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A complex hyperbolic Riley slice

JOHN R PARKER
PIERRE WILL

We study subgroups of PU(2, 1) generated by two noncommuting unipotent maps A
and B whose product 4 B is also unipotent. We call U the set of conjugacy classes of
such groups. We provide a set of coordinates on ¢/ that make it homeomorphic to R2.
By considering the action on complex hyperbolic space Hé of groups in U, we
describe a two-dimensional disc Z in I/ that parametrises a family of discrete groups.
As a corollary, we give a proof of a conjecture of Schwartz for (3, 3, co)-triangle
groups. We also consider a particular group on the boundary of the disc Z where
the commutator [A, B] is also unipotent. We show that the boundary of the quotient
orbifold associated to the latter group gives a spherical CR uniformisation of the
Whitehead link complement.

20H10, 22E40, 51M10; 57M50

1 Introduction

1.1 Context and motivation

The framework of this article is the study of the deformations of a discrete subgroup I'
of a Lie group H in a Lie group G containing H . This question has been addressed in
many different contexts. A classical example is the one where ' is a Fuchsian group,
H =PSL(2,R) and G =PSL(2, C). When I is discrete, such deformations are called
quasi-Fuchsian. We will be interested in the case where I' is a discrete subgroup of
H =S0(2,1) and G is the group SU(2, 1) (or their natural projectivisations over R
and C, respectively). The geometrical motivation is very similar: In the classical case
mentioned above, PSL(2, C) is the orientation-preserving isometry group of hyperbolic
3—space H* and a Fuchsian group preserves a totally geodesic hyperbolic plane H >
in H3. Inour case G = SU(2, 1) is (a triple cover of) the holomorphic isometry group
of complex hyperbolic 2—space H2, and the subgroup H = SO(2, 1) preserves a
totally geodesic Lagrangian plane isometric to H 2. A discrete subgroup I' of SO(2, 1)
is called R—Fuchsian. A second example of this construction is where G is again
SU(2,1) butnow H = S(U(1) xU(1,1)). In this case H preserves a totally geodesic
complex line in Hé . A discrete subgroup of H is called C—Fuchsian. Deformations of
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either R—Fuchsian or C—Fuchsian groups in SU(2, 1) are called complex hyperbolic
quasi-Fuchsian. See Parker and Platis [24] for a survey of this topic.

The title of this article refers to the so-called Riley slice of Schottky space (see [19; 1]).
Riley considered the space of conjugacy classes of subgroups of PSL(2, C) generated
by two noncommuting parabolic maps. This space may be identified with C — {0}
under the map that associates the parameter p € C — {0} with the conjugacy class of

the group I'y, where
1110
= {lo L)

Riley was interested in the set of those parameters p for which Iy, is discrete. He was
particularly interested in the (closed) set where I',, is discrete and free, which is now
called the Riley slice of Schottky space; see Keen and Series [19]. This work has been
taken up more recently by Akiyoshi, Sakuma, Wada and Yamashita. In their book [1]
they illustrate one of Riley’s original computer pictures,! Figure 0.2a, and their version
of this picture, Figure 0.2b. Riley’s main method was to construct the Ford domain
for T'y. The different combinatorial patterns that arise in this Ford domain correspond
to the differently coloured regions in these figures from [1]. Riley was also interested
in groups I', that are discrete but not free. In particular, he showed that when p is
a complex sixth root of unity then the quotient of hyperbolic 3—space by I', is the
figure-eight knot complement.

1.2 Main definitions and discreteness result

The direct analogue of the Riley slice in complex hyperbolic plane would be the set
of conjugacy classes of groups generated by two noncommuting, unipotent parabolic
elements A and B of SU(2,1). (Note that in contrast to PSL(2, C), there exist
parabolic elements in SU(2, 1) that are not unipotent. In fact, there is a 1—parameter
family of parabolic conjugacy classes; see for instance Goldman [15, Chapter 6].) This
choice would give a four-dimensional parameter space, and we require additionally
that AB be unipotent, making the dimension drop to 2. Specifically, we define

(1) U={(A,B)eSUQ2,1)>: 4, B, AB all unipotent and AB # BA}/SU(2,1).

Following Riley, we are interested in the (closed) subset of ¢/ where the group (A, B)
is discrete and free and our main method for studying this set is to construct the Ford
domain for its action on complex hyperbolic space H(é . We shall also indicate various
other interesting discrete groups in I/ but these will not be our main focus.

Parker has one of Riley’s printouts of this picture dated 26th March 1979.
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In Section 3.1, we will parametrise I/ so that it becomes the open square (—% %)2
The parameters we use will be the Cartan angular invariants oy and «p of the triples of
(parabolic) fixed points of (4, AB, B) and (A4, AB, BA), respectively (see Section 2.6
for the definitions). Note that the invariants «; and o, are defined to lie in the closed
interval [—%, % ]. Our assumption that A and B don’t commute implies that neither
o1 nor oy can equal :I:% (see Section 3.1).

When o and «; are both zero, that is, at the origin of the square, the group (A4, B) is
R -Fuchsian. The quotient of the Lagrangian plane preserved by (A, B) is a hyperbolic
thrice-punctured sphere where the three (homotopy classes of) peripheral elements are
represented by (the conjugacy classes of) 4, B and AB. The space U can thus be
thought of as the slice of the SU(2, 1)-representation variety of the thrice-punctured
sphere group defined by the conditions that the peripheral loops are mapped to unipotent

isometries.

‘We can now state our main discreteness result.

Theorem 1.1 Suppose that I" = (A, B) is the group associated to parameters (a1, &)
satisfying D(4 cos? a1, 4 cos? ay) > 0, where D is the polynomial given by

D(x,y) =x3y3 —9x?p? —27xy? 4+ 81xy —27x — 27.
Then T' is discrete and isomorphic to the free group F,. This region is Z in Figure 1.

Note that at the centre of the square, we have D(4,4) = 1225 for the R—Fuchsian
representation. The region Z where D > 0 consists of groups I' whose Ford domain has
the simplest possible combinatorial structure. It is the analogue of the outermost region
in the two figures from Akiyoshi, Sakuma, Wada and Yamashita [1] mentioned above.

1.3 Decompositions and triangle groups

We will prove in Proposition 3.3 that all pairs (A4, B) in ¢/ admit a (unique) decompo-
sition of the form

(2) A=ST and B=TS,

where S and T are order-three regular elliptic elements (see Section 2.2). In turn, the
group generated by 4 and B has index three in the one generated by S and 7. When
either «; = 0 or oy = 0 there is a further decomposition making (A4, B) a subgroup
of a triangle group.

Deformations of triangle groups in PU(2, 1) have been considered in many places,
including Goldman and Parker [16], Parker, Wang and Xie [25], Pratoussevitch [28]
and Schwartz [32]. A complex hyperbolic (p, ¢, r)—triangle is one generated by three

complex involutions about (complex) lines with pairwise angles %, &

IR and 7, where
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0 R-Fuchsian representation of the 3—punctured sphere group.

1 Horizontal segment corresponding to even word subgroups of ideal triangle groups; see
Goldman and Parker [16] and Schwartz [30; 31; 33].

2 Last ideal triangle group, contained with index three in a group uniformising the White-
head link complement obtained by Schwartz [30; 31; 33].

3 Vertical segment corresponding to bending groups that have been proved to be discrete
by Will [37].

4 (3, 3,4)—group uniformising the figure-eight knot complement. Obtained by Deraux
and Falbel [8].

5 (3, 3, n)—groups, proved to be discrete by Parker, Wang and Xie [25]. On this picture,
4<n<8.

6 Uniformisation of the Whitehead link complement we obtain in this work.

7 Subgroup of the Eisenstein—Picard lattice; see Falbel and Parker [14].

Figure 1: The parameter space for U/. The exterior curve P corresponds to
classes of groups for which [A4, B] is parabolic. The central dashed curve
bounds the region Z where we prove discreteness. The labels correspond
to various special values of the parameters. Points with the same labels are
obtained from one another by symmetries about the coordinate axes. The
results of Section 3.3 imply that they correspond to groups conjugate in
Isom( H é ).

P, q and r are integers or oo (when one of them is oo the corresponding angle
is 0). Groups generated by complex reflections of higher order are also interesting;
see Mostow [22] for example, but we do not consider them here. For a given triple
(p,q,r) with min{ p, ¢, r} = 3, the deformation space of the (p, ¢, r)-triangle group
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is one-dimensional, and can be thought of as the deformation space of the R—Fuchsian
triangle group. Schwartz [32] develops a series of conjectures about which points
in this space yield discrete and faithful representations of the triangle group. For a
given triple (p, ¢, r), Conjecture 5.1 of [32] states that a complex hyperbolic (p, ¢, r)-
triangle group is a discrete and faithful representation of the Fuchsian one if and only
if the words 1; ;I and I;I; I} I; (with i, j and k pairwise distinct) are nonelliptic.
Moreover, depending on p, ¢ and r, he predicts which of these words one should
choose.

We now explain the relationship between triangle groups and groups on the axes of
our parameter space U/. First consider groups with @, = 0. Let I, I, and I3 be
the involutions fixing the complex lines spanned by the fixed points of (A4, B), of
(A4, AB) andof (B, AB), respectively. If @, =0 then 4 and B may be decomposed as
A=1,1, and B = 1,13, and also {A, B) has index 2 in (I, I, I3) (Proposition 3.8).
Since 1,11 = A, I1I3 = B and I,13 = AB are all unipotent, we see that (11, I, I3)
is a complex hyperbolic ideal triangle group, as studied by Goldman and Parker [16]
and Schwartz [30; 31; 33]. Their results gave a complete characterisation of when such
a group is discrete. (Our Cartan invariant o is the same as the Cartan invariant A
used in these papers.)

Theorem 1.2 [16; 31; 33] Let I, I, and I3 be complex involutions fixing distinct,
pairwise asymptotic complex lines. Let A be the Cartan invariant of the fixed points of
1112, 1213 and 1311 .

(1) The group (I, I, I3) is a discrete and faithful representation of an (0o, 0o, 00)—
triangle group if and only if 11,13 is nonelliptic. This happens when

|A| < arccos v/3/123.

(2) When 111,15 is elliptic the group is not discrete. In this case,
arccos v/3/128 < [A| < 7.

When oy = 0 we get an analogous result. In this case, it is the order-three maps S
and T from (2) which decompose into products of complex involutions. Namely,
if oy = 0, there exist three involutions 7y, I, and I3, each fixing a complex line,
such that S = I,I; and T = 1,13 have order 3 and ST = A = I, I3 is unipotent
(Proposition 3.8). Furthermore, writing B = T'S = I;I31,1; we have [4, B] =
(ST™Y3 = (I,1,131;)*. A corollary of Theorem 1.1 is a statement analogous to
Theorem 1.2 for (3, 3, oo)—triangle groups, proving a special case of Schwartz [32,
Conjecture 5.1]. Compare with the proof of this conjecture for (3, 3, n)—triangle groups
given by Parker, Wang and Xie [25].
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Theorem 1.3 Let Iy, I, and I3 be complex involutions fixing distinct complex
lines and such that S = I,1{ and T = 1115 have order three and A = ST = I, 13 is
unipotent. Let A be the Cartan invariant of the fixed points of A, SAS™! and S™'AS.
The group (11, I, I3) is a discrete and faithful representation of the (3, 3, co) —triangle
group if and only if I,11131; = ST ™! is nonelliptic. This happens when

|A| < arccos v/3/s.

Theorem 1.3 follows directly from Theorem 1.1 by restricting it to the case where
(a1, 02) = (0, A). These groups are a special case of those studied by Will [37] from a
different point of view. There, using bending, he proved that these groups are discrete
as long as |A| = |ay| < 7. The gap between the vertical segment in Figure 1 and the
curve where [A, B] is parabolic illustrates the nonoptimality of the result of [37].

1.4 Spherical CR uniformisations of the Whitehead link complement

The quotient of H(é by an R— or C—Fuchsian punctured surface group is a disc bundle
over the surface. If the surface is noncompact, this bundle is trivial. Its boundary at
infinity is a circle bundle over the surface. Such three-manifolds appearing on the
boundary at infinity of quotients of Hé are naturally equipped with a spherical CR
structure, which is the analogue of the flat conformal structure in the real hyperbolic
case. These structures are examples of (X, G)—structure, with X = S3 = aHé
and G = PU(2, 1). To any such structure on a three-manifold M are associated a
holonomy representation p: (M) — PU(2, 1) and a developing map D = M—X.
This motivates the study of representations of fundamental groups of hyperbolic three-
manifolds in PU(2, 1) and PGL(3, C) initiated by Falbel [11], and continued by Falbel,
Guilloux, Koseleff, Rouillier and Thistlethwaite [12; 13] (see also Heusener, Munoz
and Porti [18]). Among PU(2, 1) representations, uniformisations (see Deraux [6,
Definition 1.3]) are of special interest. There, the manifold at infinity is the quotient of
the discontinuity region by the group action.

For parameter values in the open region Z, the manifold at infinity of Hé /(S,T)
is a Seifert fibre space over a (3, 3, co)—orbifold. This is obviously true in the case
where oy = ap = 0 (the central point on Figure 1). Indeed, for these values the group
(S, T) preserves H]é (it is R—Fuchsian) and the fibres correspond to boundaries of real
planes orthogonal to H]é. As the combinatorics of our fundamental domain remains
unchanged in Z, the topology of the quotient is constant in Z.

Things become interesting if we deform the group in such a way that a loop on the
surface is represented by a parabolic map: the topology of the manifold at infinity can
change. A hyperbolic manifold arising in this way was first constructed by Schwartz:
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Theorem 1.4 [30] Let Iy, I, and I5 be as in Theorem 1.2. Let A be the Cartan
invariant of the fixed points of 1115, 1,13 and I31; and let S be the regular elliptic
map cyclically permuting these points. When I 1, I3 is parabolic, the quotient of Hé
by the group (I;1,,S) is a complex hyperbolic orbifold with isolated singularities
whose boundary at infinity is a spherical CR uniformisation of the Whitehead link
complement. These groups have Cartan invariant A = =+ arccos +/3/12s.

Schwartz’s example provides a uniformisation of the Whitehead link complement.
More recently, Deraux and Falbel [8] described a uniformisation of the complement
of the figure-eight knot. Deraux [7] proved that this uniformisation was flexible: he
described a one-parameter deformation of the uniformisation described by Deraux and
Falbel [8], each group in the deformation being a uniformisation of the figure-eight
knot complement.

Our second main result concerns the (3, 3, oo)—triangles group from Theorem 1.3, and
it states that when I, 7; I31; is parabolic the associated groups give a uniformisation
of the Whitehead link complement which is different from Schwartz’s one. Indeed in
our case the cusps of the Whitehead link complement both have unipotent holonomy.
In Schwartz’s case, one of them is unipotent whereas the other is screw-parabolic. The
representation of the Whitehead link group we consider here was identified from a
different point of view by Falbel, Koseleff and Rouillier [13, page 254] in their census
of PGL(3, C) representations of knot and link complement groups.

Theorem 1.5 Let Iy, I, and I3 be as in Theorem 1.3 and define S = I,1; and
A = I,I5. Let A be the Cartan invariant of the fixed points of A, SAS™! and
S~1AS. When I,1,131; is parabolic, the quotient of H(é by (4, S) is a complex
hyperbolic orbifold with isolated singularities whose boundary is a spherical CR uni-
formisation of the Whitehead link complement. These groups have Cartan invariant

A = + arccos /3/3.

Schwartz’s uniformisation of the Whitehead link complement corresponds to each of
the endpoints of the horizontal segment, marked 2 in Figure 1, and our uniformisation
corresponds to each of the points on the vertical axis, marked 6 in that figure.

It should be noted that the image of the holonomy representation of our uniformisation
of the Whitehead link complement is the group generated by S and 7', which is
isomorphic to Zj *x Z3. We note in Proposition 3.4 that the fundamental group of the
Whitehead link complement surjects onto Z3 * Z 3. Furthermore, the group Zj *x Z3 is
the fundamental group of the (double) Dehn filling of the Whitehead link complement
with slope —3 at each cusp in the standard marking (the same as in SnapPy). This Dehn
filling is nonhyperbolic, as can be easily verified using the software SnapPy [5] (it also
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follows from Martelli and Petronio [20, Theorem 1.3]). This fact should be compared
with Deraux’s remark in [6] that all known examples of noncompact finite volume
hyperbolic manifold admitting a spherical CR uniformisation also admit an exceptional
Dehn filling which is a Seifert fibre space over a (p, g, r)—orbifold with p, ¢, r = 3.

1.5 Ideas of the proofs

Proof of Theorem 1.1 The rough idea of this proof is to construct fundamental
domains for the groups corresponding to parameters in the region Z. To this end, we
construct their Ford domains, which can be thought of as a fundamental domain for a
coset decomposition of the group with respect to a parabolic element (here, this element
is A = ST). The Ford domain is invariant by the subgroup generated by 4 and we
obtain a fundamental domain for the group by intersecting the Ford domain with a
fundamental domain for the subgroup generated by 4. The sides of the Ford domain
are built out of pieces of isometric spheres of various group elements (see Sections 2.4
and 4) This method is classical, and is described in the case of the Poincaré disc in of
Beardon [2, Section 9.6].

We thus have to consider a 2—parameter family of such polyhedra, and the polynomial
D controls the combinatorial complexity of the Ford domain within our parameter space
for U in the following sense. The null-locus of D is depicted on Figure 1 as a dashed
curve, which bounds the region Z. In the interior of this curve, the combinatorics of
our domain is constant, and stays the same as it is for the R—Fuchsian group. On the
boundary of Z the isometric spheres of the elements S, S~! and 7 have a common
point. More precisely, the isometric spheres of S~! and T intersect for all values of o
and o, but inside Z their intersection is contained in one of the two connected com-
ponents of the complement of the isometric sphere of .S in Hé . When one reaches the
boundary curve of Z, one of their intersection points lies on the isometric sphere of S'.

We believe that it should be possible to mimic Riley’s approach and to construct regions
in our parameter space where the Ford domain is more complicated. However, as with
Riley’s work, this may only be accessible via computer experiments.

Proof of Theorem 1.5 The groups where [4, B] = (I31;131;)* is parabolic are the
focus of Section 6 and Theorem 1.5 will follow from Theorem 6.4. In order to prove this
result, we analyse in detail our fundamental domain, and show that it gives the classical
description of the Whitehead link complement from an ideal octahedron equipped with
face identifications. The Whitehead link is depicted in Figure 2. We refer to Ratcliffe
[29, Section 10.3] and Thurston [35, Section 3.3] for classical information about the
topology of the Whitehead link complement and its hyperbolic structure.
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Figure 2: The Whitehead link

1.6 Further remarks

Other discrete groups appearing in &/ As well as the ideal triangle groups and
bending groups discussed above, there are some other previously studied discrete
groups in this family. We give them in (o, ®,) coordinates and illustrate them in
Figure 1.

(1) The groups corresponding to a; = 0 and a = =+ arccos \/% have been studied
in great detail by Deraux and Falbel [8], who proved that they give a spherical
CR uniformisation of the figure-eight knot complement. This illustrates the
fact that there is no statement for Theorem 1.3 analogous to the second part
of Theorem 1.2: the group from [8] is contained in a discrete (nonfaithful)
(3, 3, co)—triangle group where I,1;151; is elliptic.

(2) The groups with parameters a; = 0 and for which S7 ! has order n correspond
to the (3, 3, n)-triangle groups studied by Parker, Wang and Xie [25]. The
corresponding value of o, is given by

o> = = arccos \/% (4 cosz(%) — 1).

(3) The groups where oy = =% and a; = £ % are discrete, since they are subgroups
of the Eisenstein—Picard lattice PU(2, 1; Z[w]), where  is a cube root of unity.
That lattice has been studied by Falbel and Parker [14].

Comparison with the classical Riley slice There is, conjecturally, one extremely
significant difference between the classical Riley slice and our complex hyperbolic
version. The boundary of the classical Riley slice is not a smooth curve and has a
dense set of points where particular group elements are parabolic (see for instance
the beautiful picture in the introduction of Keen and Series [19]). On the other hand,
we believe that in the complex hyperbolic case, discreteness is completely controlled
by the commutator [4, B], or equivalently ST !, as is true for the two cases where
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ap = 0 or ap = 0 described above. If this is true, then the boundary of the set of
(classes of) discrete and faithful representations in SU(2, 1) of the three punctured
sphere group with unipotent peripheral holonomy is piecewise smooth, and it is given
by the simple closed curve P in Figure 1. This curve provides a one-parameter family
of (conjecturally discrete) representations that connects Schwartz’s uniformisation of
the Whitehead link complement to ours. We believe that all these representations
give uniformisations of the Whitehead link complement as well, but we are not able
to prove this with our techniques. What seems to happen is that if one deforms our
uniformisation by following the curve P, the number of isometric spheres contributing
to the boundary at infinity of the Ford domain becomes too large to be understood using
our techniques. Possibly, this is because deformations of fundamental domains with
tangencies between bisectors are complicated. This should be compared to Deraux’s
construction [7] of deformations of the figure-eight knot complement mentioned above.
There, he had to use a different domain to the one by Deraux and Falbel [8], which
also has tangencies between the bisectors.

1.7 Organisation of the article

This article is organised as follows. In Section 2 we present the necessary background
facts on complex hyperbolic space and its isometries. In Section 3, we describe
coordinates on the space of (conjugacy classes of) group generated by two unipotent
isometries with unipotent product. Section 4 is devoted to the description of the
isometric spheres that bound our fundamental domains. We state and apply the Poincaré
polyhedron theorem in Section 5. In Section 6, we focus on the specific case where the
commutator becomes parabolic, and prove that the corresponding manifold at infinity
is homeomorphic to the complement of the Whitehead link. In Section 7, we give the
technical proofs which we have omitted for readability in the earlier sections.
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2 Preliminary material

Throughout we will work in the complex hyperbolic plane using a projective model and
will therefore pass from projective objects to lifts of them. Our convention is that the
same letter will be used to denote a point in CP? and a lift of it to C* with a bold font
for the lift. As an example, each time p is a point of HZ, p will be a lift of p to C3.

2.1 The complex hyperbolic plane

The standard reference for complex hyperbolic space is Goldman’s book [15]. A lot of
information can also be found in Chen and Greenberg’s paper [3]; see also the survey
articles [24; 38].

Let H be the matrix

H =

- o O

01
10
00

The Hermitian product on C? associated to H is given by (x,y) = y*Hx. The
corresponding Hermitian form has signature (2, 1), and we denote by V_ (resp. Vj
and V) the associated negative (resp. null and positive) cones in C?3.

Definition 2.1 The complex hyperbolic plane Hé is the image of V_ in CP? by
projectivisation and its boundary 8Hé is the image of V, in CP%. The complex
hyperbolic plane is endowed with the Bergman metric

. —4 (z,z) (dz,z)
ds® = z.2)2 det((z,dz) (dz,dz))'

The Bergman metric is equivalent to the Bergman distance function p defined by

ot (p(mn)) _ (m.n){n,m)

2 "~ (m,m)(n,n)’

where m and n are lifts of m and n to C3.

Let z = [z1, 23, z3]7 be a (column) vector in C3 —{0}. Then z € V_ (resp. Vp) if and
only if 2Re(z1Z3) + |22|* < 0 (resp. = 0). Vectors in Vj with z3 = 0 must have z, =0
as well. Such a vector is unique up to scalar multiplication. We call its projectivisation
the point at infinity qeo € 8H(2:. If z3 # 0 then we can use inhomogeneous coordinates
with z3 = 1. Writing (z,z) = —2u, we give Hé U aHé —{¢oo} horospherical
coordinates (z,t,u) € C xR x R>¢, defined as follows: a point g € Hé U 8H(é with
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horospherical coordinates (z, ¢, u) is represented by the following vector, which we
call its standard lift:

—|z)?—u+it 1
(3) q= /2 if ¢ # goo. oo = | 0| if ¢ =¢oo.
0

Points of 8Hé —{¢oo} have u = 0 and we will abbreviate (z,¢,0) to [z,?].

Horospherical coordinates give a model of complex hyperbolic space analogous to the
upper half-plane model of the hyperbolic plane. The Cygan metric dcyg on 8H(é —{¢oo}
plays the role of the Euclidean metric on the upper half-plane. It is defined by the
distance function

|1/2 1/2

) deye(p.q) = 1(p. )" = ||z —w|* +i(t —s + Im(zD))|

where p and ¢ have horospherical coordinates [z, ¢] and [w, s]. We may extend this
metric to points p and ¢ in H(é with horospherical coordinates (z, ¢, u) and (w, s, v)
by writing

deys(p,q) = ||Z—w|2 + |u —v| —i—l(t—s—Hm(zw))}l/2

If (at least) one of p and ¢ lies in 8Hé then the formula dcye(p,q) = |(p, q)|V? is
still valid.

2.2 Isometries

Since the Bergman metric and distance function are both given solely in terms of the
Hermitian form, any unitary matrix preserving this form is an isometry. Similarly,
complex conjugation of points in C3 leaves both the metric and the distance function
unchanged. Hence, complex conjugation is also an isometry.

Define U(2, 1) to be the group of unitary matrices preserving the Hermitian form and
PU(2,1) to be the projective unitary group obtained by identifying nonzero scalar
multiples of matrices in U(2, 1). We also consider the subgroup SU(2, 1) of matrices
in U(2, 1) with determinant 1.

Proposition 2.2 Every Bergman isometry of H(é is either holomorphic or antiholo-
morphic. The group of holomorphic isometries is PU(2, 1), acting by projective
transformations. Every antiholomorphic isometry is complex conjugation followed by
an element of PU(2,1).

Elements of SU(2, 1) fall into three types, according to the number and type of the
fixed points of the corresponding isometry. Namely, an isometry is loxodromic (resp.
parabolic) if it has exactly two fixed points (resp. one fixed point) on aHé. It is
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called elliptic when it has (at least) one fixed point inside Hé. An elliptic element
A € SU(2,1) is called regular elliptic whenever it has three distinct eigenvalues, and
special elliptic if it has a repeated eigenvalue. The following criterion distinguishes the
different isometry types:

Proposition 2.3 [15, Theorem 6.2.4] Let F be the polynomial given by F(z) =
|z|* —8Re(z3) + 18|z|> — 27, and A be a nonidentity matrix in SU(2, 1). Then:

(1) A is loxodromic if and only if F(trA) > 0.

(2) A isregular elliptic if and only if F(trA) <O0.

(3) If F(trA) =0, then A is either parabolic or special elliptic.

We will be especially interested in elements of SU(2, 1) with trace 0 or trace 3.

Lemma 2.4 [15, Section 7.1.3] (1) A matrix A in SU(2, 1) is regular elliptic of
order three if and only if its trace is equal to zero.
(2) Let (p,q,r) be three pairwise distinct points in 9 HZ , not contained in a common

complex line. Then there exists a unique order-three regular elliptic isometry E
such that E(p) =¢q and E(q) =r.

Suppose that T" € SU(2, 1) has trace equal to 3. Then all eigenvalues of T equal 1,
that is, 7" is unipotent. If T is diagonalisable then it must be the identity; if it is
nondiagonalisable then it must fix a point of 8Hé. Conjugating within SU(2, 1) if
necessary, we may assume that 7" fixes goo. This implies that T is upper triangular
with each diagonal element equal to 1.

Lemma 2.5 [15, Section 4.2] Suppose that [w, 5] € BHé —{¢oco}. Then there is a
unique Ty, 51 € SU(2, 1) taking the point [0, 0] € BHé to [w, s]. As a matrix this map
is

1 —wv2 —|w|? +is
) Twa=[0 1 wy2

0 0 1

Moreover, composition of such elements gives aHé —{¢oco} the structure of the Heisen-
berg group
[w,s]-[z,t]=[w+z,5s +1 —2Im(zw)]

and Tpy, 5] acts as left Heisenberg translation on 8Hé —{qoo}-
The action of Tpy, 51 on horospherical coordinates is
Tiw,sy: (2ot u) = (w+z,5 + 1 —=2Im(zw), u).

An important observation is that this is an affine map, namely a translation and shear.
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We can restate Lemma 2.5 in an invariant way. This result is actually true for any
parabolic conjugacy class, as a special case of [26, Proposition 3.1].

Proposition 2.6 Let (p1, p2, p3) be a triple of pairwise distinct points in aHé. Then
there is a unique unipotent element of PU(2, 1) fixing p, and taking p, to pj.

Proof We can choose A € SU(2, 1) taking p; to goo and p, to [0,0]. The result
then follows from Lemma 2.5. a

2.3 Totally geodesic subspaces

Maximal totally geodesic subspaces of H(é have real dimension 2, and they fall into
two types. Complex lines are intersections with Hé of projective lines in CP2. By
Hermitian duality, any complex line L is polar to a point in CP? that is outside the
closure of Hé . Any lift of this point is called a polar vector to L. Any two distinct
points p and ¢ in the closure of Hé belong to a unique complex line, and a vector
polar to this line is given by p X ¢ = H p Aq. This can be verified directly using
(x,y) = y*Hx and the fact that, here, H> = 1. A more general description of
cross-products in Hermitian vector spaces can be found in [15, Section 2.2.7].

The other type of maximal totally geodesic subspace is a Lagrangian plane. Lagrangian
planes are PU(2, 1) images of the set of real points Hﬂé C Hé. In particular, real
planes are fixed points sets of antiholomorphic isometric involutions (sometimes called
real symmetries). The symmetry fixing Hﬁ is complex conjugation. In turn, the
symmetry about any other Lagrangian plane M - H, 2 where M €8SU(2,1), is given by
z+> MM~1Z=M(M~1z). Note that the matrix N = M M ~! satisfies NN = id:
this reflects the fact that real symmetries are involutions. We refer the reader to [15,
Chapters 3 and 4].

2.4 Isometric spheres

Definition 2.7 For any B € SU(2, 1) that does not fix ¢, the isometric sphere of B
(denoted by Z(B)) is defined to be

6) I(B)={peHEZUIHS :|(p.qc0)l =1(P. B~ (g00))| = [(B(P). qoo)l}.
where p is the standard lift of p € Hé U 8Hé given in (3).

The interior of Z(B) is the component of its complement in Hé U BHé that does not
contain ¢, namely,

{pe HEUIHE 1 |{p.40)| > [(P. B~ (go0))}-

The exterior of Z(B) is the component that contains the point at infinity ¢
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Suppose B is written as a matrix as

ab c
@) B=|d e f
ghj

Then B~ (goo) =/, 1, g]T. Thus B fixes ¢oo if and only if g = 0. If B does not
fix oo (thatis, g # 0) the horospherical coordinates of B~!(go) are

R )]

Lemma 2.8 [15, Section 5.4.5] Let B € PU(2, 1) be an isometry of H(é not fix-
ing geo -

(1) The transformation B maps Z(B) to Z(B~'), and the interior of Z(B) to the
exterior of Z(B™').

(2) Forany A € PU(2,1) fixing oo and such that the corresponding eigenvalue has
unit modulus, we have Z(B) = Z(AB).

Using the characterisation (4) of the Cygan metric in terms of the Hermitian form, the
following lemma is obvious:

Lemma 2.9 Suppose that B € SU(2, 1) written in the form (7) does not fix ¢oo. Then
the isometric sphere Z(B) is the Cygan sphere in Hé U 8H(2: with centre B~ (gs0)
and radius rq4 = 1/|g|'/2.

The importance of isometric spheres is that they form the boundary of the Ford polyhe-
dron. This is the limit of Dirichlet polyhedra as the centre point approaches 0 H 2 ; see
[15, Section 9.3]. The Ford polyhedron D for a discrete group I' is the intersection of
the (closures of the) exteriors of all isometric spheres for elements of I" not fixing ¢oo.
That is,

Dr={pe HEUIHE :|(p.qo0)| = (P, B~ 'qoo)| for all B €T with B(qoo) # qoo |-

Of course, just as for Dirichlet polyhedra, to construct the Ford polyhedron one must
check infinitely many equalities. Therefore our method will be to guess the Ford
polyhedron and check this using the Poincaré polyhedron theorem. When g is either
in the domain of discontinuity or is a parabolic fixed point, the Ford polyhedron is
preserved by I's, the stabiliser of go, in I'. It is a fundamental polyhedron for the
partition of I' into I'oo—cosets. In order to obtain a fundamental domain for I, one
must intersect the Ford domain with a fundamental domain for I's, .
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2.5 Cygan spheres and geographical coordinates

We now give some geometrical results about Cygan spheres. They are, in particular,
applicable to isometric spheres. The Cygan sphere Sy o1(r) of radius » > 0 with centre
the origin [0, 0] is the (real) hypersurface of Hé U E)H(fj described in horospherical
coordinates by

®) Sp.00r) =1z tou): (|z) +u)* + 12 =r).

From (8) we immediately see that when written in horospherical coordinates the interior
of Sjo,01(r) is convex. The Cygan sphere Sy, s1(r) of radius r with centre [w, 5] is
the image of Sj,0j(r) under the Heisenberg translation 7[, ). Since Heisenberg
translations are affine maps in horospherical coordinates, we see that the interior of
any Cygan sphere is convex. This immediately gives:

Proposition 2.10 The intersection of two Cygan spheres is connected.

Cygan spheres are examples of bisectors (otherwise called spinal hypersurfaces) and
their intersection is an example of what Goldman calls an intersection of covertical
bisectors. Thus Proposition 2.10 is a restatement of [15, Theorem 9.2.6]. There is a
natural system of coordinates on bisectors in terms of totally geodesic subspaces; see
[15, Section 5.1]. In particular for Cygan spheres, these are defined as follows:

Definition 2.11 Let Spo0j(r) be the Cygan sphere with centre the origin [0, 0] and
radius » > 0. The point g(a, B, w) of Sjg,0)(r) with geographical coordinates (a, B, w)
is the point whose lift to C3 is
—r 2 e—iot
©) gle pow) = | rwe!Ce/2Hh)
1

where g €[0,7), @ € [-5.%] and w € [-v/2cosa, v2cos ],

Let S () be the Cygan sphere with centre [z, 7] and radius r. Then geographical
coordinates on Sp; ;)(r) are obtained from the ones on Spg oj(r) by applying the
Heisenberg translation 77, ;) to the vector (9).

We will only be interested in geographical coordinates on Syg (1), the unit Cy-
gan sphere centred at the origin. Note that for the point g(«, 8, w) of this sphere,
(g(a, B, u), g(a, B,u)) = w? —2cosa. Therefore the horospherical coordinates of

g(a, B, w) are

1 i(=e/2+B) 1.2
(ﬁwe , sine, cosa — W )
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In particular, the points of Sjg j(1) on BHé are those with w = £+/2cos .

The level sets of & and B are totally geodesic subspaces of HZ2 ; see [15, Example 5.1.8].

Proposition 2.12 Let Sy, 4)(r) be a Cygan sphere with geographical coordinates
(o, B, w).

(1) Foreach ag € (—%, %), the set of points Ley ={g(et, B, w) € Spyy 57(r) 0 = 0o}
is a complex line, called a slice of Sy (7).

(2) Foreach By € [0, ), the set of points Rg, = {g(a, B, w) € Spy,51(r) : B = Bo}
is a Lagrangian plane, called a meridian of Sy, (7).

(3) The set of points with w = 0 is the spine of Sy, (). It is a geodesic contained
in every meridian.

Remark 2.13 From (8), it is easy to see that projections of boundaries of Cygan
spheres onto the z—factor are closed Euclidean discs in C. This corresponds to the
vertical projection onto C in the Heisenberg group. This fact is often useful to prove
that two Cygan spheres are disjoint.

2.6 Cartan’s angular invariant

Elie Cartan defined an invariant of triples of pairwise distinct points py, p», ps
in aHé; see [15, Section 7.1]. For any lifts p; of p; to C3, this invariant is defined
by arg(—{(p1, p2){p2p3){p3, p1)), where the argument is chosen to lie in (-, 7].
We state here some important properties of A.

Proposition 2.14 [15, Sections 7.1.1and 7.1.2] (1) —% <A(py, p2, p3) <5 for
any triple of pairwise distinct points p1, p2, p3.

2) A(p1,p2.p3)= :I:% if and only if py, p», p3 lie on the same complex line.
(3) A(p1, p2, p3) =0 ifand only if p1, pa, p3 lie on the same Lagrangian plane.

(4) Two triples p1, p2, p3 and q1, 42, g3 have A(p1, p2, p3) = A(q1,92,93) if
and only if there exists A € SU(2, 1) such that A(p;j) =q; for j =1, 2, 3.

(5) Two triples p1, p2, p3 and q1, g2, q3 have A(p1, p2, p3) = —A(q1,92.93)
if and only if there exists an antiholomorphic isometry A such that A(p;) = q;

for j =1, 2, 3.

The following proposition will be useful to us when we parametrise the family of
classes of groups I'.
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Proposition 2.15 Let (a1, ) € (—%, %)2 Then there exists a unique PU(2,1)—

class of quadruples (p1, p2, p3, pa) of pairwise distinct boundary points of Hé such
that:

(1) The complex lines Ly, and L34 respectively spanned by (p1, p2) and (p3, ps)
are orthogonal.

(2) A(pi1. p3, p2) = a1 and A(py, p3, pa) = az.
Proof Since PU(2, 1) acts transitively on pairs of distinct points of dH2, we may
assume using the Siegel model, that the points p; are given in Heisenberg coordinates
by
(10) P1=4qoo. p2=[0.0. p3=[lL1]. ps=]zs]

Using the standard lifts given in Section 2.1 (denoted by p;), we see by a direct
computation using the Hermitian cross-product that

(p1 R pr, p3 R py) =z> —1+i(t—s).

Thus the condition L1, 1 L34 gives |z| =1 and t = 5. We thus write z = e with
f €0, 2m). Now computing the triple products we see that

A(p1. p3, p2) = arg(1 —i1),
A(p1, p3, pa) = arg(1 —2) = arg(2i 2 sin (16)).

In particular, oy and o, determine the values of ¢ and 6. |

3 The parameter space

3.1 Coordinates

Our space of interest is the following:

Definition 3.1 Let I/ be the set of PU(2, 1)—conjugacy classes of nonelementary pairs
(A, B) such that A, B and A B are unipotent.

Here, by nonelementary, we mean that the two isometries A and B have no common
fixed point in BH(LZj . In fact, a slightly stronger statement will follow from Theorem 3.2
below. Namely A and B do not preserve a common complex line and so they have
no common fixed point in CP?2 (see Section 2.3). Another way to see this is that if A
in PU(2, 1) is unipotent and preserves a complex line, then its action on that complex
line is via a unipotent element of SL(2,R) (that is, parabolic with trace +2). It is
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well known that if 4 and B are unipotent elements of SL(2, R) whose product is also
unipotent then A and B must share a fixed point (if A, B and A B are all parabolic
with distinct fixed points, at least one of them should have trace —2).

Note that BA = A~ (AB)A = B(AB)B™! and so if AB is unipotent then so is BA.
If p4yp and ppy in 8Hé are the fixed points of A B and BA then we have A(ppy) =
pap and B(p4p) = ppa. From Proposition 2.6 this means that 4 and B are uniquely
determined by the fixed points of 4, B, AB and BA. We describe a set of coordinates
on U expressed in terms of the Cartan invariants of triples of these fixed points.

Theorem 3.2 There is a bijection between U and the open square (o1, a3) € (—%, %)2 ,
which is given by the map

A: (A, B)— (A(p4, paB- PB)-A(P4, P4B: PBA)).

where p4, pp, pap and ppy are the parabolic fixed points of the corresponding
isometries.

This result can be see as a special case of the main result of [26]. For completeness,
we include here a direct proof.

Proof First, the two quantities o; = A(p4, pap, pp) and a2 = A(p4, paB. PBA)
are invariant under PU(2, 1)—conjugation and thus the map A is well-defined. Let us
first prove that the image of A is contained in (—E 5)2. In other words, we must

22
show oy # £7% and ay # £7.

Fix a choice of lifts p4, pp, p4ap and pp, for the fixed points of A, B, AB
and BA. Since the fixed points are assumed to be distinct, we see that the Hermitian
product of each pair of these vectors does not vanish. The conditions A(pp4) = paB
and B(p4p) = pp4 imply that there exist two nonzero complex numbers A and p
satisfying

Appa=Ap4ap and Bpyp=pB4.

As A B is unipotent, its eigenvalue associated to p4p is 1, and therefore Ay = 1. More-
over, using the fact that p4 and pp are eigenvectors of A and B with eigenvalue 1,

we have
(an (pBA. pa) = (ApBa. Ap4a) =\ (paB. Pa).
(paB. pB) = (Bpap.Bpp) = 1(pBa. PB).

Using An = 1 and (11), it is not hard to show that ny = Ap4p — pp4 is a polar
vector for the complex line L spanned by p4 and pp (see Section 2.3). Moreover,
(paB.n1) = —(paB. PB4) # 0. Thus pyp does not lie on L;. That is, the three
points p4, pp, p4p do not lie on the same complex line and so oy # :I:%.
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Likewise, again using Ay =1 and (11) we find that n, = (pp, paB) PA— (P4, PAB)PB
is a polar vector for L, and (p4,n2) = —(p4, PaB){P4, PB) # 0. Hence p4 does
not lie on Lj and so &y # £ % . We remark that, by construction, we have (ny,n3) =0
and so in fact L and L, are orthogonal.

. .. . 2
To see that A is surjective, fix (¢, a3) in (—%, %) and define

(12) x1=+y/2cose; and xp =+/2cosay for o; € (—%, %),

s0 X1, Xz € R% . Now consider the elements of SU(2, 1)

i —afage ! 0 o
(13) A=1[0 1 X1x3 and B = | x;x2e7i™ ) ol.
0 0 1 —xfxgeio‘z —xlxgei"‘l 1

Clearly, A and B are unipotent, and A B is also unipotent since tr(4 B) = 3. The four
fixed points can be lifted to the vectors

1 0 —el® —ela
(14) pa=|0|, pp=|0|, pap=|x1€|, pps=|-—xje i
0 1 1 1

They satisty A(p4, pap, pB) = o1 and A(p4, paB, PB4) = 0. Note that when
either o; or o, tends to :I:% (that is, x1 or xj, respectively, tends to 0), 4 and B
both tend to the identity matrix.

To see that A is injective, it suffices to prove that the quadruple (p4, pB, PAB, PBA)
is uniquely determined by (x, o) up to isometry. Indeed, once this quadruple is
fixed, A and B are uniquely determined by Proposition 2.6. The above discussion has
proved that for any pair (A4, B) in U the two complex lines spanned by (p4, pp) and
(paB, PBA), respectively, are orthogonal. The result then follows straightforwardly
from Proposition 2.15. a

From now on, we will identify any conjugacy class of pair in ¢/ with its representative
given by (13). We will repeatedly use the notation x; = /2 cosa; from (12) and,
when necessary, we will freely combine x; with trigonometric notation. It should be
noted that the unipotent isometry A given by (13) is equal to the Heisenberg translation
T1¢ 4,14 (see Lemma 2.5), where

by = Lxlxg =2 cosa cos> Ay,
(15) V2

ty = xlzxg sinoy, = 4cos oy cosay Sinay.
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)21

PB4 @ @ PAB

DB

Figure 3: Action of S and T on the tetrahedron (p4, pB, p4B, PBA)
3.2 Products of order-3 elliptics

The following proposition gives a decomposition of pairs in ¢/ that we will use in the
rest of this work.

Proposition 3.3 For any pair (A, B) € U, there exists a unique pair of isometries
(S, T) such that:

(1) Both S and T have order three, and they cyclically permute (p4, p4B, pB) and
(P4, PB. PB4), respectively.
2) A=ST and B=TS.

Proof The first item is a direct consequence of Lemma 2.4 (note that neither of the
triples (p4, p4B, pB) or (p4, PB, PBA4) is contained in a complex line by Theorem 3.2).
The action of S and 7T is summed up on Figure 3. From this, we see that ST (resp. 7'5)
fixes py (resp. pp) and maps ppy to pyp (resp. p4p to ppy4). Provided that ST
and 7'S are unipotent, this suffices to prove the second item by Proposition 2.6. To
see that ST and T'S are indeed unipotent, we can use the lifts of p4, pp, p4p and
PB4 given by (14). In this case we have

elotl xlel(xl—laz _1

S = e—ia1/3 _xleiaz _eial 0 ,
—1 0 0
(16)
0 0 -1
T = eia1/3 0 _e—iotl _xle—i(xl—iotz
—1 xjei* e i

where, as usual, x; = v/2 cosq;; see (12). Computing the products ST and T'S gives
the result. a

We will use the notation S and 7" for these order-three symmetries throughout the paper.

A more geometric proof of the existence of order-three elliptic isometries decomposing
pairs of parabolics as above can be found in a slightly more general context in [26].
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One consequence of the existence of this decomposition as a product of order-three
elliptics is that any group generated by a pair (A, B) in U is the image of the funda-
mental group of the Whitehead link complement by a morphism to PU(2, 1). This
follows directly from the following:

Proposition 3.4 The free product Z 3 * Z5 is a quotient of the fundamental group of
the Whitehead link complement.

Proof The fundamental group of the Whitehead link complement is presented by
7w = (u,v |rel(u, v)), where

rel(u, v) = [u, v]-[u, v - [u 07wt v).

Making the substitution « = st and v = £s¢, we observe rel(st, tst) = [st, st 73s72].
This relation is trivial whenever s = ¢ = 1. Therefore, one defines a morphism
W w— Z3 %73 by setting (1) = st and pu(v) = tst. The morphism p is surjective:
t is the image of vu~! and s the image of u?v~!. a

3.3 Symmetries of the moduli space

The parameters (o, o) determine I" up to PU(2, 1) conjugation. We now show that
there is an antiholomorphic conjugation that changes the sign of both oy and «5.

Proposition 3.5 There is an antiholomorphic involution ¢ with the properties:

(1) ¢ interchanges p4 and pp and interchanges p4p and ppy4.
(2) t conjugates S to T and A to B (and vice versa).

(3) ¢ conjugates the group I" with parameters (o1, ) to the group with parameters
(—a1,—a2).

Proof The action on C3 of ¢ is
71 z3
t:]zp | > | ez,
z3 Z1
It is easy to see that (2 is the identity and that ¢ sends p4 to pp and sends p4p to
(—e™'®1) pp 4. Projectivising gives the first part.

Since A is the unique unipotent map fixing p4 and sending ppy4 to p4p, We see
tAt is the unique unipotent map fixing t(p4) = pp and sending ¢(pp4) = pap to
t(paB) = pBa. Thus tAt = B and so t Bt = A. Applying Proposition 3.3 we see that
tSt=T and (Tt = S, proving the second part.
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The parameters for the group (It are A(tp4,tpap,tpB) = A(PB, PBA, P4) = —01
and A(tpg,tpap,tpBa) = A(PB, PB4, Pa4B) = —>. This completes the proof. O

There are other symmetries of the parameter space U/ that, in general, do not arise from
conjugation by isometries.

Proposition 3.6 Let ¢p: (a1, ) (a1, —ay) and ¢y (o1, o) — (—aq, &tp) denote
the symmetries about the horizontal and vertical axes of the (o, o) —square. Then
¢y, o ¢y induces the conjugation by ¢ given in Proposition 3.5. Moreover:

(1) The symmetry ¢, induces the changes of generators (S, T) + (T ', S~!) and
(4, B) > (A~1, B71).

(2) The symmetry ¢, induces the changes of generators (S, T) +— (S, T~") and
(4, B) > (B~1, 471,

Proof Applying the change ¢ to the points in (14) and multiplying by the diago-
nal element diag(1, —1, 1) € PU(2,1) fixes p4 and pp and swaps pqp and pp4.
Therefore it sends S to the map cyclically permuting (p4, pB4. pB), Whichis T,
Similarly it sends 7 to S™!.

It is clear that the change of generators (S,7) — (T~!,S7!) sends 4 = ST to
T7!1S'=A"land B=TS to ST'T"! =B~ 1.

The change of generators (A, B) — (A~', B™1) fixes p4 and pp. Since it sends A B
to AT B~ = (BA)™!,itsends p4p to pp4,and similarly sends pp4 to p4p. From
this we can calculate the new Cartan invariants and we obtain the symmetry ¢y, .

Hence all three conditions in the first part are equivalent. The second part then follows
the first part and Proposition 3.5 by first applying ¢, and then conjugating by ¢. O

The fixed-point sets of these automorphisms are related to R—decomposability and
C —decomposability of T".

Definition 3.7 (compare Will [36]) A pair (S, 7T) of elements in PU(2,1) is R-
decomposable if there exist three antiholomorphic involutions (1, t3,t3) such that
S =1 and T = 1q13.

A pair (S, T) of elements in PU(2, 1) is C—decomposable if there exists three involu-
tions (I, I, I3) in PU(2,1) suchthat S = 1,1 and T = I, I5.

The properties of R— and C—-decomposability have also been studied (in the special
case of pairs of loxodromic isometries) from the point of view of traces in SU(2, 1)
in [36], and (in the general case) using cross-ratios in [27]. We could take either point
of view here, but instead we choose to argue directly with fixed points.
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Proposition 3.8 Let (A, B) bein U and (S, T) be the corresponding elliptic isome-
tries.

(1) If oy = 0, then the pair (S,T) is C—decomposable and the pair (A, B) is
R —decomposable. In particular, (S, T) has index 2 in a (3,3, co)—triangle
group.

(2) If ay = 0, then the pair (S,T) is R—decomposable and the pair (A, B) is
C —decomposable. In particular, (A, B) has index two in a complex hyperbolic
ideal triangle group.

Proof Consider the antiholomorphic involution ¢1: [z, z3, 23]+ [21, —Z2, Z3]. Ap-
plying ¢; to the points in (14) with oy = 0, we see that ¢; fixes p4 and pp and
interchanges p4p and ppy. Therefore (| conjugates A to A~! and B to B!.
Hence Ait1 Aty and (; Biy B are the identity. That is, t, = Aty and 13 = (1 B are
involutions. Hence (A4, B) is R—decomposable.

Again assuming «; = 0, consider the holomorphic involution defined by I; = (1t
(where ¢ is the involution defined in Proposition 3.5). Then I; fixes p4p and pp4
and interchanges p4 and ppg. Therefore, it conjugates S to S~! and 7 to T~'. This
means I, = S1; and I3 = [T are involutions. Hence (S, T') is C-decomposable.

Now consider the holomorphic involution I7: [z1, z3, z3] = [z1, —22, z3]. This fixes
p4 and pp and when ay = 0 it interchanges p4p and pp4. As above this means
I, = AI{ and I} = I| B are involutions and (A4, B) is C—decomposable. Finally,
define /; = I{t. Arguing as above, again with a; = 0, we see that ¢/, = S/} and
L/3 = L’l T are involutions. Hence (S, 7') is R—decomposable. m|

As indicated above, when «; = 0 the group generated by (/1, I, I3) is a (3, 3, 00)
reflection triangle group. This group can be thought of as a limit as » tends to infinity
of the (3, 3, n)—triangle groups which have been studied by Parker, Wang and Xie [25].
The special case (3, 3, 4) has been studied by Falbel and Deraux [8]. Both [8] and [25]
constructed Dirichlet domains, and the Ford domain we construct can be seen as a limit
of these. Moreover, R—decomposability of the pair (4, B) when «; = 0 can be used
to show that these groups correspond to the bending representations of the fundamental
group of a 3—punctured sphere that have been studied in [37]. Ideal triangle groups
have been studied in great detail in [16; 31; 30; 33; 34].

3.4 Isometry type of the commutator

The isometry type of the commutator will play an important role in the rest of this paper.
It is easily described using the order-three elliptic maps given by Proposition 3.3.
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Proposition 3.9 The commutator [A, B] has the same isometry type as ST ~!. More
precisely, consider g(xf, xg) = G(4cos? ay,4cos? ay), where

G(x,y) =x2y* —4x2y3 +18xy? —27.
Then [A, B] is loxodromic (resp. parabolic, elliptic) if and only if G (xf, x;‘) is positive

(resp. zero, negative).

Proof First, from A = ST, B =TS and the fact that S and T have order 3, we
see that

[A,B]= ABA™'B ' =STTST 'S~ 18I~ = (ST

This implies that [A, B] has the same isometry type as S7 ! unless ST~ is elliptic
of order three, in which case [A4, B] is the identity. This would mean that A and B
commute, which cannot be because their fixed point sets are disjoint.

Representatives of S and 7" in SU(2, 1) are given in (16). A direct calculation using
these matrices shows that tr(S7 ') = xlzxgeio‘l/3. The function Q(xf, xg) above is

obtained by plugging this value in the function F given in Proposition 2.3. a
The null locus of G(4 cos? a1,40052 ®>) in the square (—%, %)2 is a curve, which

we will refer to as the parabolicity curve and denote by P. It is depicted on Figure 4.
Similarly, the region where G is positive (thus [4, B] loxodromic) will be denoted
by L. It is a topological disc, which is the connected component of the complement
of the curve P that contains the origin. The region where [A4, B] is elliptic will be
denoted by £.

4 Isometric spheres and their intersections

4.1 Isometric spheres for S, S~! and their A -translates

In this section we give details of the isometric spheres that will contain the sides of our
polyhedron D. The polyhedron D is our guess for the Ford polyhedron of I", subject
to the combinatorial restriction discussed in Section 4.2.

We start with the isometric spheres Z(S) and Z(S™!) for S and its inverse. From the
matrix for S given in (16), using Lemma 2.9 we see that Z(S) and Z(S~!) have radius
1/|—e~i1/3|1/2 = 1 and centres S~!(goo) = pp and S(goo) = pu B, respectively;
see (14). In particular, Z(S) is the Cygan sphere Sjg ¢j(1) of radius 1 centred at the
origin; see (8). In our computations we will use geographical coordinates in Z(S) as in
Definition 2.11. The polyhedron D will be the intersection of the exteriors of Z(S*1)
and all their translates by powers of A. We now fix some notation:

Geometry & Topology, Volume 21 (2017)



3416 John R Parker and Pierre Will

Definition 4.1 For k € Z let I,j be the isometric sphere Z(AXSA=%) = AKZ(S)
and let 7, be the isometric sphere Z(ARS—1A7ky = AkZ(S7Y).

‘With this notation, we have:

Proposition 4.2 For any integer k € 7, the isometric sphere I,j has radius 1 and
is centred at the point with Heisenberg coordinates [k{ 4, kt4], where £4 and t4 are
as in (15). Similarly, the isometric sphere 7, has radius 1 and centre the point with
Heisenberg coordinates [k{4 + /cosaje'*?, —sinay].

Proof As A is unipotent and fixes ¢, it is a Cygan isometry, and thus preserves
the radius of isometric spheres. This gives the part about radius. Moreover, it follows
directly from (13) that A¥ acts on the boundary of Hé by left Heisenberg multiplication
by [kl 4, kt4]. This gives the part about centres by a straightforward verification. O

The following proposition describes a symmetry of the family {I,iE :k € Z} which will
be useful in the study of intersections of the isometric spheres Iki.

Proposition 4.3 Let ¢ be the antiholomorphic isometry St = (T, where ¢ is as in
Proposition 3.5. Then ¢*> = A, and ¢ acts on the Heisenberg group as a screw motion
preserving the affine line parametrised by

(17) A¢={5¢(x)=[x+% cos g sinay, X 4/cos g sin —%sin(xl]:xER}.

Moreover, ¢ acts on isometric spheres as ga(I,;|r )=I, and (I, ) = I]j 4y forallk €Z.

Proof Using the fact that 7 = 1St we see that A = ST = SitSt = ¢2. Moreover,
o(pq) = St(pg) = S(pp) = p4. Hence ¢ is a Cygan isometry. It follows by direct
calculation that ¢ sends §,(x) to J, (x + %K A), and so preserves A, . Moreover,

©(ppa) = St(ppa) = S(paB) = pB. ¢(pB) = Su(pp) = S(p4) = paB-

Hence, ¢ sends 7, to Igr since it is a Cygan isometry mapping the centre of 7~ to
the centre of Ig' . Similarly, ¢ sends I(;" to Z,". The action on other isometric spheres
follows since ¢ = 4. a

4.2 A combinatorial restriction

The following section is the crucial technical part of our work. As most of the proofs
are computational, we will omit many of them here; they will be provided in Section 7.
We are now going to restrict our attention to those parameters in the region £ such
that the three isometric spheres I(T =1(S), Iy, =Z(S ~1y and 17, =I(T) have no
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Figure 4: The parameter space, with the parabolicity curve P and the regions
€ and L. The region Z is the central region, which is contained in the
rectangle R.

triple intersection. We will describe the region we are interested in by an inequality on
o and «;. Prior to stating it, let us fix a little notation.
We let ozlzim = arccos +/3/s. The two points (0, :I:ozlzim) are the cusps of the curve P;

they satisfy G(4 cos? 0,4 cos? ozlzim) = g(4, %) = 0 (see Figure 4). Now, let R be the

rectangle (depicted in Figure 4) defined by
(18) R={(a1.02) : 1| < £, |ea| S 3™}

We remark that in Lemma 7.3 we will prove that when («1, @) € R, the commutator
[A4, B] is nonelliptic. This means that R is contained in the closure of L.

Definition 4.4 Let Z be the subset of R where the triple intersection I(')" NIZ, NIy
is empty.

The following proposition characterises those points (o1, «>) that lie in Z:

Proposition 4.5 A parameter (a1, 5) € R isin Z if and only if it satisfies
D(xf, xg) = D(4cos? oy, 4cos® ap) > 0,
where D is the polynomial given by
D(x,y) =x3y3 —9x?p? —27xy? 4+ 8lxy —27x —27.
The region Z is depicted in Figure 4; it is the interior of the central region of the figure.

In fact, Z is the region in all of £ where Igr NZZ, NZ; is empty, but, as proving
this is more involved, we restrict ourselves to the rectangle R. This provides a priori
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bounds on the parameters «; and o, that will make our computations easier. We will
prove Proposition 4.5 in Section 7.3. It relies on Proposition 4.6, describing the set of
points where D(xf, x§ ) > 0, and on Proposition 4.7, which gives geometric properties
of the triple intersection. Proofs of Propositions 4.6 and 4.7 will be given in Sections
7.2 and 7.1, respectively.

Proposition 4.6 The region Z is an open topological disc in R, symmetric about the
axes and intersecting them in the intervals

{a2=0, —%<a1<%} and {o; =0, —a12‘m<oc2<oc12‘m.

Moreover, the intersection of the closure of Z with the parabolicity curve P consists
: lim

of the two points (0, :ta2 .

Proposition 4.7 (1) The triple intersection ISL NZ, NIZ, is contained in the

meridian m of Igr defined in geographical coordinates by f = %(n —aq).

(2) If the triple intersection Igr NZy NZIZ, is nonempty, it contains a point in 8Hé .

The second part of Proposition 4.7 is not true for general triples of bisectors. It will allow
us to restrict ourselves to the boundary of Hé to prove Proposition 4.5. Restricting
ourselves to the region Z will considerably simplify the combinatorics of the family
of isometric spheres {Iki 1k € Z}. The following fact will be crucial in our study;
compare Figure 5.

Proposition 4.8 Fix a point («1, «3) in Z. Then the isometric sphere I(')" is contained
in the exterior of the isometric spheres I/f for all k, except for 7, I:LI ,Zy and 17, .

The proof of Proposition 4.8 will be detailed in Section 7.4. We can give more
information about the intersections Iét with these four other isometric spheres; compare
Figure 5.

Proposition 4.9 If (a1, ) € Z, then the intersection I~, N Z; is contained in the
interior of I(T .

Proof Since the point pp is the centre of Z., it lies in its interior. Moreover, pp lies
on both 77, and Z; indeed, {(p4B, pB) = (PB4, PB) = 1. By convexity of Cygan
spheres (see Proposition 2.10), the intersection of the latter two isometric spheres is
connected. This implies that 7—, NZ" is contained in the interior of I(;L , for otherwise
I(T NZZ, NZ;, would not be empty. |

Using Proposition 4.3, applying powers of ¢ to Propositions 4.8 and 4.9 gives the
following results describing all pairwise intersections:
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I:Z —1

+ + +
o, I, I

Figure 5: Vertical projections of the isometric spheres I;f for small values
of k at the point (o1, ;) = (0.4,0.3)

Corollary 4.10 Fix (a;,a2) € Z. Then forall k € Z:

(1) Zjf is contained in the exterior of all isometric spheres in {I,?: 1k € Z} except
+ — — + + N7 —_ + A7t
i Ly I and 1y, - Moreover, 7, NI, N1 =2 and 7, NI,
(resp. I]j' N I]j' 1/ 1s contained in the interior of 7, _, (resp. I ).
(2) I is contained in the exterior of all isometric spheres in {I;{t 1k € Z} except
i + + — — — _ — —
Ik—l s Ik , Ik+1 , and Ik+1 . Moreover, Ik ﬂIk ﬂIk+1 = @& and Ik ﬂIk_l
(resp. ' NIy, 1) is contained in the interior of I,j' (resp. I,;" 1)

Proposition 4.8 and Corollary 4.10 are illustrated in Figure 5.

5 Applying the Poincaré polyhedron theorem inside Z

5.1 The Poincaré polyhedron theorem

For the proof of our main result we need to use the Poincaré polyhedron theorem for
coset decompositions. The general principle of this result is described in [2, Section 9.6]
in the context of the Poincaré disc. A generalisation to the case of Hé has already
appeared in Mostow [22] and Deraux, Parker and Paupert [9]. In these cases the
stabiliser of the polyhedron was assumed to be finite. In our case the stabiliser is the
infinite cyclic group generated by the unipotent parabolic map 4. There are two main
differences from the version given in [9]. First, we allow the polyhedron D to have
infinitely many facets; the stabiliser group Y is also infinite, but we require that there
are only finitely many Y —orbits of facets. Secondly, we allow the boundary D to
intersect BHé in an open set, which we refer to as the ideal boundary of D. In fact, the
version we need has many things in common with the version given by Parker, Wang and
Xie [25]. A more general statement will appear in Parker’s book [23]. In what follows
we will adapt our statement of the Poincaré theorem to the case we have in mind.

The polyhedron and its cell structure Let D be an open polyhedron in Hé and
let D denote its closure in Hé = Hé U BHé. We define the ideal boundary 0oo D of
D to be the intersection of D with aHé . This polyhedron has a natural cell structure

Geometry & Topology, Volume 21 (2017)



3420 John R Parker and Pierre Will

which we suppose is locally finite inside Hé. We suppose that the facets of D of all
dimensions are piecewise smooth submanifolds of H Z. Let Fj(D) be the collection
of facets of codimension k having nontrivial 1ntersect10n with Hg Z . We suppose that
facets are closed subsets of H H2. We write /° to denote the mterlor of a facet f, that
is, the collection of points of f that are not contained in 9 H Z or any facet of a lower
dimension (higher codimension). Elements of F; (D) and 7, (D) are called sides and
ridges of D, respectively. Since D is a polyhedron, Fo(D) = D and each ridge in
F»(D) lies in exactly two sides in F; (D). Similarly, the intersection of facets of D
with 8Hé gives rise to a polyhedral structure on a subset of doo D. We let ZF (D)
denote the ideal facets of doo D of codimension & such that each facet in ZF (D)
is contained in some facet of F; (D) with £ < k. In particular, we will also need to
consider ideal vertices in ZF 4(D). These are either the endpoints of facets in F3(D)
or else they are points of 8Hé contained in (at least) two facets of D that do not
intersect inside Hé. Note that, since we have defined ideal facets to be subsets of
facets, it may be that 8H(é contains points of deo D not contained in any ideal facet. In
the case we consider, there will be one such point, namely the point at co fixed by 4.

The side pairing We suppose that there is a side pairing o: F1(D) — PU(2,1)
satisfying the following conditions:

(1) For each side s € F{(D) with o(s) = S there is another side s~ € F;(D)
such that S maps s homeomorphically onto s~ preserving the cell structure.
Moreover, o(s~) = S~!. Furthermore, if s =5~ then S =S~ ! and S is an
involution. In this case, we call S? = id a reflection relation.

(2) For each s € Fi(D) with a(s) = S we have
DNS Y(D)=s and DNS (D)=

(3) For each w in the interior s° of s there is an open neighbourhood U(w) C Hé
of w contained in DU S~!(D).

In the example we consider, D will be the Ford domain of a group. In particular,
each side s will be contained in the isometric sphere Z(S) of S = o(s). Indeed,
s =Z(S) N D. By construction we have S: Z(S) — Z(S~') and in this case s~ =
Z(S~')N D. The polyhedron D will be the (open) infinite-sided polyhedron formed
by the intersection of the exteriors of all the Z(S) where S = o(s) and s varies
over F1(D). By construction, the sides of D are smooth hypersurfaces (with boundary)
in HZ.

Suppose that D is invariant under a group Y that is compatible with the side pairing
map in the sense that for all P € Y and s € F1(D) we have P(s) € F;(D) and
0(Ps)= Po(s)P~'. We call the latter a compatibility relation. We suppose that there
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are finitely many Y —orbits of facets in each Fj (D). Since P € Y cannot fix a side
s € F1(D) pointwise, subdividing sides if necessary, we suppose that if P € T maps
a side in F; (D) to itself then P is the identity. In particular, given sides s; and s,
in F;(D), there is at most one P € Y sending s; to s,. In the example of a Ford
domain, T will be ', the stabiliser of the point oo in the group I'.

Ridges and cycle relations Consider a ridge r; € F,(D). Then r; is contained in
precisely two sides of D, say s, and s;. Consider the ordered triple (rq,s;,s1). The
side pairing map o (sy) = S sends sy to the side 5] preserving its cell structure. In
particular, Sy(ry) isaridge of 577, say 5. Let s, be the other side, containing 7. Then
we obtain a new ordered triple (r2, 5], 52). Now apply o(s2) = S3 to r, and repeat.
Because there are only finitely many Y —orbits of ridges, we eventually find an m
such that the ordered triple (41,5, Sm+1) = (P~ 'ry, P_lsa, P~1s;) for some
P €Y (note that, by hypothesis, P is unique). We define a map p: F,(D) —PU(2,1)
called the cycle transformation by p(ri) = P oSy, 0---0.8;. (Note that for any ridge
r1 =s, Ns1, the cycle transformation map p(r1) = R depends on a choice of one of the
sides s, and s1. If we choose the other one then the ridge cycle becomes R~!. This
follows from the fact that then G(Sj_) =o(s j)_1 and from the compatibility relations.)
By construction, the cycle transformation R = p(r;) maps the ridge r; to itself setwise.
However, R may not be the identity on 1, nor on Hé. Nevertheless, we suppose that
R has order n. The relation R" = id is called the cycle relation associated to r; .

Writing the cycle transformation p(r;) = R in terms of P and the S;, we let C(r)
be the collection of suffix subwords of R”. That is,

C(r1) ={Sjo---08; o R¥ 0<j<m—-1,0<k=<n—1}.
We say that the cycle condition is satisfied at r{ provided:
(M 1 =Neecey CH(D).
(2) If Cy, G, €C(ry) with Cy # Gy, then C;7H(D)NC;H(D) = 2.
(3) Foreach w € r{ there is an open neighbourhood U(w) of w such that

vwyc |J .

Cec(ry)

Ideal vertices and consistent horoballs Suppose that the set ZF4(D) of ideal ver-
tices of D is nonempty. In our applications, there are no edges (that is, F3(D) is empty)
and the only ideal vertices arise as points of tangency between the ideal boundaries of
ridges in 7, (D). In order to simplify our discussion below, we will only treat this case.
We require that there is a system of consistent horoballs based at the ideal vertices and
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their images under the side pairing maps (see [10, page 152] for the definition). For
each ideal vertex & € ZF4(D), the consistent horoball H is a horoball based at £ with
the following property: Let & € ZF4(D) and let s € F;(D) be a side with & € 5. Then
the side pairing S = o (s) maps & to a point £~ in s~ . Note that £ is not necessarily
an ideal vertex (since it could be that £ is a point of tangency between two sides whose
closures in ITé are otherwise disjoint and £~ may be a point of tangency between
two nested bisectors only one of which contributes a side of D). In our case this does
not happen and so we may assume £~ also lies in ZF4(D) and so has a consistent
horoball Hg-. In order for these horoballs to form a system of consistent horoballs we
require that for each ideal vertex £ and each side s with £ € s the side pairing map
o (s) should map the horoball Hg onto the horoball Hg-. In particular, any cycle of
side pairing maps sending & to itself must also send H to itself.

Statement of the Poincaré polyhedron theorem We can now state the version of
the Poincaré polyhedron theorem that we need (compare [22] or [9]).

Theorem 5.1 Let D be a smoothly embedded polyhedron D in H(é together with a
side pairing o: F1(D) — PU(2,1). Let T < PU(2, 1) be a group of automorphisms
of D compatible with the side pairing and suppose that each Fj (D) contains finitely
many Y —orbits. Fix a presentation for Y with generating set Py and relations R~ .
Let T" be the group generated by Py and the side pairing maps {o(s)}. Suppose that
the cycle condition is satisfied for each ridge in F,(D) and that there is a system of
consistent horoballs at all the ideal vertices of D (if any). Then:

(1) The images of D under the cosets of Y in I' tessellate Hé. That is, Hé -
Uyger A(D) and DNA(D) =@ forall AeT —7.

(2) The group T is discrete and a fundamental domain for its action on Hé is
obtained from the intersection of D with a fundamental domain for Y .

(3) A presentation for I' (with respect to the generating set Py U {c (s)}) has the
following set of relations: the relations Ry in Y, the compatibility relations
between o and Y, the reflection relations and the cycle relations.

5.2 Application to our examples

We are now going to apply Theorem 5.1 to the group generated by .S and A4. Explicit
matrices for these transformations are provided in (13) and (16). Our aim is to prove:

Theorem 5.2 Suppose that (o1, ) is in Z. That is, D(4cos? oy, 4cos?aq) > 0,
where D(x, y) is the polynomial defined in Proposition 4.5. Then the group I' = (S, A)
associated to the parameters (a1, ) is discrete and has the presentation

(19) (S,4:83=(4718)3 =1d).
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We obtain the presentation (S, 7T : S = T3 = id) by changing generators to S and
T=A47'S.

Definition of the polyhedron and its cell structure The infinite polyhedron we con-
sider is the intersection of the exteriors of all the isometric spheres in {I;{IE ckel}.

Definition 5.3 We call D the intersection of the exteriors of all isometric spheres I+
and 7~ with centres A¥S71(goo) and A¥S(goo), respectively:

(20) D ={q e HE : dcys(q, A* ST (g00)) > 1 for all k € Z}.

The set of sides of D is Fj(D) = {s,j, sg +k € Z}, where s,j = I,j N D and
sy =I; ND.

Using Corollary 4.10 we can completely describe s,j and s, .

Pr0p0s1t10n 5.4 The side sif is topologically a solid cylinder in H% U dHg . More
precisely, s k is a product D x [0, 1], where for each t € [0, 1], the ﬁbre D x {t} is
homeomorphic to a closed disc in H 2 whose boundary is contained in IH G 2. The
intersection of ds;" (resp. dsy ) with H<C is the disjoint union of the topolog1ca] discs
sk NS, and sg Ny (resp. s ﬂsk and S ﬂsk+1)

Proof Since s;" is contained in Z, ', its only possible intersections with other sides are
— : + ~ 7+
contained in Ik Ly Ik+1 and 7", by Cohollary 4'1.10. Since I}/ .ﬂIk_l .and
I NI{,, are contained in the interiors of other isometric spheres, the intersections
Aot + Aot + AT — _ + A=
s Ns_y and s;” N are empty. Also, L' N7, | NT;" =& and so 5,7 Ns;_,
and Sk ﬂ s, are disjoint. Since isometric spheres are topologlcal balls and their
pairwise intersections are connected, the description of s follows. A similar argument

describes s P O

The side pairing o: F;(D) — PU(2, 1) is defined by

21) o(s;) = A%SA7*, o(sp) = AksTT a7k,

Let T = (A) be the infinite cyclic group generated by 4. By construction the side
pairing o is compatible with Y. Furthermore, using Proposition 5.4 the set of ridges is

Fr(D) = {r:,rk_ 1k € Z}, where r]j = slj Ns, and rp” = s,j Ns,_,. We can now
verify that o satisfies the first condition of being a side pairing.

Proposition 5.5 The side pairing map U(SE) = AkSA7* isa homeomorphism from
sk to s, . Moreover, o(sk ) sends rk = s, Ns; toitself and sends r;~ = sk Ns,_,

00Ty =5 NSqq-
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Proof By applying powers of A we need only need to consider the case where k = 0.
First, the ridge r(;" = sg' Nsy =Z(S)NI(S ~1) is defined by the triple equality

(22) |z, goo) | = (2, S qoo) | = |(2, Sqoo)|.

The map S cyclically permutes pp = S (¢oo), pA =¢goo and pgp = S(¢o0), and
SO maps r0 to itself. Similarly, consider r;” = So NsZ,. The side pairing map S
sends 471 S(gs0), the centre of -,

S(A7'8)(goo) = S(T_IS_I)S(qoo) = ST?(qoo)
= (ST)STH(ST)(go0) = AS ™' (goo),
which is the centre of I+ where we have used 47! = 77181, 771 = T2 and
ST(Goo) = YGoo- Therefore, ro = saL NsZ, issentto ri™ =55 N sl+, as claimed. The
rest of the result follows from our description of skjE in Proposition 5.4. a

Local tessellation We now prove local tessellation around the sides and ridges of D.

. s;: Since cr(s,:ct) = Ak S*! 4=1 sends the exterior of Ii to the interior of IJF
we see that D and Ak S A% (D) have disjoint interiors and cover a nelghbourhood
of each point in sk Together with Proposition 5.5 this means o satisfies the three

conditions of being a side pairing.

. r(')" Consider the case of r(;r = sar Nsy =IZ(S) N Z(S1), which is given
by (22). Observe that r(;r is mapped to itself by S. Using Proposition 5.5, we see

that when constructing the cycle transformation for r(;r we have one ordered triple

(r(;r .S s s(;r ) and the cycle transformation ,o(r(;L ) = S. The cycle relation is S3 =
and C (r(;r ) = {id, S, S?}. Consider an open neighbourhood U0+ of r(;r that intersects
no other ridge. The intersection of D with UO”L is the same as the intersection of
U0+ with the Ford domain Dg for the order-three group (S). Since S has order
three, this Ford domain is the intersection of the exteriors of Z(S) and Z(S™!). For z
in Dg, |{z,gc0)]| is the smallest of the three quantities in (22). Applying S = o(so )
and 7! = = o(s,) gives regions S(Dg) and S~ 1(Dg) where one of the other two
quantities is the smallest. Therefore UOJr ns (UOJr )N S(Uy) is an open neighbourhood

of r(;r contained in D U S(D) U S~1(D). This proves the cycle condition at r(;r

. Now consider r,

ry 0 = s(;r N s, . When constructing the cycle transformation
for ry~ we start with the ordered triple (r, s:l,s(")F ). Applying S = cr(s(')1r ) to ry
gives the ordered triple (r, s, sI"), which is simply (4ry, As_, As(‘)" ). Thus the
cycle transformation of ry is p(ry’) = A~1S = T, which has order 3. Therefore
the cycle relation is (4715)% = id, and C(ry) = {id, A7'S, (471S)?}. Noting that
I;r has centre S™!(goo) = S 71 4(¢oo) = T(goo) and Z~, has centre A71S(goo) =
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T~ (g —o0), we see IJ =Z(T~') and Iy =I(T). Therefore a similar argument
involving the Ford domain for (') shows that the cycle condition is satisfied at r .

J r;(': Using compatibility of the side pairings with the cyclic group Y = (4),

we see that ,o(r]j) = A¥SA7k with cycle relation (A¥SA7k)3 = Ak s34~ =id
and that the cycle condition is satisfied at r;”. Likewise, r, is mapped by p to
AK(A1S)A™* = Ak=1SA47K and (A*¥—1SA7K)3 = Ak (471S)A~F = id, so the
cycle condition is satisfied at r;".

This is sufficient to prove Theorem 5.2 by applying the Poincaré polyhedron theorem
when D has no ideal vertices, that is, to all groups I' in the interior of Z. In par-
ticular, I' is generated by the generator 4 of Y and the side pairing maps. Using
the compatibility relations, there is only one side pairing map up to the action of Y,
namely S. There are no reflection relations, and (again up to the action of Y') the only
cycle relations are S3 =id and (4~1S)3 =id. Thus the Poincaré polyhedron theorem
gives the presentation (19). This completes the proof of Theorem 5.2.

For groups on the boundary of Z the same result is also true. This follows from the
fact (Chuckrow’s theorem) that the algebraic limit of a sequence of discrete and faithful
representations of a nonvirtually nilpotent group in Isom( H) is discrete and faithful
(see for instance [4, Theorem 2.7] or [21] for a more general result in the framework
of negatively curved groups).

We do not need to apply the Poincaré polyhedron theorem for these groups. However, to
describe the manifold at infinity for the limit groups, we will need to know a fundamental
domain, and we will have to go through a similar analysis in the next section.

6 The limit group

In this section, we consider the group T'™  and unless otherwise stated, the parameters
a1 and o, will always be assumed to be equal to 0 and ozlzim, respectively. We know
already that I''™ is discrete and isomorphic to Z3 * Z3. Our goal is to prove that its
manifold at infinity is homeomorphic to the complement of the Whitehead link. For
these values of the parameters, the maps S~!7 and ST ! are unipotent parabolic
(see the results of Section 3.4), and we denote by Vg—17 and Vgr—1, respectively, the

sets of (parabolic) fixed points of conjugates of S™!7 and ST ! by powers of 4.

(1) As in the previous section, we apply the Poincaré polyhedron theorem, this time
to the group I'''™. We obtain an infinite A—invariant polyhedron, still denoted
by D, which is a fundamental domain for 4—cosets. This polyhedron is slightly
more complicated than the one in the previous section due to the appearance of
ideal vertices that are the points in Vg—17 and Vgp—1.
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(2) We analyse the combinatorics of the ideal boundary ds D of this polyhedron.
More precisely, we will see that the quotient of doo D\ ({p4}UVg—17UVgr—1)
by the action of the group (S, T') is homeomorphic the complement of the
Whitehead link, as stated in Theorem 6.4.

6.1 Matrices and fixed points

Before going any further, we provide specific expressions for the various objects we
consider at the limit point. When o; = 0 and oy = ozlzlm, the map ¢ described in

Proposition 4.3 is given in Heisenberg coordinates by

(23) ®: [z,t]|—>[E+ 3/3+i\/5/_3,—t+x\/5/_2+y\/%].

In particular its invariant line A, is parametrised by

(24) A(p:{Sw(x):[x—l—i\/%,x 5/g]:x € R}.

The parabolic map 4 = ¢? acts on Ay as A: 8,(x) — 84 (x + v/3/2). As a matrix it

is given by

1
(25) A=10
0

V3

3, iJ/15
_\/5 _E"‘l 2
1
0 1

We can decompose A into the product of regular elliptic maps S and 7', where

S=|_~_iv5 ol. 7= o -1 VAN A
2 2 .
- o0 i

These maps cyclically permute (p4, p4B, p) and (p4, pB, pB4), Where

0 -1 -1
. p3=|0|, pap=|L 4+, ppa=|-L 11
1 I

w

1

S O =

Using a; = 0, we will occasionally use the facts from Proposition 3.8 that (S, T') is
C —decomposable and (A, B) is R—decomposable.

As mentioned above, in the group '™ the elements ST~!, S~!T, TST, STS
and the commutator [A4, B] = (ST ~')3 are unipotent parabolic. For future reference,
we provide here lifts of their fixed points, both as vectors in C* and in terms of
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geographical coordinates g(w, B) (we omit the w coordinate — since we are on the
boundary at infinity, it is equal to ~/2 cos):

[_ 1, i/15
st 73
PsT-1 = «/Ti + # = g (arccos %, ).
B 1
- zf
4
Ps-iT = _~/T5 + % = g(—arccos 1, %),
(27) - 1
-1
PTST = —Tf Tf = g(O,—arccos \/27/32),
1
[ -1
PsSTS = %g_f_%g :g(o,aI'CCOS1/27/32)_
1

It follows from (23) that ¢ acts on these parabolic fixed points as follows:

¢ ¢ ¢ ¢ ¢
(28) -+ = pr-1§7ST = PTST = PS—\T = PST-1 = PSTS = PSTSTS-! —> """
6.2 The Poincaré theorem for the limit group

The limit group has extra parabolic elements. Therefore, in order to apply the Poincaré
theorem, we must construct a system of consistent horoballs at these parabolic fixed
points (see Section 5.1).

Lemma 6.1 The isometric spheres Il+ and I~ are tangent at p g1 . The isometric
spheres Ifl and I are tangent at pg—i.

Proof It is straightforward to verify that [(pgr—1, pB4)| = [(PsT-1. A(PB))| =1,
and therefore pgr-1 belongs to both 77, and Il+ . Projecting vertically — see
Remark 2.13 —we see that the projections of 7~ and Il+ are tangent discs and,
as they are strictly convex, their intersection contains at most one point. This gives the
result. The other tangency is along the same lines. a

A consequence of Lemma 6.1 is that the parabolic fixed points are tangency points of
isometric spheres. The following lemma is proved in Section 7.1.

Lemma 6.2 For the group T''"™ the triple intersection Igr NZ, NIZ, contains exactly
two points, namely the parabolic fixed points pgr—1 and pg—1r.
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Applying powers of ¢, we see that these triple intersections are actually quadruple
intersections of sides and triple intersections of ridges.

Corollary 6.3 The parabolic fixed point AX(p sr-1) liesonZ,_ N I,j Nz, N I,j .
In particular, it is the triple ridge intersection r;~ N r,j' N1y, - Similarly, Ak (ps-11)
lies on Ifl N7z, HIJ NZy . In particular it is r]j'_l Nrg N r];".

To construct a system of consistent horoballs at the parabolic fixed points we must inves-
tigate the action of the side pairing maps on them. First, pg—17 € Ifl ni-, DIJ NZy:
we have

o(st)) = A7'SA: ps-ir = proigTsT

o(sZ))=A"'ST'4: pg—ir — prsr.
o(s¢)=S: ps-i7 > psr-1.
o(sg) =S"" ps-1r — psrs.
Likewise, pgr—1 € 17, DI(')" NZy ﬂIl"‘: we have
o(sZ) = AT'ST A pgro1 > A2 (pgr1),
o(sg)=S: psy—1 > psTs.
o(sg)=S"" psr-1~ ps-i7,
0(s)) = ASA™": pgr—1 > A2 (pgp-1).

We can combine these maps to show how the points Ak (psr-1) and Ak (pg—17) are
related by the side pairing maps. This leads to an infinite graph, a section of which is:

A-1S4 ASA~! )
PsT-1 A*(psr-1) —

ST \ AZSA—ZT
A~1SA ASA™!

(29) S Ppr-isTST S Ps-IT (T pPSTS <« Az(ps—lT) —

A7'S4 ASA™!
A~1S4 ASA~!

—1
prsr S PSTSTS 12542

From this it is clear that all the cycles in the graph (29) are generated by triangles and
quadrilaterals. Up to powers of A, the triangles lead to the word S*, which is the
identity. Up to powers of A the quadrilaterals lead to words cyclically equivalent to
the one coming from

Ss—1 ASA~! S—1 A~1S4
Ps-1t PsSTS psrsrs-1 — > PTST —— 7 Ps—IT-
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Figure 6: Two realistic views of the isometric spheres Z;, Il+ and 7 for
the limit group I'"™. The thin bigon is By (defined in Proposition 6.5).
Compare with Figures 7 and 12

In other words, pg—17 is fixed by (A71SA)(S™1H)(ASA™H)(S™!) = (T~1S)3. This
is parabolic and so preserves all horoballs based at pg—17.

Therefore, we can define a system of horoballs as follows. Let UOJr be a horoball based
at pg—17, disjoint from the closure of any side not containing pg—17 in its closure.
Now define horoballs U k+ and U;~ by applying the side pairing maps to U0+ . Since
every cycle in the graph (29) gives rise either to the identity map or to a parabolic
map, this process is well-defined and gives rise to a consistent system of horoballs.
Therefore we can apply the Poincaré polyhedron theorem for the two limit groups.
Using the same arguments as we did for groups in the interior of Z, we see that I" has
the presentation (19).

6.3 The boundary of the limit orbifold

Theorem 6.4 The manifold at infinity of the group I''™ is homeomorphic to the
Whitehead link complement.

The ideal boundary of D is made up of those pieces of the isometric spheres Iki that
are outside all other isometric spheres in {I,iC :k € Z}. Recall that the (ideal boundary
of) the side s,j: is the part of E)Iki which is outside (the ideal boundary of) all other
isometric spheres. In this section, when we speak of sides and ridges we implicitly
mean their intersection with aHé.

We will see that each isometric sphere in {I;cIE :k € Z} contributes a side ski made up of
one quadrilateral, denoted by Q,f, and one bigon B,f. A very similar configuration of
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isometric spheres has been observed by Deraux and Falbel [8]. We begin by analysing
the contribution of I(;" .

Proposition 6.5 The side (s(J)r )° of D has two connected components:

(1) One of them is a quadrilateral, denoted by Qo , whose vertices are points pgr—1,
Ps—11, psts and prst (all of which are parabolic fixed points)

(2) The other is a bigon, denoted by B, whose vertices are Pst—1 and pg—1p

Proof Since isometric spheres are strictly convex, the ideal boundaries of the ridges
r(;r =I(;r NZ, and ry =I(;r NZZ, are Jordan curves on Igr . We still denote them by rgc.
The interiors of these curves are respectively the connected components containing
pap and ppy. By Lemma 6.2 in Section 7.1, r(;r and 7, have two intersection points,
namely pg—17 and pgr-1, and their interiors are disjoint. As a consequence the
common exterior of the two curves has two connected components, and the points
ps—17 and pgr—1 lie on the boundary of both.

To finish the proof, consider the involution ¢; defined in the proof of Proposition 3.8.
(Note that since a; = 0, this involution conjugates I''™ to itself.) In Heisenberg
coordinates it is defined by ¢;: [z, ] — [—Z, —t] and is clearly a Cygan isometry. As
in Proposition 3.8, ¢ fixes p4 and pp and it interchanges p4p and pp4. Thus it
conjugates S to 7!, and so it interchanges pg7—1 and pg—17 and it interchanges
psts and prst. Moreover, since it is a Cygan isometry, (| preserves ISL and
interchanges 7~ and Z; and thus it also exchanges the two curves r(;r and ry . Again,
since it is a Cygan isometry, it maps interior to interior and exterior to exterior for both
curves. As a consequence, the two connected components of the common exterior are
either exchanged or both preserved.

Now consider the point with Heisenberg coordinates [i,0]. It is fixed by ¢;, and
belongs to the common exterior of both r(;r and r( . This implies that both connected
components are preserved. Finally, since psrs € Igr NZ, and prst € I(;r nNIZ,
are exchanged by ¢, these two points belong to the closure of the same connected
component. As a consequence, one of the two connected components has pgr—1,
Ps—11, psTs and prsT onits boundary. This is the quadrilateral. The other one has
ps7—1 and pg—17 on its boundary. This is the bigon. i

We now apply powers of A to get a result about all the isometric sphere intersections
in the ideal boundary of D. Define Q = go(Qg') and B = go(BaL ). Then applying
powers of A we define quadrilaterals Q,f = 4k (Qgt) and bigons BE = Ak (B(-')t). The
action of the Heisenberg translation 4 and the glide reflection ¢ are:
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prist

pS—lT}

Figure 7: Intersections of the isometric spheres Iy, 17, Il+ and Ifl with
I(;r in the boundary of H2, viewed in geographical coordinates. Recall
that rf =7 NIy and ry =Z} NZ~,. Here a € [—Z, Z] is the vertical
coordinate, and 8 € [—m, 7] the horizontal one. The vertical dash-dotted
segments f = £7 are the two halves of the boundary of the meridian m.
The bigon between the two curves r(;" and r is IS’(J)r (see Proposition 6.5).
Compare to [8, Figure 2].

Corollary 6.6 For the group T''™ the (ideal boundary of) the side S;CE is the union of
the quadrilateral Q;{‘F and the bigon B]f. The action of A and ¢ are as follows:

(1) A maps Q,f to Qli—l and Bf{c to Bli—l'
(2) ¢ maps Q,‘f to Qp, Q to QZH, B,‘: to By and B to Blj+1'

In order to understand the combinatorics of the sides of D, we describe the edges of
the faces lying in I(;r. The three points pg—17, pgr—1 and pgsrs lie on the ridge
r(;r = I(;r NZy. Likewise, the points pgr—1, pg-17 and prsr lie on the ridge
rg = I(;r NZZ,. Indeed, these points divide (the ideal boundaries of) these ridges
into three segments. We have listed the ideal vertices in positive cyclic order (see
Figure 7). Using the graph (29), the action of the cycle transformations ,o(s(')" )=3S
and p(ry) = A~1S = T~ on these ideal vertices, and hence on the segments of the
ridges, is

S S S
Ps—it — PsT—-t ——— PSTS —— Ps-Ir,
A-lS A7lS A-lS

pPsr-t — pPs-\t —— PTST — Psr-!-

Furthermore, S maps prsr to pgrsrs—1-

The quadrilateral Q(’)L has two edges [ps—17, prsTIVU[pTsT, psT—1] in the ridge ry
and two edges [pgr-1, psTs)U[psTs. Ps—17] in the ridge r(;r. It is sent by S to
the quadrilateral Q; with two edges [psr-1, psrsrs—11YU[PsrsTs—1, PsTs]inr{
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PsrsTs!
of
psrs
o
B b o Prsrs

Figure 8: A combinatorial picture of dD. The top and bottom lines are identified.

and two edges [psTs. Ps—17lU[ps-1T, PsT—1] In r . Similarly, the edges of the
bigon B are the remaining segments in r, and r , both with endpoints pg—17
and pgr-1. Itis sent by S to the bigon B with Vertlces Pst—1 and psTs.

Applying powers of A gives the other quadrilaterals and bigons. As usual, the image
under A¥ can be found by adding k to each subscript and conjugating each side pairing
map and ridge cycle by A% . The combinatorics of D is summarised on Figure 8.

Lemma 6.7 The line A, given in (24) is contained in the complement of D.

Proof As noted above, A acts on A, as a translation through /3/2. We claim that
the segment of A, with parameter x € [—/3/3, /3/8] in contained in the interior
of Igr . Applying powers of A we see that each point of A, is contained in I/j for
some k. Hence the line is in the complement of D.

Consider §,(x) € A, with x? < %. The Cygan distance between pp and §,(x)
satisfies

deye (B Sp ()t = |—x2 = S +ix/5s| = x* + B2 4 25 04 < 320

Since dcyg(pB.Jdp(x)) <1 this means dy,(x) is in the interior of I, as claimed. O

The following result, which will be proved in Section 7.5, is crucial for proving
Theorem 6.4.

Proposition 6.8 There exists a homeomorphism W: R — d HZ — {¢o0} mapping the
exterior of S x R, that is, {(x, y, z) : x> + y? > 1}, homeomorphically onto D and
such that ¥(x,y,z+ 1) = AV(x, y, z), that is, ¥ is equivariant with respect to unit
translation along the z axis and A.
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PsTt
Top pyramid: P4/ ber
T PTST
of - Pr—1g
pst PsT—1 DTS Pr—1g PsT
Psr—1
S—l (Bg’) PSTS
5
0 Bottom pyramid: S~ (P™)

pst

pTS

Figure 9: A combinatorial picture of the octahedron

As a consequence of Proposition 6.8, D admits an A—invariant 1-dimensional foliation,
the leaves being the images of radial lines {(r cos 8y, 7 sin 6y, zg) : ¥ > 1} that foliate
the exterior of S' x R. Each of these leaves is a curve connecting a point of 3D
with goc. We can now prove Theorem 6.4.

Proof of Theorem 6.4. The union QJ U B(;L U Q, UB, is a fundamental domain
for the action of 4 on the boundary cylinder dD. As the foliation obtained above is
A—invariant, the cone to the point g, built over it via the foliation is a fundamental
domain for the action of A over D, and thus it is a fundamental domain for the action
of TH™ on the region of discontinuity Q(I'i™).

This fundamental domain is the union of two pyramids P and P, with respective
bases Q(J)r UBa and QO_ UlS’(J)r , and common vertex goo = psT - The two pyramids share
a common face, which is a triangle with vertices psrs, pr-15 and pgsr. Cutting
and pasting, consider the union P+ U S~!(P7). It is again a fundamental domain
for I'M . The apex of S™!(P7) is S™!'(¢oo) = pB = prs. The image under S™! of
Q, is QSL , and the bigon l’)’;r is mapped by S™! to another bigon connecting p;—1 g
to psts. Since B, = S(B(')F), this new bigon is the image of B, under S2=85.

The resulting object is a is a polyhedron (a combinatorial picture is provided on
Figure 9), whose faces are triangles and bigons. The faces of this octahedron are paired
as follows:

Geometry & Topology, Volume 21 (2017)



3434 John R Parker and Pierre Will

TS: (prs. pr—1s. PSTS) = (PTS. PTST: PTS—1)-

ST: (pst.prstT. Pr-18) = (PST. PST-1. PSTS):

T: (pst.prst.Pst—1) = (PTS. PT-15: PTST):

S: (prs, psT-1,PSTS) > (PST, PSTS: PS—17);
St (pst-1,psTS) = (PSTS . Ps—1T)-

The last line is the bigon identification between B and S -1 (B(')" ). As the triangle
(prs, PsT—1> PsTs) and the bigon B share a common edge and have the same face
pairing, they can be combined into a single triangle, as well as their images. Thus
the last two lines may be combined into a single side with side pairing map S. We
therefore obtain a true combinatorial octahedron. The face identifications given above
make the quotient manifold homeomorphic to the complement of the Whitehead link
(compare for instance [35, Section 3.3]). O

7 Technicalities

7.1 The triple intersections: proofs of Proposition 4.7 and Lemma 6.2

In this section we first prove Proposition 4.7, which states that the triple intersection
must contain a point of dH2, and then we analyse the case of the limit group I'''™,
giving a proof of Lemma 6.2. First recall that the isometric spheres Z" and Z~, are
the unit Heisenberg spheres with centres given respectively in geographical coordinates
by (see Section 2.5)

paB = S(00) = g(—ay, — S0 +aa, y/2cos ),
PBA = A71S(00) = g(—al,—%al —ap+ 7, \/2005011).

Consider the two functions of points ¢ = g(«, B, w) € Igr defined by

(30)

101 (g) =2cos? (2o —Loy) + cos(e —ay)

1,02

—4wx, cos(éa — Jaq) cos(B + %al @) + wix7,

al az(q)—2cos ( 1051)4‘005(0{—0(1)

+ 4wx; cos(yo — 1ay) cos(B + Fay + o) + w?x?.

These functions characterise those points on I+ that belong to Z;" and 7,

Lemma7.1 A pomt q on I+ lies on I, (resp. in its interior or exterior) if and only
if it satisfies f aa,(q) =0 (resp. is negative or is positive). Similarly, a point ¢ on
I(;r lies on I~ (resp. in its interior or exterior) if and only if it satisfies fy a,(q) =0
(resp. is negative or is positive).
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Proof A point g € I(')'” lies on Z~ (resp. in its interior or exterior) if and only if its
Cygan distance from the centre of Z", which is the point p4p, equals 1 (resp. is
less than 1 or greater than 1). Equivalently (see Section 2.4), the following quantity
vanishes (resp. is positive or negative):

31 g, pas)|*—1

= |—e i pyx e i/ 2FiBian

e—ial |2_1

= }—2 cos(%a—%al) _|_wxleiﬂ+ia1/2—ia2 ‘2 1

1

= 4cos2(la——a1)—1+w2x12—4 cos(la—lal)wxl cos(ﬂ+%a1 _EO‘)

1

2472 2¢7 2
= Joras (@)-

On the last line we used 2 cosz(%a — %al) = 14 cos(a — ¢q). This proves the first

part of the lemma and the second is obtained by a similar computation. a

Corollary 7.2 For given («1,®>), if the sum fog?}az

then the triple intersection I0+ NZ, NI~ isempty.

+ f&;}}z is positive for all ¢,

See Figure 7. We can now prove Proposition 4.7.

Proof of Proposition 4.7 To prove the first part, note that a necessary condition for a
point g € ISL to be in the intersection Z,' N Z~, is that foE?!aZ (q)— fwl_,tl,t]2 (g) =0. By
a simple computation, we see that this difference is

OE?!aZ(CI) - fi;},,]z (q) = —8wx; cos(

1
2
Since ay and a; liein (=%, %) and « € [—%, %], the only solutions are

— %al) cos(ﬂ + %al) Cos (y.

cos(B+1a;)=0 or w=0.
Thus either p = g(a, B, w) lies on the meridian m, or on the spine of Z, and hence
on every meridian, in particular on m (compare with Proposition 2.12).
To prove the second part of Proposition 4.7, assume that the triple intersection contains
apoint g = g(a, % — %al , w) inside Hé, that is, such that w? < 2 cos«, and
o (@) + Jor (@) = 0.

In view of Corollary 7.2, we only need to prove that there exists a point on dm where
the above sum is nonpositive, and use the intermediate value theorem. To do so, let &
be defined by the condition 2 cos&@ = w? and such that & and «; have opposite signs.
Since w? < 2cos«, these conditions imply that |&| > |«|. We claim that the point
g=gl@ m— %al ,w) is satisfactory. Indeed, the conditions on & give

o —ay| < Jaf + || < @] + || = |@ — a1,
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where the last inequality follows from the fact that & and «; have opposite signs.
Therefore,

(32) cos(%&—%al) <cos(§(x—§o¢1).
On the other hand, we have

(33) OE?L,Z (q)+ fil ,L]z (q)
1

= 4 cos (%a—5a1)+2cos(oz—a1)—8wx1 cos(fa—3a) sinap +2w’x

=8cos?(La—La;)—2—8wx; cos(2a—Lay) sinay +2w?x2.
2 2¢1 1 2 2“1 2 1

2 2

We claim this is an increasing function of cos(%cx — %al). In order to see this, observe
that its derivative with respect to this variable is

16 cos(3o — Lay) — 8wxy sinay > 16 cos(3o — 2ay) — 16 /cosacos g > 0,
where we used x; = +/2cosay, w < +/2cosa and sina, < 1. Therefore,

= @+ @

1 1

=8c0s2(§a—5a1) 2 — 8wxy cos( 2x?

)s1noe2 + 2w x
2 2

1y 1y
24724
151
2% 3¢

> 80052(%&'—%a1)—2—8wx1 cos( 1)51na2+2w

10, @+ 1 @).

This proves our claim. a

We now prove Lemma 6.2, w,hich completely describes the triple intersection at the
limit point.

Proof of Lemma 6.2 From the first part of Proposition 4.7 we see that any point
g =g, B,w) in Z NZy NZZ, must lie on m that is, 8 = 2(71 a1). For such
points it is enough to show that foo]],m (q9) + fo ,lm (q) = 0. Substituting «; = 0 and

sinay = 4/5/g, this becomes
f[o]hm(q)—l-f ,lm(q)—4cos ( a) + cos o — 4«/_wcos(% )—|-4w2

(2c0s( ) «/_w) + (2cosa — w?).

In order to vanish, both terms must be zero. Hence w? = 2 cos« and ZCOS(;Ol) =
V5w = 10cosa noting w cannot be negative since o € [ 3, 2] This means
o = =t arccos 7 4 and w = +/2cosa = Therefore the only points in I+ NZyNiIZ,

have geographical coordinates g(:i: arccos 4 4 ’2’ f) Using (27), we see these pomts
are pgp—1 and pg-17. o
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7.2 The region Z is an open disc in the region L: proof of Proposition 4.6

Consider the group I'y, o, and, as before, write xf = 4cos? oy and xg =4cos ;.
Recall, from Proposition 3.9, that («1, @,) isin £ (resp. P) if g(xf, xg) >0 (resp. =0),
where

34) G(x,y) = x2y4 —4x2y3 + 18xy2 —27.

Recall this means [A4, B] is loxodromic (resp. parabolic). Also (a1, o) is in the
rectangle R if and only if (xi‘, xg ) €[3,4] x [%, 4]. From Proposition 4.5, the point
(a1,00) € R isin Z (resp. 2) if D(xf,xg) > 0 (resp. = 0), where

35) D(x,y) =x3y3 —ox?y? —27xy? 4+ 81xy —27x —27.

Lemma 7.3 Suppose (x1,a;) € R. Then («1,®,) € LU P, that is, the commutator
[A4, B] is loxodromic or parabolic (see Section 3.4). Moreover, (a1, o) € P if and only
if (aq,2) = (0, :I:ozlzim .

Proof We first claim that the function G(x, y) has no critical points in (0, 00) X (0, 00).
Indeed, the first partial derivatives of G(x, y) are

Gx(x,y) =2y (xy* —4xy +9), Gy(x,y) =4xp(xp>—3xy +9).

These are not simultaneously zero for any positive values of x and y. As a consequence,
the minimum of G on [3, 4] x [%, 4] is attained on the boundary of this rectangle. We
then have

G(x,3) = £ (4—x)(5x —4), G(x,4) = 9(32x — 3).
G6(3,») =90 —-D(* =32 +3y+3), G4, »)=Qy+1D(2y-3)°.

It is a simple exercise to check that under the assumptions that (x, y) € [3, 4] x [%, 4] ,
all four of these terms are positive, except for when (x, y) = (4, %) , in which case
9(4, %) = 0. Then (xf,xg) = (4, %) if and only if (o, 3) = (0, :I:ozlzim); compare
to Figure 4. a

Lemma 7.4 The region Z is an open topological disc in R symmetric about the axes

and intersecting them in the intervals
{ozz =0, ¥ <a; < %} and {o; =0, —0112““ <oy <a12‘m

lim

Moreover, the only points of dZ that lie in the boundary of R are (a1, a2) = (0, £o,

and (a1, 02) = (£%.0).

Proof First we examine the values of D(x, y) on the boundary of [3, 4] x [%, 4]:
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36) D(x,g) 27(x 4)(x2=2x+2), D(x.4) = (x—3)(3+8x)2,
D(3.y)=27(y —4)(y — )%, D(4,y) = (16y —15)(2y —3)*.

We claim that, for any yo € [% 4], the polynomial D(x, y¢) has exactly one root
in [3,4]. Indeed, we have D(3, yg) < 0 < D(4, yo) and thus D(x, yo) has at least one
such root. The x—derivative of D is

3xD(x,y) =3(x—3)y2(xy +3y—6) +27(y — 1)°,

which is positive when x € [3,4] and y € [% 4]. Thus D(x, yg) is increasing, and the
root is unique.

Similarly, we claim that, for any xq € [3, 4], the polynomial D(xg, y) has a unique root
in [; , 4] It is clear from (36) when xo = 4; there the root is y = 5. Now suppose
3 < xp < 4. Arguing as before, we have D(xo, ) <0=<D(x¢,4). However it is not
true that D(xg, y) is a monotone function of y. The partial derivative of D(x, y) with
respect to y is

0yD(x,y) = 3x(x?y? —6xy—18y + 27).

Therefore, for a fixed x( € [3,4) we have 9 D(xo, 3) = ZIx2(xo—4) < 0. Since
D(xp, y) is a cubic with leading coefficient xo >0 and such that both D(xo, 2) and
9yD(xo. 3) are negative, we see that D(xo, y) has exactly one zero in (2, 00). Since
D(x9p,4) > 0, this zero must lie in (%, 4], as claimed.

Thus the zero-locus of D(x, y) in [3, 4] x [ , ] is the graph of a continuous bijection
connecting the two points (3,4) and (4, 2). The polynomial D(x, y) is positive in the
part of [3, 4] x [ , ] above the zero-locus, that is, containing the point (x, y) = (4,4)
(see Figure 10). Likewise, it is negative in the part below the zero locus, that is,
containing the point (x y) = ( ) Changing coordinates to (1, «3), we see that the
zero locus of D(4 cos? o, 4 cos® ) in the rectangle [ ] [0, ozhm] is the graph of a

Figure 10: The null locus of D(x, ) in the rectangle [3,4] x [3. 4]
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continuous bijection connecting the points (o1, ) = (% 0) and (0, ahm) Moreover,
D is positive on the part below this curve, in particular on the interval oy = 0 and
0<w, < ozlzim and the interval @ = 0 and 0 < o < %. The region Z is the union
of the four copies of this region by the symmetries about the horizontal and vertical
coordinate axes. It is clearly a disc and contains the relevant parts of the axes. This

completes the proof. a

Combining Lemmas 7.3 and 7.4 proves Proposition 4.6.

7.3 Condition for no triple intersections: proof of Proposition 4.5

In this section we find a condition on (&, &) that characterises the set Z where the
triple intersection of isometric spheres Igr NZy NZIZ, is empty.

Lemma 7.5 The triple intersection I(;" NZy NZZ, isempty ifandonly if fo, o,(c) >0

forall ¢ € [—— 5] where

37 fay, az(a)—4cos ( a—§a1)+2cos(a 1)+ 8cosacosay

— 16 /cosa cos oy cos(Fo — §a1)|s1noe2|

Proof By Corollary 7.2, it is enough to show that f [?]az + fa [1 (lx]z > (. This sum is

made explicit in (33). In view of the second part of Proposition 4.7, we can restrict our at-
tention to showing that the triple intersection I;r NZ, NI, contains no points of aHé .
That is, we may assume w = £+/2cos. Using the first part of Proposition 4.7 we
restrict our attention to points m in the meridian m where ,B 5 L(w —ay). The triple
intersection is empty if and only 1f the sum fa Lo (q) + fa ) ,a]z (g) is positive for any
value of o, where ¢ = g(oz T — 2a1, ++/2cos oz) When w sina; is negative, all
terms in (33) are positive. Therefore we may suppose wsinay = m [sinaz| > 0.
Substituting these values in the expression for fa?!az (q9) + fO,1 ,¢lx]2 (g) given in (33)
gives the function fy, q, () in (37). ml

We want to convert (37) into a polynomial expression in a function of «. The numerical
condition given in the statement of Proposition 4.5 will follow from the next lemma.

Lemma7.6 If a €[—%, %] isazeroof fy, a, then Ty —tan( a) €[—1,1] is a root
of the quartic polynomial Ly, o,(T), where

(38) Loy e, (T) = T*2x7x5—dxix5+x7+10x7+1)—8T3 sinar; (xF x5 —xi—1)
—2T2(2x4x4 +3xf—9)+8T sin g (xlzxg—xl2 +1)
+(2x +4x x2+x1 10x12+1).
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Proof Squaring the two lines of (37) and using /2 cosa [sina,| > 0, we see that
the condition fy, «, () = 0 is equivalent to

(39) (142cos(o—or;)+4cosacosay)? =64 cosacosa; cosz(%(a—al)) sin? a,.
After rearranging and expanding, we obtain the following polynomial equation in cos «
and sino:
0 = 4(8 cos? ay cos® ay + 2 cos® ¢y — 1) cos® &
+ 8 cos o sinor (4cos® o — 1) cosa sina
+ 4 cosay(8cos? oy —5) cosa 4 4sinaq sina —4 cos® oy + 5.

Substituting tan(3a) = T, 2cosa; = x? and 2cosa, = x2 into this equation gives
L(X],Olz(T)' O

Before proving Proposition 4.5, we analyse the situation on the axes oy =0 and «, = 0.

Lemma 7.7 Let Ly, «,(T) be given by (38).

(1) When ay =0 and —% <oy < %, the polynomial Ly, o(T') has two real double
roots T— and T4+, where T— < —1 and T+ > 1, and no other roots.

(2) Whenoy =0and 0 <oy < ozlzim or —agm < ay <0, the polynomial Lo o,(T)
has no real roots.
Proof First, substituting a = 0 in (38) we find Ly, 0) = Mg, (T)?, where
Mg, (T) = T*(3x7 — 1) —4T sina; — (3x7 + 1).
The condition on «; guarantees that 3x12 — 1> 0 and so, as T tends to o0, also
Mg, (T') tends to 4+o00. On the other hand,
My, (=1) =4sina; =2 <0, My, (1) =—4sina; —2 <0.

Therefore My, (T) has two real roots 7 < —1 and T4 > 1, as claimed. Since
My, (T') is quadratic, it cannot have any more roots. In particular, it is negative for
-1=T<1.

Secondly, we substitute a; = 0 in (38), giving
2
Loo,(T) = (5T* = 1(8x3 +3))” + 32(2x; —3)(4 — x3).

When o, € (—alzim, ozlzim) and o, # 0, we have xg =4cos’a, € (%, 4). In particular,
this means that (2xg —-3)4- xg ) >0 and so L q,(7") has no real roots, proving the

second part. a

We note that if @y = oy =0 then Lo o(7") has double roots at 7' = +/7/5 and, if
a; =0and ap = j:ozlzim, then Lo,iagm(T) has double roots at T = +/3/s.
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Lemma 7.8 If (o, ;) € Z then the polynomial Ly, ,(T) has noroots T in [—1, 1].

Proof We analyse the number, type (real or nonreal) and location of roots of the poly-
nomial Ly, o,(7T) when (a1,a3) € R. As Ly, «,(T) has real coefficients, whenever
it has only simple roots, its root set is of one of the following types:

(a) two pairs of complex conjugate nonreal simple roots,
(b) a pair of nonreal complex conjugate simple roots and two simple real roots,

(c) four simple real roots.

But the set of roots of a polynomial is a continuous map (in bounded degree) for
the Hausdorff distance on compact subsets of C. In particular, the root set type of
Ly, ,0,(T) is a continuous function of & and «5. This implies that it is not possible
to pass from one of the above types to another without passing through a polynomial
having a double root.

We compute the discriminant Ay, o, of Ly, a,(7") (a computer may be useful to do
S0):

(40) Agyp =21 xF (D2 262 2—x2) (=X +(Bx2=1)2) (4—xDH 2 D(x}, x3),

where D(x, y) is as in Proposition 4.5, and x; = +/2 cos ;. The polynomial Ly, o, (T)
has a multiple root in C if and only if Ay, «, = 0. Let us examine the different factors.

. 2
e The first two factors x{ and (x{ +1)? are positive when (a1, ;) € (=%, %)".

e Note that (2—xf)(4—xg) >0 and (3xf —1)2> 0 when +/3 < x12 <2 and
xg =<4, and so the third factor is positive.

Thus, the only factors of Ag,,q, that can vanish on R are (4 —x3)* = 16 sin o,
and D(xi‘, xg ). In particular Ly, o, (7) has a multiple root in C if and only if one
of these two factors vanishes. We saw in Proposition 4.6 that the subset of R where
D(xf, xg) > 0 is a topological disc Z, symmetric about the o; and «, axes and inter-
secting them in the intervals {az =0, - <a; < %} and {o; =0, —oz12im <0y < alzim}.
Therefore, the rectangle R contains two open discs on which Ay, ¢, > 0, namely

Zt ={(a1,00) € Z 0, >0}, Z7 ={(01,00) € Z:0p <O}

These two sets each contain an open interval of the o, axis. We saw in the second part
of Lemma 7.7 that on both these intervals Ly, «,(7") has no real roots, that is its roots
are of type (a). Therefore it has no real roots on all of Z T and 2.

Only those points of Z in the interval {a, = 0, =% < oy < %} still need to be

considered. We saw in the first part of Lemma 7.7 that, for such points, L, «,(7") has
no roots with —1 < 7" < 1. This completes the proof of Proposition 4.5. a
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7.4 Pairwise intersection: proof of Proposition 4.8
Proposition 4.8 will follow from the next lemma.

Lemma 7.9 If 0 <x <4 and D(x,y) > 0 then xy > 6, with equality if and only if
(x,y) = (4, %)
Proof Substituting y = 6/x in (35) and simplifying, we obtain
D(x, g) __21x=4)(x=9) .
by b
When 0 < x <4 we see immediately that this is nonpositive and equals zero if and only

if x = 4. This means that xy — 6 has a constant sign on the region where D(x, y) > 0.
Checking at (x, y) = (4,4), we see that it is positive. a

Proof of Proposition 4.8 To prove the disjointness of the given isometric spheres we
calculate the Cygan distance between their centres. Since all the isometric spheres have
radius 1, if we can show their centres are a Cygan distance at least 2 apart, then the
spheres are disjoint. (Note that the Cygan distance is not a path metric, so it may be
the distance is less than 2 but the spheres are still disjoint. This will not be the case in
our examples.)

The centre of [ ,:r is
Ak(pB) = [%kxlxg, kxlzxg sinaz];
see Proposition 4.2. We will show that dcyg(Ak (pB). p)* > 16 when k? > 4 and
(o1, 0) € R, thatis, (x},x3) €[3,4]x[3,4]:
deye (4" (pp). pp)* = 3 (kK x{x] + K2xix3 (4 - x3)) = Tk,
This number is greater than 16 when k > 2 or k < —2 as claimed. Using Proposition 4.2
again, the centre of I, is
A*(pap) = [%f(kxl)é +x1€"2), —sinay |.
We suppose that the pair (xf, X ) €[3,4] x [ ,4] satisfies x;‘x;‘ > 6, which is valid
for («q,a,) € Z by Lemma 7.9. Then
deye(A* (pap). pp)* = §((k(k + Dx{x3 +xD)> +4—x7)
=1+ $(k*(k + 1)*x7x] + 2k (k + Dx{x3)
> (3k(k +1)+1)%.

This number is at least 16 when k& > 1 or k < —2, as claimed. Moreover we have
equality exactly when kK = 1 or kK = —2 and when x;‘ 4 =6 and x2 = % that is,

when (xf,xg) = (4, %) a
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F1

Figure 11: Vertical projection and realistic view of the isometric spheres and
the fans Fy and F_; for the parameter values a; =0, oy = otlzim. Compare
with Figure 5.

7.5 The ideal boundary d., D is a cylinder: proof of Proposition 6.8

To prove Proposition 6.8, we adopt the following strategy:

Step 1 First, we intersect D with a fundamental domain D4 for the action of A on
the Heisenberg group. The domain D4 is bounded by two parallel vertical planes F_;
and F{ that are boundaries of fans in the sense of [17]. These two fans are such that
A(F_1) = Fy (see Figure 11 for a view of the situation in vertical projection). We
analyse the intersections of Fy and F_; with D, and show that they are topological
circles, denoted by ¢_; and ¢y with A(c—;) = ¢p.

Step 2 Secondly, we consider the subset of the complement of D which is contained
in D4, and prove that it is a 3—dimensional ball that intersects F_; and F{ along
topological discs (bounded by ¢_1 and cg). This proves that DN D4 is the complement
a solid tube in D4, which is unknotted using Lemma 6.7. Finally, we prove that, gluing
together copies by powers of A of DN D4, we indeed obtain the complement of a
solid cylinder.

We construct a fundamental domain D4 for the cyclic group (A) of Heisenberg
translations. The domain D4 will be bounded by two fans, chosen to intersect as few
bisectors as possible. The fan F will pass through pg¢7-1 and will be tangent to
both Il+ and 7~ ; compare Figure 11. Similarly, F_; = A™Y(Fy) will pass through
A~ Y (pgr—1) = prst and be tangent to both Igr and 77, . We first give Fo and F_;
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in terms of horospherical coordinates and then we give them in terms of their own
geographical coordinates (see [17]). In horospherical coordinates they are

(41) Fo={[x+iy,t]:3xx/§—y\/§:‘/75},
42) F_y ={[x+iy,1]:3xv3—ypv/5=—42}.

This leads to the definition of D 4:
(43) DA={[x+iy,t]:—4\/§§ 3xv/3—ya/5< %}

We choose geographical coordinates (£,17) on Fy: the lines where & is constant
(resp. n is constant) are boundaries of complex lines (resp. Lagrangian planes). These
coordinates correspond to the double foliation of fans by real planes and complex lines,
which is described in [17, Section 5.2]. The particular choice is made so that the origin
is the midpoint of the centres of I(;r and Z; . Doing so gives the fan Fjy as the set of

points f(&,n):
SEm = {5V + V3 +3iV3E+iVE). - {]: £ neR).

The standard lift of (&, n) is given by

2 YPE - tin—
fEm) = | gy L3 siig 05
1

Using the convexity of Cygan spheres, we see that their intersection with Fy (or F_;)
is one of: empty, a point or a topological circle. For the particular fans and isometric
spheres of interest to us, the possible intersections are summarised in the following
result:

Proposition 7.10 The intersections of the fans F_ and F, with the isometric spheres
I,j: are empty, except for those indicated in the following table:

— + - + — + - +
m I— 2 I— 2 I— 1 I— 1 IO IO Il Il

Fy %) @ {psr-1y @ acircle acircle @ {pgr-1}
F_1 {prst} @ acircle acircle @ {prsr} 9 7]

Moreover, the point pg—11 belongs to the interior of D4. The parabolic fixed
points Ak(pST—l) lie outside D4 for all k > 1 and k < —1; parabolic fixed points
A (pg-17) lie outside D4 for all k # 0.
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A direct consequence of this proposition is that the only point in the closure of the
quadrilateral Q—, and the bigon BZ, that lie on Fj is their vertex prsr.

Proof The part about intersections of fans and isometric spheres is proved easily by
projecting vertically onto C, as in the proof of Proposition 4.8 (see Figure 11). Note
that as isometric spheres are strictly convex, their intersections with a plane is either
empty or a point or a topological circle. The part about the parabolic fixed points is a
direct verification using (41) as well as (27). m|

We need to be slightly more precise about the intersection of Fy with Ig' and 7.

Proposition 7.11 The intersection of Fy with ISL UZ, (and thus with oD ) is a
topological circle ¢y, which is the union of two topological segments cg' and ¢,
where the segment cgt is the part of Fy N Igt that is outside I(:)F . The two segments
CSL and ¢, have the same endpoints; one of them is pgr—1, and we will denote the
other by qo. Moreover, the point q¢ lies on the segment [psTs. ps—1T] ofI(;L NZy.

The point go appears in Figures 12, 13 and 14.

Proof The point f(£,7n) of the fan Fy lies on Ig' whenever 1 = [(f(§,7n), pB)|
and on Z,” whenever 1 = [(f(§,7n), p4B)|. We first find all points on Fo ﬂIS’ NI, .
These correspond to simultaneous solutions to

(44) L=[{fEn).p)l={f(En) pas)|

Computing these products and rearranging, we obtain
(S Em. )= (E2+ 1)+ 82+ + LE(VIsE: + L5 ),
(FEm. pap)? = (2 + 1) 482+ 0 = Le(VI5E2 + Y5 ).

+
2
PSTS T

Fo ﬂIg_

7;)+

Figure 12: The intersection of Fy with Igr drawn on Z;r in geographical coordinates
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Ig_ N Fo

Iy NFo

Figure 13: The intersection of Fy with IO+ NZ; . The disc Dy is the interior
of ¢p = c(')'r N ¢,y . The two segments c;r and ¢, are the thicker parts of
FoNZIf and FoNZ; .

Subtracting, we see that solutions to (44) must either have £ =0 or n = +/ 15(5 24 %)
Substituting these solutions into 1 = |{f (£, 1), pg)|*, we see first that £ = 0 implies
1=n%+ 1—16, and secondly that n = +/ 15(".;'2 + %) implies
2 2
I=(E+3) +E+15(" +3) = (487 + ) + &%
Clearly the only solution to this equation is £ = 0. So both cases lead to the solu-
tions (&, n) = (0, :I:@). Thus the only points satisfying (44), that is, the points in
Fy HIJ NZ;,are
15\ _ [A/3+iV/5 15 V15\ _ [a/3+iV/5 _ V15
S0.952) = [5557 2] and (0. —932) = [Y755 %]
Note that the first of these points is pg7—1. We call the other point gq.

These two points divide Fy N I(;r and Fo NZ; into two arcs. It remains to decide
which of these arcs is outside the other isometric sphere. Clearly

(£ ). pe)| > (£ (€. pap)| ifandonlyif &(v158%+ ¥ —p) > 0.
J15

Close to n = —*;> we see this quantity changes sign only when & does. This means
that it f(§,n) € Z, with § > 0 then f(§, 1) is in the exterior of Ig' . Similarly, if
f(E,n) e IJ with & <0 then f(§,n) is in the exterior of Z; . In other words, cg' is
the segment of Fiy N I(T where § < 0 and ¢ is the segment of Fo NZ; where & > 0.

Finally, consider the involution /, = S7; in PU(2, 1) from the proof of Proposition 3.8.
(Note that since oy = 0, this involution conjugates rlim o jtself.) The involution 7,
preserves Fy, acting on it by sending f(&,7) to f(—£,n), and hence interchanging
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PTST Psr—1
N % i
+
T Pt
q—1 ST qo
s

_ _ Bf _
Qo 0 o
PTST Pst—1

Figure 14: A combinatorial picture of the intersection of dD with D,4. The
top and bottom lines are identified. The curve ¢y corresponds to the right-
hand side of the figure.

the components of its complement. In Heisenberg coordinates I, is given by

@5  Lilxtiy fle— [—x—iy+ Vs +iV5s 1= Sx + 2 y].

As I, iselliptic and fixes the point go, it is a Cygan isometry (see Section 2.4). Since it
interchanges pp and p4p, it also interchanges ISL and Z; . Hence their intersection is
preserved setwise. The involution I, also interchanges pg—17 and psrs contained in
I(T NZ, (butnoton Fy). Therefore, these two points lie in different components of the
complement of F. Hence there must be a point of F on the segment [pg—17, psTs]-
This point cannot be pg7-1, and so must be gq (see Figure 12). a

Let D¢ denote the closure of the complement of D in 8Hé —{¢oo}-

Proposition 7.12 The closure of the intersection D€ N D4 is a solid tube homeomor-
phic to a 3-ball.

Proof We describe the combinatorial cell structure of D¢ N D 4; see Figure 14. Using
Proposition 7.11, it is clear D€ intersects Fy in a topological disc whose boundary
circle is made up of two edges c(:)t and two vertices pg7—1 and go. Combinatorially,
this is a bigon. Applying A~! we see D¢ intersects F_; in a bigon with boundary
made up of edges cﬂE and two vertices prsT and ¢_;.

Moreover, Proposition 7.11 immediately 1mphes that ¢( cuts QO into a quadrilat-
eral and a triangle, which we denote by Q’ and 7; + Since Dy contains p S—1T
and prsrt, we see that D4 contains Q’ o and 7;° These have vertex sets

{PST—I, PTsST, PSs—1T, goy and {Ps—lT’ PsT—1, qo}

respectively. Applying A~! we see that c_; cuts Qj_tl into a quadrilateral, denoted
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by Q@ :—Ll , and a triangle, denoted by 7> il . Of these, the quadrilateral Q'—; and the
triangle 7 +1 lie in D 4. Finally, the bigons B(")" and BZ, also liein Dy.

In summary, the boundary of D¢ N D4 has a combinatorial cell structure with five
vertices {pgr—1, Ps—i1, PTST- 9o- 9—1} and eight faces,

Q. Q7. Ty T, BS, BZ,, Fon D¢, F_; N D°}.

These are respectively two quadrilaterals, two triangles and four bigons. Therefore, in
total the cell structure has %(2 x4 42x34+4x2)=11 edges. Therefore the Euler
characteristic of 0(D€ N Dy) is

x(@(D°NDy)=5—11+8=2.
Hence d(D¢ N Dy) is indeed a sphere. This means D€ N D4 is a ball, as claimed. O

Remark 7.13 The combinatorial structure described on Figure 14 is quite simple.
However, the geometric realisation of this structure is much more intricate. As an
example, there are fans F parallel to Fy and F_; whose intersections with D¢ are
disconnected. This means that the foliation described right after Proposition 6.8 that is
used in the proof of Theorem 6.4 is actually quite “distorted”.

Proposition 7.14 There is a homeomorphism W4: R? x [0, 1] — D4 that satisfies
Wy(x,y,1) = AV 4(x, y,0) and such that V4 restricts to a homeomorphism from the
exterior of S x [0, 1], thatis, {(x, y,z): x>+ y2>1,0<z<1},to DN Dy.

Proof We have shown in Proposition 7.12 that D¢ N D 4 is a solid tube homeomorphic
to a 3—ball and (using Proposition 7.11) that D¢ intersects dD,4 in two discs, one in
Fy bounded by ¢( and the other in F_; bounded by c¢_; . This means we can construct
a homeomorphism W¢ from the solid cylinder {(x, y,z) : x24+y2<1,0<z<l1}to
DN D4 such that the restriction of W to S %[0, 1] is a homeomorphism to DN D 4,
with W5: ST x {0} > ¢y and W5: ST x {1} > ¢o. Adjusting W§ if necessary, we
can assume that W (x, y, 1) = AV (x, »,0).

Furthermore, in Lemma 6.7, we showed that D¢ contains the invariant line A,
of ¢. This means that the cylinder D¢ N D4 is a thickening of A, N D4 and so,
in particular, it cannot be knotted. Hence W can be extended to a homeomorphism
W, R2x[0, 1] — Dy satisfying W4(x, y, 1) = AW4(x, y,0). In particular, ¥ maps
{(x,9,2) : x2 4+ »?>1, 0 < z < 1} homeomorphically to DN D4, as claimed. O

Finally, we prove Proposition 6.8 by extending W4: R? x [0, 1]— D4 equivariantly to a
homeomorphism ¥: R3 - aHé —{¢oo}. Thatis, if (x, y,z+k) e R3 with k € Z and
z €10, 1], we define W(x, y,z +k) = A¥(x, y, z). Since W(x, y, 1) = A¥(x, y,0),
there is no ambiguity at the boundary.
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