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A finite Q-bad space

SERGEI O IVANOV
ROMAN MIKHAILOV

We prove that, for a free noncyclic group F, the second homology group H, (ﬁ@, Q)
is an uncountable Q-vector space, where F @ denotes the Q—completion of F. This
solves a problem of A K Bousfield for the case of rational coefficients. As a direct
consequence of this result, it follows that a wedge of two or more circles is Q—bad
in the sense of Bousfield—Kan. The same methods as used in the proof of the above
result serve to show that H2(F 7, 7)) is not a divisible group, where F, 7 is the integral
pronilpotent completion of F.

14F35, 16W60, 55P60

1 Introduction

In the foundational work [4], A K Bousfield and DM Kan introduced the concept
of R—completion of a space for a commutative ring R. For a space X, there is an
R—completion functor X +— Roo X such that a map between two spaces f: X — Y
induces an isomorphism of reduced homology H, (X,R) = fl*(Y, R) if and only
if it induces a homotopy equivalence Roo X >~ R Y. Thus, R—completion can be
viewed as an approximation of the R—-homology localization of a space, defined by
Bousfield [1]. For certain classes of spaces, such as nilpotent spaces, R—completion
and R-homology localization coincide.

The R-completion functor for spaces is closely related to the R—completion functor
for groups. For a group G, denote by {y;(G)};>1 the lower central series of G. We
will consider the pronilpotent completion GZ of G as well as the QQ—completion GQ,
defined as

Gz =1imG/yi(G) and Gg =1imG/yi(G)® Q.

Here G/yi(G) ® Q is the Maltsev Q-localization of the nilpotent group G/y;(G).
One can find the definition of Z /p—completion @Z /p 10 [4; 2]. In this paper we do not
use Z/p—completion and work only over Z or Q. It is shown in [4, Chapter 4] that
the R—completion of a connected space X can be constructed explicitly as W (T?\X) R>
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where G is the Kan loop simplicial group, (G/)?) g is the R—completion of GX and
W is the classifying space functor.

A space X is called R—good if the map X — RooX induces an isomorphism of
reduced homology H, (X,R) =~ H, (Roo X, R), and called R-bad otherwise. In other
words, for R—good spaces, R—homology localization and R—completion coincide.

There are a lot of examples of R—good and R-bad spaces. The key example of [4] is
the projective plane R P2, which is Z-bad. This fact implies that some finite wedge of
circles is also Z-bad. Bousfield [2] showed that a wedge of two circles is Z-bad. In [3],
Bousfield proved that, for any prime p, a wedge of circles is Z/p-bad, thus providing
the first example of a finite Z /p-bad space. For R a subring of the rationals or Z/n,
where n > 2, and a free group F, there is a weak equivalence [4, Proposition 5.3]

RooK(F,1) ~ K(Fg.1).

Therefore, the question of R—goodness of a wedge of circles is reduced to the question
of nontriviality of the higher R—homology of the R—completion of a free group. The
same question naturally appears in the theory of HR-localizations of groups. In
[2, Problem 4.11], Bousfield posed the following problem:

Problem (Bousfield) Does Hz(ﬁ R, R) vanish when F is a finitely generated free
groupand R=Q or R=7Z/n?

In the recent paper [7], we show for R =7 /n that Hz(ﬁ' R, R) is an uncountable group,
solving the above problem for the case R = Z/n. The key step in [7] substantially
uses the theory of profinite groups. Hence the method given in [7] cannot be directly
transferred to the case R = Q.

We answer Bousfield’s problem over Q. Our main results are the following theorems.

Theorem 1 For F any finitely generated noncyclic free group, Hz(ﬁ@, Q) is un-
countable.

We also prove that the image of the map Hz(ﬁ 7,7) —> Hz(ﬁ@, Q) is uncountable.

Theorem 2 For F any finitely generated noncyclic free group and p any prime,
H,(Fz.7/p) is uncountable. In particular, H,(Fz, Z) is not divisible.

Theorem 2 answers a problem we posted in [6]. As mentioned above, Qoo K(F, 1) =
K (ﬁ@, 1). Therefore, Theorem 1 implies the following:
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Corollary A wedge of > 2 circles is Q-bad.

As far as the authors know, this is the first known example of a finite Q—bad space.

The proof is organized as follows. In Section 2 we discuss technical results about power
series. The main result of Section 2, Proposition 2.1, states that the kernel of the natural
map between a rational power series ring and the coinvariants of the diagonal action
of the rationals on the exterior square Q[x] — A2(Q[x])q, given by f + f Al,is
countable. (In the proof of the proposition we use the fact that the group algebra Q[Q]
is countable. In the similar statement for the Z /p—completion we should consider the
mod- p group algebra of the group of p-adic integers 7 /p[Z ], which is uncountable.
So this method fails for Z/p—completions.) In Section 3, we consider the integral
lamplighter group,

£6 = (a,b|[a,a®]=1,i € Z),

which is isomorphic to the wreath product of two infinite cyclic groups, as well as
its p—analog Z/p? C, where C denotes an infinite cyclic group. The group LG is
metabelian; therefore, its completions Z?Z and ZEQ can be easily described (see
(3-1) and (3-2)), and the homology group H, (Z?Q, Q) is isomorphic to the natural
coinvariant quotient of the exterior square A?(Q[x]). The key step in the proof of the
main results occurs in Section 4, in Proposition 4.1. Let F = F(a, b) be a free group of
rank two with generators ¢ and b. We construct (see Proposition 4.1) an uncountable
collection of elements r4, 54 € Fz such that [rq.allsq,b]=11in Fz. One can consider
the group homology Hz(ﬁ 7., 7) as a kernel of the commutator map F 7 A F 7 — F 7
given by a A b + [a, b], where Fz A Fyz is the nonabelian exterior square of Fz; see
Brown and Loday [5]. Therefore, the pairs of elements rg, 54 € ﬁZ (through their
association with (ry Aa)(sq AD) € Fy A Fz) define certain elements of Hz(ﬁ 7, 7).
Next we consider the following natural maps between homology groups of different
completions, which are induced by the standard projection F — LG:

Hy(Fo,Q) +—— Hy(Fz,Z) — Hy(Fz,Z/p)

|7

H>(LGg. Q) H,(LGz.Z/p)

We show, in Section 5, that the sets of images of the elements (14 A a@)(sq A b) in
H, (ZEQ, Q) and H, (Z?Z, 7/ p) are uncountable. Theorems 1 and 2 follow.
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2 Technical results about power series

We denote by C an infinite cyclic group written multiplicatively as C = (¢). For a
commutative ring R we denote by R[x] the ring of formal power series over R and
by R|[C] the group algebra of C. Consider the multiplicative homomorphism

7. C = R[x], t(t)=1+x.
The induced ring homomorphism is denoted by the same letter:

7: R[C] — R[x].

Lemma 2.1 Let I be the augmentation ideal of R[C] and set R[C]" = lim R[C)/T'.
Then t(I™) C x" - R[x] and t induces isomorphisms

R[C]/T" = R[x]/x" and R[C]" = R[x].

Proof Ifweset x =7—1, we obtain R[C]= R[x, (14+x)"!]and I =x-R[C]. Observe
that the image of the element 1 + x in R[x]/x" is invertible. Since localization at the
element 14X is an exact functor, the short exact sequence x”- R[x]>— R[x]—> R[x]/x"
gives the short exact sequence (x” - R[x])14+x > R[C] = R[x]/x". It follows that
R[C]/x™ = R[x]/x". The assertion follows. |

Denote by ¢ the antipode of the group ring R[C]:

o: R[C]— R[C], O(Z aili) = Zait_i.

Obviously o (1) = I", and hence it induces a continuous involution
6: R[C]" — R[C]".

Composing this involution with the isomorphism R[C]" = R[[x] we obtain a continuous
involution

o: R[x] — R[x]
such that

Fx)=—x+x>—x>+x*—....

Consider the case R = Q. Note that the set 1 4+ x - Q[x] is a group and there is a
unique way to define the r—power map f +— f" for r € Q that extends the usual
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power map f > f” sothat f7172 = (f"1)"2 (see Lemma 4.4 of [6]). This map is
defined by the formula

f’=§fcgo¥4w
n=0

where (7)) = r(r —1)---(r —n + 1)/n!. Denote by C ® Q the group Q written
multiplicatively as powers of t: C ® Q = {¢" | r € Q}. Consider the multiplicative
homomorphism

(2-1 Q: C®Q — Q[x]
that extends 7: C — Q[x]:
(") =(1+x)".

The induced ring homomorphism is denoted by the same letter:

1Q: Q[C ® Q] — Q[x].
This homomorphism allows us to consider Q[x] as a Q[C ® Q]-module. We claim
that the homomorphism 7g: Q[C ® Q] — Q[x] respects the involutions:
(2-2) TQo0CRQ = oo TQ>

where ocgg is the antipode on Q[C ® Q]. Indeed, we have that (1 + x)™! =
(14 x) =&((1 +x)/")" and then &((1 + x)'/") = (1 4+ x)~/", which implies
o((1+x)")=(1+x)"" forany r € Q, and hence tg(ocgq(t")) =0 (tq(t")) for
any r € Q.

Proposition 2.1 (1) Denote by A%>(Q[x]) the exterior square of Q[x] considered
as a (C ® Q)—module with the diagonal action. Consider the space of (CRQQ)-
coinvariants (A*(Q[x]))ceq - Then the kernel of the homomorphism

6g: QIx] — (A*(QIxD)ceq. fo(f)= /Al
is countable.

(2) Let p be a prime. Denote by A*(Z/p[x]) the exterior square of Z/p[x]
considered as a C—module with the diagonal action. Consider the space of
C —coinvariants (A*(Z/p[x]))c . Then the kernel of the homomorphism

62/p: T/ plx] — (B(Z/plxD)c.  0z/p(f) = f AL

is countable.
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Proof (1) Consider the linear map

a: A(Qx]) > Qx]®?, a(frg)=f®g—g® [

Note that this is a homomorphism of Q[C ® Q]-modules, where the action of C ® Q
is defined diagonally in both cases. Hence, it induces a linear map:

aceo: (A (QIxD)cee — (QIxI®*)ceo-

Next, we consider the homomorphism

B: (QIxI®*)ceo — Qlx] ®qiceq) RQUX]. B(f®g) = f®F(2).

which is well defined because g respects the involutions (2-2): ft" ® 6(gt") =
ft"®a6(g)t™ = f ®7(g). Denote by K the subfield of the field of Laurent power
series Q((x)) generated by the image of 7. Then there is a map

v: Qlx] ®qiceq) Qlx] — Q((x) ®x Q((x)).
The composition
yoBoaceq o bp: Qx] - Q((x) ®x Q((x))

sends f to f®1—1Q6(f). Note that for any vector spaces V' and U over any field and
any elements vy, v, € V and uy,u, € U, if vy and v, are linearly independent, u; # 0
and u, # 0, then v; ® u; and v, ® u, are linearly independent in V ® U. It follows

that for any f € Q[x]\ K we havethat f @ 1 —1Q®a(f) # 0 in Q((x)) ®x Q((x)).
Therefore Ker(6gp) € K. Since the fraction field of the countable algebra Q[C ® Q]
is countable, K is countable. The assertion follows.

(2) The proof is the same. a

3 Completions of lamplighter groups £G and LG (p)

Recall the definition of the tensor square for a nonabelian group [5]. For a group G,
the tensor square G ® G is the group generated by the symbols g ® 4, for g,/ € G,
satisfying the defining relations

feah=( " @h/ ) (f@h) ad fegh=(f@)(/ @ )
for all f,g,h € G. The exterior square G A G is defined as
GAG=GRG/{g®Rg, gcb).
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The images of the elements g ® 4 in G A G will be denoted by g Ah. If G = E/R
for a free group E, there is a natural isomorphism G A G = [E, E]/[R, E].
For any group G, there is a natural short exact sequence
0— Hy(G,Z) > G AGT[6,6]— 1
(see [5, (2.8)] and [8]). Let g1,...,8n, h1,...,hy € G be elements such that
[g1.71]---[gn. hn] = 1.
Then the element (g1 A A1) -+ (gn A hy) defines an element in H,(G,Z):
(g1 ANh1) -+ (gn A hn) € Hy (G, Z).

If R is a commutative ring, then the image of (g1 Ah1)---(gn A hy) in Hy(G, R) is
denoted by

(g1 Ah1) - (gn Ahn)) ® R € Hy(G, R).
We will consider two versions of the lamplighter group. The integral lamplighter group
LG=72C={ab|[a,a®]=1,ie7)
and the p—lamplighter group for a prime p
£9(p)=2/p2C =(ab|la,a"|=a? =1,i €L).

Observe that £LG = Z[C]x C and LG(p) = Z/p[C] x C. Using Lemma 2.1 and
[6, Proposition 4.7], we obtain

(3-1) LGz = Z[x]x C,
(3-2) LGo=Qx]x(C®Q) and L£G(p)z =Z/plx]xC.

where C acts on Z[x] and Z/p[x] via 7 and C ® Q acts on Q[x] via 7q.

Proposition 3.1 There are isomorphisms

(N QIx])ceo = Ha(L£Gg, Q) and (AX(Z/plx]))c = Ha(LG(p)z. Z/p).

in both cases given by

A =L DAUS D)) ®R,
where R = QQ and R = 7/ p respectively.
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Proof Consider the short exact sequence Q[x]>— ZEQ —> (C®Q) and the associated
spectral sequence E. Since Q = lim(1/n!)Z and homology commutes with direct
limits, we have H,(C ® Q,—) =0 for n > 2. It follows that Elzj =0 for i > 2 and
hence there is a short exact sequence

0— Ej, —> Hy(£Gq.Q) > Ef | — 0.
Observe that the action of C' on Q[x] has no invariants. Then
. 1 .
E} = H\(C 8 Q. QIx]) = lim Hy (C ® -7, Qlx]) = lim Q] ®/™Z = 0.
It follows that the map
(3-3) H,(Q[x]. Q)ceq = Ej , > H2(LG0. Q)

is an isomorphism. The map is induced by the map Q[x] — Z?Q that sends f € Q[x]
to (f,1)€ Z?Q. Then the isomorphism (3-3) sends /' A f" to (f/,1)A(f",1)®Q.
Using the isomorphism A?(Q[x]) = H,(Q[x]. Q) we obtain the assertion.

The second isomorphism can be proved similarly. |

4 Completion of a free group

For elements of groups or Lie rings, we will use the left-normalized notation
lar,....an]:=[la1, ..., an—1]. ax]
and the following notation for Engel commutators:
l[a,0b]:=a and [@,i+1b] =[a,ib],b] for i =>0.
For all elements a and b of a Lie ring, the Jacobi identity implies that

la,b,a,b]+[b,[a,D],a] +[[a, b],[a, b]] = 0.
It follows that

(4-1) la,b.b,a] = [a,b,a,b].

The following lemma is a generalization of this identity.

Lemma 4.1 Let L bealLiering, a,b € L andn > 1. Then
n—1

@2 (020 81a)= | Z -0 l0an-1-s6}las b0 ]
i=0
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Proof The Jacobi identity implies that
(4'3) [[a»2n—i b]’ [avi b]] + [[a»2n—1—i s b]’ [a7i+1 b]] = [[a’Zl’l—l—i b]’ [a’i b]v b]

for 0 <i <n—1. Taking the alternating sum of these identities and using the fact that
[[a,n b],[a,n b]] = 0, we obtain the assertion. a

Corollary 4.1 Let F = F(a,b) be a free group with generators a, b. Forany n > 1,

n—1

[[@.2n D], a] = [ H[[a’Zn—l—i b, [a.; BV, b} mod y2,+3(F).
i=0

We denote by F the free group on two variables F = F(a, b) and denote by ¢: F — LG
the obvious epimorphism to the integral lamplighter group. It induces a homomorphism
between pronilpotent completions
¢: Fz — LGz,
Note that
o(u,v]) =1 for u,ve (a)F,

where (a)f is the normal subgroup of F generated by a.

Proposition 4.1 For any sequence of integers ¢ = (¢1.¢>, ... ), there exists a pair of
elements rq, 54 € y3 (ﬁZ) such that

(1) [rq.allsq. bl =1;

(2) @(sq) =1;

(3) @(rq) =T1725[a.i—1 b]", where ny; 41 =gq; fori >1 and ny; are some integers

(we control only odd terms of the product).

Proof We claim there are sequences of elements 7, (3) , ry), ...€F and S,§3), s‘§4), ...eF
such that

© P 58 ey (F);
k . k .
(1) |: 1_[ Vél), ai“:l_[ S[gl), b] (S )/k+2(F),
i=3 i=3
@ o) =1,

k . k
(3) ‘P( I1 ,,[5,)) = []la.i—1 b]" mod yx41(LG), where ns; 1 =q; for 2i +1=<k.
i=3 i=3
Then we take 14 = []72; r,y) and 54 = [[72, sg) and the assertion follows. Thus it is
sufficient to construct such elements rék) and s(gk) inductively.
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In order to prove the base case we set
3 i=[a,b, 0" and s :=la.b.a] .
Corollary 4.1, with n = 1, implies that
s>, alls. bl € ys(F).

Clearly s¢$3), r¢§3) € y3(F), (p(s(?)) =1 and (p(rf)) = [a,, b]9!.
In order to prove the inductive step, assume that we already constructed

rf), ...,r(k), s(3), .. ,s(k),

(k+1) (k+1)

with properties (0)—(3). Construct ry and sy . Note that any element of
Vk+2(F)/Vik+3(F) canbe presented as [A4, a|[ B, b]-yx+3(F), where A, B € yx41(F).
Then

k
@y [T M]‘[s@ bl =1alB.b] mod pap).
i=3

Using that the images of [4™1, a] and [B™!, b] are in the center of F/yy3(F), that
]_[5;3 réi), ]_[5;3 s(g") € y3(F) and the identity [xy, z] =[x, z]” - [y, z] we obtain

k k
(4-5) []‘[ r A, ai| : [ [[s¥B7, b] € Vit3(F).
i=3 i=3

Next we prove that
e(B)=1.

Since B € yg+1(F) we have
B =[ablfc mod yyis(F),

where e € Z and c is a product of powers of other basic commutators of weight k + 1.
All these other basic commutators contain a at least twice. It follows that ¢(c) = 1.
Since A4 € y3(F) € (a)F, we have ¢([A,a]) = 1. Moreover,

()

[@.k+1b]° € yi+3(LG).

Then

This implies that e = 0 and hence ¢(B) = 1.
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If k is odd, we do need to care about (3) and we just take

rék-ﬁ-l) — A—l and s‘gk-i-l) — B_l.
Indeed, it is easy to check that properties (0)—(2) are satisfied and property (3) automat-
ically follows.

Suppose that & is even, say k = 2k’. Consider the image of the element ]_[5;3 réi) A1
in the quotient £G/yk 4, (LG). By the induction hypothesis,

k k

w( [ ry)) = [[la.iz1 )" -’ mod y12(LG),

i=3 i=3
where ¢’ € Y1 1(LG). Since the quotient v 1 1(LG)/Vi+2(LG) is cyclic with generator

[a.k D] vi+2(LG),
¢ =lax b mod ygi2(LG)

for some y € Z. For n > 1, denote

n—1 )
zn = [ [lla-2n-1-i B).Ja.i BYY

i=0

Corollary 4.1 implies that

lla.k D), allz" b] € vt 3 (F).

We set
rd D = A7 a, b1 ¢ and sV = B_lz,:,(q"’_e).
Now
k+1 k+1
[ [T a}[ [ 15 b} € Vet (F)
i=3 i=3
and
k+1 ) k+1
go( [1 rg>) = [ la.i1 61"
i=3 i=3
Properties (0) and (2) are obvious. a

5 Proof of Theorems 1 and 2

Let F be a free group of rank > 2 and p be a prime. We will show that the image
of the homomorphism H, (ﬁ 7, 2) — Hz(ﬁQ, Q) is uncountable. The proof that the
image of the map H, (ﬁZ, 7)) — Hz(ﬁz, 7/ p) is uncountable is similar.
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Since the free group with two generators is a retract of a free group of higher rank, it is
enough to prove this only for ¥ = F(a,b). The map

(5-1) Hy(Fz.7) — Hy(LGg, Q)

factors through H, (ﬁ@, Q). Then it is enough to prove that the image of the map (5-1)
is uncountable.

For g € {0, 13N we denote by 4 and s4 some fixed elements of F 7, satisfying properties
(1)—(3) of Proposition 4.1. Then

o0

P(rg) = [ [la.iz1 6@,
i=3

where 1n(q)2i+1 = qi,

[rg.allsq.b]=1 and @(sq) = 1.
Set

Ja = _ni(@x""" € Z[x].

i=3

If we consider £G7 as the semidirect product Z[x] x C, we obtain that [a,;— b] =
(x~1,1) and hence

P(rg) = (fg, D).
If we denote by ¢ the composition of ¢ with the map LGz — ZEQ, we obtain
ba(rg) = (2.1,
where qu is the image of f; in Q[x]. Consider the map
O¢: QIx] - Hz2(LGq.Q), givenby [ (/. )A1)®Q.

Observe that this map is the composition of the map from Proposition 2.1 and the
isomorphism from Proposition 3.1. Therefore the kernel of ®¢g is countable. Set

A:={f2qe{0.}N} C Qx].

Using that qu =), n;i(q)x'~1, where n,;11(q) = gi, we obtain that 4 is uncount-
able. Using that the kernel of ®¢ is countable, we obtain that its image

Oo(A) ={(fR.HADH®Q|qe {0, 13N} € H)(LGg. Q)
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is uncountable. FinaAlly, observe that any element (( fq@, A1) ®Q of ©®g(A4) has
a preimage in H,(Fz,Z) given by (r4 A a)(sq Ab), and then ©g(A4) lies in the
image of Hz(ﬁz, Z) — H, (ZEQ, Q). This implies that the groups Hz(ﬁQ, Q) and
Hz(ﬁz, Z/p) = Hz(ﬁz, 7Z) ® 7,/ p are uncountable and Theorems 1 and 2 follow.
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