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The simplicial EHP sequence in A!-algebraic topology
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We give a tool for understanding simplicial desuspension in A!—algebraic topology:
we show that X — Q(S'AX) — Q(S! A X AX) is a fiber sequence up to homotopy
in 2—localized A! algebraic topology for X = (S')" A Gp? with m > 1. It follows
that there is an EHP spectral sequence
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1 Introduction

Let ¥ denote the suspension functor from pointed simplicial sets (or topological
spaces) to itself, defined as XX := S! A X. For some maps f: LY — X, there is a
g:Y — X such that f = Xg. In this case, f is said to desuspend and g is called a
desuspension of /. Under certain conditions, the obstruction to desuspending f is a
generalized Hopf invariant, as is proven by the existence of the EHP sequence

(D X > QXX - Q2 x/?
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of I James [19; 20; 21; 22] and Toda [37; 38], which induces a long exact sequence in
homotopy groups in a range; see for example Toda [36] or Whitehead [39, Chapter XII,
Theorem 2.2]. Namely, f desuspends if and only if the generalized Hopf invariant

H(): Y > QY 2L o5 x » Qyx/?

is null. Because calculations can become easier after applying suspension, it is useful
to have such a systematic tool for studying desuspension.

By work of James [20; 21], it is known that when X is an odd-dimensional sphere, (1)
is a fiber sequence, and when X is an even-dimensional sphere, (1) is a fiber sequence
after localizing at 2. In particular, for any sphere, (1) is a 2—local fiber sequence. Since
the suspension of a sphere is again a sphere, the corresponding fiber sequences for
all spheres form an exact couple, thereby defining the EHP spectral sequence; see
Mahowald [30]. The EHP spectral sequence is a tool for calculating unstable homotopy
groups of spheres. See, for example, the extensive calculations of Toda in [38].

We provide the analogous tools for ¥ X = S A X in Al —algebraic topology, identifying
the obstruction to S!—desuspension of a map whose codomain is any sphere with a
generalized Hopf invariant, and relating S!—stable homotopy groups of spheres to
unstable homotopy groups, after 2—localization, by the corresponding EHP special
sequence. We leave the p-localized sequence for future work.

Place ourselves in the setting of A!—algebraic topology over a field; see Morel and
Voevodsky [34; 33]. Let Smy, denote the category of smooth schemes over a perfect
field &, and consider the simplicial model category sPre(Smy ) of simplicial presheaves
on Smy, with the A! injective local model structure, which will be recalled in Section 2.
This model structure can be localized at a set of primes P (see Hornbostel [14] and
Section 3) giving rise to the notation of a P —local fiber sequence up to homotopy. See
Definition 8.1. Define the notation

Sn+qa — (Sl)/\n A (Gm)/\q-
Let Q(—) denote the pointed A! —mapping space Mapgpre(smy ). (S 1, Ly1—), where

La1 denotes A! —fibrant replacement.

Theorem 1.1 Let X = S"19% with n > 1. There is a 2—local A! —fiber sequence up
to homotopy,
X - QXX - QX2
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The simplicial EHP sequence in A' —algebraic topology 1693

Let JTA denote the ;™ A! homotopy sheaf, and more generally define 7Tl +v o(X) tobe
the sheaf associated to the presheaf taking a smooth k—scheme U to the A!-homotopy
classes of maps frorn Sitie AU, to X. The stable A! homotopy groups are defined

as the colimit 7} (X) = colim, oo A (Z"X).

z+voz +r+va
Theorem 1.2 (simplicial EHP sequence) Choose n, g and v in Z>¢ withn > 2.

e There is a spectral sequence

9 +
(Elj’d Er _>Elr 1,j— r):>Z(2)®7T1 n+(v Qo Z(2)®nl+vsasn e
with El.1 =Z2)® j+1+l+w(S2j+2”+1+2q“) if i >2n—14j and otherwise
1 _
E;; =0.
e Choose n’ > n. There is a spectral sequence
(E”,d Er _)El 1,j— r):>Z(2)®nt+vaSn+qa

with E} ; =Z(2)® ,+1+,+m(52’+2”+1+2"“) ifi >2n—14j and j <n'—n,

and E l.l = 0 otherwise.

Theorem 1.2 follows directly from Theorem 1.1. Theorem 1.1 is a summary of a
more refined theorem, giving conditions under which (1) is a fiber sequence without
2-localization. To state this theorem, let GW (k) denote the Grothendieck—Witt group
of k, and consider the element of GW (k) given by —(—1) = —(1 + pn), where 7 is
the motivic Hopf map and p = [—1] in the notation of [33, Definition 3.1]. Let KMV
denote Milnor—Witt K —theory as defined in [33, Definition 3.1]. For a set of primes P,
write Z p for the ring Z with formal multiplicative inverses adjoined for all primes not
in P.

Theorem 1.3 Let X = S"T9% withn > 1, and let e = (—1)"*t9(—1)4. Let P be a
set of primes. The sequence

X > QX - QY XN?

is a P—local A! —fiber sequence up to homotopy if 14+m(1+e¢) are units in GW (k)®Z p
for all positive integers m.
Corollary 1.4 In the setting of Theorem 1.3, the sequence

e isalways a 2—local A' —fiber sequence up to homotopy;

e is an Al —fiber sequence up to homotopy when e = —1 or when n + ¢ is odd
and the field k is not formally real.
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1694 Kirsten Wickelgren and Ben Williams

In particular, the sequence is an A —fiber sequence up to homotopy
e when n is odd and q is even;

e when n + ¢ is odd and k = C, or more generally, when n + ¢ is odd and k is
any field such that 2n = 0 in KMV,

Although the statement of Theorem 1.3 is a direct analogue of the corresponding theorem
in algebraic topology, the proof given here is not a straightforward generalization of a
proof in algebraic topology. The difficulty is that Al —fiber sequences are problematic
and A!—homotopy groups are not necessarily finitely generated. Standard tools like
the Serre spectral sequence are not currently available.

If a theorem holds for every simplicial set in a functorial manner, it may globalize
in the following sense. First, one may be able to obtain in sPre a naive analogue by
starting with simplicial presheaves instead of simplicial sets, performing corresponding
operations, producing corresponding maps in sPre. If the theorem in algebraic topology
says that some map is always a weak equivalence (resp. weak equivalence through a
range), it may be immediate that the corresponding map is a global weak equivalences
(resp. global weak equivalence through a range). If the A!—invariant analogues of
the operations considered in the theorem are obtained by applying L 41 to the naive
analogue (defined by applying the operation in simplicial set to the sections over each
U € Smy,), then the theorem holds in A! —algebraic topology.

This is the case of the Hilton—Milnor splitting shown below:
Theorem 1.5 There is a natural isomorphism

TQTX - TV Vo XM
in the A! ~homotopy category.

This is also the case for the statement that for any simplicial presheaf X, the sequence (1)
is a fiber sequence up to homotopy in the range i < 3n — 2, meaning

Al Al Al A2
T3,y X =7y, XX -y, (Z(X77) —

1 1 1
---—>7'[lA X—>ni‘§r12X—>ni‘§rl

S -t X -
is exact. This fact is shown in joint work with A Asok and J Fasel [4].

This is not the case for Theorems 1.1 and 1.3, ie these theorems are not proven by
globalizing a corresponding result in algebraic topology, where the sequence (1) fails
to be exact for X = §" v §". See Example 6.20.
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The simplicial EHP sequence in A' —algebraic topology 1695

Here is a sketch of the proof of Theorem 1.1; its purpose is to help the reader understand
the proof given in this paper, and also to explain the similarities with, and differences
from, the situation in classical algebraic topology. Let J(X) denote the free monoid
on a pointed object X in simplicial presheaves on Smy, where Smy; denotes smooth
schemes over k.

In algebraic topology, the free monoid on a pointed object is canonically homotopy
equivalent to the loops of the suspension. It was understood by Fabien Morel that
the same result holds in A!—algebraic topology. Indeed, a result of Morel implies
that L1 J(X) is simplicially equivalent to QL1 XX, for X pointed, fibrant and
connected. (The phrase “simplicially equivalent” means weakly equivalent in the
injective Nisnevich local model structure. Here, “fibrant” means with respect to this
model structure as well.) We show the versions of this result that we need in Section 5.
By globalizing a construction from algebraic topology [39, Chapter VII, Section 2],
there is a sequence

X - J(X) = J(X"?),

where X — J(X) is the canonical map induced from the adjunction between % and €2,
and J(X) — J(X"?) is the James—Hopf map, ie the above maps exist in A! —algebraic
topology and the composite map X — J(X”?) is nullhomotopic (simplicially). Thus,
there is an induced map in the homotopy category from X to the P—localized Al —
homotopy fiber of J(X) — J(X”?), where P is a set of primes. Use the notation
h: X — F for this map. Theorems 1.1 and 1.3 say that for X a sphere, £ is a
P—localized A'-homotopy equivalence for appropriate P, and it is proved as follows.

By Theorem 1.5, there is a map of S!—spectra b: X J(X) — = X. Using the tensor
structure of spectra over spaces, it follows that there is a map of S!-spectra

e T®J(X) - TP (X x J(X?))
which fits into the commutative diagram

T J(X) TRX x J(X?)

~_

3100 J(X/\Z)

(See Section 6.4, and, for general X, see Section 7.2, in particular the discussion
following Construction 7.10.)
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1696 Kirsten Wickelgren and Ben Williams

The two spaces J(X) and X x J(X”\?) are the same size in the sense that stably they
are both weakly equivalent to X v \/p~ | XM To see this, note that £ J(X) =
£ v /i, X" by Theorem 1.5;

TRX x J(XMN?)) 2 T®X v ERJ(XM?) Vv ER(X A J(XN?))

because the product of two spaces is stably equivalent to the wedge of their smash with
their wedge, ie Z°(X xY) = X®°(X VY VX AY). By Theorem 1.5, we have stable
weak equivalences J(X"2) = /o2 X" and X A J(X?) = \/;2 X2+ These
equivalences, when combined with the previous, show that stably X x J(X"\?) =
\/flole A Tt is not always the case, however, that the stable map c¢: X*°J(X) —
T®(X x J(X”?)) constructed above is a weak equivalence; see Example 6.20. In
algebraic topology, this map is a weak equivalence for X an odd sphere, and an
equivalence after inverting 2 for X an even sphere. We show an analogous fact in
Al —algebraic topology, in the following way. By the Hilton—Milnor theorem, the map ¢
can be viewed as a “matrix”, which itself is the product of matrices corresponding to the
diagonal of J(X) and a combination of b with the James—Hopf map J(X) — J(X"?).
Nick Kuhn’s calculations of the stable decomposition of the diagonal of J(X') (see [26])
and the stable decomposition of the James—Hopf map (see [25, Section 6]) in algebraic
topology globalize to give the matrix entries of ¢ in terms of sums of permutations of
smash powers of X. Morel computes that the swap map X AX — X A X is e, and
more importantly, any permutation o on X is equivalent to 5i€0) i the homotopy
category (see [33, Lemma 3.43]). Since X is a co- H—space, Kuhn’s results imply
that the matrix entries of ¢ are diagonal, and when combined with Morel’s result, we
calculate the n™ such entry to be

o 14 %((211)!/(2”11!) —1)(e+1) for n even;
. (1 + %((2(11 — 1))!/(2”_1(11 —DhH—-1D(e+ 1))(%(11 + 1)+ %(n — l)e) for n
odd.

Note that (2n)!/(2"n!) = 1(3)(5)---(2n — 1) is an odd integer, so the n'" diagonal
term of this matrix is of the form 1 + m(e + 1) with m an integer for n even, and
a product of two such terms for n odd. Note that ¢ = 1 in the homotopy category,
because e is the class of the swap. It follows that the product of two terms of the form
1 +m(e + 1) is also of this form because (e 4+ 1)?> = 2(1 + ¢). Also note that for any
positive integer m, we have that

(m+1)+me)((m+1)—me) =2m + 1,
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The simplicial EHP sequence in A' —algebraic topology 1697

whence (m + 1) 4+ me is a unit after localizing at 2. It follows that ¢ is a weak
equivalence after 2—localization. More generally, ¢ is a weak equivalence after P—
localization whenever all the terms (m + 1) + me are units in GW (k) ® Zp. See
Proposition 6.17. This produces the corresponding hypothesis in Theorem 1.3. We can
furthermore characterize exactly when (m + 1) 4+ me is a unit in GW(k) for all m:
either ¢ = —1 or the field is not formally real and ¢ = —(—1). See Corollary 4.8.

We are then in the situation where we have two P —localized A! —fiber sequences
2) F— J(X)— J(X"?),
3) X - X xJ(X"?) > J(X"?),

and a stable equivalence between the total spaces which respects the maps to the base.
We would like to “cancel off” the base J(X”?) to conclude that there is an equivalence
between the fibers. This is indeed what we do, however, there are two major obstacles
to overcome with this approach.

The first is that the standard tool to measure the size of a fiber of a fibration in terms of
the base and total space is the Serre spectral sequence, and at present there is no Serre
spectral sequence for A!—fiber sequences. The desired such sequence would use a
homology theory like Hfl (see [33, Definition 6.29]) because of the need for analogues
of the Hurewicz theorem as in [33, Chapter 6.3] to conclude a weak equivalence between
the fibers. We use S!—stable A! homotopy groups on the obvious analogue of the
Serre spectral sequence defined by lifting the skeletal filtration on the base to express
the total space as a filtered limit of cofibrations, and then making an exact couple by
applying nis ’P’Al. This gives a spectral sequence even for a global fibration, but it is not
clear that it can be controlled. We provide some of the desired control in Section 7.2.

Assume for simplicity that the base is reduced in the sense that its O—skeleton is a single
s, P, Al
i

applied to a wedge indexed by the nondegenerate simplices of the base of the fibration.

point, as is the case for J(X”?). The E!-page can be then identified with 7

This wedge construction takes P—local A! weak equivalences of the fiber (resp. P—
local A! weak equivalences in a range) to P—A! weak equivalences (resp. in a range).
See Lemmas 7.12 and 7.15. We then show that this identification of the E!—page
is natural with respect to maps, and even natural with respect to the stable map ¢
discussed above. See Lemma 7.13. This identification of the E ' —page does not behave
well with respect to weak equivalences of the base, as it involves the specific simplices
of the base. It is sufficient here because the map on the base is the identity. We do not
understand the E2—page.
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1698 Kirsten Wickelgren and Ben Williams

We then have a map of spectral sequences from the spectral sequence associated to (2)
to the spectral sequence associated to (3). We wish to use this map of spectral sequences
to show that the stable weak equivalences of the base and total space imply a stable A!
equivalence of the fibers, after appropriately localizing.

Then comes the second difficulty. There are infinitely many nonvanishing stable homo-
topy groups of the fibers in question, and these groups themselves are not necessarily
finitely generated abelian groups. We need to show that there is an isomorphism of
these E!—pages, but to do this, we need to allow for the possibility that all terms of
both spectral sequences are nonzero, nonfinitely generated groups. We give an inductive
argument to do this in Proposition 7.18, and immediately following the proposition
there is a verbal description of what happened.

The strategy of this proof of the motivic EHP sequence is modeled on the proof of
the EHP sequence given in Michael Hopkins’s stable homotopy course at Harvard
University in the fall of 2012. Hopkins credits this proof to James [19; 21] together
with some ideas of Ganea [10]. In this argument, the original Serre spectral sequence
is used; there is no need to work in spectra, as calculations in (co)homology suffice.
Since the (co)homology of spheres in algebraic topology is concentrated in two degrees,
there is no analogue of Proposition 7.18.

It is also possible to compute the first differential in the EHP sequence of Theorem 1.2,
and this computation will be made available in a joint paper by Asok and the present
authors [4].

Computations of unstable motivic homotopy groups of spheres can be applied to
classical problems in the theory of projective modules, for example to the problem of
determining when algebraic vector bundles decompose as a direct sum of algebraic
vector bundles of smaller rank. See [33, Chapter 8] and Asok and Fasel [1; 2].

In a different direction, it can be shown that there is an A! weak equivalence
TP —{0,1,00}) = (G vV Gp)

between the S! suspensions of P! —{0, 1,00} and G,, V G,,. By comparing the
actions of the absolute Galois group on geometric étale fundamental groups, it can be
shown that this weak equivalence does not desuspend; see Wickelgren [40]. Because the
action of the absolute Galois group on nlé‘(Pé —{0, 1, 0o}) is both tied to interesting
mathematics — see Ihara [17] — and obstructs desuspension, it is potentially also of
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interest to have systematic tools like those provided by the EHP sequence to study the
obstructions to desuspension.

1.1 Remark on the field

Throughout this paper, we will use k for a field such that the unstable connectivity
results of Morel apply in the A! homotopy theory over k. Specifically, we rely on
[33, Theorems 5.46 and 6.1]. At present, these results require & to be perfect, but this
may well be unnecessary. The requirement that k& should be infinite that arises in the
use of [33, Lemma 1.15] can be circumvented by use of Hogadi and G Kulkarni [13].

Organization

The organization of this paper is as follows: Theorem 1.2 is proven in Section § as
Theorems 8.5 and 8.6. Theorem 1.1 is proven in Section 8 as Theorem 8.3. The
core of these arguments is the cancellation property of Section 7.3. The substitute
for the Serre spectral sequence is developed in Section 7. In Section 6, the motivic
James—Hopf map and the diagonal of the James construction are computed stably
as matrices with entries in GW(k). Section 5 proves the Hilton—Milnor splitting.
Section 4 gives results on the Grothendieck—Witt group that are needed to understand
when the matrices computed in Section 6 are invertible. Section 3 provides needed
results on localizations of sPre(Smy) and Spt(Smy ), and Section 2 introduces the
needed notation and background on A!—homotopy theory.
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2 Overview of A! homotopy theory

In the sequel, we will have to draw on many results regarding A! homotopy. We collect
those results in this section for ease of reference. We make no claim that any of these
results are original.

As stated in the introduction, we assume k is a field so that the unstable connectivity
theorem of Morel applies over k.

Let Smy, denote a small category equivalent to the category of smooth, finite-type
k —schemes. The category sPre(Smy,) is the category of simplicial presheaves on Smy,,
and sPre(Smy ). the category of pointed simplicial presheaves. The category Smy, is
considered embedded in sPre(Smy ) via the Yoneda embedding. The terminal object of
Smy, and sPre(Smy,) is therefore Spec &, which is also denoted by & and * depending
on the context.

The notation Map( X, Y') denotes the internal mapping object where it appears, generally
in sPre(Smy ). Many categories appearing in the sequel are simplicially enriched, and
in them SMap(X, Y) will denote a simplicial mapping object. Where there is a model
structure a present, we will use the notation [X, Y], to denote the set of maps in the
homotopy category from X to Y. The notation [X, Y] will be used when a is clear
from the context.

If K is a simplicial set, then we write K; for the set of i —simplices in K.

2.1 Model structures

This paper makes use of two families of model structure on the category sPre(Smy,)
and its descendants: the local injective model structure of [23] — introduced there as the
“global” model structure — and the local flasque model structure of [18]. Our use of these
terms follows [18]. These model structures are Quillen equivalent. Each gives rise to
descendent model structures by A!—or P— localization or by stabilization. The flasque
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The simplicial EHP sequence in A' —algebraic topology 1701

model structures are employed only to prove technical results regarding spectra; when
“flasque” is not specified, it is to be understood that the injective structures are meant.

The weak equivalences in the injective local and the flasque local model structures are the
local weak equivalences — those maps that induce isomorphisms on homotopy sheaves,
properly defined [23]. In the seminal work [34], these maps are called “simplicial weak
equivalences” in order to emphasize their nonalgebraic character.

Both the injective and the flasque local model structures are left Bousfield localizations
of global model structures on sPre(Smy ), a global model structure being one where
the weak equivalences are those maps ¢: X — Y that induce weak equivalences
¢(U): X(U) - Y(U) for all objects U of Smy. Both the global injective and the
global flasque model structures are left proper, simplicial, cellular—see [14] —and
combinatorial, so left Bousfield localizations of either at any set of morphisms exist and
are again left proper, simplicial and cellular. In the injective model structures all objects
are cofibrant, and therefore these model structures are tractable in the sense of [5].

We shall need a cartesian model category structure on sPre(Smy) from time to time.
The category sPre(Smy ) is cartesian closed as a category in its own right, and it is well
known — and proved in [5, Application IV]— that the injective local model structure is
a symmetric monoidal model category in the sense of [15, Chapter 4] with the cartesian
product providing the monoidal operation. One then may wish to establish that some
model structure a obtained as a left Bousfield localization of this structure inherits the
structure of a monoidal model category.

Proposition 2.1 Suppose a is a localization of the injective model structure on
sPre(Smy, ) such that a is a simplicial monoidal model category with respect to the
cartesian product. Let A denote a set of morphisms in sPre(Smy) such that for all
objects U of Smy, if f: X — Y isin A, there is a morphism in A isomorphic to
fxidy: X xU — Y x U. Then the localization of a at A inherits the monoidal model
category structure of a.

Proof This is an application of [5, Proposition 4.47]. Here we assume that we are
working within some universe X. The role of V is played by sSet. The model
category a is left proper because all objects are cofibrant. Then the hypotheses of
[5, Proposition 4.47] are that a is symmetric monoidal, and that there exists a set of
homotopy generators of a, here taken to be the representable objects U, such that if Z
is A-local and U is representable, the internal mapping object Map(U, Z) is again
A-local. By adjunction, this follows from our hypotheses. a
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Corollary 2.2 Let a be a symmetric monoidal model structure on sPre(Smy ), where
the monoidal operation is given by the cartesian product. Let a4 denote the pointed
analogue. If X is an object of sPre(Smy), then the functor X X - preserves a weak
equivalences. If X is an object of sPre(Smy, ), then the functor X A - preserves a
weak equivalences.

Proof Let f: Z — Y be an a weak equivalence. Because ay is a simplicial model
category in which all objects are cofibrant and monomorphisms are cofibrations, it
follows from [35, Corollary 14.3.2] that idy V f: X VZ — X VY is an a weak
equivalence.

By Proposition 2.1, for any object X, the functor X x - preserves trivial cofibrations;
by Ken Brown’s lemma, it therefore preserves weak equivalences between cofibrant
objects, but all objects are cofibrant.

Note that idy Vv f, id«, X x f and X A f determine a map of pushout squares as in
the commutative diagram
X NZ

X\/Z—>X><Z

>x< XANY

7 e

XVY — X xY

Furthermore, X VZ — X x Z and X VY — X x Y are cofibrations because they are
monomorphisms. It now follows from [35, Corollary 14.3.2] that X A f: X A Z —
X AY is an a weak equivalence, as claimed. O

2.2 Homotopy sheaves

If X is an object of sPre(Smy) or sPre(Smy)., we write Ly X' for a functorial
fibrant replacement in the local injective model structure; this also serves as a fibrant
replacement in the flasque model structure. We write L1 for a functorial fibrant
replacement in the A! model structures.

Since the purpose of this paper is to establish some identities regarding A! homotopy
sheaves, it behoves us to define what a homotopy sheaf means in the sequel.

The following definitions date at least to [23].
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Definition 2.3 If X is an object of sPre(Smy, ), then we define ngre (X)) as the presheaf
U mo(|X(U))).

where U is an object of Smy, and | X (U)| indicates a geometric realization of X (U).
We define 7¢(X) as the associated Nisnevich sheaf to ﬂgre (X).

Proposition 2.4 If X is an object of sPre(Smy,), then wo(X) is the sheaf associated
to the presheaf coequalizer:

U + coeq(X(U); %; X(U)o).

do

Definition 2.5 If X is an object of sPre(Smy), with basepoint xqo — X, then we
define nlp (X, xg) for i > 1 as the presheaf

U mi(|X(U)]. xo).

where U is an object of Smy, and xq, in an abuse of notation, indicates the basepoint
of |X(U)| induced by xo — X. We define m; (X, x¢) as the associated Nisnevich
sheaf. The basepoint x¢ will generally be understood and omitted.

The reader is reminded that X (U) may have connected components that do not appear
in the global sections, X (). In this case, the sheaves of groups m; (X, xo) as defined
above are insufficient to describe the homotopy theory of X.

It is the case that the functor 7; (-) takes simplicial weak equivalences to isomorphisms,

1 . . .
and n§ takes A! weak equivalences to isomorphisms.

If X is an object of sPre(Smy )4, we reserve the notation Q’X for the derived loop
space Map, (S”, Lnis X). In particular, Q0X = Ly; X.

We rely on the following result throughout:
Proposition 2.6 Equip sPre(Smy, ). with the Nisnevich local model structure. If X
is an object of sPre(Smy)x, and if i > 0, then m;(X) is the sheaf associated to the

presheaft
U [Z1(Us), X]s.

Proof By applying a functorial fibrant replacement functor if necessary, we may
assume that X'(U) is a fibrant simplicial set for all objects U of Smy . In the following
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sequence of isomorphisms, all homotopy groups considered are simplicial homotopy
groups of fibrant simplicial sets:

[ST A UL, X]x = mo(SMap, (S AUy, X))

7o (SMap, (S*, Map, (U4, X)))
7o (SMap, (S*, Map(U, X)))
70 (sSet. (S*, Map(U, X)(%)))
= 11 (sSet. (ST, X (U)))

= 7; (X (U)).
as required. a

Il

2

I

12

Corollary 2.7 If X is an object of sPre(Smy )y and i > 0, then m; (X ) == 7o(Q' X).

Proof The result follows from the proposition and the adjunction
[ZH(UL), X = [Us, Q' X]s. O

Since taking global sections, X +— X (), is taking a stalk, we also have the following
corollary:
Corollary 2.8 If X is an object of sPre(Smy). and if i > 0, then

(X)) =[S, X].
If i, j = 0, we define

S = STAG),

where G, is pointed at the rational point 1. If j >0 and X is an object of sPre(Smy) +,

we define 72 . (X) as 7;(Map, (G, L a1 X)); it is isomorphic to the sheaf associ-

l+]a
ated to the presheaf U > [S?+/% A Uy, X],1. Taking global sections, we have

z+ja(X)(k) [Si+ja,X]A1.

2.3 Compact objects and flasque model structures

We say that an object X of sPre(Smy ). is compact if

colimMap, (X, F;) = Map, (X, colim F,-)
1 1
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whenever F; is a filtered system in sPre(Smy), and similarly for sPre(Smy).. An
argument similar to that of [9, Lemma 9.13] shows that pointed smooth schemes are
compact, and it is easy to see that finite constant simplicial presheaves are compact. If
A and B are pointed compact objects, then 4 A B is compact, and all finite colimits
of compact objects are again compact.

We shall frequently make use of the following:

Proposition 2.9 Let I be a filtered small category and X an I —shaped diagram in
sPre(Smy ) (resp. sPre(Smy).). Then the natural map hocolim X — colim X is a
global weak equivalence.

Proof We describe the case of sPre(Smy); that of sPre(Smy, ), is similar.

By construction — see [12, Chapter 18] — (hocolim X)(U) = hocolim(X (U)) for all
U € Smy,, and similarly for colim. The result then follows from the classical fact that
the natural map hocolim X (U) — colim X (U) is a weak equivalence [6, XI1.3.5]. O

Proposition 2.10 If Xy — X; — --- is a sequential diagram in sPre(Smy,), then the
natural map of sheaves

colim o (X;) — mo(colim X;)
l 1

is an isomorphism.

Proof By Proposition 2.9, we may replace {X;} by a naturally weakly equivalent
diagram without changing the homotopy type of colim; X;. The group colim; 7o (X;)
is also unchanged by such a procedure. We can therefore assume that X;(U) is a
fibrant simplicial set for all objects U of Smy,.

Since, according to Proposition 2.4, my(Y) is the sheaf associated to a coequalizer
of presheaves provided Y takes values in fibrant simplicial sets, the result follows by
commuting colimits. |

The injective local model structure on sPre(Smy, ), suffers from a technical drawback
when one wishes to calculate with filtered colimits, which is that filtered colimits of
fibrant objects are not necessarily fibrant themselves. This is the problem that motivates
the construction of the flasque model structures of [18], and one can see the presence
of flasque or flasque-like conditions appearing often throughout the literature when
calculations with filtered colimits are being carried out; see [24; 9; 32].
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We therefore consider two flasque model structures on sPre(Smy): the local flasque
structure in which the weak equivalences are the simplicial weak equivalences, and the
Al flasque structure in which the weak equivalences are the A! weak equivalences.
These model structures apply also to sPre(Smy).. These model structures are simpli-
cial, proper and cellular, and the A! structures are left Bousfield localizations of the
local model structure. There is a square of Quillen adjunctions

injective local ——— flasque local

l 1

injective Al —=— flasque A!

where the arrows indicate the left adjoints, and each arrow is the identity functor on
sPre(Smy ). The horizontal arrows represent Quillen equivalences. A similar diagram
obtains in sPre(Smy ).

Not all objects are cofibrant in sPre(Smy ) or sPre(Smy ). in the flasque model struc-
tures, in contrast to the case of the injective structures. Since the A! flasque structures
are left Bousfield localizations of the local flasque structures, the cofibrant objects in
one model structure agree with the cofibrant objects in the other. The results of [18],
specifically Lemmas 3.13 and 6.2, show that all pointed simplicial sets and all quotients
X/Y of monomorphisms ¥ — X in Smy, are flasque cofibrant in sPre(Smy ), . This
includes all smooth schemes pointed at a rational point. Lemma 3.14 of [18] shows
that finite smash products of flasque cofibrant objects are again flasque cofibrant
in sPre(Smy ).

Proposition 2.11 If F; is a filtered diagram of objects of sPre(Smy),, and if X is a
compact and flasque cofibrant object of sPre(Smy ), then there is a zigzag of local
(resp. Al) weak equivalences

(5) colimMap, (X, RF;) — Map, (X, R colim RF,-) <~ Map,, (X, R colim Fi),
l 1 l
where R denotes an injective local (resp. injective A') functorial fibrant replacement.

Proof By Proposition 2.9, the local (resp. A!) homotopy type of a filtered colimit is
invariant under termwise replacement by locally (resp. A!) equivalent objects.

Filtered colimits of flasque fibrant objects are again flasque fibrant; see [18].

The objects RF; are flasque fibrant, so the colimit colim; RF; is flasque fibrant, as is
R colim; RF;. There is a global weak equivalence colim; R F; >~ R colim; RF;. Since
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R preserves weak equivalences, we also have R colim; RF; >~ Rcolim; F;. Since
the object X is flasque cofibrant, the functor Map, (X,-) preserves trivial flasque
fibrations, and by Ken Brown’s lemma, weak equivalences between flasque fibrant
objects. The map Map, (X, colim; RF;) — Map, (X, R colim; F;) is therefore a weak
equivalence. The result now follows from the compactness of X. a

Corollary 2.12 If F, is a filtered system of objects of sPre(Smy, ), andif i, j >0
are integers, then there are natural isomorphisms of sheaves

b (colim F,) = colim m; (F})
r r
and
nﬁja(cohm F,) ~ cohrn JTH_Ja(Fr)

Proof Combine Corollary 2.7 and Propositions 2.10 and 2.11, noting that the objects
SitJ® are compact and flasque cofibrant. a
Q' X) differs from 72

We warn the reader that 7’ (X) in general; see [33,

Theorem 6.46].

H—joe( l+r+joe

2.4 Spectra

We take [16] as our main reference for the theory of spectra in model structures such
as those we consider here. We shall require only naive spectra, rather than symmetric
spectra. For us a spectrum, E, shall be an S!-spectrum, consisting of a sequence
{Ei}72,, of objects of sPre(Smy)., equipped with bonding maps o: X E; — E;11.
The maps of spectra E — E’ being defined as levelwise maps E; — E; which
furthermore commute with the bonding maps, we have a category of presheaves of
spectra, which we denote by Spt(Smy,).

Just as we have two notions of weak equivalence on sPre(Smy ), the local and the A!,
we shall have two kinds of weak equivalence between objects of Spt(Smy,), the stable
and the A!.

There is a set, I in the notation of [18], of generating cofibrations for which the
domains and codomains all posses the property that we call “compact”, which [18] calls
“w-small” and which is stronger than the property that [16] calls “finitely presented”.
Moreover, both model structures are localizations of an objectwise flasque model
structure having a set, J in the notation of [18], which again consists of maps having
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finitely presented domains and codomains. By the arguments of [16, Section 4], these
model structures are almost finitely generated.

The theory of [16, Section 3] establishes a stable model structure on Spt(Smy,) based
on any cellular, left proper model structure, a, on sPre(Smy ). In particular, this
applies when a is a left Bousfield localization of the global injective or global flasque
model structure, and therefore when it is one of the four structures of (4). The results
of [16, Section 5] ensure that we have Quillen adjunctions and equivalences between
these model structures

stable injective local ——— stable flasque local

l l

stable injective Al —=— stable flasque A!

Since the functors of (4) are the identity functors, the same is true of the functors of (6);
only the model structure varies.

We write stable weak equivalence for the weak equivalences of the stable injective
local and stable flasque local model structures, and stable A! equivalence for the weak
equivalences of the stable injective A! and the stable flasque A! model structures. In
keeping with our convention, we write L 41 £ to denote a fibrant replacement of £ in
the stable A! model structures.

Since the underlying unstable model structures are proper, we may apply fibrant-
replacement functors levelwise to objects in Spt(Smy) to obtain maps of spectra
E — RE given by E; — RE;, the fibrant replacement in any one of the four unstable
model structures under consideration. There is also a spectrum-level infinite loop space
functor, ®°, that takes a spectrum E to the spectrum having i space

(O E); = colimMap, (S, E;1x).
k—o00

Proposition 2.13 A map f: E — E’ of Spt(Smy) is a stable weak equivalences
(resp. a stable A! equivalence) if and only if

O®(Rf)i: (O®°RE); — (O*°RE");

is a weak equivalence for all i , where R represents the flasque local fibrant replacement
functor (resp. flasque A! —fibrant replacement functor).
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Proof This is a special case of [16, Theorem 4.12]. The ancillary hypotheses given
there, that sequential colimits in commute with finite products and that Map, (S!,-)
commutes with sequential limits, are satisfied in sPre(Smy, ). a

One can verify that a spectrum E is weakly equivalent to the spectrum one obtains
from E by replacing each space E; by the connected component of the basepoint
in E;. We may therefore assume that E; is connected, meaning we do not have to
worry about the problem of components that are not globally defined.

For any integer i, there is an adjunction of categories
7 ¥~ sPre(Smy )« = Spt(Smy) :Ev;,

where the spectrum X%~/ X is the spectrum the j™ space of whichis =/ 7/ X if j >,
and * otherwise, and where the bonding maps are the evident ones. The right adjoint Ev;
takes E to E;.

Proposition 2.14 Suppose a is a left Bousfield localization of either the global injec-
tive or the global flasque model structure on sPre(Smy). Then the adjoint functors
of (7) form a Quillen pair between the pointed model structure on sPre(Smy, ). and the
stable model structure on Spt(Smy,) induced by a.

Proof This follows from Definition 1.2, Proposition 1.15 and Definition 3.3 of [16]. O

The left-derived functor of Evg in the flasque model structures are the functors
QX {Eyin — colim Q¥RE, k.
fl

Al )
extends to an action of sPre(Smy), on Spt(Smy), and the functors X%~ preserve

where R is either LIqus or LY, , as appropriate. The smash product on sPre(Smy,)

this structure, and in particular are simplicial functors [16, Section 6].

For an object E of Spt(Smy ), we define the stable homotopy sheaves 77 (E) as the
colimit
7} (E) = colimm;4,(E,).
¥ —>00
Since mi4+,(E,) is the sheaf associated to the presheaf U +— m;4+,(E,(U)), and

sheafification commutes with colimits, it follows that 77 (E) may also be described as
the sheaf associated to the presheaf

U ni (EQU)).
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where the stable homotopy group is the ordinary stable homotopy group of simplicial
spectra. This definition of the sheaf nlt‘ is used in [32].

We similarly define the stable A! homotopy sheaves 7;>"; (E) as the colimit

z+ja
l+ja(E) = colim nﬁrﬂa(E ).
When X is an object of sPre(Smyg ), will use the notation 73 (X) and ni’Al (X) for
1
w3(X°X) and ni’A (2°°X), respectively.
Proposition 2.15 Let f: E — E’ be a map in Spt(Smy,). Then

(i) f is a stable weak equivalence if and only if 7} ( f) is an isomorphism for all i ;

(i) f is an Al —stable weak equivalence if and only if nis Al (f) is an isomorphism
forall i.

Proof The map f: E — E’ is a stable weak equivalence if and only if the maps
(®OOLNISE )i — (®OOLNISE ")i are simplicial weak equivalences for all i . The space
(@ngisE)] is

colim Q" (L, Ej+7)
and its (i 4 j )™ homotopy sheaf is, by Corollary 2.12,

71,_“( oth (LN1sEJ+")) —]collm Titjtr(Ejyr) =) (E).

The result for nf follows.

For A! equivalence, the same argument applies mutatis mutandis. Writing LﬂAl for the
flasque A!—fibrant replacement functor, we see that the (i 4 )™ homotopy sheaf of
the j level of the A! —stable fibrant replacement @"O(Lgl E)is

. f
it j (colim Q" (L, Ejtr)).
which simplifies to 7} (L E) = JTS Al (E). O

This proposition says that the definition of stable weak equivalence used in this paper
agrees with that of [32].
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Proposition 2.16 For any object E of Spt(Smy) and any nonnegative integers i , i’
and j,

(i) the sheaf associated to the presheaf
U [ (ST AUL), E]
ism; ,(E);
(ii) the sheaf associated to the presheaf
U [2°77 (ST AU, E]

. s5,Al
is ”i—i'+ja(E)'

Proof We prove the first statement.
The given presheaf, by adjunction, is
U [S' AUy, Evys E],

where the functor Ev;/ is a derived functor in the flasque stable model structure. By
reference to [16], we write this presheaf more explicitly as

, ] q
U [S'AUy, colim QLY Eir4r].
which is associated to the sheaf

. ﬂ ~ . X ~
i (colim Q"L Eirr) 2 colim vy (ir.r) (Eir4r) = 7}y (E),

as asserted.

The proof of the second statement is similar, with the proviso that LIins is replaced

by L%, , and one concludes that the sheaf being represented is

fl
Al

. ,Al
)y (Map, (Gp/ LY E)) = )% (E). O

Corollary 2.17 For any i, j > 0, and any object E of Spt(Smy), taking global
sections gives

7wl (E)(x) = [E%°S', E]
and

Al L
nl:q-l-j(x(E)(*) = [EOOSH_JQ’ E]Al'
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Proposition 2.18 Suppose {E,} is a filtered system of objects in Spt(Smy ). Then
the natural maps
colim 77} (E;) — 77 (colim E;)
n n
and

cohm b9 (E ) =T +Aj o (cohm E; )

i —I— jo
are isomorphisms.

Proof These follow from Corollary 2.12 and the observations that taking colimits
commute and that colimits of spectra are calculated termwise. |

2.5 Long exact sequences of homotopy sheaves

We will use the term cofiber sequence only in a limited sense: a cofiber sequence in a
pointed model category M is a sequence of maps X — Y — Z such that X — Y is
a cofibration of cofibrant spaces and Z is a categorical pushout of * <— X — Y. A
fiber sequence is dual.

The image of a cofiber sequence in ho M may also be called a cofiber sequence, as in
[15, Chapter 6]. The notion of fiber sequence is dual.

The derived functors of left-Quillen functors preserve cofiber sequences, and dually
the derived functors of right-Quillen functors preserve fiber sequences.

Suppose a is a model structure on sPre(Smy, ), obtained as a left Bousfield localization
of the flasque- or injective-local model structure. Consider Spt(Smy, ), endowed with the
stable model structure derived from a [16, Section 3]. By [16, Theorem 3.9], the homo-
topy category ho, Spt(Smy,) is a triangulated category in the sense of [15, Chapter 7.1].
Write n (E ) for the sheaf associated to the presheaf U > [S’ A G] AU4, Elsas
where the set of maps is calculated in ho,(Spt(Smy)). Thus we have the following
result by applying the associated-sheaf functor to Lemma 7.1.10 of [15]:

Proposition 2.19 If X — Y — Z is a cofiber sequence in ho,(Spt(Smy,)), then the
induced sequence of homotopy sheaves

T nz—i—ja(X) - T[z+joz(Y) - nz+ja(z) - nz 1+]Ot(X)
is an exact sequence of sheaves of abelian groups.

P s, P,Al

i+ja

s5,Al

itia of Section 3.

sﬂ
Examples include 7} and 7; as well as ;" and 7;

Geometry & Topology, Volume 23 (2019)



The simplicial EHP sequence in A' —algebraic topology 1713

2.6 Al!-unstable and —stable

We say that a spectrum E is Al —n—connected if T[S Al (E) =0 forall i <n. From
the above definition of nf Al , combined with [33, Theorem 6.38] saying that L 41 does
not decrease the connectivity of connected objects, and that L .1 commutes with €2 for
simply connected objects, we deduce the following lemma:

Lemma 2.20 If X is an Al —n—connected object of sPre(Smy)s, then XX is
Al —n—connected.

Recall that a map f: X — Y of connected objects of sPre(Smy) is said to be n—
connected if the homotopy fiber is (n—1)—connected, and A!—n—connected if the
Al —homotopy fiber is Al —(n—1)—connected.

By use of [33, Theorem 6.53 and Lemma 6.54] and the Al —connectivity theorem, we
deduce that if X — Y is n—connected with » > 1 and if moreover 7 (Y") is strongly
Al —invariant, then X — Y is Al—n—connected. These conditions hold when X is
simply connected, or when n > 2 and X is Al -local.

The following result is due to Asok and Fasel [3]:

Proposition 2.21 (Blakers—Massey theorem of Asok and Fasel) Suppose f: X — Y
is an A! —n—connected map of connected objects in sPre(Smy ), and X is Al —m—
connected, with n,m > 1; then the morphism hofib,1 f — QL 41 hocofib f is (m+n)—
connected.

Proof We rely on a homotopy excision result, a consequence of the Blakers—Massey
theorem, that says that the result of this proposition holds in the setting of classical
topology [39, Chapter VII, Theorem 7.12].

We may replace f: X — Y by an equivalent A!—fibration of A!—fibrant objects
without changing the A! homotopy type of hofib,1 f or of hocofib 1.

The A! homotopy fiber of f therefore agrees with the ordinary fiber and therefore
also with the simplicial homotopy fiber.

The classical homotopy excision result, applied at points, now says that the map
hofib f/* — 2 hocofib f is simplicially (m+n)—connected. Since m +n > 2, and
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hofib / = hofiby1 f is Al-local, it follows that (2 hocofib f) is strongly A!—
invariant and then by [33, Theorem 6.56] it follows that

hofibg1 f 2>~ L1 hofibg1 f— L 1€ hocofib f

is (m+n)—connected.

The connectivity hypotheses imply that (YY) = n{*l (Y) is trivial, and therefore by
the van Kampen theorem that hocofib f is simply connected. This implies by [33,
Theorem 6.46] that L 41 2 hocofib f/ >~ QL 41 hocofib. This completes the proof. O

Corollary 2.22 Suppose f: X — Y is a map of Al simply connected objects in
sPre(Smy ), such that the homotopy cofiber hocofib f is Al contractible. Then f is
an A! weak equivalence.

Proof We show by induction that hofib,: f* is arbitrarily highly connected. Since X
and Y are simply connected, hofib,1 f* is O—connected, so f is 1—connected.

Suppose we know that hofib,1 f is d —connected; then applying Proposition 2.21 with
n=d+1 and m = 1, we deduce that hofib,i / — Q hocofib f ~ * is Al —(d+2)—
connected, so that g4 (hofiby1 f) is trivial. a

Corollary 2.23 Suppose f: X — Y is a map of Al simply connected objects in
sPre(Smy ), such that £ f: T®X — Z®Y isan A! weak equivalence; then f is
an Al weak equivalence.

Proof We may replace f by a fibration of A!—fibrant objects.

The map f is necessarily 1—connected, and from the proposition we deduce that
71 (hocofib f) >~ mq(hofib f), which is trivial. Since X% is a left Quillen functor, it
preserves cofiber sequences in the derived category, and we deduce that X°° hocofib f
is Al contractible. Since hocofib f is simply connected, the A! Hurewicz theorem
implies that hocofib f is Al contractible.

An appeal to Corollary 2.22 now completes the argument. a
2.7 Points

The site Shyis(Smy, ) is well known to have enough points. Let O be a conservative set
of points of Shy;is(Smy ). For each element ¢ € Q, there is an adjunction of categories

q™: Shyis(Smy) 2 Set g,

where ¢*, as well as preserving all colimits, preserves finite limits.
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There is a Quillen adjunction
q*: sPre(Smy) = sSet ¢

from the injective local model structure on sPre(Smy) to the usual model structure
on sSet. This extends in the obvious way to the pointed model categories, and to the
categories of spectra

q™*: Spt(Smy) = Spt :¢x.

For an object X of sPre(Smy), there is, by reference to Proposition 2.4, an isomor-
phism ¢*(X) = mo(¢* X). It is also the case that p* Q% (Lyis X) ~ Q¥ (Ex® p* X).
This gives us the following proposition:

Proposition 2.24 If X is an object of sPre(Smy ). and i is a positive integer and g a
point of Shy;s(Smy,), then there is an isomorphism of groups m;(|¢* X |) = ¢*7; (X).

Corollary 2.25 If X is an object of Spt(Smy, ), and if i is an integer, then there is an
isomorphism of abelian groups 7} (q* X) = q*n} (X).

These facts are special cases of results concerning co—topoi [29, 6.5.1.4]. They are
well known — see for instance [32, Example 2.2.4] — but seldom stated.

3 Localization

Let P denote a nonempty set of prime ideals of Z, and P’ = ﬂ( »ep(Z\(p)) the set
of integers not lying in any of these ideals. We write Z p for the localization (P')~'Z,
and Zp) in the case where P = {(p)} consists of a single ideal. Following [8], where
the following is carried out in the category of CW complexes, we define Sr1 =Sl a
Kan complex equivalent to A!/dA!. For any integer 7, define p,: S} — S} tobe a
degree-n self-map of S!, and let Tp denote the set of all such p, as n ranges over P’

The local injective and flasque model structures on sPre(Smy ) are cellular in the sense
of Hirschhorn [12]; a proof for the injective case appears in [14, Lemma 1.5] and the
flasque case is treated in [18]. We may therefore apply the general machinery of [12]
and left Bousfield localize sPre(Smy) at the set 7p. We call the resulting model
structures P-local, and if P = {(p)}, we call the resulting model structures p-local.
Write Lp for the functorial fibrant replacement functor in each model category. In the
case where P = {(p)}, we may write L,).
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The localization of the usual model structure on sSet with respect to the set 7p of maps
is a form of P-local model structure on sSet, we refer the reader to [8], especially
Section 8, for the comparisons between different P—localizations in classical topology
and for a discussion of nonnilpotent objects. For nilpotent simplicial sets, the various P—
localization functors agree up to weak equivalence; see [8, Proposition 8.1]. In particular,
they agree for simply connected spaces, and by extension to simply connected simplicial
presheaves. For instance, in the case of simply connected simplicial presheaves, the
P —localization defined here agrees with Hy (-, Z p)-localization.

Lemma 3.1 With notation as above, if s is a point of Shyis(Smy,), the adjunctions

s*: sPre(Smy) = sSet :s,
and

s*: sPre(Smy )y 2 sSety 5

are monoidal Quillen adjunctions between the P —local model categories, where
sPre(Smy ) and sPre(Smy ), may be given either the flasque or the injective model
structure.

Proof It is sufficient to prove the unpointed cases; the pointed follow immediately.
The proofs in the flasque and injective cases are the same.
Following [12, Theorem 3.3.20], the adjoint pair

s*: sPre(Smy) = sSet :s,

is a Quillen adjunction between the P—local model structure on the left and the model
structure on sSet obtained by localization at the set of maps

s*(ok xidy): s*(S*¥ xU) - s*(Sk x U),

where ,o,lj € Tp. Denote this set of maps by s*7,. It will suffice to show that
localization of sSet at s* 7', agrees with localization of sSet at Tp.

Since evaluation at s* commutes with fiber products, the maps of s*7', maps are of
the form pX x idg«y7, and setting U = *, we see that Tp C s*Tp. The maps of s*T},
are, moreover, weak equivalences in the localization of sSet at Tp. It follows that the
localization of sSet at s*T'p is simply the ordinary P-localization of sSet. a
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We note in addition that the model categories appearing above are simplicial model
categories, and the adjunctions appearing are adjunctions of simplicial model categories
in the sense of [15, Chapter 4.2].

We continue to work principally in the injective local not-localized-at-P model struc-
tures, but write A ~p B to indicate that A is weakly equivalent to B in the P—local
structure, or equivalently that L p A >~ L p B. The notation A >,y B will be used where
appropriate. We will use the flasque model structures only when dealing with spectra.

In this section we will occasionally write groups 7;(X) in multiplicative notation
even when the groups are abelian. The n™ power map of a group G will be the map
x > x", which is necessarily a homomorphism if G is abelian, and is preserved by
group homomorphisms in any case. If P is a set of primes, then a group G is said to
be P—local if the n'™ power map is a bijection on G whenever 7 is not divisible by
any of the primes in P. We will say that a presheaf of groups is P—local if all groups
of sections are P—-local, and a sheaf of groups is P -local if the appropriate n'" power
maps are isomorphisms of sheaves of sets.

Proposition 3.2 If X is a connected object of sPre(Smy)., and P is a set of primes,
then the sheaves ;(Lp X)) are P —local sheaves of groups.
Proof It suffices to show that the presheaves
U mi(LpX(U))
are P —local; the result for the associated sheaves is then an exercise in sheafification.

Let n be an integer not divisible by any of the primes of P, leti > 1 and let U be
an object of Smy. We wish to show that the n™ power map on 7;(Lp X (U)) is a
bijection, but this is the map induced by o}, x idy on mo(SMap, (S: v Ut,LpX)).
Since Lp X is P-local and p;', xidy is in T'},, this map is a bijection. a

Lemma 3.3 Let X be an object of sPre(Smy,), let s be a point of Shy;s(Smy) and
let P be a set of primes. Then s*LpX ~ Lps*X.

Proof We first claim that s*LpX is P—local. Since it is fibrant, it suffices to show
that if p,’j is an element of 7'p, then the induced map

(PX)s: SMap(S¥, s*LpX) — SMap(S¥, s*Lp X)
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is a weak equivalence. If {U;} is a system of neighborhoods for s* then there is a
succession of natural isomorphisms

SMap(S¥, s*Lp X) = SMap(S¥, colim(Lp X)(U))
o~ colljim SMap(Sf, LpX)(U)) (since Sf is compact)

= colljim SMap(Sf xU,LpX)

and pﬁ induces a weak equivalence on the spaces SMap(Sic xU,LpX) since LpX
is P-local.

The functor s* preserves trivial cofibrations, and therefore the map s*X — s*Lp X is
a trivial cofibration, the target of which is fibrant in the P—local model structure on
sSet. Therefore s*Lp X is weakly equivalent in the ordinary model structure on sSet
to any other P—fibrant-replacement for s* X, notably to Lps* X, which is what was
claimed. |

Proposition 3.4 Let X be a fibrant object of sPre(Smy), let S be a conservative set
of points of Shnis(Smy) and let P be a set of primes. Then X is P —local if and only
if s*X is P—local for all s* € S.

Proof The space X is P-local if and only if X is fibrant and X — Lp X is a local
weak equivalence. This is the case if and only if s* X — s*Lp X is a weak equivalence
for all s* € S, which, by Lemma 3.3, is the case if and only if s*X — Lps*X is a
weak equivalence for all s* € S, and since s* X is fibrant, this is the same as saying
that s* X" is P-local in sSet. O

Definition 3.5 An object X of sPre(Smy ) is said to be simple if the action of 71 (X)
on 7; (X) is trivial for all i > 1.

In particular, if X is simple then the sheaf 71 (X) is a sheaf of abelian groups which
acts trivially on 7;(X) for all i > 2. A simply connected object is simple, as is an
object with an H —space structure.

Proposition 3.6 Let X be a connected, simple object of sPre(Smy)s; then the
natural maps Zp ®z w;(X) — 7;(Lp X) are isomorphisms.

Proof Fix a point s of Shyis(Smy). By Lemma 3.3, there are isomorphisms

S*ﬂi(LPX) = Hi(S*LPX) = JT,'(LPS*X).
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As remarked above for the case of simply connected spaces, Proposition 8.1 of [§8]
implies that the P-localization of simplicial sets considered here agrees with the
P —localization of [6, Section V] in the case of simple simplicial sets. By reference to
[6, V.4.1-V.4.2], the group m; (Lps™X) is isomorphic to

i (s*X) ®z Zp = 5™ (mi(X) ®z Zp),
which proves the proposition. a

Lemma 3.7 Suppose X is a simply connected object of sPre(Smy) and P a set of
prime numbers; then Lp(S' A X) ~ ST ALpX and QLpX ~ LpQLyis X.

Proof For a pointed simplicial set X, there is a map S! A X — S ALpX which
induces P-localization on homology, and therefore there is a weak equivalence
Lp(S' A X) ~ S ALpX. This is promoted to the setting of simply connected
objects in sPre(Smy )+ by arguing at points.

A similar argument applies to 2X using homotopy in place of homology. a

Proposition 3.8 If X and Y are objects in sPre(Smy ), and P is a set of primes,
then Lp(X xY)~LpX xLpY.

Proof The object Lp X xLpY is P-locally weakly equivalent to X xY, and therefore
to Lp(X xY), by Corollary 2.2. Since Lp X xLpY is P-locally fibrant, the result
follows. O

Proposition 3.9 Suppose X is an object of sPre(Smy) and P is a set of prime
numbers; then X — Lp X induces an isomorphism on 7.

Proof For any simplicial set K, the set of maps
SMap(S! x K, $%) — SMap(S! x K, $%)

induced by multiplication by 7 in S! is a bijection, the simplicial set SMap(S!x K, S°)
depending only on the components of K.

Then the map X — Lp X induces an equivalence of mapping objects Map(Lp X, S®) —
Map(X, S°), from which the result follows. i

3.1 P and A! localization

Proposition 3.10 If X is a connected object of sPre(Smy) such that X is Al —local
and 7 (X) is abelian, then Lp X is again A —local.
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Proof By Proposition 3.9, Lp X is again connected.

Under the hypotheses, it suffices to check that the sheaves 7;(X) ®z Z p are strictly
Al —invariant [33, Chapter 6], but this follows immediately since the functor - ®7 Z p
is exact. a

In the sequel, we consider only the composite localization L pL 51 X, and not the reverse.
The proposition says that, under connectivity hypotheses, LpL 1 X is both A!— and
P —local.

If X is a connected H —space in sPre(Smy )., then it is possible to define self maps

<n: X A, xn HpC-m) -y
by composing the n—fold diagonal and an iterated multiplication map. The map X n
represents a class in [X, X'], which we also denote by X 7 in an abuse of notation.

Proposition 3.11 If X is a connected H —space in sPre(Smy ), and P is a set of
primes, then Lp X is again a connected H —space, and the map X — Lp X is a weak
equivalence if and only if xn €[X, X] is invertible for all n not divisible by the primes
of P.

Proof Theobject Lp X carries an H —space structure since Lp(X xX)~Lp X xLpX;
see Proposition 3.8.

An Eckmann-Hilton argument implies that X is simple, that is, the action of 7 (X)
on 7;(X) is trivial for all i, and moreover x n induces multiplication by # on all
homotopy sheaves. The result follows. O

Proposition 3.12 Suppose X is a connected object of sPre(Smy, )4, and further that
X is equipped with an H —space structure. Then Ly LpX ~ LpL 1 X, where the
localizations are carried out with respect to either the local or the flasque model structure
on sPre(Smy ).

Proof We give the proof in the local case; the flasque is the same mutatis mutandis.

Starting with the Quillen adjunction from the injective local model structure on
sPre(Smy ), to the A'—local, we obtain a commutative diagram of model structures,
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where the maps indicated are left Quillen adjoints,

local —— Al

®) l |

P-local —— P-A!

where the P—A! model structure is the P—localization in the evident sense of the Al
model structure.

We claim that for a connected H —space object of sPre(Smy )+, the maps X - L LpX
and X — LpL1 X are both fibrant replacements in the P—A! model structure, and
therefore that Ly1Lp X ~ LpL 1 X in the original model structure.

The lynchpin of the following argument is the observation, by reference to [12, Propo-
sition 3.4.1], an object W of sPre(Smy) is P—A!—local if it satisfies the following
three conditions:

(1) W is fibrant in the injective model structure on sPre(Smy,).

(i1)) For any object U of Smy, the maps
SMap(U, W) — SMap(U x Al, W)

of simplicial mapping objects are weak equivalences.
(iii) For any ,oﬁ where k£ > 1 and 7 is not divisible by a prime in P, the maps induced

by of.
SMap(S¥, W) — SMap(S*, w),

are weak equivalences.

The object LpL 1 X is both Al —fibrant, by Proposition 3.10, and P—locally fibrant,
and it is therefore a P—local object in the A' model structure. By reference to
[12, Proposition 3.4.1], it is fibrant in the P—A! model structure. Since X — L1 X is
an Al weak equivalence, it is a fortiori a P—A! weak equivalence, and therefore X —
Lo X — LpLgi X isa P—A! weak equivalence, and therefore a fibrant replacement.

In the other case, we argue similarly. The object Ly1Lp X is Al —fibrant. Moreover,
LpX is an H-space for which xn € [LpX,LpX] is an isomorphism. Since the
natural transformation id — L1 induces a morphism of H —spaces, it follows that
xne[LuLpX,LaLpX] is invertible as well, so by Proposition 3.11, it follows that
LaLpX is P—fibrant. Moreover, X — LpX is a P-local weak equivalence, and
therefore a P—A! weak equivalence, and consequently X — LpX — LuLpX isa
P— Al —fibrant replacement. O
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We recall from [33, Chapter 2] that there is a construction on presheaves of groups, G,
given by
G_1: U > ker(G(Gm x X) 29 g(X)),

where ev(1) is evaluation at 1 in G,,. Equivalently, G_; is the kernel of the map of
group sheaves Map(Gy,, G) — Map(*, G) = G. The assignation G +— G_ is functorial,
and sends sheaves to sheaves. The j—fold iterate of the “—1" functor applied to G is
denoted by G ;.

Theorem 6.13 of [33] says that if X is a connected object of sPre(Smy )., then

ﬂﬁ:ja X)= nlAl (X)—j. Recall that nﬁ:ja (X) is notation for 7; (Map(G,/,\,j ,La1X)).

Proposition 3.13 If G is an abelian sheaf of groups, then G_; is also abelian and
there is a natural isomorphism (R®G)—; = R® G_;.
Proof The abelian property of G_; follows immediately from the definition.

For any object U of Smy, we have a natural commutative diagram of left-exact
sequences

1l — (R®G)_1(U) — (R®G)(Gp xU) —— (R®G)(U)

|’ | |

l —— R®G_1(U) —— R (G(Gy xU)) —— R® (G(U))
from which the natural isomorphism (R ® G)_; =~ R ® G_; follows. O
Proposition 3.14 If j is a nonnegative integer, X is a simply connected object of
sPre(Smy ). and P is a set of primes, then there is a natural isomorphism
Map, (G, LpLsi X) — Lp Map, (GA/, L1 X)

in hoyjs sSPre(Smy, )« .

Proof Each of the two spaces in question is equipped with a natural map to
Lp Map, (G)/, LpLi X).
It suffices to show that each of these maps is a simplicial weak equivalence.

By Proposition 3.10, the space LpL 1 X is Al—local. By the unstable A!—connectivity
theorem [33, Theorem 6.38], it is also connected. As is shown in the proof of [33,
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Theorem 6.13], the functor Map,, (G,/;,j ,+) preserves the subcategory of connected,
Al-local objects in sPre(Smy)s.

Let Y denote either L1 X or LpL 1 X, both of which are Al -local and connected.
Then, for any i > 1, the homotopy sheaf 77; (Map, (G’ , LpY)) is naturally isomorphic
to

mi(LpY)_j = 71 (Y) _j=ap ") _j®z Zp = 7;(Map, (G, Y)) ®z Zp
~m;(Lp Map*(G,/,\,f, Y)).

In particular, the spaces Map,, (G,/,\lj ,LpLy1X) and Lp Map*(G,/,\,j ,La1X) are both
weakly equivalent to the space Lp Map, (G;,”, LpL 1 X), as required. O

Definition 3. 15 For an object X of sPre(Smy). and nonnegatlve integers i and j,

the notation 7% (X ) is used to denote 77; (Map, (G’ , LpL Al X)).

l+]a

Proposition 3.16 If i and j are nonnegative integers, L1 X is a simply connected,
Al —local object of sPre(Smy)s and P is a set of primes, then there are natural
isomorphisms

Proof The sheaf nl Ya
This is isomorphic to

(X ) is isomorphic to 72 . (X) ®z Zp by Proposition 3.14.

l+]a

n (X) J®ZZP—7T (X) —js

as required. a

Proposition 3.17 If P is a set of primes and if X, Y and Z are simply connected
objects of sPre(Smy)s such that X — Y — Z is a P—Al —fiber sequence up to
homotopy, and if j is a nonnegative integer, then there is a natural long exact sequence

PA! PA!
e ni—i—ja(X) - ni—i—ja(Y) -7 l+]0t(Z) - 7[1 1+]0t(X)
Proof This is an immediate consequence of Definition 3.15. |
3.2 P -localization of spectra

Throughout this section, the underlying model structure on sPre(Smy ) is taken to be
the flasque, rather than the injective.
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One can construct a P—local model category of presheaves of spectra, following [16], as
the S!—stable model category on the P—local flasque model structure on sPre(Smy, ).

Lemma 3.18 The adjunction
%> sPre(Smy ). = Spt(Smy) :Evg
is a Quillen adjunction between the P —local model categories.

Proof This is implicit in [16], being the combination of Proposition 1.16 and the
definition of the stable model structure as a localization of the level model structure on
spectra. O

Explicitly, the fibrant-replacement functor, Lp, in Spt(Smy ) with the P-local model
structure is given by

(LpE); = colimMap*(Sk, LpEiig).
k—o00

With the P-local model structures and the smash product, the category Spt(Smy,) is a
sPre(Smy, ), model category, in the sense of [15, Chapter 4.2].

Lemma 3.19 If s is a point of Shy;s(Smy ), the adjunction
s*: Spt(Smy) = Spt 5.
is a Quillen adjunction between the P —local model categories.

Corollary 3.20 For any object X of sPre(Smy), and any set P of primes, there is a
stable weak equivalence
EOOLPX ad LPZOOX.

A spectrum E is said to be P—local if it is fibrant and the map £ — Lp E is a stable
weak equivalence. Since it is possible to check stable weak equivalence of spectra at
points, we deduce the following by arguing at points:

Proposition 3.21 A spectrum E is P—local if and only if it is fibrant and the maps
EE

are weak equivalences for all n not divisible by the primes in P.

Proposition 3.22 A spectrum E is P —local if and only if it is fibrant and the localiza-

tion maps 77 (E) — 7} (E) ®z Zp are isomorphisms for all i .

Geometry & Topology, Volume 23 (2019)



The simplicial EHP sequence in A' —algebraic topology 1725

3.3 P-and Al-localization of spectra

We begin with a commutative diagram of model structures on the category Spt(Smy),
which is the application of [16] to the flasque version of diagram (8):

stable ———— Al

| l

P—stable —— P—Al_stable

Fibrant replacements in the A! — or P—local model structures are effected by replacing
E by the spectrum that has level i given by

colim QXL 1 E; 14
k
or

coll(im QkLpEiJrk,

respectively, Lp and L1 being taken in the flasque model structures. The stable fibrant
replacements are denoted by Lp E and L1 E.

Lemma 3.23 The classes of P—locally flasque fibrant and P—A!—locally flasque
fibrant objects in sPre(Smy) and sPre(Smy ). are closed under filtered colimits.

Proof Since an object is P—A!—locally flasque fibrant if and only if it is both P— and
Al —locally flasque fibrant, it suffices to prove the case of P—locally flasque fibrant
objects.

Suppose X is a filtered diagram of P—locally flasque fibrant objects; then colimy Xj
is flasque fibrant, by [18]. We wish to show that for any o/ xidy: Sk x U — Sk x U
in Tp, the induced map

SMap(S¥ x U, colim X) — SMap(S¥ x U, colim X )
is a weak equivalence. Since Sf x U is equivalent to a compact object, S¥ x U, of

sPre(Smy, )., and since the X}, and colimj X}, are all fibrant, and Sf xU and S¥xU
are all cofibrant, we wish to show that the induced map

collcim SMap(Sf x U, Xp) — collcim SMap(Sic x U, Xy)

is a weak equivalence of simplicial sets, but since the X} are themselves P—locally
fibrant, this is immediate. O
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Proposition 3.24 For any object E of Spt(Smy,) there is a stable weak equivalence
LPLAI E ~ LAILPE.

Proof The objects in question are levelwise fibrant for the flasque model structure.
It suffices therefore to show that they are levelwise weakly equivalent for the flasque
model structure. Since we are working the flasque model structure, filtered colimits of
fibrant objects are again fibrant, and so we deduce the existence of weak equivalences

Lt collcim X ~ L COIICimLAl Xi ~ CollcimLAl Xk,
and similarly for Lp.

We may assume that the spaces E; appearing are all simply connected H —spaces, and
therefore LpL 1 E; >~ Lyi1Lp E;. We then have

collcim QFL (co/lim Qk/LPEk+k/+i) ~ collcim Qk(collim Qk/LAl LpEktk+i):
which is symmetric in L1 and Lp, up to weak equivalence, whence the result. O
We therefore conflate LpL 1 E and L1 Lp E, calling either the P—A!—localization
of E. We say that a map of spectra f: E — E’ is a P—A! weak equivalence if
LpLa1 f is a stable weak equivalence of spectra, or equivalently if Lp f is an Al

weak equivalence of spectra, or equivalently again if L1 f is a P—local equivalence
1
PALS(E) for the homotopy sheaves nf(LpLg1 E).

of spectra. We write 7;

Proposition 3.25 If E is an object in Spt(Smy) and P is a set of prime numbers,
then there is a natural isomorphism

,P,Al ~ o 5A!
7 (E)= ;" (E)®z Lp.
Proof This is immediate from the above. |
Proposition 3.26 If /: E — E’ is a map in Spt(Smy) and P is a set of prime
1
numbers, then f isa P—A! weak equivalence if and only if JTis’A (f)®gz Zp is an

isomorphism of abelian groups for all i .

Proof This is immediate from the above. O
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Proposition 3.27 Suppose { E,} is a filtered system of objects in Spt(Smy) and P is
a set of prime numbers; then the natural maps

co}lim nis’P(En) — nf’P(coilim E,)

and
1 1
co}lim nf_’:;’f (Ey) — nf_’i_};’ﬁ (colim Ej)
are isomorphisms.
Proof This is immediate from the above and Proposition 2.18. a

Proposition 3.28 Suppose that f: X — Y is a map of simply connected objects
sPre(Smy, ), such that ¥ f is a P—A! —stable weak equivalence. Then f isa P—Al
weak equivalence.

Proof The map LpLy:i f: LpLy1 XX — LpL 1 ¥°°Y is a weak equivalence, and
this map agrees in the stable homotopy category with the map LpL i1 XL X —
LpLo1 XLy Y. We may commute Lp past Ly and past *°, so we conclude
that L1 X*°LpLy X — L X*LpL i Y is a weak equivalence. By Corollary 2.23,
since LpL 41 X and LpL 1Y are simply connected, we deduce that Ly LpL 1 X —
Ly LpLa1Y is a weak equivalence, and since LpL 1 X, LpLo1 Y are already A!—
local by Proposition 3.10, the result follows. a

4 The Grothendieck—Witt group

4.1 The homotopy of spheres

Consider a motivic sphere X = §"T9% = §" AG7.

We make frequent use of the following result, which is a paraphrase of some results of
[33, Section 6.3]:

Lemma 4.1 (Morel) If (n,q) and (n',q’) are pairs of nonnegative integers and if
n > 2, then

0 ifn<n,

MW : — 5/ l
JTA_:_ (S”’+q’0‘): Kq/_q ifn=n"and q' > 0,
nrae 0 ifn=n’,q'=0and g >0,

7 ifn=n"and g =¢q' =0.
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The stable version of this result was known earlier, but may be deduced from the
unstable.

Corollary 4.2 If (n,q) and (n’,q’) are pairs of integers with g and q’' nonnegative,
then the sets of maps between S"T4% and S$"+t4'* jn the A! homotopy category of
S _spectra take the form

0 ifn<n,
AL on'rgay _ Kg@ﬁ'q ifn=n"and q' >0,
ﬂn+qa( )_ . . /! __
0 ifn=n",qg"=0and g >0,
Z ifn=n"and g =¢q' =0.

We remark that Kl(\)/IW is the sheaf of Grothendieck—Witt groups, also denoted by GW.
We observe that if ¢ > 0, then, by Corollary 2.17,

[ZognHaY 30 gntaY] | = GW(x).
Proposition 4.3 Suppose n, n’, ¢ and ¢’ are integers such that n, q and ¢’ are
nonnegative and ¢’ > 1. We have an identification

S,P,Al (Sn’—i—q’oc) 0 ifn < n/’
ntqo o Kg@‘fq ®zZp ifn=n'

Proof This follows immediately from Corollary 4.2 and Proposition 3.25. a

Remark 4.4 Since Z is a subring of Kg’lw(k) = GW(k), it follows that Zp is a
subring of GW(k) ®z Zp .

4.2 Twist classes

For a € k*, following [33, Chapter 3], we define (a): SO AG,, - SEDAG,, to
be the map induced by multiplication a: G, — G, by forming ay: (Gp)+ = G,
suspending

ST A (ag): STOA(Gp)e = SOV SOOI AG,, - SO AG,

and letting (a) denote the restriction of this map to the S (1.0) A G,,, summand.

Remark 4.5 The interchange of any two terms in

(Sn+qa)/\r — Sn+qa /\Sn—‘rqa /\“_/\Sn—i-qa ~ Srn+rqa
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represents the element

eng = (=1)"(—1)9 € A

J’_
rn+rqo (Srn rq(x)’

by [33, Lemma 3.43]. Observe that eiq =1.

Much of the following work depends on showing a class A + B(—1), where A and B
are integers, is a unit in the ring GW(k) or GW (k) ®z Zy).

We remind the reader that a field & is said to be formally real if —1 cannot be written
as a sum of squares in k [27, Chapter VIII].

Proposition 4.6 Suppose A and B are integers, and let R be a localization of 7.
Then A+ B(—1) is a unitin GW (k) ®z R if and only if one of the following conditions
is met:

(i) A+ B and A— B are units in R and k is formally real.
(il) A+ B isaunitin R and the field k is not formally real.

Proof We remark that the dimension homomorphism makes R into a split subring of
GW(k)®z R.

We first handle the case where k is formally real.

Since (4 4+ B(—1))(A + B(—1)) = A> — B> = (4 + B)(A — B), the condition in (i)
is sufficient.

We may embed k in a real closure ¢: k — k”. This embedding induces a ring homo-
morphism ¢: GW(k) ®7z R - GW (k") ®z R = R& R{—1) [27, Proposition I1.3.2].
Abstractly, the ring GW (k") ®z R is endowed with an automorphism (—1) > —(—1),
and if ¢(4 + B(—1)) = A+ B(—1) is a unit, then so too is A — B(—1), from which
we deduce that their product, (4 + B(—1))(4 — B{—1)) = A> — B2 is a unit as well.
But A% — B? is a unit if and only if 4 + B and A — B are units, showing that this
condition is necessary and sufficient if k is formally real.

Suppose now that k is not formally real.

We may employ the dimension map GW (k) ®7 R — R to show that if 4 + B(—1) is
a unit, then necessarily A + B is a unit, u.

We wish to show that this condition is also sufficient to imply 4 + B(—1) is a unit. If
the characteristic of k is 2, then (—1) = 1 and the result is trivial. We may therefore
assume the characteristic of k is not 2. Write A =u — B.
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Suppose first the characteristic of £ is not 2. In the not formally real case, the Witt
group W(k) = GW(k)/(1 + (—1)) is 2—primary torsion [27, Theorem VIIIL.3.6].
Moreover, the class 1 — (—1) lies in the fundamental ideal of GW(k), which is
isomorphic to its image in W(k), so it follows that 1—(—1) is 2—primary torsion. Since
(1—(=1)N =2¥=1(1—(—1)) by an easy induction, the element 1—(—1) is nilpotent in
GW (k) and therefore also in GW(k)®7z R. We deduce A+ B{—1) =u—B(1—{(-1))
is a unit in GW(k) ®z R, as required. a

We owe the argument in the not formally real case to the anonymous referee.

We employ Proposition 4.6 via the following two corollaries:

Corollary 4.7 Suppose m is a nonnegative integer and e, 4 = (—1)"t9(—1)7 is
the twist class of the sphere S"T9%. Then the class 1 + m + mey,q is a unit in
GW(k) ®z Z(3).

Proof There are, in general, four cases, e, 4 = £1 and e, 4 = £(—1), although it is
possible that (—1) =1 in GW(k). The two cases ¢, 4 = 1 are immediate.

For the other two cases, by the proposition, it suffices to check that one or both of
m+1+m=2m+1and m+1—m =1 are units in Z,), which they both are. O

Corollary 4.8 Suppose m is a positive integer and e, 4 = (—1)"T9(—1)7 is the twist
class of the sphere S"149%. Then the class 1 +m + mey 4 is a unit in GW(k) if and
only if one of the following conditions holds:

e nisoddand q is even.

* n-+gq isoddand k is not formally real.

Proof The cases where ¢ is even, so ¢, 4 = *£1, are easily dealt with and do not
depend on the field. Assume therefore that ¢ is odd.

Suppose k is formally real, then the proposition says that 1 4+ m £ m(—1) is a unit if
and only if 1 and 1 4 2m are units in Z. Therefore there are no cases where the class
is a unit, ¢ is odd and k is formally real.

Suppose k is not formally real and ¢ is odd. Then, by the proposition, 1+ m + mey 4
is a unit if and only if 14+m —(—1)"m is a unit, whereupon it is necessary and sufficient
for n to be even. a
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S The Hilton—Milnor splitting

The James construction on a pointed simplicial set was introduced by James in [19]. The
idea of applying it in A! homotopy theory, and thereby obtaining a weak equivalence
J(X) ~ QXX asin Proposition 5.2, is not original to us. We learned of it from Asok
and Fasel, who attribute it to Morel.

Our presentation is based on that of [39, Chapter VII, Section 2], and we also refer fre-
quently to [41]. Suppose X is a pointed simplicial set. An injection «: (1,2,...,n) —
(1,2,...,m) induces a map ax: X" — X™. Let ~ denote the equivalence relation
on [[72, X" generated by x ~ a(x) for all injections . The James construction
on X is J(X) =[];2¢ X"/~. The construction J(X) is the free monoid on the
pointed simplicial set X. The k—simplices J(X); of J(X) are the free monoids on
the pointed sets X, thatis, J(X)x =[], X ]Z’ /~. The James construction is filtered
by pointed simplicial sets J,(X), defined by J,(X) =[], _o X™/~.

Define spaces Dy (X) as the cofibers of sequences

In-1(X) = Jp(X) = Du(X).
There are canonical weak equivalences Dy (X)— X\ Define D(X) = /oo Dn(X).
Definition 5.1 For a pointed simplicial presheaf X, define J(X), J,(X), Dn(X)
and D(X) in sPre by

JX)U)=JX(U)). Ju(X)U)=Ju(X(U)),
Dp(X)(U) = Du(X(U)). D(X)(U) = DX ()).

Let £: X = J1(X) — J(X) denote the map induced by the canonical maps X (U) —
J(X(U)) for U € Sm.

The James construction is then defined to be L1 J(X).

We learned the following result from Asok and Fasel. It is a functorial version of a
result due to James [19, Theorem 5.6], and is presented in more recent terminology in
[39, Chapter VII, Theorem 2.6].

Proposition 5.2 Suppose X is a connected object of sPre(Smy, ). . There is a natural
isomorphism J(X) — QX X in hoyjs sSPre(Smy ).
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Proof For any object U in Smy, there is a functorial map j: J(X(U)) - F(X(U)),
where F(X(U)) is Milnor’s construction — the free abelian group on the pointed
space X (U) —as laid out in [41, Sections 3.3.2 and 3.3.3]. This map is a weak equiv-
alence when X (U) is connected [41, Theorem 3.3.5]. There is a natural isomorphism
F(X(U)) = GXZX(U) [11, Chapter V, Theorem 6.15]. Here, GX X (U) is a fibrant
model for QX (X (U)). In particular, there is a zigzag of maps of simplicial presheaves

J(X) < F(X) =5 GZ(X).

The formation of J(X(U)) and F[X (U )] commute with colimits, since the free abelian
monoid and the free abelian monoid functors do. Therefore, both J and F commute
with taking stalks at a point p*. Since p*X is a connected simplicial set, it follows
that p*J(X) = J(p*X) > F(p*X) =~ p*F(X) is a weak equivalence, whence the
result. a

Note that this natural isomorphism induces a natural isomorphism J(X) - QXX in
ho 41 sPre(Smy ). . It also follows immediately from this result that if X — Y is a local
weak equivalence, then the functorial map J(X) — J(Y) is a local weak equivalence.

Corollary 5.3 Suppose X is a connected object of sPre(Smy),. Then there is a
natural isomorphism
M I(X) =7 TX.

Proof By Proposition 5.2, there is a natural isomorphism nlAl J(X) = nlAl QYX.
By definition, ]TIAI QYEX =mLuQXX. Since XX is simplicially simply connected,
QXY X is simplicially connected. By Morel’s connectivity theorem [33, Theorem 6.38],
Lo1QXX is also simplicially connected. Thus, moLyi QXX 2 * is strongly A!—
invariant. By [33, Theorem 6.46], it follows that the canonical morphism L1 QXX —
QL 12X is a simplicial weak equivalence. Thus, there is a natural isomorphism
il QXX = 74 1L 1 2 X. Combining with the previous gives the claimed natural
isomorphism nlA] J(X) = nﬁl ¥X. |
Corollary 5.4 Suppose X — Y is an Al weak equivalence of connected objects of
sPre(Smy, ). ; then the functorial map J(X) — J(Y) is an A! weak equivalence.

Proof We will show that if X — Y is an Al weak equivalence of connected objects,
then QXX — QXY is an A! weak equivalence. Since there is a natural isomorphism
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QXX = J(X) in hosPre(Smy ), and therefore in ho,1 sPre(Smy ), it will follow
that J(X) — J(Y) is an isomorphism in ho,: sPre(Smy ), as claimed.

The following is a sequence of local weak equivalences:
LaXX = LaXY (since Al-localization is simplicial),
QLAY = QLo YY,
LaQ3SX =5 LuQXY  (by [33, Theorem 6.46]),
but this is precisely what was to be shown. a
Given W, X €sSet, and amap f: (J,W, J,—1 W) — X, we define the combinatorial

extension of f,
h(f): J(W) = J(X),

by following the procedure of [19, Theorem 1.4 and Section 2] (cf [39, Chapter VII,
Section 2]).

We first define the restriction of i ( f) to J,,(W). For m < n, the restriction of i( f)
is the constant map. Suppose m > n. To an injection (1,2,...,n) — (1,2,...,m),
we may associate a map W — W" and therefore a map W™ — W" — J,(W).

Consider the set of all (’;’) increasing, n—term subsequences of (1,2,...,m). Order
these by lexicographic ordering, reading from the right. Each sequence is an injective
map {1,...,n}—{1,...,m}. Taking the ordered product over all injections, we obtain
a total map

wm s J,(w)().

The (':) —fold product of the map f is the map
Tu(w)() = x ().
We set the restriction of 4( f) to J,,, (W) to be
wm = 1, W) = xG) Jom(X) = J (X).
One checks that this is well defined.

This definition is functorial, and extends immediately to presheaves:

Definition 5.5 Given W, X e sPre, andamap f: (J,(W), J,—1(W)) — X, we may
define the combinatorial extension of f,

h(f): J(W) = J(X),  h(HU) =h(fU)).
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For X € sSet,, the cofiber sequences J,—1(X) — J,(X) — Dy(X) induce nat-
ural maps (J,(X), J—1(X)) = D,(X). For X € sPre, we thereby obtain maps
(Ju(X), Jy—1(X)) = Dy(X), and consequently maps

Jn: J(X) = J(Dp(X))

by combinatorial extension.

Let iy: J(Dy(X)) — J(D(X)) be the map induced by the canonical inclusions
Dy(X(U)) — D(X(U)). The monoid structure on J(D(X(U))) induces multiplica-
tion maps in: J(D(X))" — J(D(X)). Consider the maps

pnir [ ] imim: J(X) = J(D(X))

m=0
forn =0,1,2,.... Itis important here that the product be ordered, and we declare it
to be ordered by increasing values of .

The composition of iy, j, with J,_1(X) — J(X) is the constant based map. We’ll
say that the restriction of i, j, to J,—1(X) is the constant map. It follows that
Un+1 [ Imeo imjm rtestricted to J,—1(X) equals the restriction of pp 41 ]_[,1,\1[:0 imJm
to J,—1(X) for all N > n. Note that J(X) = colim J,(X). Thus, we may define
/1 J(X) = J(D(X)) by

n
f:COLimMnﬁ-l 1_[ ImJjm-

m=0

For convenience, extend f to f4: J(X)4+ — J(D(X)) by mapping the disjoint point
via * = X(U)N - DX — J(D(X)).

Taking the simplicial suspension of f, we obtain
L4 2(J(X)4) = ZJ(D(X)).

Let | -|: sSet — K denote the geometric realization functor from simplicial sets to
Kelly spaces, and let Simp: K — sSet be the right adjoint functor, which is the functor
of singular simplices.

We claim that for any simplicial presheaf Y, for example ¥ = D(X), there is an
evaluation map

©) 2J(Y)— Simp|XY].
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To see this, let Q™ : Top — Top denote the Moore loops functor [7]. There is a strictly
associative multiplication QM x QM — QM Since taking Simp commutes with finite
products, there is a strictly associative multiplication on Simp QM and therefore an
induced commutative diagram

Yy —  SimpQM|3Y|

N

J(Y)

Applying %, we obtain a map XJ(Y) — = Simp QM |SY|. There is a natural trans-
formation of functors ¥ Simp — Simp ¥ and so we have a composite

(10) $J(Y) = T Simp QM |2Y| — Simp =QM |TY|.

The counit of the adjunction between loops and suspension produces a natural transfor-
mation ZQM — id. Composing with (10) produces a map

TJ(Y) = =Simp QM |TY| - Simp TQM |TY| — Simp |ZY |,
which is what we claimed in (9).
Composing X f4 with (9) for Y = D(X) produces a map
(11) $J(X)4 — Simp |ED(X)].

For each U, this map (11) evaluated at U is a weak equivalence; see [39, Chap-
ter VII, Theorem 2.10]. Thus, (11) is a weak equivalence in the simplicial model
structures on sPre(Smy, ). Combining with the injective weak equivalence X D(X) —
Simp | X D(X)|, we have the zigzag of injective weak equivalences

(12) YJ(X)4 — Simp|ED(X)| <« ED(X).
‘We have shown:

Proposition 5.6 Suppose X is a connected object of sPre(Smy, ). There is a canoni-
cal isomorphism X J(X )4+ — X D(X) in hosPre(Smy).

Corollary 5.7 There is a canonical isomorphism

o: J(X)+ > D(X)
in hoyis Spt(Smy,).

Remark 5.8 Here and subsequently we write J(X)4+ and D(X) in place of the stable
Y®J(X)+ and *°D(X) whenever the context demands S —stable objects.
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5.1 The low-dimensional simplices of the J construction

Definition 5.9 We say a simplicial presheaf X is n—reduced if the unique map X —
induces an isomorphism X; — *; for i <n. The term “0-reduced” may be abbreviated
to “reduced”.

Equivalently, | X;(U)| =1 for all smooth schemes U and all i < n.

Example 5.10 The constant simplicial presheaf representing the simplicial n—sphere,
A'JON*, is (n—1)-reduced.

Example 5.11 Suppose X and Y are n—-reduced. Then X x Y is n-reduced.

Example 5.12 Suppose X is a n-reduced simplicial presheaf, given the unique
pointed structure, and Y is a simplicial presheaf pointed by a map s¢: * — S. Then
X AY is n—reduced. To see this, fix a smooth scheme U and consider the construction
of (X AY)(U); for i <n. Itis given by the pushout

X VvY)U)i — (X xY)(U);
(13) l |
x* — > (X AY)(U);
but since X is n—reduced,
(X VY)(U)i = XU)iVY(U); = Y(U);,
XU)xYU))i =XU)ixY(U)i =Y(U);.

In particular, the top horizontal arrow of diagram (13) is a bijection, whence so too is
the bottom arrow.

Example 5.13 As a special case of the above, our models for the motivic spheres,
S"AGM = S"TME are (n—1)-reduced. Note that the space S"HM* A Sntme g
(n—1)-reduced but not n—reduced, whereas the weakly equivalent space §2"*+2m@
is (2n—1)-reduced. This holds even when m = 0, that is, in the case of classical
homotopy theory.

Proposition 5.14 Let X be an n-reduced simplicial presheat. Then J(X) is n—
reduced.

Geometry & Topology, Volume 23 (2019)



The simplicial EHP sequence in A' —algebraic topology 1737

Proof Leti <n. We can calculate J(X)(U); directly. Since the category of simplicial
presheaves on Smy, is really the category of presheaves of sets on Smy, x A, where A
is the standard simplex category, both evaluation at a smooth scheme U and taking i

IED)

simplices (which is “evaluation at A*””) commute with all limits and colimits.

Therefore, we may calculate

JX)); = ( [ X(U)'"/~). = [ &x@™/~
m=0 ' m=0

but this last is simply | [;,_, */~. The ~ relation identifies two i —simplices in
(X(U);)™ and (X (U ),-)m/ if one is obtained from the other by means of an order-
preserving injection of the indexing set. But all such injections induce the identity
map * = (X(U);)" — (X(U))™ = x, so it follows that J(X)(U); collapses to a
singleton set, as required. O

6 The stable isomorphism

6.1 The diagonal

Leto: J(X)+ — D(X) denote the stable isomorphism in ho Spt(Smy ) of Corollary 5.7.
The category honis Spt(Smy,) is equipped with localization functors to ho 1 Spt(Smy),
hop, Spt(Smy ) and ho, 41 Spt(Smy), this being the upshot of Section 3. We will denote
the images of objects and morphisms under the various localization functors by the same
notation as we use in the category honis Spt(Smy ), and in order to avoid confusion we
will specify the category in which we are working.

Let A7: J(X) — J(X)? denote the order-q diagonal of J(X).

The study of A? has been extensively carried out by Kuhn in [25; 26] and elsewhere.
We describe some of that study here. Fix a natural number i and a finite sequence
A = (ay,ay,...,aq) of natural numbers. Following [26], we define a partial A cover
to be a collection of subsets T = (T7,...,T,)" of {1,...,i} with the property that
|T¢| = a;. We will say this partial cover is of type (a;,...,aq). The partial cover T
is called a cover if U‘t]=1 T; ={1,...,i}. In [26, Section 2], a natural stable map of
spaces is constructed, associated to a cover 7T,

Wr: DiX — Dgy (X) A Day(X) A+ A Dy, (X).
IThis is denoted by S in [26], but we have reserved S for the symmetric group because we use X for

the reduced suspension functor
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We should mention that the definition of D; X' in [26] is not the same as ours, merely
homotopy equivalent. Since he is considering a vastly more general context than we
are, Kuhn defines D; X in terms of a coefficient system, whereas we consider, in the
language of coefficient systems, only the little-intervals operad. The little-intervals
operad has C(n) homotopy equivalent to the space of » distinct marked points on a unit
interval, which is homotopy equivalent to the symmetric group S, . This equivalence
allows us our much more elementary definition of D; X, homotopy equivalent to that
of Kuhn. Specifically, where we have X!, Kuhn takes the space of i points on an
interval, each labeled with an element of X, and then contracts the subspace where any
label is the basepoint of X to a point.

Using our construction of D;JX, it is possible to give an elementary description of
V7: DiX — Dg (X)ADg,(X)A++-ADgq,(X). The set {1,...,i} is covered by sub-

sets Ay, ..., Ag of cardinalities ay, ..., aq. To each we associate the order-preserving
inclusion az;: {1,...,a,} — {1,...,i}, and then define a map
) q air
Yr: X = XXM o XU (xq,. .. X)) 1_[( xaT,,(k))v
=1 k=1

where the products are taken in the usual order.
For any o € S;, we may act on X/ by permuting the factors, and thereby obtain
Yroo: XU — XX x ... XX,

We act on the codomain by the unique element of S, X --- x Sg, so that for each
j € {l,...,t}, the composite map X/ — X X9 x ... x XX — X*4 js order-
preserving. Write [o]y¥7 for the resulting map

[o]yr: XX — XX x oo x XX,
It depends only on the coset of ¢ modulo S7, the stabilizer of the cover 7.

If T is a cover, and if the basepoint of X appears in the i —tuple on the left, then it
will appear on the right, and so the maps [o]¥7 descend to maps X = D; X —
Dg X N+ A Dg, X, which we also write as [0]{7 in an abuse of notation. Finally,
the stable map

Wr: DiX = Dgy(X) A Day(X) A--- A Dy, (X)

is produced as a sum ZaeSi/ST [o]lvr.
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For example, given the cover 7" = ({1, 2}, {3, 4}), the function W can be represented
as the sum of the functions sending a reduced word x;x,x3X4 to each of the following:

((x1x2), (x3x4)),  ((x1x3), (x2X4)), ((x1X4), (x2X3)),

((x2x3), (x1x4)), ((x2x4), (x1x3)), ((x3x4), (x1X2)).

The construction of the map W7 is natural, and therefore it induces a natural stable
map of simplicial presheaves, which we also denote by Wr.

Two covers are said to be equivalent if they lie in the same orbit of the symmetric
group action on {1,...,i}. The proof in [25, Lemma 2.6] that equivalent covers
induce homotopic maps is entirely formal and carries over to the setting of simplicial
presheaves.

Definition 6.1 Let A?

i (a1 aq)(X ) denote the composition in hoyis Spt(Smy,),

DiX — D(X) =5 J(xX)s A% (7014 2% N D(x)
= Dg (X) A Dgy(X)A+++ A Dg,(X).

The following result is essentially [26, Theorem 2.4], but we assert it in the category of
simplicial presheaves.

Proposition 6.2 There is an equality in the stable homotopy category of presheaves,

i’(alaa25-"5aq) -

Al D Wi DiX — Dy (X) A Day(X) A+++ A Dy (X)),
T
where the sum runs over equivalence classes of covers T of type (ay,...,aq).

Proof We outline the argument of Kuhn, noting that at all points all constructions
are natural, and therefore the proof carries over essentially without modification to the
context of simplicial presheaves.

The problem is reduced from that of DX to D(X), that is, to the case of a space
where the basepoint is disjoint. The device that allows this reduction is that the map
in the stable homotopy category D(X+) — DX is a split epimorphism. This follows
from the fact that in general the map X xY — X A Y is split after application of a
single suspension functor, and applies equally well in the case of presheaves as in the
case of spaces.
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Kuhn observes immediately after Lemma 3.1 of [26] that C(X4+)+ is naturally home-
omorphic to D(X), denoting the natural homeomorphism by s’. We work with a
different model for D(X4+) and the C(X4) of [26] corresponds to our J(X4), and
the homeomorphism s’ in our context amounts to the observation that the reduced free
monoid on a simplicial set K is naturally isomorphic to SOV K V(KX K)y V---.

The homeomorphism (s'): J(X4)4+ — D(X4+) does not stabilize to give the Hilton—
Milnor splitting : J(X+)+ — D(X4+) of Corollary 5.7. For this reason, Definition 3.2
of [26] defines ®: D(Xy) — D(X4) to be the stable map o o (s')~!, and defines
On.m: Dn(X4) — Dm(X4+) to be the stable maps given by the (1, m)™ component
of ®,ie © 4 is a stable map D, (Xy+) — Dy (X4). The proofs of Propositions 3.3
(the proof of which is the proof of [25, Proposition 4.5]), 3.4 and Lemmas 3.5 and 3.6
of [26] are entirely formal, relying on the behavior of the stable transfer maps associated
to subgroups of the symmetric group. They apply without modification to simplicial
presheaves, and therefore suffice to establish our proposition. O

Proposition 6.3 (Kuhn [26]) If X is an object of sPre(Smy). equipped with a

Proof If i < qu'=1 aj, then this is true even without the co- H—structure. In
Proposition 6.2, there are no covers in this case, and therefore the sum is empty.

If X is equipped with a co- H —structure, then the diagonal X — X x X factors up
to homotopy through a co- H-map X — X Vv X. In this case, the diagonal map
X — X A X is nullhomotopic. The argument in the first part of [26, Appendix A]
applies directly, amounting to the claim that if i > Zj=1 aj, then each term in the
sum of Proposition 6.2 is also null. a

6.2 Combinatorics

Our first aim is to prove that a specific stable map, namely A22 D XAImAr
m+r,(2m,r)

X"2m A XN s as an equivalence, at least after localizing at 2, when X ~ §27+4®

is a motivic sphere and when m is a natural number and r is either 0 or 1. This is

a corollary of Propositions 6.2 and 6.3, but the proof requires us to consider some

elementary combinatorics. The same combinatorics will prove useful later, when we

turn to studying the James—Hopf map.

For a positive integer ¢ and an m—tuple of positive integers (a1,dz,...,am), let
( 4 ) denote the set of functions o: {1,2,...,a} — {1,2,...,m} such that

a1,az;,...,am a

o~ 1(i) has cardinality a;. Note that (a1 . am) is nonempty if and only if a =) a;.
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a
ap,az,....am
{071()1,071(i)2,...,071(i)g;} in such a way that o~1(i); < a_l(i)j_,_l for all

j < a; — 1. Define & to be the permutation on a letters sending (1,2,...,a) to
(0_1(1)1,0_1(1)2,...,0_1(1)a1,0_1(2)1,...,0_1(2)a2,...,O_I(rn)am).

For instance, if o is the element of (1 ; 2) given by sending 2+ 1 and 1,5+ 2 and
3,4+ 3, then & is the permutation taking (1,2,3,4,5) to (2,1, 5, 3,4).

Given an element ¢ € ( ) and a natural number i < m, write 071 (i) as

Suppose X is an objects of sPre(Smy ), For o € (,, ¢ ), define e(0): X"* —
X" to be the map induced by &, and define sign(o) to be the number of pairs r < k
in {1,2,...,a} such that (r) > & (k). In the example given, sign(c) is the cardinality

of {(1,2),(3,4),(3,5)}, ie 3.

Remark 6.4 Suppose X is an object of sPre(Smy)s. Let i and a;,a,,...,aq be
positive integers such that i = ) ay. Then

q [—
Ai,(a1,az,...,aq)(X) - Z 6(0’)

in honis Spt(Smy ) — this is merely a restatement of a special case of Proposition 6.2
in different notation.

In the case where X = $”19% Remark 4.5 says that e(0) is ef,i?; ? where eng =
(=1)**49(—1)9 in GW(k). Using the remark above then gives:

Corollary 6.5 Suppose X = S"19% Leti,a;,a,,...,ay be nonnegative integers
such thati =) ay. Then
_ signo
Al;j(al ,az,...,aw)(X) - Z Cn.q
0€(ay.az,....am)

in hONis Spt(Smk) .

‘We will have occasion to use an involution

fartax+--tam R ay+dax+---+am
V‘ a15a27"'7am Cll,az,...,am

which is defined as follows:

ay+ar++am RTINS
Take o € ( a1ty ) There are two possibilities:
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(1) o(2i —1) =0 (2i) for all applicable i. In this case, we say y(0) =0, s0 0 is
fixed under the involution. We write F),(a; +az+---+am;ay,as,...,am) for
the set of fixed points, or F,, when the coefficients are clear from the context.

(i) Otherwise, there exists a least integer i such that ¢ (2i — 1) # o (2i). We then
let ¥ (o) be the function that agrees with o except that y(0)(2i — 1) = 0(2i)

and y(0)(2i) =0(2i —1).
If o is not a fixed point of y, then sign(o) + sign(y (o)) = 1 (mod 2), so that the

aytaz+-+am

e ) of even sign is given by the formula

(a1+a2+'-'+am)‘ IF |)—|—|F |
—Ify Y

al’a29'-'9am

artaz+---+a
(oven e i)

a17a27--~7am

number of elements in (

(14) number of elements of even sign = %(

:%(

We can often find ways to calculate !(alaJlr‘;zz‘F;rn‘j’")! and | Fy|.

The cardinality of ();"'Jf' ) is the binomial coefficient (x + y)!/(x!y!). Let [%x] denote
the greatest integer less than or equal to %x.

Proposition 6.6 Among the elements of (?Lyy

CE G

1 1 :

2\ Xy [2x].[27]

By virtue of our definitions, the second summand is 0 in the case where x and y are
both odd.

). the number having even sign is

Proof We rely on the involution y and (14). Since !(?L;’ )‘ is known, it remains to
calculate |F|.

There are several cases to consider:

(1) If x and y are both odd, then every number in {1,...,x + y} forms part of a
pair (2i —1,2i7), and there must be at least one pair for which ¢ (2i —1) # o (2i),
since 0~ !(1) is odd. There are therefore no fixed points of the involution.

(i) If x and y are both even, then every number in {1,...,x 4+ y} forms part of
a pair (2i — 1,27). In order for o to be fixed by y, it must be the case that

0(2i—1)=0(2i) forall i. Defining t € ((;C/’;J;)//zz) by the formula (i) = o (2i),
o (1)

we see that there is a bijection between F), x/2.9)2
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(iii) If one of x and y is even and the other odd — say for specificity that x is even
and y odd —then o is fixed under y if o(x + y) =2 and 0(2i — 1) = 0(2i)

forall i < [%(x + y)]. Similarly to the previous case, there is a bijection in this
(x+y—-1)/2 )
x/2,(y=1)/2)"

Since | F), | agrees in all cases with

il

the proposition is proved. a

case between F, and (

Proposition 6.7 Let X ~ S"T49% be a motivic sphere, suppose m is a nonnegative
integer and r € {0, 1}. Let P be a set of primes, and let m be a natural number such that
m+ 14 mey 4 is a unit in GW(k) ®z Z p; then the map A22m+r,(2m,r): xnzmEr
XN2m A XN s an isomorphism in hop o1 Spt(Smy).

2

In particular, A, Q2m.r) is an isomorphism in ho, 41 Spt(Smy).

Proof We have calculated A22m r.m.r) in Corollary 6.5 and Proposition 6.6. If

r=0,wefind A3, o =1in GW(k)®zZ().

When r = 1, we find A22m+1 Qm1) =M + 1 4+ mey 4, from which the first claim

follows immediately.

The element m + 1 + mey 4 is a unit in GW(k) ®z Z () by Corollary 4.7. a
The same calculations, referring to Corollary 4.8, show the following:

Proposition 6.8 Let X ~ S"T9% be a motivic sphere. Assume one of the following
two conditions holds:
(i) n isodd and ¢ is even.

(i) n + ¢ is odd and the ground field k is not formally real.
Suppose m is a nonnegative integer and r € {0, 1}. The diagonal map

2 . AN2m~+r A2m AF
A2m+r’(2m,r). X —- X ANX

is an isomorphism in ho 41 Spt(Smy).

ay+-+am
ap,az,...,am

Definition 6.9 We impose a total order on the elements of ( ) by declaring

o<o'ifo(j)=0'(j) forall j <k and o(k) <o'(k).

Geometry & Topology, Volume 23 (2019)



1744 Kirsten Wickelgren and Ben Williams

Following [25], define a regular (r,s)—set of size m to be a set, {Sy,...,Ss}, of
subsets of {1, ...,m} satisfying

(i) |Si|=r forall i,
Gy Uiz, Si={1,...,m}.

Let L(r,s,m) denote the set of all regular (7, s) sets of size m. This goes by the name
B(B(m,s),r) in [25], and the discussion that follows here is a much reduced version
of the discussion to be found there. In particular, we concentrate on the case where
r=2and m =2s.

There is a cover ¢: (22s ,2) — L(2,s,2s), the source being the set of ordered partitions
of {I,...,2s} into s disjoint subsets of cardinality 2, and the latter the set of unordered
partitions. There is an Ss—action on functions o: {1,...,2s} — {1,...,s} induced
from the action on the target, and the orbits of this action are in bijective correspondence
with L(2,s,2s). For any A € L(2,s,2s), define sign(X) to be sign(c), where o is

.....

Write E£(2,s) and O(2,s) for the number of elements in L(2,s,2s) having even and
odd sign, respectively. Trivially, £(2,1) =1 and O(2,1) =0.

Proposition 6.10 The quantities E(2,s) and O(2,s) satisty E(2,s) = O(2,s) + 1.

Proof An element A € E(2,s) is a partition of {1,...,2s} into s disjoint subsets
{S1,...,Ss}. One orders these subsets in ascending order of their least members. The
quantity sign(A) is the number of pairs of numbers j; < j, such that j; € S¢, and
J2 € Sg, with Sg, > S;,. We can set up an involution ) on L(2,s,2s) by observing

that y descends from (, Zs ,)-

Explicitly, if A ={S1,...,Ss} € L(2,s,2s) is not the partition
ho=1{{1,2}.{3.4},.... {25 —1,2s}}

then there is a least pair of integers (2i — 1, 2i) such that 2/ — 1 and 27 lie in different
sets S; and S; with 7 # j. Let ¥ () be the partition obtained from A by interchanging
2i — 1 and 2i. The exceptional partition, A, is the unique fixed point of .

Observe that if A # A, then sign(X) 4 sign(y(A)) = 1 (mod 2). Since sign(Ag) =0
is even, it follows that E(2,s) —1 = O(2,s), as asserted. a
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.....

is (25)!/(s12%). Explicitly, therefore,

1 (2s)! Q2o
E(Z’S)_E(szzs A s12s+1 +§

n o= (@) _ ol 1
( ’S)_E s125 ) T slostl o 2°

The quantity E(2,5)+ O(2,s) = (25)!/(s!2%) is the product of the first s odd integers,
(2s—=1)(25—=3)---(5)(3)(1). The fact that this is a unit in Z ) appears in the classical
study of j,.

6.3 Decomposing the second James—-Hopf map

Definition 6.12 Let
a}y: Di(X) = Ds(X"?)

denote the composition in hois Spt(Smy,),

DiX — D(X) 25 J(X)4 225 J(X™?) . %5 D(X™?) = Dy(X7?).

For example, we have

(15) a3, =idp,x)
by the commutative diagram
J(X) 25 J7(x7?)
Jo(X) —— X2
where the lower horizontal map is the composite
Jr(X) = Jr(X)/J1(X) = Dy(X) = X" 14 X722 > D (X2,
Proposition 6.13 Let X ~ S"T9% be a motivic sphere with n > 1. Let i > 2 be an
integer. The maps in hoyis Spt(Smy,),

2
ai,s

T
Di(X) —— J(X) — J(X"?) —= Dg(X1?),
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agree in ho,1 Spt(Smy) with

2 _ {E(Z,s)+0(2,s)e,,,q if i =2s,

aj s .
’ * otherwise.

Proof The case where i # 2s follows from Corollary 6.3(1) and (3) of [25]. As
with the results of [26], the arguments here all yield natural homotopies of maps,
and therefore the results carry over from the case of spaces to the case of simplicial
presheaves.

When i = 25, then, by Theorem 6.2 of [25], the class a?_ is equal to the sum of the

i,s
classes of permutations of X %5 associated to regular (2, s) sets of size 2s. Of these,

E(2,s) are even permutations, and therefore equivalent to the identity, and O(2, s)
are odd, and therefore equivalent to the single interchange ey g . a

Corollary 6.14 The map a% 5. 18 an isomorphism in ho, 41 (Spt(Smy)).

Proof The map in questionis E(2,5)+ O(2,s)en,r. Since E(2,5) = O(2,s5)+1 by
Proposition 6.10, it follows from Corollary 4.7 that it is a unit in GW (k) ®z Z(). O

Similarly, we have the following corollary:

Corollary 6.15 If X = S"149% in GW(k) is a motivic sphere and one of

(i) n iseven and q is odd, or

(i) n+q is odd and the field k is not formally real,

then a% 5. Tepresents an isomorphism in ho 1 (Spt(Smy,)).
Proof This follows from Proposition 6.10 and Corollary 4.8. a

6.4 The stable weak equivalence

Let X be of the form S"*9% for n> 1 and ¢ > 2. Let e,,4 be the class (—1)"T9(—1)4
in GW(k).

Fix a set of primes, P. All objects and maps in this section belong to the cate-
gory hop 41 Spt(Smy), unless otherwise stated. If P is the set of all primes, then
hop o1 (Spt(Smy)) = ho,1 (Spt(Smy)). This case and the case P = {(2)} are the two
cases that are applied in subsequent sections of this paper.
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Write b4: J(X) 4 = ?ioXAi — X4 for the projection map.

We will need the following construction again in the sequel, so we present it here for
later reference.

Construction 6.16 Suppose given an unstable map j: J — Y in sPre(Smy ), and
a stable map b: J — X in hop o1 (Spt(Smy))s, that is to say a homotopy class of
maps b: X°J — X X. We produce a stable map (j Aby)oAy: J4 - (X xY)+
as follows.

We may extend the maps b: J — X and j: J — Y to maps by: J+ — X4 in
hop 41 (Spt(Smy))« and ji: J4 — Y4 in sPre(Smy).. Then we take the smash
product of these two maps. For convenience, we note that j Vv id is a map in the
unstable homotopy category, so this may be carried out in an elementary way without
recourse to a smash product of spectra. This givesamap b4 A ji: JyAJy —> X4 AY 4.
But the source and target of this map may be identified with (J x J)4 and (X xY)4,
respectively. Then precomposing with the diagonal map J — (J x J)4 gives the
result.

By means of the above, we construct a map in stable homotopy, denoted by c:

J(X)4 == (J(X) x J(X))y —— (J(X) x X)p —— (J(X"?) x X) 4.

Here A is the image in ho, o1 Spt(Smy) of the diagonal map
J(X)+ = (J(X) x J(X))+

in sPre(Smy )4, and j is the James—Hopf map j: J(X) — J(X”?) in sPre(Smy).
Since jt is a map in sPre(Smy )., we can form the product map (J(X) x X)4+ —
J(X"? x X)4 in ho,i Spt(Smy)(Smy) by means of the action of sPre(Smy). on
Spt(Smy,).

Both spaces J(X)4 and (J(X”?) x X)4 are isomorphic in the homotopy category
ho, o1 Spt(Smy) to the spectrum \/?iOX A To see the latter, decompose

(16) (JX"?)xX); =S VIX VX VIX)AX)
~ SO Vi (\/l?i]XAZi) \/X\/ (\/l?ilX/\Zi-i‘l)‘
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Use the above to fix a standard isomorphism \/72, X = (J(X"?) x X)4 in the
homtopy category ho,i Spt(Smy), an isomorphism J(X)4+ = /oo X N already
having been fixed in the form of the stable map s.

Proposition 6.17 Fix a sphere X = S"19% _ If elements m + 1 + mey 4, Wwhere m is
an integer, are units in GW (k) ®z Z p , then the map ¢ is a weak equivalence.

Proof Consider the ring

R =Endy, ,, spucsmy) (ViZo X ).
We wish to show that (j4+ x b4) o A is a unit of this ring.
We may write

o0
R= 1_[ Homhoz,Al Spt(Smy) (X/\l’ \/?iOXAl)
i=0
and
\/?ioXAl = v?:oXAl 4 v?ii—HXAl'

It follows from the Hurewicz theorem that [X A \/?ii p.¢ Al ] =0, and so

i
Homhoz,Al Spt(Smy) (XN’ \/?ioXAl) = @ Homhoz,Al Spt(Smk)(XN , XAI),
=0

so that R = ]_[?io EB§=0 Tintiga (Sl""'lq"‘). We may represent elements of R as infi-
nite, upper-triangular matrices (d; ;) such that d; ; € mip4iga(S In+lgey by decreeing
d;; = 0 whenever i < /. It follows from the usual algebra of matrix multiplication that
an element of R is a unit if and only if the terms d;; € Tin+tiga (Sinti4%y are units

forall 7.

The invertibility of ¢ in R may be deduced from the classes d;; appearing in the

diagram
c

J(X)y —— (J@X)xJ (X)) — (JX)xX)y — (J(X"?)xX)

] |

X/\i di.i X/\i

where the unmarked arrows are inclusion and projection maps.
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We can factor d;; in diagram (17) as
c
J(X) 4 —— (VX)X (X)) —— (JX)xX)y —— (J(X")xX) 4
(13)
f OX/\i—n/\X/\n X/\i

X/\i\/f’t\—//?

d;.i

s 2 . YA Ai—n An :
where f is the wedge sum of maps Ai’(i_n,n). XN > X A XM as n varies.

This factorization follows from Proposition 6.3.

We can further factorize d; ; because the map X°°(J(X)xJ(X))4+— Z®(J(X)xX)+
is the identity on the first and projection on the second factor:

c

J(X) 4 —= (JX)xJ (X)) ———— (J(X)xX)y ——— (J(X"?)xX)

@ | l
N i Ai—n A Y AR Ai A Y AO Ai—1 AQ
XN —— Vg XNTAXN — (XN AX NV (XNTIAX) X

dj i

Write i = 2m + s where s € {0, 1}. By use of Proposition 6.13, we deduce that the
bottom row can be further factored as

dii
(20) X/\i - ; VZ=OXAi_nAXAn (X/\i/\X/\O)v(X/\i—l /\X) X/\i
l« a%m.m/\id

X/\Zm /\X/\S

It follows that d; ; factors as (a% mom N1d) © A2 and since both these maps are

i,(2m,s)°
isomorphisms by virtue of Propositions 6.7 and 6.13, so too is d;;, and therefore so

toois ¢ = (j+ xby)oA. a

Remark 6.18 The hypothesis of the proposition that elements of the form
(m+1)+mepq € GW(k)®z Zp

be units holds in particular in the following cases:
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(i) Thering Zp is Z,) or Q. In this case, the hypothesis holds by Corollary 4.7.

(ii) The integer n is odd and the integer ¢ is even. In this case, e, 4 = —1, and the
hypothesis holds by Corollary 4.8.

(iii) The integer n + ¢ is odd, and the field k is not formally real. Again, the
hypothesis holds in this case by Corollary 4.8.

Remark 6.19 If X is an object in sPre(Smy )., there is an action of the symmetric
group S, on X", In the case where X is a motivic sphere, this action factors through
the sign representation of .S),. The fact that ¢ is a 2-local weak equivalence depends
on this fact, as we can see in the following example.

Example 6.20 Let X be the simplicial set X = S?\ S2. The map S, — [X"\", X ]
is injective because the action of S” on H2"(X ", Q) = H2(X, Q)®" =~ Q%" contains
a direct sum of two copies of the permutation representation of .S, over Q as summands.
These two copies can be described as follows. The wedge product X" is the direct
sum of copies of S2” indexed by n—tuples of elements of {1,2}. The n—tuples which
have a single 1 and the rest 2’s form one of the summands, and the other is obtained
by switching the roles of 1 and 2.

The objects J(X)+ and J(X”?)4 split stably as \/;o, X and ;2o X3, respec-
tively. The second James—Hopf map

o VR XM > VR X

restricts to a map a7 ,: X* — X”*. The paper [25] calculates this map explicitly as
the sum of permutations

Note that (2‘}2) is in bijection with {((1,2)(3.4)), ((1,3)(2,4)). ((1,4)(2,3))} under
the bijection sending ((a, b), (¢, d)) to the map sending a and b to 1 and sending ¢
and d to 2. Using cycle notation for permutations, and representing the identity by e,
this sum is

az, =e+(23)+(243).

The induced map on the singular cohomology H®(X"*, Q) = Q' is not of full rank,
since e + (23) 4 (24 3) is not an isomorphism on the permutation representation,
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H?3 (hofib(j»), Q) = 0 0
Q? d4=0 Q8
0
Q 0 0 0 Q* 0 0 0 QYx~H¥3J(X"?) Q)

Figure 1: The first four rows, nine columns of the E,—page of the Serre
spectral sequence for H*(-, Q) associated to hofib(j,) — J(X) L2, J(X"2).

namely on either of the submodules mentioned above ai , acts by the matrix
3000
0111
0210 |
0012

which has determinant 0.

The map induced by j, on rational cohomology H®(J(X"?), Q) — H3(J(X), Q) is
not an isomorphism in this case, and is in particular not injective, and so the analogue
of Proposition 6.17 fails in this case, even (Q—locally.

Moreover, associated to the fiber sequence
hofib(j2) — J(X) L J(X"?)

there is a Serre spectral sequence for rational cohomology, part of which is shown
in Figure 1. We have shown that the edge map H®(J(X"?),Q) — H}(J(X), Q) is
not injective. Since the edge map is not injective, it is not the case that the spectral
sequence collapses at the E,—page, and since H*(J(X”?), Q) is concentrated in even
degrees, it follows that H* (hofib(j»), Q) is not also concentrated in even degrees. In
particular, hofib(j,) does not have the same rational cohomology as X = S?v §2,
showing that even the Q—local version of the EHP sequence does not hold for a general
space X.

7 Fiber of the James—Hopf map

In Section 7.3, we will have two fiber sequences FF — F — Y and X - X xY — Y
with the same base Y and a stable weak equivalence between the total spaces £ and
X x Y, which is compatible with the map to the base. We will show that in fact the
fibers are stably weakly equivalent as well (Proposition 7.18). For this, it is natural to
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ask for a Serre spectral sequence, as the Serre spectral sequence gives a good way to
measure the size of the total space of a fibration in terms of the size of the base and
the fiber. Since the base spaces of the fibrations f and p are the same and their total
spaces are the same size, a Serre spectral sequence would give us a tool with which to
attempt to “cancel off the base space” and conclude that the fibers have the same size.
The purpose of the first part of this section is to show that enough of these ideas remain
available in A! -homotopy theory. In Section 7.1, we construct a spectral sequence to
substitute for the Serre spectral sequence. We develop needed properties in Section 7.2,
and in Section 7.3, we show that the desired cancellation is possible.

7.1 A spectral sequence

Let a be a left Bousfield localization of the global model structure on sPre(Smy).
There is an associated stable model structure on the category of S —spectra, Spt(Smy).
See Section 2.4. Let H;: Spt(Smy ) — Shy;s be an a—corepresentable functor, given
by a spectrum E, such that #;(F) is the Nisnevich sheaf associated to the presheaf

U [E°S'AEAS®UL, Flos.

We write H;(X) for H;(X°°X) when X is an object of sPre(Smy, ).

Since left Bousfield localization does not change which maps are cofibrations, the
notions of global cofibration, Nisnevich local cofibration, Al —cofibration and a—
cofibration for sPre(Smy) are the same. For X; — X, a cofibration with respect to
these model structures, the cofiber C is the pushout

C =colim X —— X>

|

*

A sequence is said to be a cofiber (resp. fiber) sequence up to homotopy if the sequence
is isomorphic in the homotopy category to a cofiber (resp. fiber) sequence.

Proposition 7.1 The homology theory H has the following properties:

(i) H; takes a weak equivalences to isomorphisms.

(i) Given a cofibration X; — X, with cofiber C in a, there is a natural long exact
sequence of sheaves of abelian groups

"'_)HiX1_>HiX2_)HiC_)Hi—1X1 —> e

(iii) As a special case of (ii), we see that H; (XX ) ~H;_1(X) for X € sPre(Smy ).
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Assumption 7.2 We assume that H satisfies two further axioms:

(i) Boundedness #;(X) =0 for i <0 for all objects X in sPre(Smy)..

(i) Compactness colim7{;(X;) = H;(colim X;) for all filtered diagrams {X;} in
sPre(Smy, ).

s5,Al __ _s,PAl

it+je and Hi =L 7

Al injective structure or the P—A! injective structure, respectively. In each case,

These axioms are satisfied by H; =« : we take a to be the

E = EOO(G,?,J. . The boundedness axiom follows from Lemma 2.20, the compactness
from Proposition 2.18 or Proposition 3.27.
For f: X — Y a global fibration, we construct a spectral sequence El’J = Hi+jX.

This spectral sequence for a = A! or its P—localizations will have the property that
it relates a—homotopy-invariant information about the total space with a—homotopy-
invariant information about the fiber and more delicate information about the base.

Let A<, be the full subcategory of A on the objects {0, 1,...,n}. The pointed n—
skeleton sky: sSet« — sSet. can be defined as the composite of the n—truncation functor
sSet, — Fun(AOé’n, Set.) with its left adjoint. Given a simplicial presheaf X, define
sk, X € sPre(Smy) by U — sk, X(U). For n < 0, the definition gives sk, X = .

Definition 7.3 Let f: X — Y be a fibration in the global model structure between
pointed simplicial presheaves. We define the spectral sequence
(El-’j,d’: El-’+,,j — E£j+r_1) :

The cofibrations
skoY ->skj Y - - —>sk, Y —>.-. Y

pull back to cofibrations
sk Y Xy X sk Y Xy X - - >k, Y Xy X - - Y xy X = X.
The cofiber sequences
sk, 1Y xy X = sk, Y xy X — C,

for n > 0 give rise to the long exact sequences of Proposition 7.1(ii), which form an
exact couple:
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@?,?1:0 Hi(skn ¥ xy X) @?j,:o Hi(skp, Y xy X)

@Z?l=0 HiCn

This exact couple gives rise to the spectral sequence E l’ j with E iI’ j = Hi+j G;.

We now relate C; to the fiber of /. Assume for simplicity that Y is reduced in the
sense that Yy = *, and let F denote the fiber of f over Y.

For U e Smy,, let L, Y (U) €sSet, denote the n'" latching object, defined as L,Y (U) =
(skp—1 Y(U))yn, and let N, Y (U) be the set of nondegenerate n—simplices of Y (U),
defined as N, Y(U) =Y,(U)—L,Y(U).

Despite the fact that N, Y (—) does not necessarily define a presheaf,
VN, y (F4 A (A /OA") = U = Vyen,yw)(F(U)+ A (A" /A"))

is a presheaf because it could equally well be written as

Vyev,@)(F(U)+ A (A" /OA"))
VyerL, vy (F(U)+ A (A"/AM))

and both Y, and L,Y are presheaves. This presheaf is weakly equivalent in the global

model structure to the cofiber C;,, as shown by the following lemma:

Lemma 7.4 There is a global weak equivalence Cy, >~ \/n, y (F4+ A (A"/0A")) in
sPre(Smy ).

Proof Let dA" denote the boundary of A”. By [11, Chapter VII, Proposition 1.7,
page 355], there is a pushout

(Yn X 8A”) ULnYXBA” (LnY X An) —sky,1 Y

| |

Y, x A" skp ¥

The pullback of a pushout square of simplicial sets is a pushout square because small
colimits are pullback stable in the topos of simplicial sets. Since limits and colimits
in sPre(Smy ). commute with taking the sections above U € Sm, it follows that the
pullback of a pushout square in sPre(Smy, ) is also a pushout square. Thus, applying
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the functor (—) xy X to (21) produces a pushout square, which then produces a global
weak equivalence between C, and the cofiber of

(22) ((Ynx 0A") xy X) UL, ¥xdaryxy x (LaY x A") xy X) — (Y, x A") xy X.

The composition Y, x F — F — X of the projection with the inclusion determines
amap Y, x F — X. The product of the identify map on Y, x F with inclusion of
the 0 vertex into A" gives a map Y, x F — Y, x F x A,,. The canonical map
Y, x A" — Y factors as Y, x A" — sk, Y — Y, and precomposing with the projection
Yy x FxA'"— Y, x A", we obtain maps Y, Xx F X A" > Y, x A" > sk, Y — Y.
These maps fit into the commutative diagram

YoxF—— (Y x A xy X —— sk, ¥ xy X —— X

Yy x FXx A" —— Yy x A" ——— sk, Y ——— Y
formed by the solid arrows.

Since Y, x F — Y, x F x A" is a global trivial cofibration, this commutative diagram
extends to include a map denoted by the dotted arrow, by the lifting property of global
trivial cofibrations and global fibrations. The dotted arrow is a global weak equivalence
because it is a map of global fibrations over Y; x A such that the induced map on the
fibers is a global weak equivalence

Yy x A"y xy X

T
, l

YanxA"—>YnxA”

Pulling back the diagram (23) by a map A — Y, x A" produces a map of global
fibrations over A such that the induced map on fibers is a global weak equivalence,
and it follows that the pullback of the dotted arrow remains a global weak equivalence
as well. We apply this to the canonical maps from A =Y, x dA", A = L,Y x A"
and A = L,Y x A". Since the union in the domain of the map (22) is a homotopy
pushout as well as a pushout, we obtain a diagram

(Yn x 0A™") xy X)U(L, yxaanyxyx (LaY X A) Xy X) ——— (Y x A") xy X

| |

(Yux0A*' x F)UrL, yxoarxfF (LpY X A" X F) ——— Yy, x A" X F
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where the vertical arrows are weak equivalences. Since the horizontal arrows are
monomorphisms and therefore global cofibrations, we obtain an induced weak equiva-
lence between the cofibers, proving the lemma. a

It is convenient to introduce notation for the presheaf \/y,y F4, so we do that now.

Definition 7.5 For a global fibration f: X — Y in sPre(Smy ), such that Yy = *,
define K; in sPre(Smy)+ to be

Ki =Vn,yF+.
where F is the fiber of f.

Lemma 7.4 shows that there is a global weak equivalence C; ~ S’ A K.

Proposition 7.6 Let {E l’j dl.’j} denote the spectral sequence of Definition 7.3 associ-

ated to a global fibration f: X — Y in sPre(Smy). such that Yy = *.
(1) There is a canonical isomorphism E l-l = H; K;
(ii) El.’]. =0 fori or j less than 0.

(iii) This spectral sequence converges to the values of the functors Hs« on X

(Ej;.d": El4, ;= E[ ;) = HiyjX.

Proof We prove the claims in order.
(i) Since there is a global weak equivalence C; >~ S I A K; (Lemma 7.4), it follows

that
E}; =HiyjCi=MiyjS' AKi = MK,

by Proposition 7.1(iii).

(ii)) The claim is immediate for i < 0. We show that E l.lj = 0 for j < 0, which
is sufficient because El’] is a subquotient of Eil,j- By (1), Eil,j >~ H;K;. For
J <0, we have H; K; = 0 by Assumption 7.2(i).

(iii)) The convergence follows from (ii). Since colimy, sk, ¥ =Y and finite limits com-
mute with filtered colimits, it follows that colim, sk, ¥ xy X == X. Since H; 4+,
preserves filtered colimits (Assumption 7.2(ii)), colim, H;4;(sk, Y xy X) =
H;j+i(X), proving the claim. o

We can summarize this subsection as follows: For amap f: X — Y in sPre(Smy)
such that Yy = *, we have a spectral sequence
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satisfying the properties of Proposition 7.6, where F = hofibgjoba / is the homotopy
fiber in the global model structure of f, ie factor f as the composition f =to f/,
with «: X — Z a global trivial cofibration and f’: Z — Y a global fibration. Let F
be the fiber of f’ over the basepoint. The spectral sequence is that of Definition 7.3
applied to f”.

Remark 7.7 The construction of this spectral sequence as well as those of its properties
given in this section only require the lifting properties of global fibrations. The subtler
lifting properties for a—fibrations have not been exploited.

7.2 A functoriality property

We will use a functoriality property of the spectral sequence constructed in Section 7.1
with respect to a particular sort of stable map in the homotopy category.

Recall that a is a left Bousfield localization of the global injective model structure.

Proposition 7.8 The model structure a on sPre(Smy ) satisfies the following proper-
ties:

(i) All monomorphisms in sPre(Smy ) are a cofibrations, and in particular, objects
of sPre(Smy,) are a cofibrant.

(i) a is compatible with the tensor, cotensor and simplicial enrichment in the
sense that this structure makes sPre(Smy ) into a simplicial model category
[35, Definition 11.4.4].

(iii) X: sPre(Smy) — sPre(Smy) takes a weak equivalences to a weak equiva-
lences.

(iv) There is a left Quillen functor X°°: sPre(Smy, )+ — Spt(Smy, ), where Spt(Smy,)
is endowed with a stable model structure, which we also call a, in an abuse of
notation.

Proof Property (i) is immediate: a is a left Bousfield localization of the global
injective model structure, and the same property holds there. Property (ii) follows
from [12, Theorem 4.1.1(4)] because the global injective model structure is left proper,
simplicial, and cellular (see [14]). Property (iii) is a special case of (ii). Property (iv) is
Proposition 2.14. a

We furthermore make the following assumption:

Geometry & Topology, Volume 23 (2019)



1758 Kirsten Wickelgren and Ben Williams

Assumption 7.9 If X is an object of sPre(Smy ), then X x - preserves weak equiva-
lences.

To construct the EHP fiber sequence, we will set a to be the P—localized A! model
structure for P a set of primes. By Proposition 2.1 and Corollary 2.2, this choice is
valid.

We will employ the following construction, which is a version of Construction 6.16
that applies to maps b that exist after one suspension, rather than simply stably; we
use the notation X (—)4+ to mean X ((—)4).

Construction 7.10 Suppose given a map j: J — Y in sPre(Smy), and a map
b: ¥J — XX in ho,sPre(Smy).. We produce a map (b A j+)o TAL: J4 —
(X xY)4 as follows:

We may extend b: ¥J — X X to a map in ho, sPre(Smy, ).
b: EJ_|_ —> 2X+

since ©J4 ~ XJ Vv S!, and similarly for X. We take the smash product of b: £J4 —
X4 and jy: J4 — Y4, obtaining a map XJ4 A J — X X4 A Y4, The left-hand
side is identified with X (J x J)4 and the right with X (X xY)+. Then we precompose
with the diagonal map XA 4: XJ4 — X (J x J)4+ to obtain a map in ho, sPre(Smy, ),

(24) (bAjy)oSAL: DIy — (X xY)4.

This construction is functorial in the map j as follows. Suppose given a commutative

square

g2y

A

vy 2y

Then there is a map bo Xp: £J' — T X, and the evident square

boX j1)oX A
gy (GIEINDEAL o
l bAj4)oXA l
wj ONPEAY s X xY),

1S commutative.
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We remark that the map (b A jy)o TA4: ¥J — Z(X x Y) constructed here agrees
in the stable category with Construction 6.16.

We assume the following setup: amap j: J — Y in sPre(Smy ), and amap b: £J —
¥ X in ho,sPre(Smy), with X fibrant. We replace j: J — Y by a fibration by
means of a canonical factorization J - E L) Y, where ¢ is a trivial cofibration and
f is a fibration. There is a well-defined map in the homotopy category,

(25) bgp=boXi ' TE — XX.
Let p denote the projection X x ¥ — Y. Associated to each of the fibrations

fTE—=Y, pXxY-—>Y

there are spectral sequences as in Definition 7.3. We denote these by E l’] and (E')! D
respectively. Let

b: SE — (X x Y)

denote the map formed from (b A f)oXA4: L E+ — X (X xY )4 (Construction 7.10)
by precomposing with a map ZE — E v S! ~ £ E, and postcomposing with
(X xY)y - Z(X xY). Since Hy is a stable theory, we obtain a map

Hi S0 Ha(J) = Ha(X X Y).

Lemma 7.11 With notation as above, b induces a map of spectral sequences E Z’J —
(E' fj . The induced map E;}o — (E’ lc.’j‘?, which by Proposition 7.6(iii) is a map from
the associated graded of a filtration of H;y j(E) to the associated graded of a filtration
of Hi1j(X xY), is compatible with

Hitj > 1p: Hivj(E) = Hirj(X xY).

Proof In order to construct the map of spectral sequences, we start with the skele-
tal filtration sk, Y of Y. For all n, there are maps f,: sk, Y xy E — sk, Y. We
remark in passing that the fiber product sk, ¥ xy E is a homotopy fiber product
by virtue of f: E — Y being a fibration. Moreover, there are composite maps
bn: T(sky Y xy E) > X E — X X, where the first map is induced by the inclusion of
the skeleton and the second is b.

By means of Construction 7.10, we obtain maps X (sk, Y Xy E)4+ — X(sk, ¥ x X))+
in the homotopy category, and by functoriality, these maps are compatible in that the
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diagram
Y(ky—1 Y Xy E) — Xk, Y Xy E) ———— X E4

o T

Sk 1 Y xX)y — = X6k, Y x X))y —— 2 (¥ x X))+
commutes.
The commutative diagram (26) induces a commutative diagram

Y(sky_1 Y xy E) —— S(skp ¥ xy E) —— 2Cp

o T

S (sky_1 ¥ x X) — S(sk, ¥ x X) —— C/

in ho, sPre(Smy, ), where the horizontal rows are cofiber sequences and suspensions of
cofiber sequences. Applying H« X! to the entire diagram then defines a morphism of
long exact sequences, and thus a morphism of exact couples, and therefore a morphism
of spectral sequences. The compatibility with the induced map on E°°—pages follows
from applying H.« X! to (26). a

We can compute the map E l.lj — (E') l.lj of E'—pages of the map of spectral sequences
of Lemma 7.11. Suppose again that ¥ € sPre(Smy)s is such that Yy = *. Let
a: F — E denote the canonical map of simplicial presheaves given by the definition
F = hofibgjopa1 f/ = * Xy E — E. Composing Yay with bg yields a map

bpoXay: LFy - XXy
in ho, sPre(Smy, ).

Recall that K; € sPre(Smy) is defined by K;(U) = Vn,y@)(F(U)+). The analo-
gous definition for the global fibration p is then K| =\, y(u)(X(U)+). We claim
that the map bpoXai: X Fy — XXy in ho, sPre(Smy ), defines amap X K; — X K]
in ho, sPre(Smy, ). This claim is established by the following lemma.

Lemma 7.12 Suppose I is a presheaf of sets on Smy, .

(i) If g: A — B is an a weak equivalence in pointed spaces sPre(Smy ). (Smy),
then \/1g: /1A — \/1 B is an a weak equivalence.

(ii) If g: A— B is an a weak equivalence in spectra Spt(Smy,), then \/;g: \/;A—
\/1 B is an a weak equivalence.

Geometry & Topology, Volume 23 (2019)



The simplicial EHP sequence in A' —algebraic topology 1761

Furthermore, suppose that Y € sPre(Smy). is pointed. Then we may replace the
presheaf I of sets on Smy by U — N, Y(U).

Proof (i) \;g: ;A — VB is canonically identified with I+ A g: [ A A —
I+ A B, so \/1g is a weak equivalence by Corollary 2.2.

(ii) We again have a canonical identification of the map \/;g: \/;4 — ;B with
Iy Ag: I+ NA— I A B. For any pointed simplicial sheaf X, the functor

Spt(Smy) — Spt(Smy), E+—> EAX,
preserves stable Al weak equivalences, as in [32, Section 4, page 27].

Furthermore, note that we have a canonical bijection Y, (U)/L,Y(U) = N,Y(U) LI %
and that U — Y, (U)/L,Y (U) is a presheaf of (pointed) sets, which we will denote
by I. There is a monomorphism A — \/; A, and similarly for B. The map U +
V', ¥@)&(U) is the map induced by taking cofibers in the diagram

A—— V74
g l Vi gl
B—— VB
Since the top and bottom horizontal arrows are cofibrations, the cofibers of these maps
are also homotopy cofibers, so it follows that \/x y(7) g is an a weak equivalence. O
It follows that bg o Xa4 in ho, sPre(Smy ), induces a map
VN, vy (bEoZay): TK; — K]

in ho, sPre(Smy )«. As before, we may apply #; £~ ! to any map in ho, sPre(Smy).
Applying #; 7! to \/n, y(boXay) gives our identification of the map of E!-pages
in the map of spectral sequences E l’] — (E")] ; in Lemma 7.11.

Lemma 7.13 Suppose that Yy = x. The identification of El.lj with #H;(K;) in
Proposition 7.6(i) is functorial with respect to the map

El; — (EN};
in the sense that the induced map for r =1 is H; $7! (\/NnY(bE ) Ea+)): Hj(Ki) —
Hj(K7).
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Proof By construction, the lemma is equivalent to the claim that the map H, 4 ; C, —
Hp+jC, given by applying Hpu4 ;X! to the commutative diagram (27) is identified
with Hy+ ;X! applied to

\/idNnY(bE o Ea+) AS" X v \/NnYF+ AST—> XV \/NnYX-i— A S"
via the equivalences given in Lemma 7.4.
The equivalences of Lemma 7.4 are constructed by choosing a trivialization

Yan—gE

Yy x FXA' — ¥

and any two are homotopic, as either is equivalent in the homotopy category to the
composition
Yuyx Fx A" =>Y,x F—> E.

The product X x Y admits a canonical trivialization

Yy xX — X xY

|

Yy Xx X xAN* —— Y
Applying X (—)+ to Y, x F — E and composing with the map
bEAN f1)o XA YEL - (X xY)y
from Construction 7.10 produces a map
SYuxF)y > XEf > X(Y xX)4,
which factors through the inclusion
XYuxX)y > X2 xX)4.

The resulting map
SYuxF)y > XEL > XYy xX)4

is the smash product of the identity 1y,: Y, — Y, on Y, and bg o Xa . It follows that
the map XC, — XC, of (27) is identified with Viay, , (bE © Za) A 1gn, proving
the lemma. a
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The description of the map of E!—pages given in Lemma 7.13 means that understanding
the construction taking a map g: A — B in ho, sPre(Smy)« to Vn,vg: VN, v4 —
VN, v B in ho, sPre(Smy ), implies understanding the map of E 1 _pages. The next
lemma and corollary give some understandmg of this construction g — \/, y g in the
case where (a, Hx) is (Al, 3 5A! Yor (P—Al ) P.A! ).

To show Lemma 7.15, it is useful to note the following:

Remark 7.14 If X is a simplicially n—connected spectra in the sense that X €
Spt(Smy,) satisfies 77 X = 0 for i <n, then Morel’s stable connectwlty theorem [32]
implies that ns Al X =nLn X =0 for i <n. Because ns PA! is naturally isomor-
phicto Zp ® JTI- 5,Al by Proposition 3.25, it also follows that ns PA (X)=0fori <m,

whence LpL 41 X is simplicially n—connected.

Lemma 7.15 Let I be a presheaf of sets on Smy and g: A — B be a map in
1
sPre(Smy)«. Let (a, ;) be either (A", s.A! yor (P—Al x> PA ).

(i) If g induces an isomorphism on H; fori <n—1 and surjection fori =n—1,
then \/;g: \/1A — \/1 B induces an isomorphism on H; fori <n—1 and a
surjection fori =n—1.

(i) If g induces an isomorphism on H for i < n and there isamap h: B — A in
ho, Spt(Smy,) such that goh =idg in ho, Spt(Smy,), then \/;g: \/;A— \/1 B
induces an isomorphism on H; for i < n and a surjection fori =n.

Proof The second statement follows from the first, and the first is proven as follows.

Let C denote the A —homotopy cofiber of g (ie factor g as g o g, with g,: A — B’
a cofibration and g;: B’ — B an A! fibration and an A! weak equivalence and let C
be the cofiber of the cofibration g, ). Since g5 is also a P—A! cofibration and B’ — B
is also a P—A! weak equivalence, we have a long exact sequence

(28) s M C > H A TG 1B 1, C s

Since H;(g) is an isomorphism for i <n—1, we have that Image(#H;+1C —> H;A) =0
Thus, H;4+1C = ker(H;41C — H;A). Since (28) is exact, ker(H;+1C — H;A) =
Image(?—li+lB — Hi+1C).

Since #,;(g) is a surjection for i < n, we have that H; B — H;C is the zero map. Thus,
for i <n—1, we have that Image(H;+1 B — H;+1C) = 0, from which it follows that
H;i+1C = 0. In other words, H;C =0 for i <n.
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For any point, ¢*, the spectrum ¢* L,X°°C satisfies the condition that 777 ¢* L, X*°C =
0 for i <n because 77 L,X°C = H;C =0, and ¢*n] L, X°C = n7q* L, X*°C
[32, Section 2.2, page 12].

Thus, Vg+7q*L,X%°C satisfies that condition that 7] v Vg 1¢* Lo X*°C = 0 for
i <n.Note that Vg+7q* L Z°C = ¢* (VL Z°C).

Thus, ¢*7f vV VL E®C = n7¢* (V1 L.X®C) = 0. Since ¢ was arbitrary, we
conclude that 77f v /[ LoE®C = ni¢* (V[ L. Z®°C) =0.

By Remark 7.14, we conclude that

HiVVILZ®C =0 fori<n.
By Lemma 7.12, the map \/;C — \/;L,Z°°C is an ms weak equivalence, whence
(29) HivViC =0 fori<n.

By definition, we have that 4 £2> B’ — C is such that g, is a cofibration, and C is
the cofiber of g,. By the definition of the global, injective local, A! or P—A! model
structures, \/7 A £2> \/; B’ is a cofibration with cofiber \/;C. The sequence

ViA4 4% \/[B - \,C

therefore gives rise to a long exact sequence in #;. By Lemma 7.12, this long exact
sequence can be written as

(B0) o Hip VVIC = Hi v VA 30V B 1 vV C e

The lemma is proven by combining (30) and (29). a

Corollary 7.16 Suppose that Y € sPre(Smy, ) is pointed. Then we may replace the
presheaf I of sets on Smy, by U — N, Y (U) in Lemma 7.15.

Proof There is a functorial cofiber sequence
Ve, yand = Vy,)A = VN,yan 4.
whence a functorial long exact sequence
= Hi(Ve,yan4) > Hi(Vr,w) ) > Hi(V,y ) A) > Hiet (Ve yap 4)—> - -

Applying Lemma 7.15 with I = L,Y and I = Y,, the claim follows by the five
lemma. a
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7.3 A cancellation property

Say that a spectral sequence E7 j is a first quadrant spectral sequence if the differential
on the r™ page is of bidegree (—r,r — 1), ie dlfj: El’j — Eir—r,j+(r—1)’ and if EI’J
satisfies the condition that E7 ;=0 when i or j is less than 0. The following lemma

is a straightforward consequence of degree considerations, but we include the proof for
completeness.

Lemma 7.17 Suppose 01.’1.: El.’j — (E’)lfj is a map of first quadrant spectral se-
quences such that Gil j is an isomorphism for j < q. Then:

@ 6 ; s injective when j <q.
(ii) Gl.’j is an isomorphism when j + (r —1)—1 <gq and r > 2.

(iii) 6 ; 1s an isomorphism when j < ¢q and j +i =q.

Proof We prove the claim by induction on ¢. For ¢ = 0, there is nothing to show.
Suppose the claim holds for ¢ — 1. Now induct on », which we assume > 2. Suppose
that the claim holds for » — 1.

(i) Choose i and j with j < ¢g. By the inductive hypothesis on r, we have that 95 ;1
is injective. Since

(d)r 19r 1_91 —(r—1),j4+(r—1)— ldtrjl’

it follows that ker d] _1 — ker(d")! _1 is injective It thus suffices to show that

Image d! — Image(d ) is surjective (which is

z+(r 1),j—((r—1)—1) l+(r 1)] (r=1)-1)
equivalent to being an isomorphism because 9 ~lisinjective). Let j' = j—((r—1)—1).
Note that j'+((r—1)—1)—1=j—1<gq. Thus, by the inductive hypothesis (ii) on r,

o7 +(1r D j—((r—1)—1) is an isomorphism, from which the desired surjectivity follows.

(i) Note that (ii) holds for r =2. Choose i and j suchthat j +(r—1)—1 <g. Since
J +((r—=1)—1)—1 < g, we have by induction that 6] ;1 is an isomorphism. We show
that Gi’ j is an isomorphism. For this, it suffices to show that the inclusions ker d r ;1 C

_1 .
ker(d’ ;; and Imageler D j—(r—1)=1) C Image(d’ )l+(r 1) j—((r—1)—1) are iso-
morphisms. Since j —((r—l)—1)+((r—1)—1)—1 = j—1 < gq, by the

inductive hypothesis, we have that 6/ is an isomorphism. Thus,

z+(r l)J ((r—1D-1)

Imagedl+(r D j—((r—1)—1) C Image(d’ )l+(r D j—((r—1)—1) is an isomorphism. Note
that d’ is a map E PRI E[” (lr 1) j+(=D=1) and similarly for (d’)"~!. Thus,
to show that kerd/ ;1 C ker(d')/>" is an isomorphism, it suffices to show that
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0/ (lr 1).j+((r—1)—1 18 injective. Since j + r—1)—1<gq, 60"

injective by (i).

i— (r D, j+((r—=1)— 1)

(iii) Choose i and j such that j <g and j +i < g¢. By (i), we have that 6] ;s
injective. We show surjectivity. By the inductive hypothesis, 6 ;1 is an isomorphism.
Thus, it suffices to see that ker d] _1 Cker(d’ )’ —1 is an isomorphism. Note thatif » =2,
then 91 ; and 91 ; are 1som0rphlsms and 91 1 l = =(d’ )l1 1911 ;» Whence kerd 1
ker(d’)1 . is an 1somorphlsm So, we may assume that r > 2. Since (d’ )r 19’ 1

;- (lr 1+ (r—1)— 1dl’J1 it suffices to see that 6/ (lr D.j+o—D)-1 is 1nJect1ve For
i —(r—1) <0, we have that E'— =0 so 6! is

i— (r 1D, j+(r—=1)-1 i—(r—1),j+@F—-1)—1
injective. Thus, we may assume i — (r — 1) > 0 or equivalently r < i 4 1. Thus,

JHr—-1)—-1=<j4+(G{+1-1)—-1=j+i—-1=g—1<gq. Thus, 91 (r=1),j+(r—1)—1
is injective by (i). .

Let (a, ;) be either (Al,nis’Al) or (P _AI’H;V,P,Al).

As in Section 7.2, let j: J — Y be a map of pointed simplicial presheaves, and let
b: ¥J — X X be amap in ho, sPre(Smy, ), between the suspensions of J and X, for
X a pointed simplicial presheaf. Factor j as j =to f with i: J — E an a weak
equivalence and cofibration, and f: E — Y an a fibration. Assume as above that X
is fibrant. Then p: X xY — Y is also an a fibration.

Let b: X F — X (X xY) in hog sPre(Smy ) be as in Construction 7.10. Suppose that
Y is 1-reduced, that is to say, Yy = ¥Y; = *. Let a: FF — E denote the canonical
map of simplicial presheaves F = x xy E — E. We suppose that the resulting map
Y F — XX induces a surjection on H; for all i. (Indeed, we will later use this
construction when ¥ F — ¥ X has a section up to homotopy.)

Assume that Ho(X), Ho(F), Ho(Y) and Ho(E) are all 0. For example, this is
satisfied if X, F, Y and E are A! —connected, because JTS P.A! (—)=m; 5,Al (—)®zZp;
see Proposition 3.25.

Proposition 7.18 If H;(X~'b) is an isomorphism for all i, then
Hi(Z'boa) HiF — H; X

is an isomorphism for all i, and X~ 'hoa: X®°F — £®°X is an a weak equivalence.
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Proof Since (a, #;) is either (A!, ;" Al yor (P—Al 75 A ), the functors #; detect
stable a weak equivalences by Proposmon 2.15 or Proposmons 3.25 and 3.26, respec-
tively. Thus, it suffices to prove that H; (X~ 'h oa): H; F — H; X is an isomorphism
forall 7.

By Lemma 7.11, we have an induced morphism of spectral sequences 91. (E] e d"y—
((ENY o (d’)") from the spectral sequence of Definition 7.3 induced by f to the one
induced by p.

Suppose for the sake of contradiction that Hi(E_lb oa): H; F — H;X is not an
isomorphism for all i. Then there exists a minimal ¢ such that H, F — Hgz X is not
an isomorphism, and ¢ > 0 by the assumption that both #HyF and ¢ X are both 0.
By Lemma 7.15 and Corollary 7.16, it follows that

@31) 0 El; =5 (BN}

is an isomorphism for j < g¢.

By Proposition 7.6(ii) and Lemma 7.17, 0’ . is an isomorphism for i 4+ j = ¢ and

i >0 and all r. For r sufficiently large, 91.’ = 9°° (Proposition 7.6(ii)), whence 9
is an isomorphism for i + j = ¢ and i > 0.

Introduce the notation
0CR)CR,CR,C---C Rl =Hy(E)

for the filtration associated to the spectral sequence E7 ;- Let the corresponding filtration
associated to the spectral sequence (E’ ){’ j be denoted by 7, ,; C Hu(X xY). Note that
we have the commutative diagram

0 T} T —— (EN gy —— O
(32) T T 9ﬁiLq—<i+1)T

0 R RN —— EX geisny —— 0
fori =—1,...,q — 1, where by convention R;l =0 and Tn_1 =0 for all n.

Since £~ !'b induces an isomorphism on 4, we have that R — T,/ is an isomorphism.

Applying the five lemma and (32) for i =g—1,g—2,....0, we conclude that R) — T

is an isomorphism. By definition, R0 Eg °° and TO (E’ ) , S0 we have that
o’ Eoy = (ENG,

is an isomorphism.
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Since Yy = #, the map 0, qu — (E/)(l)q is identified with HyF — HyX by
Proposition 7.6(i) and Lemma 7.13. Since we have assumed that Hy F — H4 X is not
an isomorphism, it follows that

eg,q; E({’q — (E’)(l)’q

is not an isomorphism. Since we have assumed that Y; = *, Proposition 7.6(i) implies
that the domains of d; ! and (d’ ){ are zero. Thus, dl and (d’ ){ are zero. Thus,
93’ is not an 1som0rphlsm Let n be maximal such that E; (E ! )” is not an
isomorphism. Since d”’q =0, (d")g 0q = =0, and E”"r1 — (E )”Jrl is an 1somorphlsm
we conclude that

Image d) g (n— 1)—>Image(d )nq (1—1)

is not an isomorphism.

Note that ¢ +1—i +(r —1)—1 <g when r <i + 1. Thus, by Lemma 7.17(ii), we
have that

0] D ET

i,q+1—i “i,g+1—i (E )

i,q+1—i
is an isomorphism for 7 > 1 and r =1,2,...,i. Forr =i 41,

it o i i
E; - =kerd; oy ;/Imagedy; oy ;i)

+1 ~ i
(E );,q-i-l—i = ker(d )i,q+1—i/Image(d,)12i,q+l—i—(i—l)'
Furthermore, we have the isomorphism
Image d,; grl—i—(i—1) = Image(d/)ZZi,q+l—i—(i—1)
by Lemma 7.17(ii). Thus, Eit] (E/)’:"'1 . is an injection, and is an isomor-

i,g+1—i i,q+1—i
phism if and only if

kera’l’q_|r1 _; — ker(d’ )l g1

is an isomorphism, which happens if and only if Image d’ — Image(d’)!

i,q+1—i i,q+1—i

is an isomorphism.

n+1 SN (E/)n—H

By the above, we thus conclude that £ g+1-n ng+1—n

is not surjective.

Note that by degree reasons, d’" =0and (d") gt1-n= =0 for m>n+1. Since by

=~ Image(d’)™

n,g+1—n

Lemma 7.17(i)—(ii) we have Image d" g+ 1—n—(m—1) = nm.q-+1—n—(m—1)°

we conclude that

Ercz)oq-i-l n_>(E) n,g+1-n

is not surjective.

Geometry & Topology, Volume 23 (2019)



The simplicial EHP sequence in A' —algebraic topology 1769

: 00 < 00
The same reasoning shows that Ei,q+1—i = (E )i,q'—i-l—i

i >n > 2. Explicitly, for i > n, we have that Eéq — (E’)f)q is an isomor-

is an isomorphism for

phism by the choice of n. As above, note that since dé g =0 (d’ f) g = 0 and

E f)';l — (E’ )621 is an isomorphism, we conclude that the map Image d/ g—G—1)

Image(d’)! ) is an isomorphism. Continuing with the same reasoning, note that

. i,q—(@{i—1 .
1 . l A : 1 1 11
9i,q+}—i' Ei,q+1—i — (E ig+1—i 18 an isomorphism by Lemma 7.17(ii), whence

ker d;,q—(i—l) — ker(d/)f,q_(l._l) is an isomorphism. Since

Tmage d}; g —i——1y = Tmage(d)y; g 41— —1)
by Lemma 7.17(i)—(ii), we have that gitl . pitl — (E’)’.Jrl . 1S an isomor-

ig+1—i® “iq+1-i i,g+1—i

phism. By degree reasons dl.’z_'_l_i =0 and (d’ Tq+1—i =0 for m =i 4+ 1. Since by

Lemma 7.17(1)—(ii) we have Image dinji-m,q+1—i—(m—1) ~ Image(d’);”_i_m’q_i_l_i_(m_l) ,

00 c oo : . . . .
we have that Ei,q+1—i = (F )i’q+1_i is an isomorphism for 7 > n, as claimed.

Since £7!b induces an isomorphism on Hg+1, we have that RZI} - T,/
isomorphism. Combining this with the commutative diagram

' i+1
0 Tgsn T — EDE -G+

(33) T T efil.qﬂ_(iﬂj

i i+1 0o
0 Rq+1 Rq+1 Ei+1,q+1—(i+1)

—0

—0

. _ l l . . .
fori =¢,g—1,...,n and the five lemma, we see that Rq+1 — Tq+1 is an isomorphism
fori =¢q,qg—1,...,n.

n
n+1

c , . C .. . o
= (F£ )Z?q 41y, s surjective, giving the desired contradiction. |

In particular, R — Tqi 41 1s surjective, which by (33) with i = n — 1 implies that

o]
n,g+1—n

Here is a verbal description of the proof of Proposition 7.18. Choose ¢ minimal such
that H;’Al(F ) —> Jr;’Al(X ) is not an isomorphism. The failure to be an isomorphism
is necessarily a failure of injectivity. In terms of the map of spectral sequences, this
implies that Eé’l — (E’ )(1)’ 4 is not injective. Since ¢ is minimal, degree arguments
with first quadrant spectral sequences imply that El.cf]_l. — (E’ l?’j]_i are isomorphisms
for i > 0. Since n;’Al((b AZ® f1)oX®A ) is an isomorphism, and since &P, EPg i
is the associated graded of Jrf 1 *(E) and the analogous statement for £’ and X x Y
holds, it follows that £ g,oq — (E' Z‘;_i is also an isomorphism. Thus, we can choose a
maximal n > 2 for which E g! e (E' )’é’ 4 is not an isomorphism. For degree reasons,
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the failure of this map to be an isomorphism is a failure of injectivity. Thus, the image
of a d must be larger than the image of a d’. Since the domains of these differentials
have smaller second index, these domains actually have to be isomorphic. This then
implies that the kernel of the d is smaller than the kernel of the (d”). This leads to a

1 1
contradiction with the surjectivity of n;fl (F)— n‘j’fl (X).

8 Al simplicial EHP fiber sequence

Definition 8.1 Say that the sequence X — Y — Z in sPre(Smy)x is an a fiber
sequence up to homotopy if there is a diagram

X—Y —Z
L
F——F——B

which commutes up to homotopy with B fibrant, f a fibration with fiber F' = % xp E,
and all the vertical maps weak equivalences.

Remark 8.2 Morel defines X — Y — Z to be a simplicial fibration sequence if the
composition X — Z is the constant map and the induced map from X to the homotopy
fiber of Y — Z in the injective local model structure is a simplicial weak equivalence.

He then defines X — Y — Z to be an A!—fibration sequence if Ly X — LY —
L1 Z is a simplicial fibration sequence. See [33, Definition 6.44].

In this vein, it is natural to define X — Y — Z to be a P—A! fibration sequence if
LPLAlX — LPLAlY — LPLAIZ
is a simplicial fibration sequence.

Note that if X — Y — Z in sPre(Smy ), is a P—A! fiber sequence up to homotopy
as in 8.1, then B, E and F are P—A!-local, from which it follows that they can be
identified with L pL g1 X, LpL a1 E and L pL g1 F, respectively. Since P—A! fibrations
are simplicial fibrations, we have that a P—A! fiber sequence up to homotopy is a
P—A! fibration sequence.

Note that for P the set of all primes, the P—A! injective model structures on sPre(Smy,)
and Spt(Smy,) are the A! injective model structures, and X — L pX is the identity
map.
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For X € sPre(Smy)4, let j: J(X)— J(X”?) be j, from Definition 5.5. Recall from
Section 4.1 and before the notation S”1t9% = S A Gjy?. Recall from Sections 1 and
6 the notation —(—1) in GW (k). Recall from Section 3 that for a set of primes P,
Zp denotes Z with all primes not in P inverted.

Theorem 8.3 Let X = S"T9% withn > 1, and let e = (—1)"*9(—1)9. Let P be a
set of primes, and suppose that for all m € Z~, the element (m + 1) + me is a unit in
GW(k)® Zp. Then

(34) X — J(X) L 7(x™?)

is a fiber sequence up to homotopy in the P —A! injective model structure on sPre(Smy).
By Proposition 5.2, Theorem 8.3 proves Theorem 1.3.

Proof Let a denote the P—A! injective model structure on sPre(Smy ) and Spt(Smy,).

Recall the notation D(X) = \/;O:OX AJ from Definition 5.1. From Section 5, we have
the zigzag (12),
YJ(X)+ — Simp |ED(X)| < ED(X),

of weak equivalences in the global model structure.

Let by: D(X) — LpL,1 X denote the composition of the map D(X) — X which
for j # 1 crushes the summands X"/ to the basepoint with the canonical map
X — LPLAI X.

Replace J(X"?) by a fibrant simplicial presheaf J(X"?) — LpLjiJ(X"?). Let
f': E' — LpL,1 J(X”?) be a fibrant replacement of

J(X) L5 J(X"Y) = LpLyi J(X?)
is the a model structure. Let
E=JX") xp,L,, 500 E'

be the pullback of E’ to J(X”?), and let f: E — J(X”?) be the canonical projec-
tion. (The motivation for defining E’ is to obtain the diagram (35) below, which fits
precisely into Definition 8.1. If this is overly pedantic, the reader may consider a fibrant
replacement of j.) Note that f is an a fibration, and that there is a canonical map
J(X) — E. Since a is a proper model structure and J(X"?) — LpL1J(X"?) is an
a weak equivalence, we have that £ — E’ is a weak equivalence. Since J(X) — E’
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is an a weak equivalence by construction, by the 2-out-of-3 property it follows that
the canonical map J(X) — E is an a weak equivalence. We thus have a commutative
diagram

IR

a

JX)—
S b
J(X/\Z)
with the map J(X) =»> E an a weak equivalence.
It follows that we have the zigzag
SE <= $J(X); =5 Simp [ED(X)| <= =D(X) 2L SLpL X,
which determines a map b: ¥*°E — X*°LpL,1 X in ho, Spt(Smy).
As in Sections 6.4 and 7.2, we obtain a map
(b AEZ®f1)oS®AL: X EL — S®°(LpLyu X x J(X"?) 4

in ho, Spt(Smy ). The hypothesis that for all m € Z~ the element (m + 1) + me
is a unit in GW(k) ® Zp implies that (b4 A X° fi) o X°°A is an isomorphism
by Proposition 6.17. By Section 5.1, J(X”?) is 1-reduced and L pL 1 X is fibrant,
so we may apply Proposition 7.18. It follows that b o X®aq: T°F — X*°X is an
isomorphism in ho, Spt(Smy ), where a: F — E is the inclusion of the fiber of f
into E.

Since E is the pullback of E’ we have the diagram in sPre(Smy,),

F——FE —— LpLuJ(X"?)

Bl

F E J(X"?)

We conclude that boX®a’: ¥ F — £*° X is an isomorphism in ho, Spt(Smy, ), where
a’ is the composition in ho, Spt(Smy,) corresponding to the zigzag F — E’ < E.

Since the composition of the two maps in the sequence (34) is constant, the composition
X > J(X)— LpLa J(X™?)
is also constant. We therefore have an induced map

h: X - F.
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By construction of by, the composition XX — E*FE b, soop pL1 X is the
canonical map associated to the identity in ho, Spt(Smy ), and in particular is an
isomorphism. Thus, the composition £®°X =, oo p Z2¢, yoop b, yio0 y jg

an isomorphism. Since b o £°°¢’ is an isomorphism in ho, Spt(Smy ), so is X%°/.

Note that Lph: LpX — LpF is a map of Al —simply connected objects. XL ph
is an Al weak equivalence as follows. By Corollary 3.20, we have that X®° L ph ~
LpX®h. Since ¥®°h is a P—A! weak equivalence, we have that L pL 1 %%
is a simplicial weak equivalence. By Proposition 3.24, we have LpL 1 X®h ~
Lot LpX®h, whence L1 L pX°°h is a simplicial weak equivalence, so LpX*°h is
an A! weak equivalence, as claimed. We now apply Corollary 2.23 to conclude that
Lph is an Al weak equivalence, whence / is an a weak equivalence.

The diagram
X J(X) —L 5 J(x™?)
o ] ]
F E’ LpLyi J(XM?)
shows that (34) is an a fiber sequence up to homotopy. a

Proof of Corollary 1.4 ¢ By Theorem 8.3, it is sufficient to show that (24 1) +me
is a unit in GW (k) ® Z ) for all positive integers m2. This was shown in Corollary 4.7.

e Apply Theorem 8.3 and Corollary 4.8.

¢ When n is odd and ¢ is even, we have ¢ = —1, whence (m + 1) + me =1 1is a
unit in GW (k).

e When 2n = 0, we have 2np = 0, whence np is torsion in GW (k). All torsion
elements of GW (k) are nilpotent [28, Chapter VIII, Section 8.1] (or because the
Grothendieck—Witt ring is a A-ring, and all torsion elements of A rings are nilpotent
by a result of Graeme Segal), so np is nilpotent. When n + ¢ is odd,

—1—pn if g isodd,
e=(=D"=DIA+pn? =-(1+pn? = L
—1 if g is even.

Thus, 1 + e is nilpotent, from which it follows that (m + 1) +me =1+ (e+ 1)m isa
unit in GW (k).

The fact that 2 = 0 when k = C is shown [31, Remark 6.3.5 and Lemma 6.3.7]. O
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Corollary 8.4 Let X = S"149% with n > 1. Choose v € Z. There is a functorial long
exact sequence
Al Al Al
T Z(Z) ® ity X — Z(2) ®”i+1+va2X - Z(2) ® ni-i—l-i—vaz(X A X)

Al
> L@) @~ o X =

Proof Combining Theorem 8.3 and Corollary 1.4, we have that
X = J(X) = J(X"?)

isa 2—Al fiber sequence up to homotopy. It follows that there is an associated long exact
See Proposition 3.17. By Proposition 3.16 and [33, Theorem 6.13],
: with Z(2) ® JT*-i-voe
*+va J(X) with ﬂ*-:-1+va
sequence. i

2,A
sequence in T[*-H)Ot

we may replace nf _H)a

homotopy groups 72

By Corollary 5.3, we can identify the
¥ X. This yields the claimed long exact

The long exact sequences of Corollary 8.4 form an exact couple, which in turn gives
rise to an A! simplicial EHP spectral sequence. Here the adjective “simplicial” refers
to the suspension with respect to the simplicial circle S'.

Theorem 8.5 Choose q,v € Z>¢ and n € Z such that n > 2. There is a spectral
sequence

Z(Z) ® 7_[5 A Sn-l—qa

i+va

(Ef,.dy: EL,, — EI

i—1,m—r

):Z(2)®n

i—n,v—q

with E}, =73 ® nﬁHHHa(SZ’"H”““q“) if i >2n—14 m and otherwise
E! =0.

Proof The E'—page is as claimed by the construction of the exact couple and by the
fact that n;ﬁ_v oS n+4% — () for i < n. The latter fact follows from Morel’s connectivity
theorem [33, Theorem 6.38].

The spectral sequence converges for degree reasons: for all (i, ) there are only finitely

many r with a nonzero differential leaving or entering E7

Since by definition we have colimy, nﬁ_i_l_i_wEmS”"'q“ = nls Ava SnT4% (see Section

2.4), we also have

cohm(Z(z) ® 7rl+m+va 2SI = 7,5y ® 77 A sntae

i+va

and it follows that the spectral sequence converges to Z ) ® nls _ﬁ) oS ntqe o
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As in the setting of algebraic topology, one obtains truncated EHP spectral sequences
converging to unstable homotopy groups of spheres.

Theorem 8.6 Choose q,v € Z>( and ny,n, € Z such that ny > ny > 2. There is a
dr: El, — E] )= Z(2)®nA S72+4Y with

spectral sequence (E! i—1,m—r i+va

lm’

1 op .
Eilm: {Z(2)®nﬁ+l+i+va(52m+2”1‘H"'zq"‘) if i >2n—14m and 0<m<n,—nq,

0 otherwise.

Proof The long exact sequences of Corollary 8.4 for X = §™1mT4% with 0 <m <
n, —np can be combined with the long exact sequence

0= Z(Z) ® JT Snz+qa — Z(Z) ® j'[ Sn2+tIa 50— -

t+va l+va

associated to the 2—A! fiber sequence

Sn2+qa_)Sn2+qa_)*

(which replaces in Theorem 8.5 the long exact sequences of Corollary 8.4 for X =
SM+m+4% with n, —ny < m) to form an exact couple. The E'-page equals the
E'—page of the EHP sequence constructed in Theorem 8.5 for m < n, —n;, and
E l.l’m = 0 for m > n, —ny. The convergence is clear. m|
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