3(¢+ 1), 3(¢+ 3), ¢+ 1] in the hyperplane Uy = (p, Wy). O
Theorem 8.7. Let n > 4, and suppose that the Main Theorem holds in PG(m, q),
godd and q > 7, for all 2 < m < n. Let K be a nonsingular set of class
[1,4(¢+1),3(q¢+3),qg+ 1] in PG(n,q), g odd and q > 7. If there are no planes
of type Il or V, then either K = R} or K =R,,.

Proof. Consider the set 7 of points p such that there is a plane 7 of type I or
IIT containing p, such that, using the notation of Theorem 3.1, p € C,. Then
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certainly 7 # (). Indeed, 7 = () would imply that every plane is of type IV, VI or
VII. As the Main Theorem holds in every subspace U of dimension 2 < m < n of
PG(n, q), this means that U NK is singular, for every U of dimension 2 < m < n.
Now Theorem 8.3 says that K is (quasi) singular, hence singular as there are
no planes of type V. But we assumed that K is nonsingular, a contradiction. So
there is at least one plane of type I or III, and 7 # ().

Suppose that there are two distinct planes 71, w3 of type I or III and a point
p € m Nmg such that p € Cr, and p ¢ Cr,. Suppose that W = (m,m2) is a
3-space. By Theorem 7.11, only the following possibilities can occur.

1. W N K = R3. Then there is a nonsingular quadric 73 in W such that for
every plane 7 of type [ or Il in W, C, = m N 73 (Proposition 3.2). Clearly
this contradicts our assumptions.

2. W N K is singular. Then W N K is a cone with vertex a point py and base
the set 71 N K in the plane 7;. It follows that C., is the intersection of 7y
with the cone with vertex py and base C,, a contradiction.

3. W N K is quasi singular. This is impossible as there are no planes of type
V.

In each case, a contradiction follows. So W = (my,m2) is a 4-space. By Ta-
ble 1, there is a line L € £§(q+3) such that p € L C mo. Let W/ = (m, L).
By Theorem 7.11, and since there are no planes of type V, only the following
possibilities can occur.

1. W/ NK = R3. Then Lemma 8.1 says there is a plane 7 of type I such that
LCrxmCW.

2. W’'NK is a cone with vertex a point py and base the set 71 NK in the plane
m1. As L € L1(443), po ¢ L. Hence there is a plane 7 of the same type as
m such that L C «# C W',

In each case, there is a plane 7 of type I or III such that (7, 7) and (m, m2)
are 3-spaces. Since p € Cr,, p € Cr. Since p & Cr,, p € Cr. Again, we
obtain a contradiction. It follows that for every plane 7 of type I or III, we have
aNT =C,.

We show that for every line L € £, either LNT is a single point, or L C 7.
Suppose there is a plane 7 of type IIl which contains L. Then L is a tangent line
to Cr, =7 Nm,so LN7T consists of a single point.

Suppose there is a 3-space W O L such that W N K = R3. Let 73 be the
nonsingular quadric which corresponds to Rs. Since for every plane 7 C W of
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type I or III, we have # N7 = C, = w N 73 (Proposition 3.2), WN7T = T3. As
Le Ly, LNT; €{1,q+ 1} (Proposition 2.1). Hence LN7 € {1,q + 1}.

Suppose there is no plane of type III through L and no 3-space W D L such
that WNK = Rs. As L € L1, there is no plane of type I which contains L. So
every plane through L is of type IV, VI or VIL If every plane through L is of type
VI or VII, then every point of L is singular, a contradiction. Let 7 O L be a plane
of type IV, with vertex the point py € L. By Theorem 7.11 and since there are
no planes of type V, W N K is singular for every 3-space W O w. Now for every
3-space W D T, py is in the vertex of W N K. Hence py is a singular point of ,
a contradiction. We conclude that |LN7 | € {1,q+ 1} foreveryline L € L.

Consider the point-line geometry S = (7, £,I), where L is the set of lines
contained in 7. Note that £ C L. Clearly S is fully embedded in PG(n, ¢).
We prove that S is a Shult space. Let {p, L} be an anti-flag of S, and let 7 =
(p,L). Since L C 7, 7 cannot be of type I or Ill. Since LU {p} C 7 C K, ©
cannot be of type VI. So 7 is of type IV or VII. Suppose that 7 is of type IV, and
let py be the vertex of 7. Then pg € L, so p # po. Then M = (p,po) is the
unique line of £,; in m through p. Since p,po e M N7, M CT,soM € L. It
follows that a(p, L) = 1. Suppose that = is of type VII. Then every line M in 7
through p contains at least two points of 7, whence M € L. So a(p, L) = ¢+ 1.
It follows that S is a Shult space.

Suppose that 7 is contained in a hyperplane U of PG(n, q). Let 7 be a plane
of type I or IIl. Then # C U. Let W be a 3-space such that # C W ¢ U. By
Theorem 7.11 and since there are no planes of type V, either W N KC = R3 or
W N K is a cone with vertex a point pg ¢ 7 and base = N K. In any case, W N T
spans W, so 7 ¢ U, a contradiction.

So S is a Shult space fully embedded in PG(n,q), but not contained in a
hyperplane of PG(n, q). By Theorem 6.1, and since there is a plane which inter-
sects 7 in a nondegenerate conic, 7 is either a nonsingular quadric or a singular
quadric, that is, a cone with vertex an m-space U, 0 < m < n — 3, and base a
nonsingular quadric 7’ in an (n — m — 1)-space U’ skew to U. Suppose that T
is singular. We show that this implies that K is singular.

Let L be a line joining a point p € U with a point € U’. As ¢ is odd and 7’
is a nonsingular quadric, there is a plane w with r € 7 € U’ such that rNU" is a
nondegenerate conic. Since 7 N7’ = 7 N7 is a nondegenerate conic, and since
every line of £, contains one or ¢ + 1 points of 7, = cannot be of type IV, VI
or VIL. So 7 is of type L or I, with C,, =7 N 7.

Consider the 3-space W = (p, 7). Then W N 7 is the cone with vertex p and
base the conic 7 N 7’. Analogously as before, a plane 7’ with p & # C W is of
type I or III, with C» = 7' N7T. By Theorem 7.11, W N K is a cone with vertex p
and base 7N K. Hence LNK = {p} if r ¢ Kand L C K if r € K. Since this holds
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for every line L which joins a point of U with a point of U, it follows that K is
a cone with vertex U and base L N U’. But we assumed that K is nonsingular, a
contradiction. So 7 is a nonsingular quadric.

Let L be a tangent line to 7 at a point p. Let m be a plane containing L,
but not contained in the tangent hyperplane p* to 7 at p. Then 7N 7 is a
nondegenerate conic. Hence = is of type I or IlI, with C;, = 7 N7. So L is
tangent to C; at p, whence L € £ U Lg41.

Let p € K\ 7, and let T" be the graph on the points off 7, two points being
adjacent if they are on a tangent line to 7. As remarked earlier, the graph I'
has two connected components. As every tangent line to 7 is in £; U Lg41,
the connected component of I" which contains p is a subset of K. For the same
reason, the other connected component of I is either disjoint from I, or also
contained in K. But the second possibility cannot occur as this would imply that
K is the point set of PG(n, ¢), which is singular. So K consists of 7 and one of
the two connected components of the graph I'. By Theorem 2.3, K =R,,. O

Proof of the Main Theorem.

Proof When n = 2 and n = 3, the proof is given by Theorems 3.1 and 7.11,
respectively. Suppose that n > 4 and the theorem holds for all 2 < m < n.

If there are no planes of type II or V, then Theorem 8.7 says that either X
is singular, or K = R} or K = R, . If there is a plane of type II or V, then
Theorems 8.3 and 8.2 imply that K is either singular or quasi singular. If K is
singular, then either K = PG(n, ¢), or K is a cone with vertex an m-space U and
base a nonsingular set of class [1,3(¢+1),3(¢+3),¢+ 1] in an (n — m — 1)-
space skew to U, 0 < m < n — 2. Finally, Theorem 8.6 says that if K is quasi
singular, then K consists of (g + 1) hyperplanes through a common (n — 2)-
space U and a nonsingular set of class [1,%(q+ 1), 4 (¢ + 3),¢ + 1] in another
hyperplane through U. O
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