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Gromov—Witten theory of elliptic fibrations:
Jacobi forms and holomorphic anomaly equations

GEORG OBERDIECK
AARON PIXTON

We conjecture that the relative Gromov—Witten potentials of elliptic fibrations are
(cycle-valued) lattice quasi-Jacobi forms and satisfy a holomorphic anomaly equation.
We prove the conjecture for the rational elliptic surface in all genera and curve classes
numerically. The generating series are quasi-Jacobi forms for the lattice Eg. We
also show the compatibility of the conjecture with the degeneration formula. As
a corollary we deduce that the Gromov—Witten potentials of the Schoen Calabi—
Yau threefold (relative to P!) are Eg x Eg quasi-bi-Jacobi forms and satisfy a
holomorphic anomaly equation. This yields a partial verification of the BCOV
holomorphic anomaly equation for Calabi—Yau threefolds. For abelian surfaces the
holomorphic anomaly equation is proven numerically in primitive classes. The theory
of lattice quasi-Jacobi forms is reviewed.

In the appendix the conjectural holomorphic anomaly equation is expressed as a matrix
action on the space of (generalized) cohomological field theories. The compatibility
of the matrix action with the Jacobi Lie algebra is proven. Holomorphic anomaly
equations for K3 fibrations are discussed in an example.
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1416 Georg Oberdieck and Aaron Pixton

0 Introduction

0.1 Holomorphic anomaly equations

Gromov—Witten invariants of a nonsingular compact Calabi—Yau threefold X are
defined by the integrals

N ’ﬂ = / 17
¢ (Mo (X. )]

where M, ¢ (X, B) is the moduli space of stable maps from connected genus g curves
to X of degree B € Ho(X,Z), and [—]"" is its virtual fundamental class. Mirror
symmetry — see for example Alim, Scheidegger, Yau and Zhou [1], Bershadsky, Cecotti,
Ooguri and Vafa [3] and Hosono [14] — makes the following predictions about the
genus g potentials

Fe(@) =) Ngpq:
5

(i) There exists a finitely generated subring of quasimodular objects

R C Q%]

(depending on X') which contains all Fg(g).

(ii) The series Fg(q) satisfy holomorphic anomaly equations, ie recursive formulas
for the derivative of the modular completion of Fg with respect to the nonholo-
morphic variables.!

Here, the precise modular interpretation of Fg(g) is part of the problem and not well
understood in general. Mathematically, the predictions (i) and (ii) are not known yet
for any (compact) Calabi—Yau threefold.”

0.2 The Schoen Calabi-Yau threefold

A rational elliptic surface R — P! is the successive blowup of P2 along the base
points of a pencil of cubics containing a smooth member. Its second cohomology group
admits the splitting

L
H*(R,Z) = Spang (B, F) ® Es(-1),
'In many cases R can be described explicitly by generators and relations, and (ii) is equivalent to

formulas for the formal derivative of Fg with respect to distinguished generators of the ring.
2The (noncompact) local P2 case was recently established in Lho and Pandharipande [26].
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Gromov—Witten theory of elliptic fibrations 1417

where B, F are the classes of a fixed section and a fiber respectively. Let also
W =B+ 3;F.

Let Rj, R, be rational elliptic surfaces with disjoint sets of basepoints of singular
fibers. The Schoen Calabi—Yau threefold [40] is the fiber product

X:RIXIP’IRZ-

We have the commutative diagram of fibrations

ey Ry ™ R,

b

Pl
where 7; are the elliptic fibrations induced by p;: R; — P1. Let
Wi, Fi € H*(R;,Q) and E{(~1)c H*(R;,Z)
denote the classes W, F and the Eg-lattice on R;, respectively. We have
H(X.Q) = (D) & ((x} Wa) ® 7} E{ (~1)g) @ ((m3 Wh) @ n3 EY (—1)q).
where we let (-) denote the Q—linear span, and D is the class of a fiber of 7.

For all (g,k) ¢ {(0,0), (1,0)} define? the 7 —relative Gromov—Witten potential

(2) Fek(21.22.491.92) = Z g'quVlﬁ Wz’ge(zl -Be(zz- B),
ﬂ*ﬂ=k[Pl]

where the sum is over all curve classes B € Hy(X,Z) of degree k over P!, we have
suppressed pullbacks by ;, we write e(x) = exp(2mwix) for all x € C, and

zie E)(-HeC
is the (formal) coordinate on the Eg lattice of R;.
A (weak) Eg—Jacobi form is a holomorphic function of variables
2rwit

g=ce for t e H and z€e Eg®C

3The cases (g, k) € {(0,0), (1,0)} are excluded since Ng,o is not defined for g € {0, 1}.
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1418 Georg Oberdieck and Aaron Pixton

which is semi-invariant under the action of the Jacobi group, invariant under the Weyl
group of Eg and satisfies a growth condition at the cusp; we refer to Section 1 for
an introduction to Jacobi forms. The ring of weak Eg—Jacobi forms Jacg, carries a
bigrading by weight £ € Z and index m € Z>o,

Jacg, = @JacES,&m.

Recall the second Eisenstein series

Ca(q) = —% +Y ) dq".

n=ld|n

By assigning C; index 0 and weight 2 we have the bigraded extension

3) ﬁ?:ES = Jacgy [C2] = @ H:Eg,ﬁ,m'

The ring (3) in the variables ¢ = ¢; and z; € E( D is denoted by Jacg Fac i ’z’).

Recall also the modular discriminant

Alg)=q [[a-g™*.

m>1

We prove the following basic quasimodularity result.

Theorem 1 Every relative potential Fg  is an Eg X Eg bi-quasi-Jacobi form

=~ (q1,21) 7= (q2,22)
Fek(21,22.41,92) € ———Jac @ ?) @ ——Jac@>72)
¢k (21.22.41.92) A(qu)F/2 CEsitk @ N (k2 T Es Lk

where { =2g —2 + 6k.

The appearance of Eg x Eg bi-quasi-Jacobi forms is in perfect agreement with pre-
dictions made using mirror symmetry; see Hosono, Saito and Stienstra [15], Hosono,
Saito and Takahashi [16] and Sakai [38].

The elements in Jacg, are Jacobi forms and therefore modular objects. The only
source of nonmodularity in Jac Eg and hence in Fg j arises from the strictly quasi-
modular series C,(q). We state a holomorphic anomaly equation which determines
the dependence on C, explicitly.

Geometry & Topology, Volume 23 (2019)



Gromov—Witten theory of elliptic fibrations 1419

Identify the lattice Eg) with the pair (Z8, Q Eg), Where O g, is the (positive definite)
Cartan matrix of Eg; see Section 1.5.4. For j € {1,2} consider the differentiation
operators with respect to ¢; and z; = (zj,1,...,2;,3),

1 4 _ d 1 d
Dy; = 2mi d; =4 dq;’ Dz = 2mi dzjyg’

Theorem 2 Every F, i satisfies the holomorphic anomaly equation

_d_ ¢
dCy(qz) &*

8
= (2kDg, = Y (QFN)i Dry Day y +24KCa(q1)Fg1
i,j=1

8
+ Z (2k1Fg1,k1'D111F82,k2_Z (QE;)ijDzl.i(Fgl,kl)'Dzl.j(ngskz))‘

g=g81+82 i,j=1
k=ki+k>

Since X is symmetric in Ry, R up to a deformation, the potentials Fg ; are symmetric
under interchanging (z;, q;):

Fek(21.22.91.92) = Fg x(22,21.92.91).
Hence Theorem 2 determines also the dependence of Fg x on Cz(q1).

Theorems 1 and 2 show quasimodularity and the holomorphic anomaly equation for
the Gromov—Witten potentials of X relative to P1. This provides a partial verification
of the absolute case of (i)—(ii). It also leads to modular properties when the Gromov—
Witten potentials are summed over the genus as follows. Consider the topological string
partition function (ie the generating series of disconnected Gromov—Witten invariants)
of the Schoen geometry

Z(t,u,z1,22.91.92) = exp( Z Z Ng,,guzg_ztD"quV"ﬂq;VZ'Be(zl -Be(zz ~,3)).
£>08>0

Under a variable change, this Z is the generating series of the Donaldson—Thomas

(or Pandharipande—Thomas) invariants of the threefold X ; see Pandharipande and

Pixton [36]. For any curve class a € H,(Ry,Z) of some degree k over the base P!,

consider the coefficient

Zo(U,22,92) = [Z(t,u,z1,22,91, qZ)]tquI""e(zl'ot)'

Geometry & Topology, Volume 23 (2019)



1420 Georg Oberdieck and Aaron Pixton

We write (z,q) for (z2,¢2), and work under the variable change u = 27z and
g = e?™TWe then have the following.

Corollary 3 Under the variable change u =27z and q = >™'7, the series Z4(z,z, T)
satisfies the modular transformation law of Jacobi forms of weight —6 and index

(e —ci(Ry).a) @ %QEg; that is, for all y = (§ §) € SL2(Z),
Z( z z at—i—b)
“Net+d ct+d ct+d

= s e+ d) (g (KT Qm e - e (R )] ) Zatz 2.0,

where £(y) € {£1} is determined by A%(yr) =&(y)(ct + d)GA%(r).

By Theorem 1 the series Z, also satisfies the elliptic transformation law of Jacobi
forms in the variable z. The elliptic transformation law in the genus variable u is
conjectured by Huang, Katz and Klemm [17] and corresponds to the expected symmetry
of Donaldson—-Thomas invariants under the Fourier—Mukai transforms by the Poincaré
sheaf of 75 ; see Oberdieck and Shen [34]. Hence conjecturally we find that Z, is a
meromorphic Jacobi form (of weight and index as in Corollary 3).

We end our discussion with two concrete examples. Expand the partition function Z
by the degree over the base P!:

o0
Z(t’ M,ZI,ZZ’q17q2) = Z Zk(”,Zl,Zz,Ql,Qz)tk.
k=0

By a basic degeneration argument in degree 0 we have
1
Zp=——F7-
A(g1)2A(q2)>
In degree 1 the Igusa cusp form conjecture (see Oberdieck and Pixton [33, Theorem 1])

and an analysis of the sections of 7: X — P! yields

_ ®E3(Zl»41)®E8(22’ q2)

Z1 :
x10(e',q1,42)

where y1¢ is the Igusa cusp form, a Siegel modular form, defined by

(1_ k dl d2)C(4d1d2—k2)’

x10(p-q1.92) = pqrgz [ ] P ai'a;

(k,dy,d2)>0

Geometry & Topology, Volume 23 (2019)



Gromov—Witten theory of elliptic fibrations 1421

with ¢(n) being coefficients of a certain Iy (4)—modular form (see [33, Section 0.2]),
and
Ory(z. 1) = Y q2" 2E7e(zT Qpyy)
yeZs
is the Riemann theta function of the Eg—lattice. The general relationship of Z; to
Siegel modular forms for k > 1 is yet to be found.

0.3 Beyond Calabi-Yau threefolds and the proof

Recently it became clear that we should expect properties (i)—(ii) not only for Calabi—
Yau threefolds but also for varieties X (of arbitrary dimension) which are Calabi—Yau
relative to a base B, ie those which admit a fibration

7: X — B

whose generic fiber has trivial canonical class. The potential Fg (q) is replaced here by
a m—relative Gromov—Witten potential which takes values in cycles on M ¢.n(B, k), the
moduli space of stable maps to the base. In this paper we conjecture and develop such
a theory for elliptic fibrations with section. Our main theoretical result is a conjectural
link between the Gromov—Witten theory of elliptic fibrations and the theory of lattice
quasi-Jacobi forms. This framework allows us to conjecture a holomorphic anomaly

equation.*

The elliptic curve (or more generally, trivial elliptic fibrations) is the simplest case of
our conjecture and was proven in [33]. In this paper we prove the following new cases
(see Section 5.3):

(a) The P!-relative Gromov—Witten potentials of the rational elliptic surface are
Eg—quasi-Jacobi forms numerically.®

(b) The holomorphic anomaly equation holds for the rational elliptic surface numer-

ically.

In particular, (a) solves the complete descendent Gromov—Witten theory of the rational
elliptic surface in terms of Eg—quasi-Jacobi forms. We also show:

(c) The quasi-Jacobi form property and the holomorphic anomaly equation are
compatible with the degeneration formula (Section 4.6).

#See Section 2 for details on the conjectures.
5That is, after specialization to Q —valued Gromov—Witten invariants.
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1422 Georg Oberdieck and Aaron Pixton

These results directly lead to a proof of Theorems 1 and 2 as follows. The Schoen
Calabi—Yau X admits a degeneration

X v (Ry X E2) Ug,xE, (E1 X R3),

where E; C R; are smooth elliptic fibers. By the degeneration formula (see Li [28])
we are reduced to studying the case R; X E;. By the product formula (see Lee and
Qu [25]) the claim then follows from the holomorphic anomaly equation for the rational
elliptic surface and the elliptic curve [33].

For completeness we also prove the following case:

(d) The holomorphic anomaly equation holds for the reduced Gromov—Witten theory
of the abelian surface in primitive classes numerically.

An overview of the state of the art on holomorphic anomaly equations and the results
of the paper is given in Table 1.

0.4 Overview of the paper

In Section 1 we review the theory of lattice quasi-Jacobi forms. We introduce the
derivations induced by the nonholomorphic completions, prove some structure results,
and discuss examples. In Section 2 we present the main conjectures of the paper.
We conjecture that the m—relative Gromov—Witten theory of an elliptic fibration is
expressed by quasi-Jacobi forms and satisfies a holomorphic anomaly equation with
respect to the modular parameter. In Section 3 we discuss implications of the con-
jectures of Section 2. In particular, we deduce the weight of the quasi-Jacobi form,
present a holomorphic anomaly equation with respect to the elliptic parameter, and
prove that under good conditions the Gromov—Witten potentials satisfy the elliptic
transformation law of Jacobi forms. The relationship to higher-level quasimodular forms
is discussed. In Section 4 we extend the conjectures of Section 2 to the Gromov—Witten
theory of X relative to a divisor D, when both admit compatible elliptic fibrations.
We show that the conjectural holomorphic anomaly equation is compatible with the
degeneration formula. In Section 5 we study the rational elliptic surface. We show
that the conjecture holds in all degrees and genera after specializing to numerical
Gromov—Witten invariants; in particular we show that the Gromov—Witten potentials
are Eg quasi-Jacobi forms (Section 5.3). The idea of the proof is to adapt a calculation
scheme of Maulik, Pandharipande and Thomas [31] and show every step preserves
the conjectured properties. In Section 6 we prove Theorems 1 and 2 and Corollary 3.
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Gromov—Witten theory of elliptic fibrations 1423

dim | geometry modularity HAE comments
1 elliptic curves SL,(Z)—quasimodular yes cycle-valued [33]
elliptic orbifold P!s T"(n)—quasimodular yes cycle-valued [32]
(except case (24))
K3 surfaces SL,(Z)—quasimodular yes numerically,
primitive only [31; 33]
2 | abelian surfaces SL,(Z)—quasimodular yes numerically,
primitive only [6]
rational elliptic E g—quasi-Jacobi forms yes numerically,
surface relative P!
local P2 explicit generators yes cycle-valued [26]
3 | formal quintic explicit generators yes cycle-valued [26]
Schoen CY3 Egx Eg-bi-quasi-Jacobi forms yes numerically,

relative P!

Table 1: List of geometries for which modularity and holomorphic anomaly
equations (HAE) are known. The bold entries are proven in this paper. Cycle-
valued = as Gromov—Witten classes on M, ¢,n; numerically = as numerical
Gromov—-Witten invariants; primitive = for primitive curve classes only;
relative B = relative to the base B of a Calabi—Yau fibration.

In Section 7 we numerically prove a holomorphic anomaly equation for the reduced
Gromov—Witten theory of abelian surfaces in primitive classes.

In Appendix A we introduce weak B—valued field theories and define a matrix action
on the space of these theories. This generalizes the Givental R-matrix action on
cohomological field theories. We express the conjectural holomorphic anomaly equation
as a matrix action and discuss the compatibility with the Jacobi Lie algebra. In
Appendix B we discuss relative holomorphic anomaly equations for K3 fibrations in
an example.

0.5 Conventions

We always work with integral cohomology modulo torsion; in particular, H* (X, Z) will
stand for singular cohomology of X modulo torsion. On smooth connected projective
varieties we identify cohomology with homology classes via Poincaré duality. A curve
class is the homology class of a (possibly empty) algebraic curve. Given x € C we
write e(x) = e2™*. Results conditional on conjectures are denoted by Lemma*,
Proposition*, etc.
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1 Lattice Jacobi forms

1.1 Overview

In Section 1.2 we briefly recall quasimodular forms following Kaneko and Zagier [20]
and Bloch and Okounkov [4]. Subsequently we give a modest introduction to lattice
quasi-Jacobi forms. Lattice Jacobi forms were defined in [45] and an introduction can
be found in [43]. A definition of quasi-Jacobi forms of rank 1 appeared in [29], and
for higher rank can be found in [24].

1.2 Modular forms

1.2.1 Definition Let H = {t € C | Im(z) > 0} be the upper half-plane, and set
q = e?™'% . A modular form of weight k is a holomorphic function f(r) on H
satisfying

@ (5 ) = erratso

for all ( ) € SL,(Z) and admitting a Fourier expansion in |¢| < 1 of the form
) fo)= Zanq , an€eC.
An almost holomorphic function is a function
d 1
Fo)=)_ /i@y y=Im),
i=0

on H such that every f; has a Fourier expansion in |¢| < 1 of the form (5).

An almost holomorphic modular form of weight k is an almost holomorphic function
which satisfies the transformation law (4).

Geometry & Topology, Volume 23 (2019)



Gromov—Witten theory of elliptic fibrations 1425
A quasimodular form of weight k is a function f(t) for which there exists an almost
holomorphic modular form Y~ f;y™ of weight k with fo = f.

We let AHM,. (resp. QMod, ) be the ring of almost holomorphic modular forms
(resp. quasimodular forms) graded by weight. The “constant term” map

(©6) AHM — QMod, > fiy™ > fo.
i
is well-defined and an isomorphism [20; 4].

1.2.2 Differential operators The nonholomorphic variable

L1
- 8wy

transforms under the action of (§ ) € SL2(Z) on H as

) u(j::fl) — (cr—i—d)zv(r)—i——c(ci;; 9

We consider 7 and v here as independent variables and define operators

1 d d d

bo=gmiaz =% P =

Since 7 and v are independent we have
Dsv=0, Dyr=0.
A direct calculation using (7) shows the ring AHM, admits the derivations
Dy = (Dg—2kv +2v%D,): AHM; — AHM .,
d

Dy = 71 AHMg — AHMj_;.

Since ﬁq acts as Dy on the constant term in y we conclude that D, preserves
quasimodular forms:

Dg: QMody — QMody 4 5.
Similarly, define the anomaly operator

T4: QMody; — QMody_,

Geometry & Topology, Volume 23 (2019)



1426 Georg Oberdieck and Aaron Pixton

to be the map which acts by D,, under the constant term isomorphism (6). The following
diagrams therefore commute:

QMod; ——— AHM; QMod; —=— AHM;
N A
QMody 1, —— AHMj 4, QMody_, —=— AHM;_,
The commutator relation [D,, Dq]‘ AHM, —2k -idanwm, yields

[Tq,Dq]|QM 0. = 2k -idQod; -

The operator T, allows us to describe the modular transformation of quasimodular
forms.

Lemma 4 Forany f(t) € QMod; we have

at+b) _ 1 ¢\ k—t-L
f(ct+d)—25(—m) (ct+d)* T, f(2).

Proof Let F(r) = Y 7ty fi(t)v" be the almost holomorphic modular form with
assomated quasimodular form f(7) = fo(r). Let A = ( ) j =ct+d and

o= 4m We claim

“ I
fr(An) =) ()t (r)j"—’—‘fe(r)
{=r

for all r. The left-hand side is uniquely determined from F(At) = j* F(z) by solving
recursively from the highest v coefficients on. One checks the given equation is
compatible with this constraint. a

1.2.3 Eisenstein series Let Bj be the Bernoulli numbers. The Eisenstein series
k—1 n
Ce(r) = _k kv T sz
"n=1dn

are modular forms of weight k for every even k > 2. In the case k = 2 we have

at+b\ 2 c(ct+d)
Cz(cr—i—d) =t +d)?Co0) - S

Geometry & Topology, Volume 23 (2019)



Gromov—Witten theory of elliptic fibrations 1427

for all (3 ) € SL2(Z). Hence
®) C2(0)=Ca(r.v) = Co(v) +v
is almost holomorphic and C, is quasimodular (of weight 2).
It is well-known that
©) QMod = Q[C2.C4. Ce].  AHM = Q[C 2. C4. C]
and the inverse to the constant term map (6) is
QMod > AHM,  f(C;,Cy,Cs) > f = f(C,C,C).

In particular,
d

Remark 1 Once the structure result (9) is known we can immediately work with
d/dC5 and we do not need to talk about transformation laws. However, below in the
context of quasi-Jacobi forms we do not have such strong results at hand and we will use
an abstract definition of T, instead (though see Section 1.3.4 for a version of d/d C5).

1.3 Jacobi forms

1.3.1 Definition Consider variables z = (z1,...,z,) € C". Let k € Z, and let L
be a rational 7 x n matrix such that 2L is integral and has even diagonals.®

A weak Jacobi form of weight k and index L is a holomorphic function ¢(z, t) on
C™ x H satistying
z  at+b ¢ ((cz'Lz
- 4 4 = d ’ ’
¢(cr+d cr—i—d) (cz+d) e(cr—i—d)(p(z 2
P(z+ AT+ pu, 1) =e(=A' LAt —2A Lz)¢(z, 1)

(10)

for all (‘g fl) € SL,(Z) and A, u € Z", and admitting a Fourier expansion of the form

(11) pz,0)=)_ > cnr)g"t

n>0rezn

SThis is the weakest condition on L for which the second equation in (10) can be nontrivially satisfied.
Indeed, if the condition is violated then AT LA is not integral in general and hence the g—expansion of ¢
is fractional which contradicts (11).
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1428 Georg Oberdieck and Aaron Pixton

in |g| < 1; here we used the notation

¢ =ezon=e(Dan ) =TT4

i
with {; = e(z;).
We will call the first equation in (10) the modular, and the second equation in (10) the
elliptic transformation law of Jacobi forms.

By definition, weak Jacobi forms are allowed to have poles at cusps. If the index L
is positive definite then a (holomorphic) Jacobi form is a weak Jacobi form which is
holomorphic at cusps, or equivalently, satisfies ¢(n,7) = 0 unless r* L™1r < 4n. We
will not use this stronger notion and all the Jacobi forms are considered here to be
weak.

1.3.2 Quasi-Jacobi forms For every i consider the real-analytic function
zi—z _ Im(z;)
t—7  Im(1)

ai(z, )=
and define

o= (ag,...,0).

We have the transformations

( z at+b
o

ct+d ct+d
az+At+p,1)=a(z,7)+ A

) =(ct+d)a(z,t)—cz,

for all (Z 2) €SLy(Z) and A, u € Z".

An almost holomorphic function on C" x H is a function

P(z,7) = Z Z ¢i.j(z,ov'a’/,  where o/ za{‘ eagn,

lZO ]=(]1 ""’jﬂ)
(S >0 n

such that each of the finitely many nonzero ¢; ;(z, t) is holomorphic and admits a

Fourier expansion of the form (11) in the region |g| < 1.

An almost holomorphic weak Jacobi form of weight k and index L is an almost
holomorphic function ®(z, ) which satisfies the transformation law (10) of weak
Jacobi forms of weight k and index L.

Geometry & Topology, Volume 23 (2019)



Gromov—Witten theory of elliptic fibrations 1429

A quasi-Jacobi form of weight k and index L is a function ¢(z, 7) on C” x H such
that there exists an almost holomorphic weak Jacobi form Zi, jPij vial of weight k
and index L with ¢p90 = ¢.

We let AHJg 1 (resp. QJacy 1) be the vector space of almost holomorphic weak
(resp. quasi-) Jacobi forms of weight & and index L. The vector space of index L
quasi-Jacobi forms is denoted by

Qlac; = @ QJacg 1.
keZ

Multiplication of functions endows the direct sum

Qlac = @QJaoL,
L

where L runs over all rational n x n matrices such that 2L is integral and has even
diagonals, with a commutative ring structure. We call QJac the algebra of quasi-Jacobi
forms on n variables.

Lemma 5 The constant term map

AHJg 1 — QJack,L, Z oi,; vial ®0.0,
i’j
is well-defined and an isomorphism.

Proof Parallel to the rank 1 case in [29]. O

1.3.3 Differential operators Consider 7, v, z; and «; as independent variables
and recall the Fourier variables ¢ = e2™'T and {; = e2?™'%i . Define the differential
operators

_ 1 d__d _d _ 1 d _,d _d
1= omiar 9ag P T av PuT amiazn ~Sag PeT G

A direct check using the transformation laws (10) shows

Dy: AHJg , — AHJg_> 1 and Dg;: AH); 1 — AHJ;_; 1.

Define anomaly operators T4 and Tg; by the commutative diagrams

Qlacy 1, = AHJ; Qlacy 1, = AHJ;
[ e [ [P
Qlack—», 1 <z— AHlr—2L Qlack—y,1 ¢=— AHJk_1,L

where the horizontal maps are the “constant term” maps.
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1430 Georg Oberdieck and Aaron Pixton

Similarly, we have operators’

n
ﬁq = (Dq —2kv +2v2D, + Zoz,-D;l. + aTLa): AHJg 1 — AHJg 42 1,
i=1
D¢, = (D¢, +2aT Le; —2vDy,): AHJy  — AHJj 41 1,
where e; = (§;;); is the i™ standard basis vector in C". Since ﬁq and ﬁ;i actas Dy
and D¢, on the constant term, we find that D, and Dy, act on quasi-Jacobi forms:

Dg: Qlacg 1, — Qlacg 4 1,  Dg,: Qlacg 1 — Qlacg g 1.
For A = (A1,...,An) € Z" we will write
n n
Dy=> AiDg.  Ti=) AiTa,.
i=1 i=1
The commutation relations of the above operators read®
[Ta: Pallquae, , = —2k - idquacy, .- [Ta. Dgl = Dj,

(12) .
(T2 Du|qacy, , =24 L) idqua, - [Tg. Dl ==2T,

and
[anD/\] = [DAaDIJJ] = [Tq,T)L] = [T/lvT/J/] =O

forall A, u e ™.

Lemma 6 Let ¢ € QJac; . Then

¢(z+ AT+, 7) = e(=A" LAt — 2)‘tLZ)ZuTA¢( 2

£>0
=e(=A' LAt =2\ Lz)exp(=T)¢(z, 7).

Proof Since the claimed formula is compatible with addition on Z”, we may assume
A =e;. Let ® be the nonholomorphic completion of ¢. We expand

¢ = Z@a;/,

Jj=0

7See [7, Section 2] for a Lie algebra presentation of these operators.

8The operators Tg. Ty, Dg and D as well as the weight and index grading operators define an
action of the Lie algebra of the semi-direct product of SL;(C) with a Heisenberg group on the space
QJacy ; see [45, Section 1], [7, Section 2] and also [8, Theorem 1.4].
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where ¢; depends on all variables except «; (these variables are invariant under
z +> z +¢; 7). Then a direct check shows that the claimed formula is determined by,
and compatible with, the relation

O(z +eit) =e(—elLejt —2¢; L2)D(2). |

Lemma 7 Let ¢ € Qlacg ; be such that Ty¢ =0 forall A € Z". Then

at+b czTLz 1 c \¢ et
¢(C‘C+d) :e(c-[_{_d)za(_ﬁ) (C‘[—{—d) Tq¢(f)

>0

Proof Since T¢ = 0 for all A, the nonholomorphic completion of ¢ is of the form
D(z, 1) = ;50 9i (2, T)vi, where ¢; are holomorphic and in (1), Ker(T}). The same
proof as Lemma 4 applies now. a

1.3.4 Rewriting T, as d/dC, Define the vector space of quasi-Jacobi forms which
are annihilated by T, by

QJac} = Ker(T,4: Qlacy, — Qlacy).

We have the following structure result, whose proof is essentially identical to [4,
Proposition 3.5] and which we therefore omit.

Lemma 8 Qlacy, = Qlac; ®c C[C2].

By the lemma every quasi-Jacobi form can be uniquely written as a polynomial in Cs.
In particular, the formal derivative d/dC, is well-defined. Comparing with (8) we
conclude that

d
Ty = d_Cz: QJac; — QlJacy,.

1.3.5 Specialization to quasimodular forms By setting z = 0, the quasi-Jacobi
forms of weight k and index L specialize to weight k quasimodular forms:

AHJg 1 — AHMy, F(z,7)— F(0,1),

QJack  — QMody, f(z,7)+ f(0,7).

The specialization maps commute with the operators T .
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1.4 Theta decomposition and periods

We discuss theta decompositions of quasi-Jacobi forms if the index L is positive
definite. For this we will need to work with several more general notions of modular
forms than what we have defined above (eg for congruence subgroups, of half-integral
weight, or vector-valued). Since we do not need the results of this section for the main
arguments of the paper we will not introduce these notions here and instead refer to [43]
and [39].°

Assume L is positive definite, and for every x € Z" /2LZ" define the index L theta
function

Vpx(z,7) = Z e(r%rTL_lr—i—rTz).

reZ”
r=x mod 2LZ"

Let Mp,(Z) be the metaplectic double cover of SL>(Z) and consider the ring

ﬁék,L = ﬂ Ker(T,: Qlacg 1 — Qlacgyq,1).

AEZ™

Proposition 9 Assume L is positive definite and let f € QJacy , .

(1) There exist (finitely many) unique quasi-Jacobi forms f; € Jac k-Y; d;,L» Where
d=(d,...,dp) € Z’éo, such that

fr)=Y DD fy(z.0).
d

(i) Every f4(z,t) above can be expanded as

faz, )= Y hx(DOLx(2,0),
x€Zn[2L7"
where (hg )x is a vector-valued weakly holomorphic quasimodular form for
the dual of the Weil representation of Mp,(Z) on Z" [2LZ" .

The quasimodular forms (A x)x of (ii) are weakly holomorphic (ie have poles at
cusps) since we define our quasi-Jacobi forms as almost holomorphic versions of weak-
Jacobi forms. The quasi-Jacobi forms for which (A x)x are holomorphic correspond
to holomorphic Jacobi forms (which require a stronger vanishing condition on their
Fourier coefficients).

9The results of Section 1.4 are essential only for Section 3.5, which is not used later on. Proposition 10

also appears in Section 7.3, but in this case the lattice 2L is unimodular and hence we can use
Proposition 12 to reprove Proposition 10 without additional theory.
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Proof of Proposition 9 (i) Let F be the completion of f and consider the expansion

F = Z fi(z, T, v)a’.

]=(.]1 7"'7le)

Let j be a maximal index, ie fj4., =0 for every i, where ¢; is the standard basis.
Then T, f; =0 for every A and hence f; € ﬁék—m,L- Replacing f by

f— (D%L*‘el)jl ... (D%L*Ien)jnfj»
the claim follows by induction.
(ii) The existence of i (7) follows from the elliptic transformation law. For the
modularity see [43, Section 4]. O
The level of L is the smallest positive integer £ such that %EL_l has integral entries
and even diagonal entries. Let

T'(6)* C Mp,(Z)
be the lift of the congruence subgroup I'({) to Mp,(Z) defined in [43, Section 2].
Given a function f =Y, czn ¢ (v)¢" with {7 = e(z'r), let
[flgr = ca(D)

denote the coefficient of ¢*.
Proposition 10 Assume L is positive definite of level £, and let f € QJacy f,.

(i) Forevery A € Z", the coefficient

is a weakly holomorphic quasimodular form for I'(£)*, of weight <k — 7. If
A =0 then [f], is homogeneous of weight k — 7.
(ii) We have

n

Tl =Tafh+5 3 @ aslTe,Te, /i
a,b=1

In Proposition 10(ii) we used an extension of the operator T, to quasimodular forms for
congruence subgroups. The existence of this operator follows, parallel to Section 1.2,
from the arguments of [20].
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The ¢*—coefficients of Jacobi forms are sometimes referred to as periods. A quasi-
modularity result for the periods of certain multivariable elliptic functions (certain
meromorphic Jacobi forms of index L = 0) has been obtained in [33, Appendix A].
The formula in [33, Theorem 7] is similar to the above but requires a much more
delicate argument.

Proof of Proposition 10 (i) The Weil representation restricts to the trivial represen-
tation on I"({); see [39, Proposition 4.3]. Hence the /iy , are I'(£)* —quasimodular by
Proposition 9(ii).

(i1) For the second part we consider the expansion

(13) fen =Y thx(r)D DI (2. 7).

xX€Z" 2L

which follows from combining both parts of Proposition 9. Let
1 n
= B Z (L_l)abTea Te,.
a,b=1

By (12) we have [Ty, D3] = —[Ta, D;] for every A. Since 7 x is a Jacobi form (for
a congruence subgrouplo) we also have Ty x = Ta¥L x = 0. This implies
TgD{l - DEmdp o (z,1) = =TAD{ - DI"9y (2, 7).

Hence applying T, to (13) yields

qu = Z(Tq(hk,x)D?l] "'D?:ﬁL’x _hk,XTAD?ll '--D?:ZS’L’X)
x,d

(ZTqux)D LDy, ) ~Taf

The claim follows by taking the coefficient of &% . a

Corollary 11 Qlacy 1 is finite-dimensional for every weight k and positive definite
index L.

Proof By Proposition 9 the space Jac k,L 1s isomorphic to a space of meromorphic
vector-valued quasimodular forms of some fixed weight k for which the order of

10We extend the operators T4 and T, here to quasi-Jacobi forms for congruence subgroups. The
commutation relations are identical.
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poles at the cusps is bounded by a constant depending only on L. In particular, it is
finite-dimensional and vanishes for k <« 0. The claim now follows from the first part
of Proposition 9. o

1.5 Examples

1.5.1 Rank 0 If the lattice A has rank 0, a quasi-Jacobi form of weight k is a
quasimodular form of the same weight.

1.5.2 Rank 1 lattice The ring of quasi-Jacobi forms in the rank 1 case has been
determined and studied by Libgober in [29].

1.5.3 Half-unimodular index Let Q be positive definite and unimodular of rank 7.
We describe the ring of quasi-Jacobi forms of index L = %Q. The main example is
the Riemann theta function

(14) Oz 1) =Y g7 Pe(zT Qy).
yezZn

which is a Jacobi form!'! of weight % and index %Q,
Op(z, 7)€ Jac%’%Q.
The following structure result shows that this is essentially the only Jacobi form that

we need to consider in this index.

Proposition 12 Let Q be positive definite and unimodular. Then every f € QJac, 10
can be uniquely written as a finite sum

d dy
f= ) fa@Dg---Dg"Og(z, 1),
d=(dy,...,dn)

where fg € QMody_y 4, forevery d . In particular, for every A € Z"* we have

_13T -1
q A0 A[f]g—)t EQMOdSk.

Proof Parallel to the proof of Proposition 9. a

ISince Q is unimodular the theta function satisfies the transformation laws for the full modular group
and not just a subgroup [45, Section 3].
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1.5.4 The Eg lattice and Eg—Jacobi forms Consider the Cartan matrix of the Eg
lattice,

(2—1 0 0 0 0 0 o\

1 2-1 0 0 0 0 0

0-1 2—-1 0 0 0 0

1o o0o-1 2-1 0 0 0
Q=] 0 0 0-1 2-1 0-1I
00 0 0-1 2-1 0

00 0 0 0-1 2 0

\0 0 0 0-1 0 0 2

We define a natural subspace of the space of Jacobi forms of index % Q £y .

A weak Eg—Jacobi form of weight k and index m is a weak Jacobi form ¢ of weight k
and index L = % Q g, which satisfies

P(w(z),7) = P(z,7)
for all w € W(Eg), where W(Eg) is the Weyl group of Eg. We let

Jacgg k.m C Jack’%QE8
be the ring of weak Eg—Jacobi forms.

Practically the subspace of Eg—Jacobi forms is much smaller than the large space of
Jacobi forms of index % Q g, . The first example of an Eg—Jacobi form is the theta
function ® g4 defined in (14). Further examples and a conjectural structure result for
the ring of weak Eg—Jacobi forms can be found in [37].

2 Elliptic fibrations and conjectures

2.1 Elliptic fibrations

2.1.1 Definition Let X and B be nonsingular projective varieties and let
m:. X —>B

be an elliptic fibration, ie a flat morphism with fibers connected curves of arithmetic

genus 1. We always assume 7 satisfies the following properties:!?

(i) All fibers of 7 are integral.
(i1) There exists a section t(: B — X .
(i) H*%(X,C)=H%X.Q%)=0.

12 After Conjecture B we discuss how these assumptions can be removed.
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2.1.2 Cohomology Let By € H?(X) be the class of the section ¢, and let N, be the
normal bundle of (. We define the divisor class

W = By—in*ci(N).
Consider the endomorphisms of H*(X) defined by
Ti(@)=(7*mea)UW and T_(a) =1 *me(a UW)
for all « € H*(X). The maps T satisfy the relations
T? =Ty, T?>=T., T4T-=T_Ty=0.
The cohomology of X therefore splits as!3
(15) H*(X)=H;®H*®HT,
where HY =Im(7T+) and H} = Ker(T4) N Ker(T-).
We have the relation
(Tr(), o'y = (a, T_())) for a,a’ € H*(X),
where (, ) is the intersection pairing on H*(X). Therefore
(HY ,HY)=(HX* HX)=(H}, H])=0.

Consider the isomorphisms

H*(B)—> HX, o n*(a),

H*(B)—> HY, ar—n*(@)UW.

The pairing between H} and H* is determined by the compatibility
/ a-o =/ ¥ (@) (r*(@')-W) foralla,a’ € H*(B).
B X

2.1.3 Thelattice A Let F € Hy(X,Z) be the class of a fiber of 7 and consider the
Z —lattice
ZF ®1+Hy(B,Z) C Hy(X,Z).

Its orthogonal complement in the dual space H?(X,Z) is the Z-lattice
(16) A =(QF ®1.H»(B,2))* c H*(X,Z).
13The subspaces Hy, H— and H are the (+1)—, (—1)— and O—eigenspaces, respectively, of the

endomorphism of H*(X) defined by a = [WU ,n*my]a = W U n*my (o) —n*m (W U).
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Since QF @ 1« H>(B, Z) generates Hy + @& H» — over Q, we have
ACH?, A®Q=H;].

Let ki,....k, be an integral basis'* of H»(B,Z) and let k¥ € H*(B,Z) be a dual
basis. The projection
pi: H*(X,Q)— H}

with respect to the splitting (15) acts on « € H?(X) by

r

pi(@)=a—(a-F)By— Z((a —(a- F)Bo) - txki) K},

i=1
and is therefore defined over Z. Hence the inclusion (16) splits.
2.1.4 Variables Consider a fixed integral basis of the free abelian group A,
bl,...,bn GA.

We will identify an element z = (24, ..., z,) € C" with the element Z?=1 z;ib; . Hence
we obtain the identification

C"=A®C=H(X,C).

Given a class B € Hy(X,Z), we write

(17) t# =expz- By =[] &"".

i=1

where {; = e(z;) and - is the intersection pairing.

2.1.5 Pairings and intersection matrices Every element k € H,(B,Z) defines a
symmetric (possibly degenerate) bilinear form on HJZ_ by

(a0, a) = /B me(aUa’) k.

The restriction of (-, )k to A takes integral values.

Lemma 13 For every curve class k € Hy(B, Z), the quadratic form (-,-)y is even
on A ; thatis, (a, )y € 27 forevery a € A.

14Recall we always work modulo torsion as per Section 0.5.
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Proof Since the pairing is linear in k it suffices to prove (-,-),4¢ and (-,-), are
even for a suitable class £ € Hy(B,Z). Let C C B be a curve in class k. We can
assume C is reduced and irreducible (otherwise prove the claim for each reduced
irreducible component). By embedding B into a projective space and choosing suitable
hyperplane sections we can find' a curve D C B not containing C and a deformation
of CUD toacurve D’, such that D, D’ are smooth and Xp and Xp- are smooth
elliptic surfaces over D and D’ respectively; here we let Xy = 7~ 1(Z) for £ C B.
Hence it suffices to show (-, - )y is even if k is represented by a smooth curve C such
that X¢ is smooth. Let o € A. Since |y, is of type (1, 1) and orthogonal to the
section and fiber class, the claim now follows from the adjunction formula; see eg [42,
Theorem 7.4]. O

The matrix of —(-, ), with respect to the basis {b;} is denoted by

O« € Myxn(Z).

Hence for all v = (vy,...,v,) and v/ = (v],...,v;,) in Q" we have

( E vib; , E vlfb,-) =T Q.
- - Kk
l l

If k is a curve class, the matrix Q| has even diagonal entries.

2.2 Gromov-Witten classes and conjectures

2.2.1 Definition Let 8 € H»(X,Z) be a curve class, let k = w4« € H2(B,Z) and
let

Mg (X, B)

be the moduli space of genus-g stable maps to X in class § with n markings.

I5Assume C € B C P", and let K4 be the kernel of H(Opn (d)) = H®(Opn (d)|c) for d > 0.
For generic sections fi, ..., fin € K4 for m = dim B — 1, the intersection X = BN("); V(f;) is acurve
which contains C . The key step is to show ¥ = C + D for a smooth curve D which does not contain C;
all other conditions follow from a usual Bertini argument. To show that ¥ is of multiplicity 1 at C, let
p € C be a point at which C is smooth and consider the projectivized normal bundle P of C inside B
at p. The set of f1,..., fix which vanish at some v € P simultaneously is a closed codimension-m
subset. Since dim(P) = m — 1, by choosing f; generic we can guarantee the tangent spaces to X ( f)
and C are the same at p; hence the multiplicity of C in ¥ is 1.
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For all g, n and k such that!'®

k>0 or 2¢g—24n>0,
the elliptic fibration 7 induces a morphism
T ]\7Ig,,, (X,B) — ]\7Ig,,, (B, k).
Consider cohomology classes
Y1, ¥n € H*(X).

We define the w—relative Gromov-Witten class

C;’,ﬂ (Y152 ¥Yn) = 7x ([Mg,n(X, BV l_[ ev;-"(y,-)) € H*(Mg,n(& K)).

i=1

2.2.2 Quasi-Jacobi forms Let k € Hy(B,Z) be a fixed class. Consider the generat-
ing series

Convinevm) = Y CEgyin..y)g" PP,
s B=k

where the sum is over all curve classes B € H»(X, Z) with . = k. By definition,

CE (Vi Vn) € He (Mg n(B,K) ® Qllg?, ¢*].

Recall the space QJac;, of quasi-Jacobi forms of index L, and let

Ag)=q [J1-¢"*

m>1

be the modular discriminant. The following is a refinement of [33, Conjecture A].

Conjecture A The series Cg’k()/l, ..., ¥Yn) Is a cycle-valued quasi-Jacobi form of
index %Qk:

— 1
Cau(v1..-..vn) € He(Mg n(B.K)) ® A Yo
where m = —%cl(Nt) -k.

161f k = 0 and 2g — 2+ n < 0, the moduli space Mg ,(B, k) is empty, but Mg » (X, f) for some
B > 0 with 4« = k may be nonempty. In this case no induced morphism exists.
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2.2.3 Holomorphic anomaly equation Recall the differential operator on QJacy,
induced by the nonholomorphic variable v,

T : QJac;, — Qlacy..

17 dC,
Since A(g) is a modular form, we have
TyA(q) =0.

We conjecture a holomorphic anomaly equation for the classes Cg’k. The equation is
exactly the same as in [33, Conjecture B].

Consider the diagram

Mg,n(B,k) < : MA ? Mg—l,n-i—Z(B,k)

l levn_i_] Xevpy42

B—2% .BxB

where A is the diagonal, My is the fiber product and ¢ is the gluing map along the
last two points. Similarly, for every splitting g = g1 + g2, {1,...,n} = S1 US> and
k = ki + ko, consider

Mg,n(B, k) < MA,kl,kz — Mgl,SllJ{o}(Bv kl) X Mgz,SzI_I{o}(Bv k2)

B A s BxB

where MA k, k, is the fiber product and j is the gluing map along the marked points
labeled by e.

Conjecture B On Mg,n (B,k),

chg,k(yl’ c ooy )/n)
= L*A!Cg—l’k(yl’ ce ey y}’la 17 1)

+ Z j*A!(Cgl,kl (s, DX C;’Tz,kz (vs 1))

g=81+82
{1,...,n}=S1US>
k=ky+ko

n
_zzcg,k(ylv7)/1—1’”*7[*)/1’)/1""1"yn)‘l//l’

i=1

where V; € H*(M ¢.n(B,Kk)) is the cotangent line class at the i " marking.
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Since the moduli space of stable maps in negative genus is empty, the corresponding
terms in Conjecture B vanish. Further, the sum in the second term on the right runs over
all splittings for which the moduli spaces Mgi,l s;|+1(B, k;) are stable, or equivalently,
for which the classes Cg. | (vs,.1) are defined. In particular, if g; =0 and k; =0 we
require |S;| > 2.

By Section 1.3.5 quasi-Jacobi forms specialize to quasimodular forms under ¢ =1,
and the specialization map commutes with T, . Hence Conjectures A and B generalize
and are compatible with [33, Conjectures A and B].

We have always assumed here that the elliptic fibration has integral fibers, a section, and
h?9(X) = 0; see (i)(iii) in Section 2.1.1. We expect Conjectures A and B hold without
these assumptions if some modifications are made: It is plausible (i) can be removed
without any modifications. If we remove (ii) we need to work with a multi-section
of the fibration, which leads to quasi-Jacobi forms which are modular with respect to
I'(N) where N is the degree of a multisection over the base. If (iii) is violated then
the Gromov—Witten theory of X mostly vanishes by a Noether-Lefschetz argument.
Using instead a nontrivial reduced Gromov—Witten theory (such as [23] for algebraic
surfaces satisfying ©1%:% > 0) forces then some basic modifications to the holomorphic
anomaly equation; see eg Section 7 for the case of the abelian surface.

3 Consequences of the conjectures

3.1 A weight refinement

Define a modified degree function deg(y) on H *(X) by the assignment

2 ify eIm(Ty),
deg(y) =41 if y € Ker(T+) NKer(T-),
0 ify eIm(7T-).
The following is parallel to [33, Appendix B].

Lemma* 14 Assume Conjectures A and B hold. Then for any deg—homogeneous
classes y1,...,yn € H*(X) and k € Hy(B,Z), we have

_ 1
Cg’k()/l, ey )/n) € H*(Mg,n(B, k)) ® —A(q)m QJaCe’Qk,
where m = —%CI(NL) ‘kand £ =2g—-2+12m+); deg(yi)-

Geometry & Topology, Volume 23 (2019)



Gromov—Witten theory of elliptic fibrations 1443

3.2 Disconnected Gromov-Witten classes

We reformulate the holomorphic anomaly equation of Conjecture B for disconnected
Gromov—Witten classes. Let
Mg , (B, k)

be the moduli space of stable maps f: C — B from possibly disconnected curves of
genus g in class k, with the requirement that for every connected component C’ C C
at least one of the following holds:

(1) f|c’ is nonconstant, or
(ii) C’ has genus g’ and carries n’ markings with 2g’ —2 +n’ > 0.

Let ]\7[g’,,n (X, B) be the moduli space of stable maps f: C — X from possibly discon-
nected curves of genus g in class B, with the requirement that for every connected
component C’ C C at least one of the following holds:

(i) mo f|c¢ is nonconstant, or

(i) C’ has genus g’ and carries n’ markings, with 2¢g" —2 +n’ > 0.
For all'” g € Z and curve classes k the fibration 77 induces a map

m My (X, ) —> M, ,(B.K).
Define the disconnected Gromov—Witten classes by
) = Y PP, ([M’g,,,or, A T ev: (m).
s B=k i

The right-hand side is a series with coefficients in the homology of M en(B.K).

Since the disconnected classes C;  can be expressed in terms of connected classes C:g k
and vice versa, Conjecture A is equivalent to the quasi-Jacobi property of the discon-
nected theory:

. —, 1
Cg:k()/l,---’)/n) € H*(Mg,n(Bak))®—q QJaC%Qk,

where m = —%cl(NL) - k. Similarly, Conjecture B is equivalent to the following
disconnected version of the holomorphic anomaly equation:

17Here Mg',n (B, k) is empty if and only if Mé,n (X, B) is empty, so we do not need to exclude any
values of (g, k).
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Lemma* 15 Conjecture B is equivalent to

chg:;(yl, ceey )/n) -

n
ACE Y LD =2 i Co (V1 Vil TRV Vi 1e - V)

i=1
3.3 Elliptic holomorphic anomaly equation

Recall the anomaly operator with respect to the elliptic parameter:
Ty Qlacg 1 — Qlacg_y; for A€ A
(recall we identify A with Z" here). The anomaly equation of Cg(---) with respect to

the operator T, reads as follows.

Lemma* 16 Assume Conjectures A and B hold. Then for any A € A,

n
TACE 1o vn) = Y CF e 1e e Vie 1, AQDVi Vi1 - -2 V),

i=1

where A(A): H*(X) — H*(X) is defined by

AQ)y =AUn*ne(y) —n*n(AUy) fory e H*(X).

Proof Let A € A and recall from Section 1.3.3 the commutation relation
[Tg, D] =—2T,.

Let p: M. ent+1(B. k) — ]\7Ig,,, (B, k) be the map that forgets the last marked point. We
have

DiCE (V1 V) = PaCE (V1 Yns D).
Hence we obtain
_2chg,k(‘y1’ ey )/n) == p*Tqu,k()/l’ e ey )/n, A,) - DATqu’k(‘yl, e ey yn).

Only two terms contribute in this difference. The first arises from the second term in
the holomorphic anomaly equation on 1\7Ig,n+1(B, k). The summand with g; = 0 and
n+ 1€ S; with |S;| =2 contributes

n
22Cg,k()’l,---,ﬂ*ﬂ*(yi UA), ..., vn).
i=1
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The second contribution arises from the third term of the holomorphic anomaly equation
when comparing the classes i; under pullback by p. It is

n
—2ch,k(y1, D AUT (Vi) Yn).

i=1

Adding up yields the claim. a
Consider the exponential exp(A4(A)), which acts on y € H*(X) by
exp ANy =y + AU *mu(y) =7 (AU y) — 575 (e (A%) - (1))
Lemma* 16 then yields
exp(Ta)Cq x (V15 - ¥n) = Cg k (exp(AA))y1, .. ., exp(A())yn)-
We will see in Section 3.4 how, in good situations, this is related to the automorphism

defined by adding the section corresponding to the class A.

3.4 The elliptic transformation law

Recall the projection p; to the lattice A from Section 2.1.3. Throughout Section 3.4
we assume that the fibration w: X — B satisfies the following condition, which holds
for example for the rational elliptic surface:

(%) Forevery A € A there is a unique section B) C X such that p ([By]) = A.
Let A € A and consider the morphism

th: X —>X, x> (x4 By(r(x)))
of fiberwise addition with B . Since m oty = m this implies

CinnpaxV1s o taa¥n) = CZ g(V1. - Vn).

Write Cg’k(- -+)(z) to denote the dependence of Cg’k(- -+) on the variable z € A Q C.
From the last equation we obtain

CE 1)@ =Y CFg(tart . axyn)g PP Pe((t42)- B)
T+ B=k

= e(—%tn*(kz)-k—n*(z-k)-k)cg’k(tk*yl, e bYn)(Z+AT)
=e(3AT QA +ATQkZ)Cg,k(fA*V1, oo s Yn) (2 +AT).
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Rearranging the terms slightly yields
(18)  Cg (1., yn)(z + A7)
= (=327 QA = AT Quz)C L (toqayt - T2 yn) (2).

We obtain the following.

Lemma 17 Assume n: X — B satisfies assumption (x). If every y; is translation
invariant, ie ty,y; = y; for all A € A, then Cg,k(yl, ..., ¥Yn) satisfies the elliptic
transformation law of Jacobi forms:

Coir1e o vz + A1) = e(=5A7 QA = AT 02)CF (1. va)(2)
forall A € A.
Even if the y; are not translation invariant we have the following relationship to

the transformation law of quasi-Jacobi forms. Recall the endomorphism A(A) from
Section 3.3. For the rational elliptic surface we have!®

(19) the = exp A(D)
for all A € A. Assuming Conjectures A and B we can rewrite (18) as

Cg,k(yl’ R Vn)(Z + /\T)
=e(—3A7 QKA = AT 012)CZ  (exp(A(=A))y1. . ... exp(A(—1))yn)
=e(—3AT 0 A = AT Quz) exp(=TW)CZ (71, ... ¥a),

which is the elliptic transformation law of quasi-Jacobi forms stated in Lemma 6.

3.5 Quasimodular forms

The elliptic periods (ie {* —coefficients) of a quasi-Jacobi form are quasimodular forms;
see Proposition 10. Together with Conjecture A this leads to a basic quasimodularity
statement for elliptic fibrations as follows. Let k € H»(B,Z) be a curve class, and
consider the pairing on H?(X,Z) defined by

(20) (a, ) = /n*(wa/) forall o,0’ € H*(X, 7).
k
18]t would be interesting to know for which elliptic fibrations (19) holds.
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Throughout Section 3.5 we make the following assumption, which is equivalent to the
positive definiteness of Q and holds in many cases of interest:'°

) The restriction of (-,-)x to A is negative definite.
Consider the cohomology classes on B orthogonal to k,
Kkt = {y e H*(B.Z) | {y.k) =0},

where (-,-) is the pairing between cohomology and homology on B. Consider also
the null space of (-, ),

Ny = {ve H*(X.Z) | (v, H*(X,Z))x = 0}.
We have 7*kl C Ny. By assumption (%) this inclusion is an equality,

N = 7*kt,
and the induced pairing on H?(X,Z)/Ny is of signature (1,1 + 1).2°
The dual of H?(X, Z)/ Ny is naturally identified with the lattice
Ly ={B € Hy(X,Z) | msp = c -k for some ¢ € Q}.

The nondegenerate pairing on H?(X, Z)/ N induces a nondegenerate pairing on Ly,
which we denote by (-, )i as well.

For any @ € Hy(X,7Z)/QF with o = k, consider the theta series

_1
Cg,a()/l,.,,,)/n) = Z Cg,ﬂ(yl""’)/n)q 2(/3,,3)1(’
[B]=«

where the sum is over all curve classes § with residue class « in Hx(X,Z)/QF .

Lemma* 18 Assume Conjectures A and B, and assumption (). Let £ be the smallest
positive integer such that KQk_l has integral entries and even diagonal. Then every
Cz.a(V1,--.,yn) is a cycle-valued weakly holomorphic quasimodular form of level £.

The lemma shows that although the elliptic fibration 7: X — B has a section, we
should expect the generating series of Gromov—Witten invariants in the fiber direction
to be quasimodular of higher level (with pole at cusps). It is remarkable that these
higher-index quasimodular forms when arranged together appropriately should form
SL;(Z)—quasi-Jacobi forms.

190n an elliptic surface satisfying 720 = 0 the assumption holds by the Hodge index theorem

whenever k # 0.
20The combination of both statements is equivalent to assumption ().
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If Qy is unimodular then we obtain level 1, hence SL,(Z)—quasimodular forms in
Lemma* 18. For the rational elliptic surface the level of the quasimodular form is
exactly the degree over the base curve. This compares well with the conjectural
quasimodularity of the Gromov—Witten invariants of K3 surfaces in imprimitive classes;
see [31, Section 7.5].

Using Proposition 10(ii) the holomorphic anomaly equation for the quasi-Jacobi classes
Cg’k(- ++) yields a holomorphic anomaly equation for the theta series Cg ,(---). How-
ever, in the nonunimodular case the result is rather complicated and difficult to handle.?!
The holomorphic anomaly equation takes its simplest form for quasi-Jacobi forms.

Proof of Lemma* 18 Let A be the image of « in H | . A computation yields

_ 13Ty —1
Cra(te o y) =g P LACT (vl

which implies the lemma by Proposition 10. a

3.6 Calabi—Yau threefolds

Let 7: X — B be an elliptically fibered Calabi—Yau threefold with section t: B — X
and h%:%(X) = 0. The moduli space of stable maps is of virtual dimension 0. For all
(g.k) ¢ {(0,0), (1,0)}, define the Gromov—Witten potential

F@ 0= [ 0= ¥ M

Mg(B,k) ﬂ*B=k [Mg(X,ﬁ)]v"

By the Calabi—Yau condition we have N, =~ wp. Hence Conjecture A implies

Fex(q) € QlJac.

A(g)~ Ko

We have the following holomorphic anomaly equation; see also [33, Section 0.5].

Proposition* 19 Assume Conjectures A and B. Then we have

TyFeu = (k+ Kp.KFe 1+ Y (kika)Fg ki Faaio + 38228k0(Kp. KB).

g£=g11+82
k=k1+k2

where we let (-,-) denote the intersection pairing on B, the first term on the right is
defined to vanish if (g, k) = (2,0), and the sum is over all values (g;, k;) for which
Fg, k; 18 defined.

21The unimodular case is further discussed in Section 7.
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Proof If k>0 or g > 2, Conjecture B implies

ToFer = / Corsr At Y Y / Corse (*Ag)- / Corpor (1" A )

g=811+82 J
k=ki+k2

= (kKFgo1ut Y (ki.k2)Fgy i Fgako

g=81182
k=k1+k2
k1,k2>0

—|—ZZ/Cg_1,k(7T*AB,j)' B _CVT(TF*A}/;J),
- [M,1(X,0)]r ‘

where we have written

Ap = ZAB,,- R Ay ; € H*(B?)
J

for the Kiinneth decomposition of the diagonal of B. By [12] we have
[M1,1(X, 0] = (c3(X) — c2(X)A1) N [My,1 x X]

and by [2, Section 4] we have

c2(X) = 7*(c2(B) + c1(B)?) + 12t4¢1(B).
Hence we find

/ eVi(m A ;) =—5(AB.j.c1(B)),

[M; 1 (X,0)]vr

from which we obtain

TyFgr = (k+Kp. KFg—th + D (ki k2)Fgp i Feobon-

g£=811+82
k=k1+k2
If (g,k) = (2,0), Conjecture B yields
TqFZ,O(‘I):Z/ evi(m*Agj)- | _evi‘(n*Al\é,J-)
; [M1 1 (X,0)]vr [M1 1 (X,0)]vr
_1 2
=1 /B Cl(B) . O
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It will be useful later on to consider the disconnected case as well. For any g € Z and
ke Hy(B,Z), let

. = c: (O = qW'ﬂ;ﬂ/ 1.
8k /M;,(B,k) £ 2 M

7 Bk (M (X, )]
The connected and disconnected potentials are related by

8,k

(g,K)£{(0,0),(1,0)}
A direct calculation using (21) and Proposition* 19 implies the following disconnected
holomorphic anomaly equation:

(22) TgFy . =(k+ 3K .k+ 31KB)Fy_; .

4 Relative geometries

4.1 Relative divisor

Let m: X — B be an elliptic fibration with section and integral fibers such that
H?%(X)=0. Let
DcX

be a nonsingular divisor. We assume 7 restricts to an elliptic fibration
np: D— A

for a nonsingular divisor A C B. The section of 7 restricts to a section of wp. Since
7 has integral fibers, so does 7wp. We have the fibered diagram

D ——X

£19)) w

A—— B
4.2 Relative classes

Let n = (1i)i=1,...,i(yn be an ordered partition. Let
Mg,n(X/D, B:n)

be the moduli space parametrizing stable maps from connected genus-g curves to X
relative to D with ordered ramification profile  over the relative divisor D ; see [27; 28]
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for definitions and [13, Section 2] for an introduction to relative stable maps. We have
evaluation maps at the n interior and the /(n) relative marked points. The latter are
denoted by

evie: Mg n(X/D,B;n) — D fori=1,....0(n).

Since D is nonsingular, we have the induced morphism

7wt Mg n(X/D, B;n) — Mg n(B/A, k1),

where k = w4 f.
Let y1,...,yn € H*(X), let k € Hy(B, Z) be a curve class and let

1= (.80 ). 1()))  with §; € H*(D)

be an ordered cohomology weighted partition. Define the relative potential

7r/D

(V.- ynim) ‘o
-y c”qW'ﬂn*([ Wy (XD B [ Tevi ) [ [ v ))
s B=k i=1 i=1

where as before W = [1(B)] — %n*cl(Nt) and 0# =e(z-B) withze A®C.

In line with the rest of the paper we conjecture the following:

Conjecture C The series C;’/kD (Y1,-..,¥n3 1) is a cycle-valued quasi-Jacobi form of
index %Qk:

n/D

(V1. ¥ni ) € Ho(Mgn(B/A. K1) ® ~macig,.

Alg)™

where m = ——cl(Nt) k.

4.3 Rubber classes

Stating the holomorphic anomaly equation for relative classes requires rubber classes.
Let N be the normal bundle of D in X, and consider the projective bundle

P(N & Op) — D.

We let
Do, Dy C P(N @ OD)

be the sections corresponding to the summands Op and N respectively.
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The group C* acts naturally on P(N @& Op) by scaling in the fiber direction, and
induces an action on the moduli space of stable maps relative to both divisors, denoted by

Mg.n(P(N @ Op)/{Do. Doo}. i & ).

where the ordered partitions A and p are the ramification profiles at Dy and Deo
respectively. We let

Mg, (P(N & Op)/{Do, Doo}, Bi A, 1)
denote the corresponding space of stable maps to the rubber target [30].
Let N’ be the normal bundle to A in B and consider the relative geometry
P(N'® 04)/{A0, Aco}-
Since D is nonsingular the fibration 7 induces a well-defined map
p: P(N @ Op) — P(N' @ Oa),
which is an elliptic fibration with section and integral fibers. Let

p: M7, (P(N ® Op)/{Do. Doo}. B: A 1) — My (B(N' @ O4)/{Ao. Ao}, ki A 1)

rel 0
1
ative marked points mapping to D¢ and D, respectively. Because of the rubber target,

be the induced map. We also let evi® © and ev§el ©° denote the evaluation maps at the rel-

the evaluation maps of the moduli space at the interior marked points take values in D.
For any y1,...,yn € H*(D) and any ordered weighted partitions

&: ((AI’SI))IZI ..... l(k)? /;Lz ((/’Liiei))l'zl _____ I(M) f()r 8ia€i GH*(D)’

we define

,rubb
ngrku er(yla O] Vn» &9 li/)

- zﬂqW'ﬂp*([M;,n(P(Neaom/{Do,Doo},ﬁ;x,mrif
pxB=k

n I(A) 1(w)
. 1—[ evy (yi) l_[ evie 0%(5;) l—[ evi© °°*(e,~)).
i=1 i=1 i=1

4.4 Disconnected classes

To simplify the notation we will work with disconnected classes. The disconnected
versions of moduli spaces and the classes C will be denoted respectively by a ¢ and
a dash, following the conventions of Section 3.2. Since connected and disconnected
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invariants may be expressed in terms of each other, Conjecture C is equivalent to the
quasi-Jacobi form property for the disconnected theory:

CoP 1 ymin) € Ho(M Yy ,(B/A ki) ® ———

where m = —%cl (N,) - k. The holomorphic anomaly equation conjectured below for
disconnected relative classes (Conjecture D) is equivalent to a corresponding version
for connected classes.

4.5 Holomorphic anomaly equation for relative classes

Consider the diagram

Nfe P §  Afe®
Mg,n(B/A’ k, 77) < MA 7 Mg—l,n+2(B/A’k’ n)

l l/evn_,_lxevn.;_z

B—25 . BxB

where B is the stack of target degenerations of B relative to A, the map Ag is the
diagonal, My is the fiber product and £ is the gluing map along the final two marked
points. For simplicity, we will write

D,e Do
g/lk(yl"”’ynvAB/A;g) ABC / (ylv""ynvlal;ﬂ)'

We state the relative holomorphic anomaly equation.

Conjecture D On 1\712’:’” (B/A,k;n) we have

D,e
Tq ”/ (Vl,---,yn;g):

L*Cg/l’k()/l,--.,yn,AB/A;g)

+2 ) > Hl‘l =L [CT 2 (v, (b Aug). (i Apg)™y))

S1,82 b;bi,..., ,e,rubb
g o BCe (rs2 (b AY o). (b AR 4 ). )]
1

D,e
—22% : ”/ (V1see s Vie s T T Yis Vi s - Vi 1)
i=1

I(n)

—221%61 C”/D s v (1,800 i ) D48i) - s (M. Bn))).
—— —

i=1 jth
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with the following notation. Let v;, 1//{61 € H*(Mg n(B/A,k; 1)) denote the cotangent
line classes at the i interior and relative marked points respectively. The first sum is
overall S, S, satisfying S1US> ={1,...,n},all g1, g, satisfying g=g1+g>+m,
and all k; € Hy(B,Z) and ko € Hy(P(N' ® O4), Z) satisfying

kl-A=k2-A and k1+r*k2=k,

where r: P(N' & O4) — B is the composition of the projection to A followed by the
natural inclusion into B. The b, b1, ..., b, run over all positive integers such that
b+ ibi=ki-A=ky-A,and the {,{; run over the splitting of the diagonals of A
and D respectively:

A=) Age®AY,, Ap=) Apy ®AY,, foralli.
L £

The map £ is the gluing map to ]\71‘;’” (B/A, k; n) along the common relative marking
with ramification profile (b, by, ..., by). Since we cup with the diagonal classes of A
and D, the gluing map & is well-defined.

The relative product formula of [25] together with [33, Theorems 2 and 3] yields:

Proposition 20 Conjectures C and D hold if X = Bx E and D = A x E, and
m: X — B is the projection onto the first factor.

4.6 Compatibility with the degeneration formula

A degeneration of X compatible with the elliptic fibration 7: X — B is a flat family
e:X > A
over a disk A C C satistying the following conditions:
(i) € is a flat projective morphism, smooth away from 0.

() e Y(1)=X.

(iii) € 1(0) = X1 Up X» is a normal crossing divisor.

(iv) There exists a flat morphism €: B — A satisfying (i)—(iii) with €~!(1) = B and

€ 1(0) = By Uy Bs>.

(v) There is an elliptic fibration X — B with section and integral fiber that restricts
to elliptic fibrations with integral fibers:

w: X - B, wi: X; —> B fori=1,2, p: D — A.

Geometry & Topology, Volume 23 (2019)



Gromov—Witten theory of elliptic fibrations 1455

We further assume that the canonical map
(23) H*(X1Up X2) - H*(X)
determined by ¢ yields an inclusion A; & Ay, C A, where A; = H Jz_ (X;,7Z). Let
zie A\ ®C
denote the coordinate on the i summand.
Consider cohomology classes
Y1se-os¥n € H*(X)

which lift to the total space of the degeneration, or equivalently?? which lie in the
image of (23). Below, let p always denote the forgetful morphism from various moduli
spaces of stable maps to the moduli space of stable curves; for example,

p: Mg',n (B/A,k,n) — Mg:n.
The application of the degeneration formula [27; 28] to € yields

(24) p*Cg:;()/L e yn)|z=(zl ,Z22)

H’i D,e D.,e
= Y X [ s Beg ) s,
S1uS>={1,...,n} Ms--sNm ’
ki,ko; m=>0 1seestm

where k; and kp run over all possible splittings of the curve class k, the 11,..., nm
run over all positive integers such that

Z?’]i:kl-A:kz-A,
i

the £; run over the splitting of the diagonals of D, and we have written
n=(i,Apg)iL, and 1’ =(ni,Ap )L,

Moreover, the map £ is the gluing map along the relative point (well-defined since we
inserted the diagonal).

22We assume the disk is sufficiently small.
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Assume Conjectures A and C hold, so that (24) is an equality of quasi-Jacobi forms.
Then Conjectures B and D each give a way to compute the class?>

d

as follows:

(a) Apply Ty to the left-hand side of (24), use Conjecture B, and apply the degener-
ation formula to each term of the result.

(b) Apply T4 to the right-hand side of (24) and use Conjecture D.

We say Conjectures B and D are compatible with the degeneration formula if methods
(a) and (b) yield the same result.

Proposition 21 Assume Conjectures A and C. Conjectures B and D are compatible
with the degeneration formula.

Proof After pushforward to the moduli space of stable curves, we apply the degenera-
tion formula to the right-hand side of Lemma* 15. The result is

TypsCiuVi s vn) =

D,e D,e
*5* gf/kl (vs,-AB,/a: T])IZlC'gZZ/k2 (VSz»_ ))
S1,82  Mseees Mm 7-[ /D wa/ D
mZL(()ls’lé(’zl ,gzel’ ,em + P*f*( gl1 k1 (Vsl,ﬂ)gcgzz ko (VSza ABz/A n ))]

1_[ 77 D.,e
-2 ) LS. paba(@iCE P (rsyviay () RCEE (r5,:0)

S1,8> ieS
ki,k2

. D,e , .

m20iglez 4 Ny (CT D (s Ry D (Vsz\{i},N*n*(Vi),gv))],
ela'"aem iGSz

where the sums are over the same data as in (24) but with g; and g, satisfying

g—l=g1+g+m—1.

We need to compare this expression with the relative holomorphic anomaly equation
applied to the right-hand side of (24). In Conjecture D we have four terms on the
right-hand side. The first and third term of Conjecture D applied to (24) yield exactly
the four terms above. Hence we are left to show that the second and fourth terms of
Conjecture D applied to (24) vanish.

23We will omit the restriction of z to the pair (z1,z2) in the notation from now on.
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We consider first the second term applied to the first factor in (24) plus the fourth term
applied to the second factor in (24). The result is

i Ci i Ni D,e . . .
@9 23 P s DB ;i1

D,e
RC2 2 (rs,:0)

m
-2 Z Z l—[’/Jn :]j Pxx [Cgll,/le .(VSl ’ 7’) B wrelcgzz/k? .(VSZ; l]v|85|—>n*n*85)]a
i=1 )

where the sum in the second line is over the same data as in (24), and the sums in the
first line run additionally also over the following data: splittings of k; into k| and k;
decompositions Sy = S| U S}'; positive integers ¢ and ¢y, ..., ¢, with r >0 summmg
up to k| - A; splittings g1 = g} + g7 + r; and diagonal sphttlngs Cand €y,...,0, in
the weighted partitions

& = ((C’ AA’Z)’ (Ci’ ADj}){:])? AV = ((C, A‘Z’Z)? (ci’ Al\;,[l 1"'=1)'
Also, we write 1s;1>q if the i t cohomology class in 1 is replaced by some «.

We use Lemma 22 below to remove the relative ¥ —class in the second line of (25).
When doing that, the second term on the right in Lemma 22 (the bubble term) precisely
cancels with the expression in the first line (switch n — A and u — 7 and trade the
sum Z;’;l for a factor of m ). Hence we find that (25) is equal to

& Hnéz Nj m/D- )
26) 2N I put[Cgl (s )

=1 D,
X ngz,/kz (vs> QV |5i'—>”*ﬂ*(5i)01(NA/Bz))]’

where the first sum is over the same data as in (24).

By a parallel discussion, the second term of Conjecture D applied to the second factor
in (24) plus the fourth term applied to the first factor is

I(n)

1_[ 77] D.e
27 2 E E Hél *5*[0;711],/“’ (7/51;7_7|5i*—>7r*7r*(5i)01(NA/Bl))
i=1
D,e
= ngZ/kz (vs,:n7)]

The term (27) agrees exactly with (26) except for the i th relative insertion. We consider
the i™ relative insertion more closely. Using

(dXr*me)Ap = Ay
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and the balancing condition
N4/, ® N4/, = Oa,
the i relative insertion in (26) is
(1Xc1(Na/p,)) - ((dRr*me)Ap = (18 c1(Nay/B,)) - Au
= (c1(Nyy/B,) ®1)-Ay
=—(c1(Na/p,) 1) Ay.

Since this is precisely the negative of the i relative insertion in (27), the sum of (26)
and (27) vanishes. m|

Lemma 22 Let n = {(n;,d;)} be a cohomology weighted partition, and let y =
(Y1»...,¥Yn) with y; € H*(X) be a list of cohomology classes. We have

ni - p(UEICHP (yim)

= —Dx (V n|31'—>8161(NA/B)))

Hl,L D,e,rub D,e
+ Z Z TZP*E*[CE{ ki (VSﬁQ,/_L)IZ'Cg/kZ (vs,: 1 )]’

{1,..., n}=S1uUS, M1 Ms
ki,ko; >0 Ly,eils
g=g1t+82+s—1

where the sum is over the splittings of k into ky € Hay(P(N' & O4),7Z) and ky €
H» (B, Z), all positive integers L1, ... [Ls summing up to ky - A, and over indices of
diagonal splittings {1, ..., {Ls for the cohomology weighted partitions

p=1{(i. Ape)izh, wY =i Ap g)iz1)-
As before we write r_)|5i._>a if the class §; is replaced by some class «.
Proof We will remove the class 1//{61 by an argument parallel to [6, Section 4.5, end of
case (ii-a)]. Let X be the stack of target degenerations of the pair (X, D) and let
f:C—->X
be a stable map parametrized by the moduli space M = Mg ,(X/D, ;7).

Let ¢: X5 X be the canonical map contracting the bubbles. Let prel € C be the
b relative point and let

gi =c(f(p")) eD
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be its image in X . If the irreducible component of C containing pl?el

bubble of X, then the composition ¢ o f vanishes to infinite order at p in the direction

maps into a

normal to D. If the component containing pl?el

condition the composition ¢ o f vanishes to order exactly n; in the normal direction.

maps into X, then by the tangency

In either case, the differential in the normal direction induces a map

Np x.q — @ fm+,
where m is the maximal ideal of the point p;el e C. See also [35, proof of Proposi-
tion 1.1] for a similar argument. Considering this map in family yields a map of line
bundles on M,

eV?el* Nl\)//X N (L§e1)®ni ,
where Lgel is the cotangent line bundle on M . Dualizing we obtain a section

Oy — (L?el)"" ® eV?I*ND/X.

The vanishing locus of this section is the boundary divisor of the moduli space M
corresponding to the first bubble of D (compare [6]). Expressing the class

(LY ® evi™ Npx) = niyr® + evi™* 1 (Np, x)

through the vanishing locus of the section and using the splitting formula, as well as
the relation

Np/x =npNa/B.

then yields the claimed formula. m|

5 The rational elliptic surface

5.1 Definition and cohomology

Let R be a rational elliptic surface defined by a pencil of cubics. We assume the pencil
is generic, so the induced elliptic fibration

R—P!

has 12 rational nodal fibers. Let H, Eq, ..., Eo be the class of a line in P? and the
exceptional classes of the blowup R — P2 respectively. We let B = Eg be the zero
section of the elliptic fibration, and let F be the class of a fiber:

9
B = Eo, F=3H—ZEZ~.
i=1
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We measure the degree in the fiber direction against the class
W =B +1F.

The orthogonal complement of B, F in H?(R,Z) is a negative-definite unimodular
lattice of rank 8 and hence is isomorphic to Eg(—1),

H?*(R,7Z)=7ZB®ZF & Eg(—1).

As in Section 2, we identify the lattice Eg(—1) with Z# by picking a basis by, ..., by,.
We may assume the basis is chosen such that

QEs = (—/ b; Ubj)
R ij=1,..8

is the (positive definite) Cartan matrix of Eg. In the notation of Section 2.1.5 the
matrix Qy for k € Ho(P!,Z) = Z is then

Qk =kQE.
5.2 The tautological ring and a convention

If 26 —2+n >0, let p: Mg, (P!, k) — Mg , be the forgetful map to the moduli
space of stable curves, and let

R*(Mg.n) C H* (Mg )

be the tautological subring spanned by push-forwards of products of y and « classes
on boundary strata [10].

We extend both definitions to the unstable case as follows. If g,n >0 but 2g—2+4n <0,
we define 1\7Ig,n to be a point, p to be the canonical projection, and R*(A7Ig,n) =
H >k(lwg,n) =Q.

5.3 Statement of results

The next result shows that Conjecture A holds for rational elliptic surfaces numerically,
ie after integration against any tautological class pulled back from M, .n (with the
convention of Section 5.2 in the unstable cases).

Theorem 23 Let 7: R — P! be a rational elliptic surface. For all g,k > 0 and
Y1s---»¥Yn € H*(R) and for every tautological class o € R* (Mg ),

1
*(@)NCr ey € ————QJack )
/me,k)p 0 Ckrom) € LimWehon,
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By trading descendent insertions for tautological classes, Theorem 23 implies that
the generating series of descendent invariants of a rational elliptic surface (for base
degree k and genus g) are quasi-Jacobi forms of index %Q Eg-

An inspection of the proof actually yields a slightly sharper result: the ring of quasi-

Jacobi forms @, QJ ko, in Theorem 23 may be replaced by the QMod-algebra
8

generated by the theta function ® g, and all its derivatives.

We show that the holomorphic anomaly equation holds for the rational elliptic surface
numerically. Consider the right-hand side of Conjecture B:

Hg,k(yl» ceey Vn)
= l*A!Cg_l’k(yly cees Vo 1’ 1)

+ Z T ( g1,k1 (ysl’l)gcgz kz(ySZ’l))

{1,...,n}=S1US>
g=8118&2; k=ki+k2 n

—2ZC§,k(V1, e Ve T TRV Vi L - Yn) Vi
i=1

Theorem 24 For every tautological class o« € R* (Mg ),

o /p @ NCT (1. ) = /p*(oemHg,k(yl,...,yn).

In the remainder of Section 5 we present the proof of Theorems 23 and 24. In Section 5.4
we recall a few basic results on the group of sections of a rational elliptic surface. This
leads to the genus O case of Theorem 23 in Section 5.5. In Section 5.6 we discuss the
invariants of R relative to a nonsingular elliptic fiber of . In the last two sections we
present the proofs of the general cases of Theorems 23 and 24.

5.4 Sections

Recall from [42] the one-to-one correspondence between sections of R — P! and
elements in the lattice Eg(—1). A section s yields an element in Eg(—1) by projecting
its class [s] onto the Eg(—1) lattice. Conversely, an element A € Eg(—1) C H?(R,Z)
has a unique lift A € H2(R, Z) such that A2 =—1, A- F = 1 and A pairs positively
with any ample class. By Grothendieck—Riemann—Roch A is the cohomology class of
a unique section B . Explicitly,

[Bil=W —S((A,A) + DF + A,

where (a,b) = [gpa — b forall a,b € H*(R) is the intersection pairing.
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By fiberwise addition and multiplication by —1, the set of sections of R — P! form
a group, the Mordell-Weil group. The correspondence between sections and classes
in Eg(—1) is a group homomorphism,

Byy,=By® By, B_),=606B,

where we have written & (resp. ©) for the addition (resp. subtraction) on the elliptic
fibers. The translation by a section A € Eg(—1),

t): R—> R, x> x+ By(n(x)),
acts on a cohomology class y € H*(X) by
sy =7 +FAUT Ta(y) = 7 ¥ m (AU y) — 377 (1 (A%) - 704 (1)),
5.5 Genus zero
5.5.1 Overview Consider the genus-0 stationary invariants

M) = [ = Y VP

w«B=k

1‘[ ev; (p)

/[‘MO k=1 (R 4
for all k > 1, where p € H*(R,Z) is the class Poincaré dual to a point.

Proposition 25 Forall k > 1,
1

M, ¢ ———
NI

QJaCsk—4,§Q58'

In the remainder of Section 5.5 we prove Proposition 25.

5.5.2 The Eg theta function All curve classes on R of degree 1 over P! are of
the form B; + dF for some section A € Eg(—1) and d > 0. Using Section 5.4 and
[5, Section 6] we find

Mig) = Y > gWEBirdbh / 1

A€Eg(—1)d=>0 [Mo.0(R,B) +dF)]vir

- BB

1
A€Es(—1)d=0 A(g)>

1 1 1
——— Y AP - epG).
AQ)2? jepgs-1) A(g)?

By Section 1.5.4, ® g, is a Jacobi form of index %QES and weight 4.
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5.5.3 WDVYV equation For any y1,...,y, € H*(R) define the quantum bracket

Vi.ovndok = qW'ﬂgﬁ/ [Tevitv.

e B=k []MO.n(Raﬂ)]Vir i

Recall the WDVV equation from [11]: for all yq,...,y, € H*(R) with

n
Zdeg(y,') =n+k-2,
i=1
we have

(VS] »YasVb» A()O,k] ()/5'2’ YesVd s AZ)O,kz
> X

k=ki+k»> L
{1,....n—4}=S1US>

= (VS1+ Yas Yer Ae)o .k, (VS2s Voo Y A )0,k
> >

k=ki+k» V4
{1,....,n—4}=S1US>

where )", Ag®A// is the Kiinneth decomposition of the diagonal class A € H*(RxR).
Let also

1 d
D —Dq, Dl _Db[ —D;l = %d_zl

We solve for the remaining series My by applying the WDVV equation.

5.5.4 Proof of Proposition 25 The case k = 1 holds by Section 5.5.2. For k = 2,
recall the basis {b;} of A and apply the WDVV equation for ()/i)?zl = (F,F,b;,bj).
The result is

4(bi,bj)M> = Di{A1)o,1- Dj{A2)0,1 —(A1)o,1-DiD;(A2)o0,1,

where A1, A, indicates that we sum over the diagonal splitting. Choosing i, j such
that (b;, b;) # 0 and applying the divisor equation on the right-hand side we find M>
expressed as a sum of products of derivatives of M;. Checking the weight and index
yields the claim for M.

Similarly, the WDVV equation for (yi)?zl = (p, F, F, W) yields

8
3Ms = M;-D*M,—4D>M, - M, + Z(Di DM, -2D; M, — D; My - D; DM>),
i=1

which completes the case k = 3.
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If k > 4, we apply the WDVV equation for (y1,...,yx) = (P72, £1,£,) for some
l1,4> € H*(R). The result is

(01 -£2)(pF Yok

k—4
= Z ( u )((Paﬂ,ﬁhA1)0,a+2(Pb+1,52,Az)o,b+2
tb=k—4
¢ — (P22 043P L1, €2 A2)o pt1).

Taking £; - £ = 1 and using an induction argument, the proof is complete. a

5.6 Relative in terms of absolute

Let < be the lexicographic order on the set of pairs (k, g), ie
(28) (k,g)<(k',g) << k<k' or(k=k'andg<g).

Let E C R be a nonsingular fiber of 7: R — P! over the point 0 € P!, and recall
from Section 4 the E -relative Gromov—Witten classes

Vi 1
o (1 ymin) € H(Mgn(P1/0.k:m) @ Qllg™ 2, £,

where 7 is the ordered cohomology weighted partition

We show that the (numerical) quasi-Jacobi form property and holomorphic anomaly
equation in the absolute case imply the corresponding relative case. For the statement
and the proof we use the convention of Section 5.2.

Proposition 26 Let K, G > 0 be fixed. Assume

1
* 4 -
/Mg,n(Pl,k)p @0 Ceemn) € Ko Wihon,

forall (k,g) <(K,G),n>0,a€ R*(Mg,) and y1,...,yn € H*(R). Then

QJac%QE8

1
*@)NCEG .y € ———
pr@)Nc i (n Ynin) NP

/Mg,n(Pl/O’km)
forall (k,g) <(K,G),n>0,a€ R*(Mgy), y1,...,yn € H*(R) and cohomology
weighted partitions 1).

Similarly, if the holomorphic anomaly equation holds numerically for all classes
Cg,k (Y1,...,yn) with (k, g) <(K, G), then the relative holomorphic anomaly equation
of Conjecture D holds numerically for all C;/kE (r1,---,ynsm) with (k,g) < (K, G).
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Proof The degeneration formula applied to the normal cone degeneration
(30) R~ RUg (P! x E)

expresses the absolute invariants of R in terms of the relative invariants of R/E and
(P! x E)/Eq. The quasimodularity of the invariants of (P! x E)/Ej relative to P!
follows from the product formula [25] and [33, Theorem 2]. We may hence view
the degeneration formula as a matrix between the absolute and relative (numerical)
invariants of R with coefficients that are quasimodular forms. By [30, Theorem 2] it
is known that the matrix is nonsingular: the absolute invariants determine the relative
invariants of R. We only need to check that the absolute terms with (k, g) < (K, G)
determine the relative ones of the same constraint, and that the quasi-Jacobi form
property is preserved by this operation. Since QJ ack g is a module over QMod, the
second statement is immediate from the induction argument used to prove the first. The
first follows from scrutinizing the algorithm in [30, Section 2] and we only sketch the
argument here.

Given (k, g) < (K, G), a cohomological weighted partition 7 as in (29), insertions

Y1,...,¥Yn € H*(R), and a tautological class « € R*(Mg,n), consider the absolute
invariant
1(n)
31) < HTO(Vz)l_[Tn,—I(J*8 )>
i=1 i=1
5 W I(n)
L. p*@) [Tevitn) [ 1wl evi Gt
7t§ Kk [Mg n+l(n)(X ’B)]wr l_l_[1 lljll

where we used the Gromov—Witten bracket notation of [30], j: E — R is the inclusion,
and y; are the cotangent line classes on the moduli space of stable maps to R. By
trading the y; classes for tautological classes (modulo lower-order terms) and using
the assumption on absolute invariants, we see that the series (31) is a quasi-Jacobi
form of index £ 5 Q Eq - We apply the degeneration formula with respect to (30) to the
invariant (31). The cohomology classes are lifted to the total space of the degeneration
as in [30, Section 2]; ie the y; are lifted by pullback and the j.§; are lifted by inclusion
of the proper transform of E x C. Using a bracket notation>* for relative invariants

24The bracket notation is explained in more detail in [30] with the difference that the ramification
profiles v are ordered here. This yields slightly different factors in the degeneration formula than in [30]
but is otherwise not important.
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parallel to the above, the degeneration formula yields

1(n)
(32) < Hfo(%) [T rni-10ix6i )>

i=1

= > v s To(ys,) [0 R 2
m! )
m=>0;a,a2 < I(n) >(P‘xE)/E,.

Viseos Vi3 £15eeslim . | |
g=g1 +g2+m—1 ({02, TO(VSZ) T’I[
i=1

{1,...,n}=S1US>

’

82,k

where vq, ..., v, run over all positive integers with sum k, the £1, ..., £, run over
all diagonal splittings in the cohomology Weighted partitions

V_(UlvAEel)l_]’ = (UZ’AEZZ i=1

and o1, o run over all splittings of the tautological class «. The sum is taken only over
the configurations of disconnected curves which yield a connected domain after gluing.

We argue now by an induction over the relative invariants of R/E with respect to the
lexicographic ordering on (k, g, n). If the invariants of R/E in (32) (the first factor
on the right) are disconnected, each connected component is of lower degree over P!,
and therefore these contributions are determined by lower-order terms. Hence we may
assume that the invariants of R/E are connected. By induction over the genus we may
further assume g1 = g in (32), or equivalently go = 1 —m. Consider a stable relative
map in the corresponding moduli space and let

f:Cy — (P x E)[d]

be the component which maps to an expanded pair of (P! x E, Eg). Since go =1 —m,
the curve C; has at least m connected components of genus 0. Since each of these
meets the relative divisor and /(v) = m, the curve C; is a disjoint union of genus-0
curves. The rational curves in P! x E are fibers of the projection to E. Hence we find
the right-hand side in (32) is a fiber class integral (in the language of [30]). Finally, by
induction over n we may assume Sp = . As in [30, Section 2.3] we make a further
induction over deg(n) = >, deg(§;) and a lexicographic ordering of the partition
parts 7. Arguing as in [30, Section 1, Relation 1]?> we finally arrive at

1(m) R/E
(o Tt 1‘[%_1(]*8)> —c-[o oo > ,
i=1

25Using the dimension constraint the class ap only increases the parts vy, and hence by induction we
may assume oy = 1.
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where ¢ € Q is nonzero and “---” is a sum of a product of quasimodular forms and
relative invariants of R/E of lower order. By induction the lower-order terms are
quasi-Jacobi forms of index %kQ Eg» Which completes the proof of the quasi-Jacobi
property of the invariants of R/E.

The relative holomorphic anomaly equation follows immediately from this algorithm
and the compatibility with the degeneration formula (Proposition 21). a

5.7 Proof of Theorem 23

Assume that the classes y1,...,y, € H*(S) and o € R*(Mj ) are homogeneous.
We consider the dimension constraint

n
(33) k+g—1+n =deg(a)+Zdeg(y,-),

i=1
where deg( ) denotes half the real cohomological degree. The left-hand side in (33)
is the virtual dimension of My , (S, B), where 8 = k. If the dimension constraint
is violated, the left-hand side in Theorem 23 vanishes and the claim holds. Hence we
may assume (33).

We argue by induction on (k, g, n) with respect to the lexicographic ordering
k1 <ko
(k1,81.n1) < (k2,82,n2) <= or (ki =k, and g1 < g2)
or (ki =k, and g1 = g and ny <ny).
Case (i) (g=0)
(a) If k = 0 all invariants vanish, so we may assume k > 0.
(b) If deg(e) > 0, then « is the pushforward of a cohomology class from the
boundary t: dMp ,, — Mo

/
O = lx00 .

Using «’ and the compatibility of the virtual class with boundary restrictions
we can replace the left-hand side of Theorem 23 by terms of lower order; see
[33, Section 3] for a parallel argument.

(¢) If deg(w) = O but deg(y;) < 1 for some i, then either the series is zero (if
deg(y;) = 0) and the claim holds, or we can apply the divisor equation to reduce
to lower-order terms. Since derivatives of quasi-Jacobi forms are quasi-Jacobi
forms of the same index, the claim follows from the induction hypothesis.

(d) If deg(x) =0 and y; = p for all i, the claim follows by Proposition 25.
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Case (ii) (g > 0 and deg(e) > g) By [9, Proposition 2] we have
o =150’

for some o where 1: dMg , — My , is the inclusion of the boundary. By restriction
to the boundary we are reduced to lower-order terms.

Case (iii) (g > 0 and deg(«) < g) By the dimension constraint we have

n
> deg(yi)—n > k.
i=1
Hence after reordering we may assume y; = --- = y; = p. Consider the degeneration
of R to the normal cone of a nonsingular fiber F,

R~ RUEg (P! x E).

We let p: P! x E — P! be the projection to the first factor and let E denote the fiber
of p over 0 € P'. We apply the degeneration formula [27; 28], where we specialize
the insertions y1, ..., yx to the component P! x E and lift the other insertions by
pullback. In the notation of Section 4 the result is

G4 pCg(y1,.- yvm) =

1_[' 7’ E e
o L (e (s s ) BCH" (0K v, ),

m=>0
M- 5nm’ela ,em
{k+1,..., n}=S1US>
g=g1+g2+m—1

where 71, ..., i, run over all positive integers summing up to k, £1, ..., £, run over
all diagonal splittings in the partitions
A\ A\
= (ni,AE,Z,-)?Lp Q = (ni’AE,[i):'n:ls

the map £ is the gluing map along the relative markings, and £°™ is pushforward
by & followed by taking the summands with connected domain curve.

We will show that the right-hand side of (34), when integrated against any tautological
class, is a quasi-Jacobi form of index %Q Eg-

By the product formula [25] and [33, Theorem 2], each term

E b .
ol Eor ok, ys,:nY)
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is a cycle-valued quasimodular form. We consider the first factor

JT/E

(35) Corn (vsi:m)

after integration against any tautological class. We make two reduction steps:
Step 1 We may assume (35) are connected Gromov—Witten invariants.

(Proof: The difference between connected and disconnected invariance is a sum of
products of connected invariants of R/E of degree lower than k& over the base. Hence
by Proposition 26 and the induction hypothesis they are quasi-Jacobi forms after
integration against tautological classes.)

Step 2 We may assume g1 = g.

(Proof: If g; < g, then the series (35) is a quasi-Jacobi form after integration, by
Proposition 26 and induction.)

By the above steps it remains to consider the terms of (35) which are connected and of
genus g. We will show that the term

E > .
Pl (v, RO (K. 7s,:1)
is zero after integration against any tautological class. Consider a stable relative map
in the corresponding moduli space and let

f:Cy — (P x E)[d]

be the component which maps to an expanded pair of (P! x E, Eg). Since g =
g1+g2+m—1,wehave go =1—m, hence C; has at least m connected components
of genus 0. Since each such component meets the relative divisor £ and moreover
I(n) = m, the domain curve of the stable map to P! x E is a disjoint union of m
rational curves. Since rational curves are of degree 0 over the E—factor and the stable
map to P! x E is incident to k given point insertions, the Gromov—Witten invariant is
zero unless m = k and n = (1, w)* where w € H2(E) is the point class. Case (iii)
then follows from Lemma 27 below. m|

Lemma 27 Forallk >0 and y1,...,y, € H*(R), we have
o E i (L)) =0,

where w € H?(E) is the class of a point.
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Proof First we consider the case k > 0. Let 8 € H2(R,Z) be a curve class with
w«fB = k. Let L € Pic(R) be the line bundle with ¢1(L) = 8. Consider a relative
stable map to an extended relative pair of (R, E) in class 8,

f:C — Rla].

Since R is rational, the universal family of curves on R in a given class is a linear
system. Hence the intersection of f(C') with the distinguished relative divisor £ C R[n]
satisfies

Oe(f(C)NE)=L|E.

Let x1,...,x € E be fixed points with O (x1 + ...+ xi) # L|g. It follows that
no stable relative map in class f is incident to (x1,...,Xx;) at the relative divisor. We
conclude

[Mg n(R/E. B: ()" x [ | evi™ ([xi]) = 0.

i=1

which implies the claim.
It remains to consider the case kK = 0. We have the equality of moduli spaces
Mg n(R/E.dF: () = Mg n(R.dF).

Under this identification the obstruction sheaf of stable maps to R relative to E for a
fixed source curve C is

Obc, s = H'(C, f*Tr/E),

where Tg/g = QRr(log E)Y is the log tangent bundle relative to E. Since Kg+E =0,
there exists a meromorphic 2—form

o e H'(R,Q%(E))

with a simple pole along E and nowhere-vanishing outside E. By the construction
[41, Section 4.1.1], the form o yields a surjection

Obc’f —> C,

which in turn induces a nowhere-vanishing cosection of the perfect obstruction theory
on the moduli space. By [21] we conclude

[Mgn(R/E,dF:()]"" =0,

which implies the claim. a
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5.8 Proof of Theorem 24

The holomorphic anomaly equation is implied by the following compatibilities, which

cover all steps in the algorithm used in the proof of Theorem 23:

The compatibility with boundary restrictions (parallel to [33, Section 2.5]).
The compatibility with the degeneration formula (Proposition 26).
The compatibility with the WDV'V equation (special case of (i)).

The compatibility with the divisor equation (follows by proving a refined weight
statement parallel to [33, Section 3]).

The holomorphic anomaly equation holds for [ Co,1() = O, AT1/2, O

6 The Schoen Calabi-Yau threefold

6.1 Preliminaries

Let X = R; Xp1 Ry be a Schoen Calabi—Yau and recall the notation from Section 0.2.

In particular we have the commutative diagram of fibrations

(36)

X

>

Ry i R,

N

Pl

Let o € H2(R1,Z) be a curve class. For all (g,a) ¢ {(0,0), (1,0)}, define

Fg,a(227q2):/6g’2a() = Z q;’Vzﬂé-l; / 1.

i Mo (X.B)IT

For all (g, k) ¢ {(0,0),(1,0)}, we have

(37

For(Z1.22.91.42) = Y Fea(z2.42)q) “e(z1-a).
a€H>(R,Z)
piso=k

We first prove a weaker version of Theorem 1.
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Proposition 28 We have

QJaC(qz ,22) .

(611,21)
Algn? 5 0m © Kig R Yo,

1
F
NV L

Proof The Schoen Calabi—Yau can be written as a complete intersection
X c P! xP?x P?

cut out by sections of tridegree (1, 3,0) and (1,0, 3). Hence there exist smooth elliptic
fibers E£; C R; of m; for i = 1,2 and a degeneration

(38) X v (R X E2) UE, xE, (E1 X R3)
which is compatible with the fibration structure of diagram (36).
The degeneration formula applied with respect to this degeneration yields

(9 For= 3 l_L I (g (RAXED (ErXED ) (B xR (ErxED

Nlseees nm,fl yyyyy L
g=g1+g2+l(n)—1

where 71, ..., n, run over all positive integers summing up to k, the £1,..., £, run
over all diagonal splittings in the weighted partition

1] = (nia AE] XEQ,K[);nzli QV = (7]1'» Aélez’ﬁi)lmzlv

and the sum is over those disconnected stable maps on each side which yield a connected
domain after gluing (the bullet e reminds us of the disconnected invariants); moreover
we have used

(@n )(Rlez)/(Elez),o: Z (@ >(R1xE2)/(E1xE2)’.qW1(R1>.ﬁ (E2).p

g1,k 21,8 1 p) exp(z1-B),

s« B=k

where we use the Gromov—Witten bracket notation on the right side and
W R wiE2) ¢ H2(Ry x Es)

are the pullbacks of Wi € H?(R;) and the point class [0] € H?(E), respectively. The
definition of the second factor in (39) is parallel.
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‘We will show

(R1XE>)/(E1xE2),e 1 (q1,21)
(40) (glﬂ)gl,lk 2 1 2 c —A(ql)k/zQJaC lQ 18 ®QMOd(42)

By an induction argument it is enough to prove the statement for connected Gromov—
Witten invariants. Let us write

=i.ci ®d;)/L, for c; e H*(E1), di € H*(E»).

Then the relative product formula [25] yields

R\ XE E\xXE R\/E
(@) R EED — [ B @ ) CE ),
g.m

where p is the forgetful map to Mg m- By [18; 33], the class Cg1 (dy,....dy) is a
linear combination of tautological classes with coefficients that are quasimodular forms.
Using Theorem 23 and Proposition 26 we obtain (40).

By an identical argument for E; x R, we conclude that

— _QJac (q1,21) ® ——Qla C(L]zszz). 0

F €
SNV et 17 A@ng 50s,

6.2 Proof of Theorem 1

We first show that the classes Cgfa( ) satisfy the holomorphic anomaly equation
numerically, ie after taking degrees. Using the degeneration (38) and the compatibility
of the holomorphic anomaly equation with the degeneration formula (Proposition 21),
the holomorphic anomaly equation for [ C « follows from the holomorphic anomaly
equations for the elliptic fibrations

pri: RixEy — Ry and idg, Xp2: E1 xRy — E4 x P1

relative to £ x E5. To show the holomorphic anomaly equation for Ry x E5 (relative
to E1 x E,) we again apply the product formula [25] and use the holomorphic anomaly
equation for the elliptic curve [33]. For E; x R, we apply the product formula and
Theorem 24. Hence Cg,za ) satisfies the holomorphic anomaly equation numerically.

From Lemma* 16, after numerical specialization it follows that

Few € ) Ker(Ty).
AeEéz)
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or equivalently, that Fg o satisfies the elliptic transformation law.2° By (37), and since
F¢ k is symmetric under exchanging (z1,¢1) and (z2,¢2), we obtain

Fex € N Ker(T;, ® Ty,).
l] GEél), AQGEéz)

Similarly, the series Fg x is invariant under reflection along the elliptic fibers of
and 5. Since every reflection along a root can be written as a composition of translation
and reflection at the origin, we conclude that

T (q1,21) 1 Tar.(g2,22)
For € ———Jac ® ——Jac )
T AguR T Bk T gy T Bk

Finally, the weight of the bi-quasi-Jacobi form follows from the holomorphic anomaly
equation; see Section 3.1 and [33, Section 2.6]. O

6.3 Proof of Theorem 2

Assume first g > 2 or k > 0. Using (37) and Proposition* 19,27 we find

_4
dCa(qa) **

Z qwlafa[KR1+0‘ a)Fg—10 + Z (o, 0‘2>Fg1,a1Fg2,az]

prxo=k g=81+82
a=o1+on

(41)

We analyze the terms on the right side. If we write o« = kW + dF + o for some
d>0and o € Eél), then we have

(o, ) = 2kd + (g, o), (KRl,a)=—k.
Hence the first term in the bracket on the right of (41) can be written as

Z gl e (KR, + o, a)F g1 4
DP1x0= =k

8
= (_k +2kDg, — Z (QE;)UDZIJDzl,j)Fg—lak'
ij=1

26Gince Fg.o is invariant under translation by sections of 2, this also follows from Section 3.4.
27n the proof of Theorem 1 we have shown that Conjectures A and B hold for the Schoen Calabi—Yau
numerically. Hence we may apply Proposition* 19 unconditionally.
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With a similar argument the sum

w
Z qq ey Z (o1, 02)Fg1 .00 Fanian

pixa=k g=g1+8&2
a=a)+az

g1>2or prxa1>0

g2>2or prxa2>0

yields exactly the second term on the right in Theorem 2. Using Lemma 29 below, the
remaining terms are

W,
2 Y gt > {e—tFAF)Fg g tr Fgur
pixoe=k g’e{O,l};Kzl
W o(f)
=2 Z q; lafaZkK'Fg—l,a—eFl 127
prxa=k =1
= (24k Za(ﬁ)q{)Fg_l,k.
>1

Putting all three expressions together yields the desired expression.

Finally, if g =2 and k = 0 a similar analysis shows

d

—F =0.
dCy(qr) >°

Lemma 29 For all (£1,4£5) # 0 we have

N _ (1284,00(82) /42 + 128,00 (1) /41 if g =1,
gliFi+F T ) if g #1.

Proof Using the degeneration (38) we have

)(R1XE2)/(E1><E2) (E1><R2)/(E1XE2)‘

X _
Ng,€1F1 +iFy (2 g1 F1+42F> + <®|®)g,€1F1+52Fz

Because the surface E; x E» carries a holomorphic symplectic form, all Gromov—
Witten invariants of P! x E; x E, with nontrivial curve degree over E1 x E, vanish.
Hence by a degeneration argument we have

>(R1XE2)/(E1><E2) <®)R1XEz

(ol@ g1 F1+42F> g1 F1+L2F>”

The expression for the second term is parallel. Now the result follows by adding in
markings, using the divisor equation and applying the product formula. a
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6.4 Proof of Corollary 3

Since the series Fg o satisfies the holomorphic anomaly equation, the disconnected

series Fg , satisfies (22). The claim now follows from Lemma 7.

7 Abelian surfaces

7.1 Overview

We present (Section 7.2) and prove numerically (Section 7.4) the holomorphic anomaly
equation for the reduced Gromov—Witten theory of abelian surfaces in primitive classes.
The quasimodularity of the theory was proven previously in [6]. The result and strategy
of proof is almost identical to the case of K3 surfaces which appeared in detail in
[33, Section 0.6], and we will be brief. Since we work with reduced Gromov—Witten
theory, an additional term appears in the holomorphic anomaly equation for both abelian
and K3 surfaces. This term appeared somewhat mysteriously in [33] in the form of a
certain operator o. In Section 7.3 we explain how it arises naturally from the theory of
quasi-Jacobi forms.

7.2 Results

Let E1, E5 be nonsingular elliptic curves and consider the abelian surface

A=E|xE,
elliptically fibered over E; via the projection 7 to the first factor,

w: A— Ej.
Let O, € E> be the zero and fix the section

i E1 =E1 x0g, = A.
A pair of integers (d;, d>) determines a class in Hy(A, Z) by
(d1.d2) = diux[Er] + d2 j«[ E2],

where j: O, X E» — A is the inclusion.

Since A carries a holomorphic symplectic form, the virtual fundamental class of
Mg (A, B) vanishes if B # 0. A nontrivial Gromov—Witten theory of A is defined
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by the reduced virtual class [Mg » (A, B)]™¢; see [6] for details. For any y1,...,¥n
in H*(A) define the reduced primitive potential

o0 n
Ag(Vl, ceey Vn) = Z qd”* ([Mg,n(A, (17 d))]red l_[ ev;k(yl))
d=0 i=1 _
€ Hyx(Mg n(Ev, )[4
By deformation invariance the classes Ag determine the Gromov—Witten classes of
any abelian surface in primitive classes.
Conjecture E  Ag »(y1,...,¥n) € QMod ® Hy(Mg n(E1, 1)).
We state the reduced holomorphic anomaly equation. For any A € H*(A), define the
endomorphism A(A): H*(A) — H*(A) by
AQ)y =AUn*me(y) —n*n(AUy) forall y € H*(A).

Define the operator T by?®

n
T Agn(Vie-vn) =Y Agn(1.. ... AQ)Vi. ... Yn).

i=1
Let V C H?(A, Q) be the orthogonal complement to {[E1], [E2]} and define
4
(42) Ta=— > (G VijTy Ty,
i,j=1
where {b;} is a basis of V and G = ((b;, b;))i,; -
Recall also the virtual class on the moduli space of degree 0,

[MonxA] ifg=0,

M A,O vir _
(Fen(n o) = | oy

where we used the identification Mg »(A,0) = Mg, x A. We define

A (V1e - V) = T ([Mg,n (A, 0)]" Hev}"(yi))-

28The notation T (serif) matches the expected value of the action of the anomaly operator T
(sans-serif) given in Lemma* 16. The operator T} is defined independently of the modular properties
of A.
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Consider the class in H (Mg,n(E 1, 1)) defined by

43) HZ(1.....yn) =

A A (v LD 2 Y A (A (75, D EAY (s, 1)

g=811+8&2
{1,....,n}=51US>

n
_2Z~Ag(7/1,---,Vi—l,”*ff*)/i,yi—i—l,---,Vn)UWi+TA~Ag(V1,---,Vn)-
i=1

. d
Conjecture F d_CzAg(yl’ cees¥Yn) = H?(Vl, s V).

Let p: Mg,n (E1,1) —> Mg,n be the forgetful map, and recall the tautological subring
R*(Mg ) C H*(Mg ). In the unstable cases we will use the convention of Section 5.2.
By [6], Conjecture E holds numerically:

(44) / p(@)NAg(y1....,vn) € QMod
Mg.n(El,l)

for all tautological classes o € R*(M ¢,n). We show the holomorphic anomaly equation
holds numerically as well.

Theorem 30 For any tautological class « € R*(Mjg ),

dLQ[p*(a)ﬂAg(Vlv'--vVn):/P*(O‘)HH?(VI,...,)M).

7.3 Discussion of the anomaly equation

The holomorphic anomaly equation for abelian and K3 surfaces (see [33]) require two
modifications to Conjecture B. The first is the modified splitting term (the second term
on the right-hand side of (43)). It arises naturally from the formula for the restriction
of the reduced virtual class [-]™¢ to boundary components; see eg [31, Section 7.3].

The second modification in (43) is the term TAAg (1, ..., ¥n), Which appears for K3
surfaces in [33, Section 0.6] in its explicit form. To explain its origin we consider the
difference in definition of the Gromov—Witten potentials Cg , and A. The class Cg
is defined by summing over all classes § on X which are of degree k over the base,
while for A we fix the base class [E;] and sum over the fiber direction [E1] + d[E>3].
The latter corresponds to taking the ¢%—coefficient of the quasi-Jacobi form Cg’k. By
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Proposition 10 the Cp—derivative of this ¢%—coefficient then naturally acquires an extra
term, which exactly matches 7T Ag .

To make the discussion more concrete consider a rational elliptic surface 7: R — P!
and consider the ¢%—coefficient of the class Cok=1-

Rg(v1.---.vn) =[C5 1 (v1. - ... vn)lco.

The class Rg should roughly correspond to the classes Ag for abelian and g for K3
surfaces.?® Assuming Conjecture A and using Section 1.5.3 we find Rg is acycle-
valued SL,(Z)—quasimodular form. Assuming Conjecture B and using Proposition 10
then yields the holomorphic anomaly equation

d
d_CzRg(Vl’---’Vn)z

WA R (1, v LD +2 Y A (Re, (75, D RCE, 4(ys,. 1))

g=g11t8>
{1,...,n}=S1US>

n
—2> Rg(V1. o Vit T TaYi Vigto oY) UV + TARg (1. ... V).

i=1
where the operator Ta is defined as in (42) but with V replaced by H Jz_ Hence we
recover the same term as for abelian and K3 surfaces.

7.4 Proof of Theorem 30

The quasimodularity (44) was proven in [6] by an effective calculation scheme using
the following ingredients: (i) an abelian vanishing equation, (ii) tautological relations /
restriction to boundary, (iii) divisor equation, (iv) degeneration to the normal cone of
an elliptic fiber. One checks that each such step is compatible with the holomorphic
anomaly equation. For the K3 surface this was done in detail in [33], and the abelian
surface case is parallel. |

Appendix A Cohomological field theories

A.1 Introduction

A cohomological field theory (CohFT) €2 is a collection of classes
Qgn(vi,...,vp) € H (Mg, A)

29The classes Kg are the analogues of Ag for K3 surfaces; see [33, Section 1.6] for a definition.
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satisfying certain splitting axioms with respect to the boundary divisors of 1\7Ig,n;
see [19] for an introduction. Here the CohFT has coefficients in some commutative
Q-—algebra A. Pushing forward the Gromov—Witten virtual class (after capping with
classes pulled back from the target space) is one of the main ways of constructing
cohomological field theories.

There are two important group actions on CohFTs. The first is by the automorphism
group Aut(A) of the coefficient ring A. The second is Givental’s R—matrix action,
which involves the boundary geometry of M, ¢.n- Teleman [44] proved that for semi-
simple CohFTs, any two CohFTs with the same values on 1\7[0,3 are related by the
action of a unique R-matrix. This has the following consequence relating the two
actions. Suppose that 2 is a CohFT and ¢ € Aut(A) is an automorphism fixing $2¢,3.
Then there must exist a corresponding R-matrix taking © to ¢(£2) under Givental’s
action. For nonsemisimple theories, such a correspondence may still exist but is not
guaranteed.

Now suppose that D is a derivation of 4 and we are interested in a formula for D(£2).
In this case, exp(¢D) is an automorphism of A[¢]], so we may ask whether Q2 and
exp(tD)(S2) are related by some R-matrix. If they are, then taking the linear part of
Givental’s R—matrix action gives a formula for D(2). In other words, derivations of
the coefficient ring correspond sometimes to a linearization of the R—matrix action.

In this appendix we will apply this perspective to the holomorphic anomaly equations
conjectured in this paper. Things are more difficult than in the discussion above because
the 7 —relative Gromov—Witten generating series C g’k discussed in this paper is not quite
a CohFT (as it takes values in Hx (Mg »(B,k)), notin H*(M, ,)). In Section A.2 we
address this issue by defining weak B —valued field theories, and then in Section A.3
we define an (infinitesimal) R-—matrix action on these theories. In Section A.4 we
describe how our conjectured holomorphic anomaly equations can be expressed via a
function from the Jacobi Lie algebra to the space of R—matrices satisfying a cocycle
condition.

A.2 Weak B —valued field theories

Let B be a nonsingular projective variety. For convenience, let H = H*(B,Q).
Let V be a finitely generated H —module with a perfect®® pairing of H —modules

30By Poincaré duality of B the pairing 7 is perfect if and only if the Q—valued pairing [ 1 is perfect.
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n: V xV — H and a distinguished element 1 € V. Let A be a commutative Q—
algebra. Then a weak B—valued field theory®' Q on (V,n,1) with coefficients in 4 is
a collection of maps

Qf VO - Hu(Mgn(B.K)® A

(all tensor products taken over QQ unless otherwise stated) defined for all g,n > 0 and
ke Hy(B,Z) with 2g —2+n > 0 or k > 0, satisfying the following four conditions:

(i) Each map QY , is H"—equivariant, where the i t copy of H acts on the i
factor of V' ®" and by pulling back classes to Mg »(B, k) using the evaluation

map at the i marked point.

(i) Each map Qg’n is S, —equivariant, where S, acts by permuting the factors of

V®" and permuting the labels of marked points in Mg ,(B, k).
(iii) For any classes v,w eV,
98,3(1, v, w) =n(v, w)
under the isomorphism Hx (Mo 3(B,0) ® A=~ H ® A.

For the fourth condition, we will need two further definitions. First, define the quantum
product * on V' @ A by the property

528,3(u, v, w) =n(u*xv,w).

Second, suppose that ¢: 1\7Ig,n+1 — Mg,n+2 is defined by replacing the marked
point p,4+; by a rational bubble containing two marked points pn+1, pnt+2. Let
F be the fiber product of this map and the forgetful map M, ent+2(B, k) — M g nt2.
One connected component of F is naturally isomorphic to M ¢.n+1(B, k). Given any
class a € H*(Mg’n+2(B, k), let tFor € H*(Z\7Ig,,,+1(B, k)) be the restriction of (' to
this component. Then our fourth condition is:

(iv) For any g,n,k, and vy,..., V542,
HQK (v Unia2) = QX (v Un, VU * Up42)
g,n+2 1,5 VUn+42 g,n+1 155 Vn, Un41 n+2)-

31The word “weak” in this name refers to the fact that we only use a single boundary divisor in
condition (iv) of the definition. The analogous condition in the definition of a cohomological field theory
uses all boundary divisors of Mg ;.
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It is straightforward to check that the w —relative Gromov—Witten generating series Cg,k
discussed in this paper forms a weak B-valued field theory on (H*(X,Q),n,1)
with coefficients in Q[[q%, ], where the pairing is given by n(«, 8) := w«(af). If
we assume Conjecture A then we may take the coefficient ring A to be the algebra
QlJac[A~1/2].

A.3 Matrix actions

In this section, we define a matrix action on weak B—valued field theories that should
be viewed as an infinitesimal analogue of Givental’s R—matrix action on cohomological
field theories. Fix the data (V, n,1) and the coefficient ring A as before. Let R(V, n)
be the (associative) algebra of formal Laurent series

M = --~+M_1Z_1—|-M0+M12+~~-,

where M; is an element of V®g V' for i >0 and an element of End(V) =Hompg (V, V)
for i <0 (and vanishes for all i sufficiently negative). The multiplication on R(V, n) is
defined by contraction by the pairing : V ® g V — H along with the homomorphism

V&gV — End(V)
defined by (a ® b)(v) = n(b,v)a.
Let M be an element of R(V, n) ® A satisfying the following two conditions:

(a) Let My €V ®pg V[z]| ® A be the part of M with nonnegative powers of z.
Then we require that

My (2) + MY(~2) = 0,
where Mjr is defined by interchanging the two copies of V in V @y V.
(b) The principal part of M is of the form
M—Mi =myz"1,

where v e V® A and m,, € End(V)® A is the operator of quantum multiplication
by v.

Given a weak B-—valued theory 2 on the above data, we define new maps

(ru Q)% 0 V®" — Hy(Mg 1 (B.K) ® A
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by
(rMQ)g,n (V1,...,0p) =

1 ok
— EL*A Qg—l,n-‘rZ(vl’ «es Un, 8)

1 - Aok 1 k 2
—5 D AR 5 s EDRQY oL (vs,,6P))

25

g=g1182
{1,..., n}=S;US>» n
k=ki +k
e +ZQ§’n(v1,...,vi_l,MJrvi,viH,...,v,,)
i=1
—p*Qz,nJrl(vl,...,vn,le),
where £ is any lift of
My (z) +ML(Z)
Z+Z,+ ce(VeuVz.2]® A

to (V ®q V)[z,z']| ® A, we are using notation as in Conjecture B, and all z variables
should be replaced by capping with the corresponding i classes.

‘We make some comments on rps$2:

(1) If Q is a weak B-valued field theory with coefficients in A, then 2 + ¢ - rps €2
is a weak B—valued field theory with coefficients in A[t]/#2.

(2) Our main holomorphic anomaly equation, Conjecture B, can be restated as saying
chﬂ = 7_2(1®1)ZC7T,

where T, is the derivation defined in Section 1.3.3 on the coefficient ring
A = Qlac[A™1/2].

(3) If M =myz~! for some v eV ® A, then My = 0 and the definition above
simplifies to

k k
"y 21 g (V15 V) = —psQ% 511 (V1. ., Vp, V).
Then the divisor equation says that
chﬂ = r_mWZ_lc”, D, C"=r_, . ,—1C".

A.4 The derivation—matrix correspondence

The derivations T4, Dy, D) on QJac generate the Jacobi Lie algebra. We have seen
above that the action of each of these derivations on C” is given by some matrix
action rps . The following general result extends this to the entire Jacobi Lie algebra.
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Proposition 31 Let 2 be a weak B —valued theory on (V, n, 1) with coefficients in A.
Suppose that D1, D, are Q—linear derivations of A and My, M, € R(V, n)® A satisfy
the conditions (a) and (b) used to define rpr, $2, ryp, 2 above. If

DiQ =rp, Q2
fori =1,2, then

[D1. D2]Q = r[M1,M2]+D1(M2)—D2(M1)Q'

Sketch of proof We can compute D1 D»$2 = D1rp, 2 by applying the derivation D4
to the definition of rpz, €2, then replacing D1£2 in the result with rpz, €2, and finally
expanding rpz, €2 using its definition. Repeating this procedure for D> D12 and
taking the difference, most terms cancel. The noncanceling terms come from several
different sources (applying D; to the coefficients of M;; M and M> not necessarily
commuting; p*v; # ¥;; Mo 2(B,0) being unstable) and sum to the claimed matrix
action. ml

Assuming Conjecture B and applying this result to C”, we have the following corollary:

Corollary* 32 Let J be the Jacobi Lie algebra of derivations of QJac generated
by T4, Dy and D, . Then there exists a function

fiJ->RUV, D QJac[A_l/z]
such that
DC™ = I’f(D)CJr
forall D € J.

It is straightforward to compute the function f above from the initial values, the
commutator formulas in (12), and the formula in Proposition 31:

f(Ty) ==-2(1® 1)z, f(TH=A®1-1®1),
(45) f(Dg) =—mwz", f(D;)=-myz 71,
F(=3[Tg.Dg) =W 118 W), f([Tr.Dul) =mprn.apmz "

Lemmas* 14 and 16 can be recovered from the values of f (—%[Tq, Dyg]) and f(Ty).
The fact that the function f satisfies the Lie algebra cocycle condition

J([A, B]) = [f(A), fF(B)] + A(f(B)) — B(f(4))

can be viewed as a check on Conjecture B.
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Appendix B K3 fibrations

B.1 Definition

The second cohomology of a nonsingular projective K3 surface S is a rank-22 lattice
with intersection form

H*(S,2)=U U U @ Eg(—1)® Eg(—1),
where U = ((1) (1)) is the hyperbolic lattice. Consider a primitive embedding
A C H%*(S,Z)
of signature (1,7 — 1) and let vy,...,v, € A be an integral basis.
Let X be a nonsingular projective variety with line bundles
Ly,....L, > X.
A A —polarized K3 fibration is a flat morphism
n: X - B
with connected fibers satisfying the following properties:32
(i) The smooth fibers X¢ of 7 for § € B are A—polarized K3 surfaces via
vi = Lilx,.
(i) There exists a A € A which restricts to a quasipolarization on all smooth fibers

of m simultaneously.

Given a curve class k € Hy(B,Z) and classes y1,...,yy, € H*(X) we define the
7 —relative Gromov—Witten potential

n
CEeev) = Y ar' P gl ([Mg,m, A ] ev;"(y,-)),

7w« B=k i=1

where 7: ]\7Ig,n (X,B) — ]\7Ig,n (B, k) is the morphism induced by 7.

32We refer to [22] for the definition of a A —polarized K3 surface.
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Problem Find a ring of quasimodular objects R C Q[[qitl, ....qF1] (depending
only on A) such that for all g, k and yy,..., y, we have

Cg,k(yl’ “eey yn) G H*(Mg’n(B, k)) ®R.

By quasimodular objects we mean here functions of ¢1, ..., g, which have modular
properties after adding a dependence on nonholomorphic parameters. We moreover
ask the derivative along the nonholomorphic parameters to induce a derivation on R.
We expect the classes Cg  to be governed by a holomorphic anomaly equation taking
a shape similar to Conjecture B. We discuss a basic example in the next section.

B.2 An example

The STU model is a particular nonsingular projective Calabi—Yau threefold X which
admits a K3 fibration

w: X — P!
polarized by the hyperbolic lattice U via line bundles L, L, — X . Every smooth

fiber X¢ of 7 (§ € P1) is an elliptic K3 surface with section. The line bundles L;
restrict to

Lilx, =F, Lalx,=S+F,
where S, F € H*(X g, Z) are the section and fiber classes, respectively.

By [22, Proposition 5] we have the following basic evaluation of the 7 —relative potential
of X:

E4(q1)Es(q1)  Ea(g2)
A(q1) Jlq) —j(q2)’

(46) /Co,o(Lz, Ly, Ly)=2

where E; = 1 4+ O(q) are the Eisenstein series and j(g) = ¢~ ' + O(l) is the j—
function, and the expansion on the right-hand side is taken in the region |g1| < |g2]|. Tt
is hence plausible for R to be the ring (of Laurent expansions in the region |q1| < |g2|)
of meromorphic functions of ¢; and g, which are quasimodular in each variable and
have poles only at g1 = ¢, and ¢; = 0 for i € {1,2}. The modularity in each variable
on the right-hand side of (46) is in agreement with the expected holomorphic anomaly
equation.
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