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The Weyl tensor of gradient Ricci solitons

XIAODONG CAO
HUNG TRAN

This paper derives new identities for the Weyl tensor on a gradient Ricci soliton,
particularly in dimension four. First, we prove a Bochner—Weitzenbock-type formula
for the norm of the self-dual Weyl tensor and discuss its applications, including
connections between geometry and topology. In the second part, we are concerned
with the interaction of different components of Riemannian curvature and (gradient
and Hessian of) the soliton potential function. The Weyl tensor arises naturally in
these investigations. Applications here are rigidity results.

53C44; 53C21, 53C25

1 Introduction

The Ricci flow, which was first introduced by R Hamilton in [31], describes a one-
parameter family of smooth metrics g(¢), 0 <¢ < T < o0, on a closed n—dimensional
manifold M", by the equation

(1-1) %g(z) — 2Re(1).

The subject has been studied intensively, particularly in the last decade thanks to seminal
contributions by G Perelman in his proof of the Poincaré conjecture (see [40; 41]). It
also gained popularity after playing a key role in the proofs of the classification theorem
for manifolds with 2—positive curvature operators due to C Bohm and B Wilking [6],
and the Differentiable sphere theorem of S Brendle and R Schoen [9; 8].

As a weakly parabolic system, the Ricci flow can develop finite-time singularities
and consequently, the study of singularity models becomes crucial. In this paper, we
are concerned with gradient Ricci solitons (GRS), which are self-similar solutions of
Hamilton’s Ricci flow (1-1) and arise naturally in the analysis of singularities. A GRS
(M, g, f, ) is a Riemannian manifold endowed with a special structure given by a
(soliton) potential function /', a constant A, and the equation

(1-2) Rc + Hess [ = Ag.
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Depending on the sign of A, a GRS is called shrinking (positive), steady (zero), or
expanding (negative). In particular an Einstein manifold N can be considered as a
special case of a GRS where f is a constant and A becomes the Einstein constant.
A less trivial example is a Gaussian soliton (R¥, ge, A|x|2/2, 1), with gy being the
standard metric on Euclidean space. It is interesting to note that A can be an arbitrary
real number and that the Gaussian soliton can be either shrinking, steady or expanding.
Furthermore, a combination of those two above, in the notation of P Petersen and
W Wylie [43], is called a rank k rigid GRS, namely a quotient of N x R¥. Other
nontrivial examples of GRS are rare and mostly Kéhler; see [12; 26].

In recent years, following the interest in the Ricci flow, there have been various efforts
to study the geometry and classification of GRSs; for example, see Cao [13] and the
citations therein. In particular, the low-dimensional cases (n = 2, 3) are relatively
well-understood. For » = 2, Hamilton [33] completely classified shrinking gradient
solitons with bounded curvature and showed that they must be either the round sphere,
projective space, or Euclidean space with the standard metric. For n = 3, utilizing the
Hamilton-Ivey estimate, Perelman [41] proved an analogous theorem. Other significant
results include recent development of Brendle [7] showing that a non-collapsed steady
GRS must be rotationally symmetric and is, therefore, isometric to the Bryant soliton.

In higher dimensions, the situation is more subtle mainly due to the non-triviality of
the Weyl tensor (W) which is vacuously zero for dimension less than four. One general
approach to the classification problem so far has been to impose certain restrictions
on the curvature operator. An analogue of Hamilton—Perelman results was obtained
by A Naber proving that a four-dimensional complete non-compact shrinking GRS
with bounded nonnegative curvature operator must be a finite quotient of R*, $2 x R?
or S3 xR [38]. In [34], B Kotschwar classified all rotationally symmetric GRSs
with given diffeomorphic types on R”, §”~! xR or S”. Note that any rotationally
symmetric Riemannian manifold has vanishing Weyl tensor.

Thus, a natural development is to impose conditions on that Weyl tensor in higher
dimensions. A complete shrinking GRS with vanishing Weyl tensor must be a finite
quotient of R”, or S n=1%R or S”. That follows from the works of Ni and Wallach [39],
Zhang [51], Cao, Wang and Zhang [18] and Petersen and Wylie [44]. A steady GRS is
flat or rotationally symmetric (that is, a Bryant soliton) by Cao and Chen [14]. The
assumption W = 0 can be weakened to W = 0. In that case, a closed or non-compact
shrinking GRS must be rigid; see Cao, Wang and Zhang [18], Ferndndez-Lépez and
Garcia-Rio [27], and Munteanu and Sesum [37]. Furthermore, in dimension four, the
vanishing of the self-dual part of Weyl tensor has been studied by Chen and Wang [22].
They show that a shrinking GRS with bounded curvature must be a finite quotient of
R4, S3 xR, S", or CP2, and a steady GRS must be a Bryant soliton or flat. There
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are other classifications based on, for instance, Bach flatness (see Cao and Chen [15])
or assumptions on the radial sectional curvature (see Petersen and Wylie [44]).

Having highlighted the importance of the non-triviality of the Weyl tensor, this paper
is devoted to studying the delicate role of that tensor within a gradient soliton structure.
Our perspective here is to view a GRS as both a generalization of an Einstein manifold
as well as a self-similar solution to the Ricci flow. In particular, this paper derives
several new identities on the Weyl tensor of GRS in dimension four. In the first part,
we prove the a Bochner—Weitzenbdck-type formula for the norm of the self-dual Weyl
tensor using flow equations and some ideas related to Einstein manifolds.

Theorem 1.1 Let (M, g, f, L) be a four-dimensional GRS. Then we have the Bochner—
Weitzenbock formula

(1-3)  Ap[WT2 =2|VWT|? +4A|WT|? —36det W — (RcoRe, W)

=2IVWT|? +4A|WT|? —36det W — (Hess f oHess f, W),

For the relevant notation, see Section 2. Identity (1-3) potentially has several appli-
cations and we will present a couple of them in this paper, including a gap theorem.
More precisely, if the GRS is not locally conformally flat and the divergence of the
Weyl tensor is relatively small, then the L,-norm of the Weyl tensor is bounded below

by a topological constant (see Theorem 4.1). The proof, in a similar manner to that of
Gursky [29], uses some ideas from the solution to the Yamabe problem.

In the second part, we are mostly concerned with the interaction of different curvature
components, gradient and Hessian of the potential function. In particular, an interesting
connection is illustrated by the following integration by parts formula.

Theorem 1.2 Let (M, g, f,A) be a closed GRS. Then we have
(1-4) / (W,RcoRc) =/ (W, Hess f oHess f) =[ W(Hess f, Hess f)
M M M

= | Wiifiufi= 5 [ W =M+ a-2)P).

In particular, in dimension four, the identity becomes

(1-5) [ (W,RcoRc) = 4[ |5W|2.
M M
Remark 1.1 For definitions of M and P, see Section 5.
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Remark 1.2 This result exposes the intriguing interaction between the Weyl tensor
and the potential function f* on a GRS. It will be interesting to extend those identities
to a (possibly non-compact) smooth metric measure space or generalized Einstein
manifold.

Remark 1.3 In dimension four, the statement also holds replacing W by W¥ see
Corollary 5.8.

The interactions of various curvature components and the soliton potential function
can be applied to study the classification problem. For example, Theorem 6.1 asserts
the rigidity of the Ricci curvature tensor in dimension four. More precisely, if the
Ricci tensor at each point has at most two eigenvalues with multiplicity one and three,
then any such closed GRS must be rigid. It is interesting to compare this result with
classical classification results of the Codazzi tensor, which require both distribution of
eigenvalues and information on the first derivative (see [5, Chapter 16, Section C]).

This paper is organized as follows. In Section 2, we fix our notation and collect
some preliminary results. Section 3 provides a proof of Theorem 1.1 using the Ricci
flow technique. Section 4 gives some immediate applications of the new Bochner—
Weitzenbock type formula including the aforementioned gap theorem. In Section 5, we
first discuss a general framework to study the interaction of different components of
the curvature with the potential function, and then prove Theorem 1.2. In Section 6,
we apply our framework to obtain various rigidity results. Finally, in the appendix, we
collect a few related formulas.

Acknowledgements This work was done when the first author was supported by
grants from the Simons Foundation (number 266211 and 280161) and by the Jeffrey
Sean Lehman Fund from Cornell University.

2 Notation and preliminaries
In this section, we will fix the notation and conventions that will be used throughout
the paper.

R, W, Rc, S and E will stand for the Riemannian curvature operator, Weyl tensor, Ricci
curvature, scalar curvature, and the traceless part of the Ricci tensor respectively.

For a finite-dimensional real vector space (bundle), A, (V) denotes the space of bi-
vectors or two-forms. In our case, the space of interest is normally the tangent bundle
and when the context is clear, the dependence on V' is omitted.
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The Weyl tensor of gradient Ricci solitons 393

Given an orthonormal basis { E;}7_, of T M, it is well-known that we can construct
an orthonormal frame about p such that e;(p) = E; and Ve; |,= 0. Such a frame is
called normal at p. Also, e, is the shorthand notation for e; Aey € Aj.

The modified Laplacian is defined as
Ar=A—Vyy.

For any (m, 0)—tensor T, its divergence operator is defined as

(ST)pz...pm = Z vi Tipz...pm s
i

while its interior product by a vector field X is defined as

(ixT)ps...pm = Txps...pm-

Furthermore, we will interchange the perspective of a vector and a covector freely,
ie a (2,0) tensor will also be seen as a (1, 1) tensor. Similarly, a (4, 0) tensor such
as R or W can be interpreted as an operator on bi-vectors; that is, a map from
Ao (TM) — Ay (TM). Consequently, the norm of these operators is agreed to be sum
of all eigenvalues squared (this agrees with the tensor norm defined in [23] for (2, 0)
tensors but differs by a factor of % for (4,0) tensors). More precisely,

2 _
|W| - Z Wl]kl
i<j;k<l

In addition, the norm of the covariant derivative and divergence on these tensors can
be defined accordingly,

VWP =" " (ViWaea)®.  BWP =) ((6W)iap)*.

i a<b;c<d i a<b

Foratensor T: A,(TM)® (T'M) — R, we define

@-1) (T.6W) = > Tiji(BW)gij.
i<j:k

(2-2) (T.ixW) = > Tijilix Wgij-
i<j;k

Finally, when the context is clear, we will omit the measure when integrating.
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2.1 Gradient Ricci solitons

In this subsection, we recall some well-known identities for GRSs. A GRS is charac-
terized by the Ricci soliton equation

(2-3) Rc+VV/ = Ag.

Algebraic manipulation of (2-3) and application of the Bianchi identities lead to the
following formulas (for a proof see [23]):

(2-4) S+Af=nh.

(2-5) 1ViS=V/R;; =R;; V/ f.

(2-6) Re(V /) = 1VS.

2-7) S+ |V f]?> —2Af = constant.

(2-8) AS +2|Rc|? = (V £, VS) + 2AS.

Remark 2.1 If A > 0, then S > 0 by the maximum principle and equation (2-8).
Moreover, a complete GRS has positive scalar curvature unless it is isometric to the
flat Euclidean space [45].

One main motivation for the study of GRSs is that they arise naturally as self-similar
solutions to the Ricci flow. For a fixed GRS given by (2-3) with g(0) =g and f(0)= f,
we define p(¢) := 1—2A¢ > 0, and let ¢(¢): M" — M" be a one-parameter family of
diffeomorphisms generated by X (¢) := (1/p(¢))Vg(0) /- By pulling back, we get

() = pPD)*g(0).  Re(t)= ¢ Re(0) = - g(1) —I;{%ts)s AGR

p(2)

Then (M, g(¢)), 0 <t < T, is a solution to the Ricci flow of (1-1), where 7' =1/(21)
(resp. T = o0) if A > 0 (resp. A <0). Other important quantities along the flow are:

s JO)=/(0)op(r)= (t)*f
e S(¢) =trace(Re(?)) = (t) Agiry S (D).

s fi= |vf|§,(t)-

()
24
o u=(4nr) M2 1,

Vg, t, f)= /M(t(|Vf|2+S) + f—n)udp = —rC(l)/Mu du.

e (t)=T—-t=
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2.2 Four-manifolds

In this subsection, we give a brief review of the algebraic structure of curvature and
geometry on an oriented four-manifold (M, g).

First we recall the Kulkarni—-Nomizu product for (2, 0) symmetric tensors A and B,
(Ao B)ijki = Aix Bj1 + Aji Bix — Aj1 Bj — Ajr Bis.

Then we have the following decomposition of curvature,

@9 R=W+ 2:540—g1) + ::igz ~ T 2 E;i)o(f— 1) Izc—oi’
In dimension four this becomes
R=W—I—%gog+%Eog=W+U+V,
IRI> = WP+ [U 2 +|VI,
U2 = I g2 1lg

- 2n(n—1) 24
1 L )
V> = —|E|*> = Z|E]%.
V=B = JIE
An important feature in dimension four is that the Hodge star operator decomposes the
space A, of bi-vectors orthogonally according to the eigenvalues +1. The Riemannian
curvature inherits this decomposition, and consequently has a special structure. To be

more precise, let {e; ?:1 be an orthonormal basis of the tangent space at any arbitrary
point on M . Then one pair of orthonormal bases of bi-vectors is given by

1 1 1
(2-10) {3(612 +e34). 3(613 —e24), E(em + 623)} for AS,

{%(612 —e34), %(613 +e24), %(6’14 —823)} forA; .

Accordingly, the curvature now is

AT C
@-11) R:(CT A_),

with C essentially the traceless part. It is easy to observe that W(Azi) € AT, so we
may unambiguously define W* := WA+ _ In particular,

(2-12) WE(a, ) = W(a™, p5),

with @ and ¥ the projection of «, B onto Agt.
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Furthermore, as W is traceless and satisfies the first Bianchi identity, there is a normal
form due to M Berger [4] (see also [47], [19]). That is, there exists an orthonormal
basis {ei}?=1 of T, M , and consequently a basis {€12, €13, €14, €34, €42, €23} of Aj,
such that

A B
(2-13) ““:(B A),

for A =diag(ay,a,,asz) and B =diag(by, by, b3), with a;+ar+a3s=b1+b,+b3=0.

Then, by (2-12),

A+B B+A
2 2

B+A A+B

2 2

wWE =

Using the basis given in (2-10), we get

A+B 0
W= ( 0 A- B) '
Hence we obtain the following well-known identities.

Lemma 2.1 Let (M*, g) be a four-dimensional Riemannian manifold. Then the
following tensor equations hold:

(2-14) (WE)ikpg (WE);FPT = |[WE|2 g,
(2-15) (WE) ik pg (WEYRPL, = LiwE |2 g,

Proof Note that these identities only depend on the decomposition of these tensors.
In particular, it suffices to prove them for the Weyl tensor. Using the normal form
discussed above, we calculate that

3 3
WikpgWHPy = " a? —2(b1by + babs + bsby) = Y (a7 +b}).
i=1 i=1

Similar calculations for all other pairs of indexes verify the statements. a
Remark 2.2 The first identity can also be found in [24, Section 2, Equation (31)].

In addition, in reference to the decomposition of curvature in (2-11), we have the
following relations:
2
At =wE 4 St =P = w24 S
12 §2 48

[E” = [Re|” — 5 = 4|C|* = 4t(CCT).
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If the manifold is closed, the Gauss—Bonnet—Chern formula for the Euler characteristic
and Hirzebruch formulas for the signature (see [5] for more details) are given by

(2-16) 82 (M) = / (WP VP + U]
M
_ 2 L2, S?
—/M('W' ~3IBF+57)
=/ (IR [EP).
M
(2-17) 12712r(M):/ (W2 — W™ ]?).
M

Remark 2.3 It follows immediately that if M admits an Einstein metric E = 0, then
we have the Hitchin—Thorpe inequality

[e(M)] = 3x(M).

The Hodge operator in dimension four is related to a decomposition on the tangent

bundle. Let {oa,-}l.3=1 be a positively oriented orthogonal basis of A;“ with || = /2.

When seen as an operator on a vector field X and given sign(i, j, k) = 1, those
bi-vectors satisfy the following identities (see [1]):

oziz = —Identity,
it = o = —ajo;,
(i (X)), j (X)) = (X, —jo; X) = (X, X) = 0.

Here sign(i, j, k) is the sign of the permutation of {1,2, 3}. The positive orientation
is just to agree with the sign convention. An example of such a basis is given by
multiplying by +/2 the basis given in (2-10). Consequently, we have the following
result.

Lemma 2.2 Suppose (M, g) is a four-dimensional Riemannian manifold and X is a
vector field on M. At any point p such that X, # 0,

IyM =X, & A;(Xp)7

with A;L(X) ={a(Xp) a € A;}.

Proof Pick an orthogonal basis of A;L as above. Then {o; (X, P)}i3=1 are three orthog-
onal vectors, and each is perpendicular to X, . The statement follows. a
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Remark 2.4 By symmetry, the statement also holds for A5 . When the context is
clear, we normally omit the sub-index of the point.

2.3 New sectional curvature

In this subsection, we first prove some results in dimension four to illustrate that
classical techniques for Einstein 4—manifolds can be adapted to study GRSs.

For a four-dimensional GRS (M, g, f, 1), define
(2-18) H =Hess fog.

Then a straightforward calculation leads to the following decomposition.

Lemma 2.3 With respect to the decomposition given by (2-10), we have

A B
o= (ar 1)
with A = ATfld and
f11+f22;f33—f44 fas— fia fat fis
B= f23 + fia f11+f33;f22—f44 fra— fia
Saa— f13 f3a+ f12 f11+f445f22—f33

Remark 2.5 In particular, (H, W) =0.

We further define a new “curvature” tensor R by

- 1 S | S |
(2-19) R—R+5H—W+5ﬂwg+§@ujg%@+§H
B S 1

e (b oo

Thus, it follows immediately that, with respect to (2-10),

_ AT 0
R‘(o Z)’

with AT = W* 4 (A —S/6)Id = W* 4 (A /4 + S/12) Id. Furthermore, following
the argument in [4], we obtain:
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Proposition 2.4 There exists a normal form for R. More precisely, at each point, there
exists an orthonormal base {ei}f;l such that as an operator on 2—forms, with respect
to the corresponding base {e12, €13, €14, €34, €42, €23} for A2,

e
w5 1)

with A = diag(ay,a,,a3) and B = diag(h;,b,, b3). Moreover, a; = min K, as =
max K and |b; — bj| < |a; —aj|, where K is the “sectional curvature” of R; that is,
K (ey,e2) = Ryy1, for any orthonormal vectors ey and e;.

Remark 2.6 Can a GRS be characterized by the existence of such a function f with
R constructed as above having the normal form?

Next, we investigate the assumption of having a lower bound on this new sectional
curvature similar to [30]. For € < 1/3, suppose that

(2-20) K >e€h,
or equivalently, for any orthonormal pair e; and e;,
(2-21) _R,'j,'j Z€k<:>Rijij +#ZEA

Then we have the following lemma.

Lemma 2.5 Let (M, g, f,A) be a GRS. Then assumption (2-20) implies the following:

o S+3Af> 12
e S<6(1—¢)h.
o Af>23e—1DA.

1 - S
. TG(|W+| + W) <2(1—e)r — 3
In the last formula, equality holds if and only if W* has the form a™ diag(—1, —1,2),
with a* > 0, and

at +a” :2(1—6))»—%.

Proof All inequalities follow from tracing Equation (2-21) and the soliton equation
S + Af = 4\ except the last one.

For the last inequality, first note that any two form ¢ can be written as a simple wedge
product of 1—forms if and only if ¢ A ¢ = 0. In dimension four, with respect to
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(2-10), that is equivalent to ¢ = ¢+ + ¢~ and |¢T| = |¢~|. Therefore, in light of
Equation (2-13), assumption (2-20) is equivalent to

(2-22) at+a +2xr— % > e,
where at, 4™ are the smallest eigenvalues of WE. Using the algebraic inequalities
1w
(2-23) —at > —|Wt|,
\/gl |
- 1 —
(2-24) —a = —|W|,
\/EI |
we obtain
S 1 + _
20=—e)h === —=(|IWT |+ |W7)).
(1=r=3 = Z=(IWH+ W)
Equality holds if and only if equality holds in (2-22) and (2-23) (or (2-24)). The result
then follows immediately. |

Lemma 2.6 Let (M, g, f,A) be a closed GRS satisfying (2-20). Then
2
f (IW* |+ [wW™])? 5/ 257 1 —8(1 —e)(1 +36)A2V(M).
M M 3

Again, equality holds if W* has the form a* diag(—1, —1,2), with a* > 0 and
+ . - S
at+a :2(1—6))»—?.

Proof Applying Lemma 2.5, we compute

/M<2(1 —on-3) =40 - omvon - M9 /MS+ /M i

_a1—en2vn) - = pvon+ [ S
3 9

1

—4(1 —e)AZV(M)(—e - —) | i

3 9°

Remark 2.7 If we use S < 6(1 —¢)A, then
_ 2(1+43¢)\  4(1-3¢)
wWH + W) < /52d 2_ _ g2
w1+ —( o P Te—a ) T -0 Ju
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Lemma 2.7 Let (M, g, f,A) be a closed GRS. Then

2
/M|Rc|2 - /M ST —42V(M).

Proof Using Equation (2-8), we compute
2/ IRe|? dp = / QCAS +(V £, VS)) du = 2041V (M) —/ AfSdu
M M M
=8\2V(M) —/ (4A —S)Sdu
M

=—8x2V(M)+[ S%du. O
M

The above results lead to the following estimate on the Euler characteristic.

Proposition 2.8 Let (M, g, f, 1) be a closed non-flat GRS with unit volume, satisty-
ing assumption (2-20). Then

872 x(M) < A S2dp + 212 (12¢% — 8¢ — 3).
12 Jar
Proof By the Gauss—Bonnet—Chern formula,
2 _ 2_ Lz g)
s (M) = [ (WP = SIEP +57) du
2
s[ (|w+|+|w—|)2du—%/ |Rc|2d,u+/ %dﬂ.
M M M

Applying Lemmas 2.6 and 2.7 yields the inequality.

We now claim that equality can not happen. Suppose otherwise. Then [W||[W™| =0,
and equality also holds in Lemma 2.6. By the regularity theory for solitons [3], we can
choose an orientation such that [W~| = 0. Hence W = diag(—a™, —a™,2a™), with
at =2(1—¢€)A—S/3. Then by [22, Theorem 1.1], we have W =0 or Rc = 0.

In the first case, by the classification of locally conformally flat four-dimensional closed
GRSs as discussed in the introduction, (M, g) is flat; this is a contradiction.

In the second case, Rc = 0 implies S = 0 = A, and since equality holds in Lemma 2.6,

W+ = 0. Hence the above argument applies. a

Remark 2.8 The Euler characteristic of a closed Ricci soliton has been studied by
Derdzinski [25]. If the manifold is Einstein and € = 0, we recover some results of
Gursky and LeBrun [30].
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3 A Bochner—-Weitzenbock formula

In this section, we prove Theorem 1.1, a new Bochner—Weitzenbock formula for the
Weyl tensor of GRSs, which generalizes the one for Einstein manifolds. Bochner—
Weitzenbock formulas have proven to be a powerful tool to find connections between
topology and geometry under certain curvature conditions (for example, see [28; 42;
48]).

Particularly, in dimension four, if SW™ = 0 (this contains all Einstein manifolds), we
have the following well-known formula (see [5, 16.73]):

(3-1) AWT 12 =2|VWH ]2 +S[WT |2 —36det W,

This equation plays a crucial role in obtaining an L,—gap theorem of the Weyl tensor
and in studying the classification problem of Einstein manifolds (see [29; 30; 50]).

Our first technical lemma gives a formula for AW in a local frame. Also note that
the Einstein summation convention is used repeatedly here.

Lemma 3.1 Let (M,g, f,A) be a GRS and {e;}}_, be a local normal frame. Then
the following formula holds:

(3-2) AfWijkt = 2AW;jk1 — 2(Cijrr — Cijik + Cikji — Cirjk)

2
T (n—2)2 g7 (Reip Regy g1 —Reip Regr gjk
+ Rejp Reg gik —Rejp Regr gir)
( _2)2 (Reix gj1 —Reip gjk +Rejy gi —Rejy gir)
2
— =5 Rix Rj1 —Rjx Rip)
2(S* — |Re|?) ( )
(n—l)(n—2)2 8ik&jl — &il&jk)>

where Cijx; = gP18" WpijrWsikg -

Proof First, we recall how a GRS can be realized as a self-similar solution to the
Ricci flow (1-1), as in Section 2.1.

Let 7(¢) = 1 —2A¢ and suppose that ¢ (x, ¢) is a family of diffeomorphisms generated

by X = (1/t)Vf. For g(0) = g, g(t) = 1(t)¢p*(¢)g, we have that (M, g(1)) is a
solution to the Ricci flow. Furthermore, W(¢) = t¢*W. Let p be a point in M and
let {e;}7_, be abasis of T, M . We obtain a local normal frame via extending e; to a
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neighborhood by parallel translation along geodesics with respect to g(0). First, we
observe that

(3-3) %W(l)ijkl ‘t=0 = (%up*w) 2\

ijkl’tzo T ijkt + (Lv fW)ijki

where Ly is the Lie derivative with respect to X . Furthermore, by definition,
(B3-4) LvsWijki =V f(Wijk) =W(V S eil ej,ex.er) = W(ei. [V f.ej], ek, er)
—W(ei,ej, [V exler) —Wlei,ej.ex. [V [, er]).
We calculate that
W(V f.eil.ej.ex.e;) =W(Vyrei =V, V fiej ex,ef) = —=W(Ve,V foej, ex.ep).
By the soliton structure, Ve, V. f = —Rc(e;, -) + Ag(e;, ). Thus,
(3-5) W(V f.eil.ej,er,ef) = —W(ke; —Rc(e;), ej, e, er)
= _)twijkl + gl Reip Wyjiki-
Combining (3-3), (3-4), and (3-5) we obtain

d

Ew(l)ijkl =V f(Wijkr) +2AW; k1

—gP9(Reip Wyjki +Rejp Wigir +Rekp Wijgr +Reip Weik).

-

Along the Ricci flow, the Weyl tensor is evolving according to the following equation
(for example, see [21, Proposition 1.1]):

d
(3-6) LWl

= AW;jk1) +2(Cijkr — Cijik + Cikji — Citjk)

t=0

—gpq(RC,'p ijkl + Rij Wiqkl —f—RCkP W,'jq[ +RC,'p ijkl)

+ 5879 (Reip Regk gj1 —Reip Regr gjik
(n—2)
+ Rij Rqu Zik —Rij chk gil)
2
+ﬁ(RCik gj1 —Reis gjk +Rejy gik —Rejk gir)
2
+nT2(Rik Rj; =Rk Rip)

2(S? —|Rc|?) ( )
. A~ \Zik&jl — &il8jk)-

(n—1)(n-2)2
The result then follows. O
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Furthermore, in dimension four, we are able to obtain significant simplification due to
the special structure given by the Hodge operator. That leads to the proof of our first
main theorem.
Proof of Theorem 1.1 We observe that
(WH AW = (WH AWT) — (WH, Vg ,WH) = (W, AWT) — Lvg (Wt
Therefore,
Ap W2 = AIWT 2 = Vg [WT 2 =2(WH, A,WT) +2|]VWH 2,

To calculate the first term of the right hand side, we use the normal form of the
Weyl tensor (2-13). As usual, a local normal frame is obtained by parallel translation
along geodesic lines. Then (2-10) gives a basis of eigenvectors {ozi}?=1 of WT with
corresponding eigenvalues A; = a; + b; . Consequently,

(3-7) (WE AW =) "0 A W (o, ).
i
In order to use Lemma 3.1, it is necessary to calculate the Cjjx; terms. By the normal

form, we have

Ci212 = aj + b3 +b3, Ci234 = —2a1 b3,

Ci221 = —2b; b3, Ci243 = 2a; b,
Ci122 = 2asas3, Ci324 = 2a, b3,
Ci221 = —2b; b3, Cia23 = —2a3b;.

Thus,
1
AfW1212 = 2)\.611 — 2(61% + b% + 202613 + 2b2b3) — 5 Z(RC%P + RC§p)
p
S 1
+5Rerp +Rez) = (Req Roo —Rci,) — E(SZ — [Re|?),
ArWia3q = 2Aby —4(a1by + azbs + azbs) + (Rey3 Reag —Reaz Reqy).
Therefore,
+ _ 2 1 2 Q2
(3-8) AfWT (g, 01) = 2Ahy —2A7 —4hoh3 — 15 (IRe|* = S%) — T,
in which
2T7 = Rcy1 Reys +Reszz Regq +2Rey3 Reag _RC%Z —2Rcy3Reqg —RC§4
= (RcoRc)(ay, a1).
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Similar calculations hold when replacing o1 by a5, a3,

(3-9) AfWH(ap, ap) = 20y — 243 —4h1d3 — 5 (|Re|? — S?)
—%RcoRc((xz,az),
(3-10)  ApWH(as,a3) =203 — 243 —4A1d; — 5 (|Re|* — S?)
— % RcoRe(as, a3).
Combining (3-7), (3-8), (3-9) and (3-10) yields
(W AWT) =24 |WH > — 18det WH = > " T;h,
i

=2A|Wt > —18detWT — J(RcoRe, WT).

The first equality then follows. The second equality comes from the soliton equation,
the property that W™ is trace-free and Remark 2.5. a

4 Applications of the Bochner—Weitzenbock formula

4.1 A gap theorem for the Weyl tensor

In [29], under the assumptions W = 0, SWT = 0, and the positivity of the Yamabe
constant, M Gursky proved the inequality

@) [ IWHR duz 4220 + 3200,
relating WL, with topological invariants of a closed four-manifold. Our main
result in this section is to prove an analog for GRSs. It is noted that the particular

structure of a GRS allows us to relax the harmonic self-dual condition above at the cost
of a worse coefficient due to the absence of an improved Kato’s inequality.

Theorem 4.1 Let (M, g, f,A) be a closed four-dimensional shrinking GRS with

(4-2) / (W™, Hess f oHess /) du < 3/ S|WT 2.
M 3 m
Then, unless WT =0,

(4-3) / IWH2du > 272 (2 (M) + 3t(M)).
M
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Remark 4.1 By Remark 1.3, the condition (4-2) is equivalent to
/ SWF2du < / S\WH2dp.
M M 6
Thus, it is clearly weaker than the condition of being harmonic self-dual.
To prove Theorem 4.1, we follow an idea of [29] and introduce a Yamabe-type conformal
invariant. First, the conformal Laplacian is given by,
L=—-6A+S.
Furthermore, we define
Fup=aS—bWT|, Lop=—6aAg+ Fyp =aL—bWT,

where a and b are constants to be determined later. Under a conformal transformation
as described in (A-1), for any function & we have:

o Fup=u(—6alg+ F,p)u.
o [ Fupdi= [ (-6t + Faprudu= [ (Fapu+6alVul)dy
M M M

The Yamabe problem is, for a given Riemannian manifold (M, g), to find a constant
scalar curvature metric in its conformal class [g]. That is equivalent to finding a critical
point of the following functional. For any C? positive function u, let & = u?g, define

(. Lu)r, _ [y SdfE

lulz, /i, dn

Then the conformal invariant Y is defined as

Yelul =

Y(M,[g]) = inf{Yg[u] : u is a positive C? function on M}.
For an expository account on the Yamabe problem, see [35].

As F, j conformally transforms like the scalar curvature, in analogy with the discussion
above, we can define the following conformal invariant.

Definition 4.2 Given a Riemannian manifold (M, g), define

?a,b (M, [g]) = inf{(Y4 p)g[u] : u is a positive C? function on M},
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where _
(u’La,bu)Lz _ fM Fa,bdﬁ

lull3, Jhpdi

In the case of interest, we shall denote

(Yap)glul =

F=F,s=S—6V6lWr|.  FM)=7,  £(M.[g).

when the context is clear. First we note the following simple inequality.

Lemma 4.3 Let (M", g) be a closed n—dimensional Riemannian manifold which is
not locally conformally flat, and (S", gs4) the sphere with the standard metric. Then

(4-4) Y(M,[g]) Y (M,[g]) < Y(S",[gs)) = Y (S", [gsd))-

Proof The first inequality follows from the definition and the following observation.
Given a metric g, a positive function u and b > 0, then

(o L) = (o Ly i)z = [ BIWF 2 dpe =0,
M

The second inequality is a result of T Aubin [2] and R Schoen [46]. The last inequality
is an immediate consequence of the fact that the standard metric on S” is locally
conformally flat (W = 0). m|

On a complete gradient shrinking soliton, the scalar curvature is positive unless the
soliton is isometric to the flat Euclidean space [45]. Therefore, if the GRS is not flat
then the existence of a solution to the Yamabe problem [35] implies that Y > 0. This
observation is essential because of the following result.

Proposition 4.4 Let (M, g) be a closed four-dimensional Riemannian manifold. If
Y(M) >0 and Y (M) <0, then there is a smooth metric § = u?g such that

(4-5) / §2dﬁ§216/ W+ 12 dfi.
M M
Furthermore, equality holds only if )A’(M )=0andS = 6\/6|\’7TJ|

Proof The proof is almost identical to that of [29, Proposition 3.5]. Thus, we provide
a brief argument here. Through a conformal transformation, the Yamabe problem can
be solved via a variational approach for an appropriate eigenvalue PDE problem. In
particular, the existence of a solution under the assumption Y (M) < Y (S") depends
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solely on the analysis of regularity of the Laplacian operator (but not on the reaction
term); see [35, Theorem 4.5].

In our case, F conformally transforms as scalar curvature and Lemma 4.3 holds,
so there exists a minimizer v for ¥, ¢[+] such that under normalization |v||z, =1,
the metric § = v2g satisfies the equation F=S-6v6 |W+| Y(M ). Applying
Y(M) >0 and Y(M) <0, we obtain

/S’Zd,:z:/ 6¢E|W+|§dﬁ+?(M)/ Sdp
M M M
5/ 6v/6|WH|Sdfi
M

_ 1/2 _ 1/2
§6~/6(/ IW+|2d/TL) (/ |S|2diz) .
M M

/ §2d;1§216/ W+ 12 dfi.
M M

Equality is attained if only if g attains the infimum, ?(M) =0and S =6v6|W|. O

Therefore,

Proposition 4.5 Let (M, g, f,A) be a closed four-dimensional shrinking GRS satis-
fying (4-2) and WT # 0. Then Y (M) < 0. Moreover, equality holds only if W has
the form w diag(—1, —1, 2) for some w > 0 at each point.

Proof By Theorem 1.1, we have

Ap[WH 2 =2|VWT|? +4A|WT|? -36 dety2 Wt —(RcoRe, WT).
Integrating both sides and applying (4-2) yields

/ AfWH2dp > / [2|vw+|2 + (§ + Af)|w+|2 —36det > w+].
M M 3 +

Via integration by parts, we have

| VW Prdi= [ (979w Py di = [ A7WEP d

M M M
Therefore, we arrive at
0 z/ (2|vw+|2 + §|w+|2 —36det > w+).
M 3 +

We also have the pointwise estimates

IVWH2 > [VIWT[12, —18detWH> —6|WT |3,
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The first one is the classical Kato’s inequality while the second one is purely algebraic.
Thus, for u = [WT|,

/ (3 Fu? +2|Vu|*) dp < 0.
M

Hence if |W+| > 0 everywhere then the statement follows.

If |W+| = 0 somewhere, let M, be the set of points at which |W+| < €. By the
analyticity of a closed GRS (see [3]), Vol(M¢) — 0 as € — 0. Let 5¢: [0, 00) — [0, 00)
be a C? positive function which is €/2 on [0, €/2], identity on [e, c0) and satisfies
0= 772 < 10. If u¢ = ne ou, then ue is C? and positive. In addition, we have

. /Fu?duf/ Fu?du + Ce? Vol(My),
M M—-M.

. / |Vue|2du:/ |17/€Vu|2duff |Vu|*du + C Vol(M,),
M M M—M,

where C is a constant depending on the metric. Therefore, we have

inf{/ (Fu? 4 6|Vuc|?) du} <0.
M

>0
Consequently, Y (M) <0.

Now, equality holds only if [ M(%F u? + 2|Vu|2) dp = 0 and equality holds in each
point-wise estimate above. The result then follows. |

We are now ready to prove the main result of this section.

Proof of Theorem 4.1 By Proposition 4.5, we have f}(g) <0and Y(M) > 0.
Otherwise S = 0 and the GRS is flat by [45], which is a contradiction to wt #0.
Therefore, by Proposition 4.4 there is a conformal transformation § = u?g with

(4-6) / §2dﬁ§216/ W2 dji.
M M
According to (2-16) and (2-17),
(4-7) 27r2(2x(M)+3r(M)):/ |\7’v+|2dﬁ—1/ |E|2dﬁ+i/ S%dp
M 4 Jm 48
5/ |v~v+|2dﬁ+i/ $2dn
M 48 Jm

< (1 +§) /M W2 di.
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Here we used (4-6) in the last step. Since |[W¥| L, is conformally invariant, (4-3) then
follows.

Now the equality holds only if all equalities hold in (4-7), (4-6) and (4-2). The first
one implies that g is Einstein. Therefore, by [30, Theorem 1], inequality (4-6) is strict
unless S = 0. But this is a contradiction to Y (M) > 0. Thus the inequality is strict. O

4.2 Isotropic curvature

Another application is the following inequality, which is an improvement of [49,
Proposition 2.6].

Proposition 4.6 Let (M, g, f,A) be a four-dimensional GRS. Then we have
4-8) Asu < (2A+3u—s)u—l|Rc|2
- 2 4
in the distribution sense, where u(x) is the smallest eigenvalue of S /3 —2W .
Proof Let X534 =S/3—2W(e1,+e34, €12+ e34) for any 4—orthonormal basis. We

use the normal form discussed in (2-13) and obtain a local frame by parallel translation
along geodesic lines.

We denote by {Oli}?=1 the basis of A;‘ as in (2-10) with corresponding eigenvalues
Ai = a; + b;. Without loss of generality we can assume a1 + by > a + by > a3 + b3
and thus u(x) = Xq234(x). Using Lemma 3.1, we compute

AfW1212 =2Aa; —2(a% +b% + 2azas + 2byb3)
1 2 ) S
—3 Ep (RC1p+RC2p)+§(RC11 4+ Rcy)

1
— (Reqg Rpy —Ref,) — 6(52 — [Re|?),
ArWi234 = 2Aby —4(a1by + azbz +azby) + (Reyz Reag —Rezz Reyy).

Let us recall that AyS = 2AS —2|Re|?. Thus, for 27} = (RcoRc)(a;, ), we have

Ap(Xi234) = 2A§ — 2|Re[> —4A(a; + by) + 42 + 8hxhs + L(Re2—SH) + T
= 2)\,X1234 — %lRC|2 +4)n% + 8)&2)\3 — %Sz + T].
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Next we observe that A, + A3 = —A; and 8A,A3 < 2kf. By the Cauchy-Schwartz
inequality, 7} < §|Rc|?. Therefore,

1 pnl2 $S—Xi234\ o
Af(X1234) = 20X 1234 — z[Re|” + 6 — ~1s
<2AX1234 + 3 X% 4, —SX1234 — 1 [Re|?
= 241234 1234 — 3
=uh+3u—9)— HRe|%.

Since Aru < Ar(X1234) in the barrier sense of E Calabi (see [11]), the result then
follows. m|

5 A framework approach

In this section, we shall propose a framework to study interactions between components
of the curvature operator and the potential function on a GRS (M, g, f, A). In particular,
we represent the divergence and the interior product iy ¢ on each curvature component
as linear combinations of four operators P, 0, M, N . The geometry of these operators,
in turn, gives us information about the original objects. It should be noted that some
identities here have already appeared elsewhere.

Let (M", g) be an n—dimensional oriented Riemannian manifold. Using the point-wise
induced inner product, any anti-symmetric (2,0) tensor « (a two-form) can be seen as
an operator on the tangent space by

a(X.Y) = (-a(X).Y) = (X, a(Y)) = (€. XY AY).
In particular, a bi-vector acts on a vector X by
UAVX =(V,X)U—-(U,X)V.

For instance, in dimension four, the complete description is given by the table below.

€12 1t€34 €13 €24 €141+€23 €12—€34 €13 +€24 €14 €23
5] —€) —e3 —€4 —€) —e3 —é€y4
(5'1) [5) el €4 —e3 5] —é€4 €3
€3 —€4 €1 () €4 €1 —€)
€4 €3 —e) (] —e3 () (4]

In a similar manner, any symmetric (2, 0) tensor b can be seen as an operator on the
tangent space,
b(X,Y)=(b(X).Y)=(X,b(Y)).
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Consequently, when b is viewed as a 1-form valued 1-form, dyb denotes the exterior
derivative (a 1-form valued 2—form). That is,

(dvb)(X.Y, Z)=(Vh)(X.Y,Z)+(~1) (Vb)(Y, X. Z) = Vxb(Y, Z)-Vyb(X. Z).

Now we can define the fundamental tensors of interest to us here, first via a local frame
and then using operator language. Let « € Ay, X, Y, Z € TM, and {¢;}}_, be a
local normal orthonormal frame on a GRS (M", g, f,A).

Definition 5.1 The tensors P, O, M, N: A;TM @ TM — R are defined as
(5-2) Pijx =ViRcjr =V Reix =V fik = Vi fix =Rjikp V2 1.
P(X AY,Z)=—R(X,Y,Z,Vf) = (dvRe)(X,Y, Z) = 6R(Z, X, Y),
P, Z) =R(a,V f A Z) = SR(Z, a):
(5-3) Qijk = gkiVjS — gkj ViS = 2(gki Rjp —gkj Rip) V7 f,
O(X NY,Z) =2(X, Z)Re(Y,V f)—2(Y, Z)Re(X, V £),
O(a, Z) = =2Rc(a(Z2),V f) = =2(aZ,Re(V [));
(5-4) Mijr =Ry; Vi f —Ry; V; f,
M(X AY,Z) =Re(Y, Z)Vy f —Re(X, Z)Vy f = —Re(X AY)V [, Z),
M(a,Z)=—Rc(a(Vf),Z)=—(aV[f,Rc(Z2));
(5-5) Nijk = &gijVif — gkiVj /.
NXANY,Z)=(Y,Z)Vx [ — (X, Z)Vy f = (X AY)Z,V [),
N@, Z)=(aZ,Vf)=—a(Z,V[).

Remark 5.1 The tensors P+, Qi, M=, N*: A;ETM ® T'M — R are defined by
restricting o« € A;ET M . They can be seen as operators on A, by standard projection.

Remark 5.2 Before proceeding further, let us remark on the essence of these tensors.
P =0 if and only if the curvature is harmonic; Q = 0 if and only if the scalar curvature
is constant; N = 0 if and only if the potential function f is constant; finally, M =0
if and only if either V f = 0 or Rc vanishes on the orthogonal complement of V f'.

5.1 Decomposition lemmas

Using the framework above, we now can represent the interior product iy ¢ on compo-
nents of the curvature tensor as follows. Again the Einstein summation convention is
used here.
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Lemma 5.2 Let (M, g, f,\) bea GRS. For P, Q, M, N as in Definition 5.1, in a
local normal orthonormal frame we have

(5-6) Rijkp VP f =R(ei,ej, ex, V f)
= —P;jk = VP R;jjrp = —6R(ex. e, ¢j),
(5-7) (808)ijkpVP [ = (gog)(eiej.ex.V [)=—2Niji,
(5-8) (Rcog)ijkp V2 f = (Reog)(ei.ej. ex. V [) =3 Qijk — Mjjk.
(5-9) H;jkpV? [ = H(ei,ej,ex, V)= M;jx — % Qijk — 2ANjjk.
(5-10) Wiikp VP [ =Wlei.ej,ex. V)
Oijk Mk SNijk

ik 30— T = i=hn=2)

Proof The first formula is well-known (see [16]), and follows from the soliton equation
and Bianchi identities. For the second, we compute

(g08)ijipV? [ =2(8ikgjp — 8ingiK) V' |
=2gikVj f —2gjkVif = —2Njjk.
For the third, we use (2-6) to calculate
(Rc0g)ijkpV? f = (Reik gjp +Rejp gik —Reip gjk —Rejk gip) VP f

=Reix Vi f + 5(2ik ViS — gk ViS) —Rejx Vi f

= 3 Qijk — Miji.
The next formula is a consequence of the above formulas, the definition of H in (2-18)
and the soliton equation (2-3). Finally, the last one comes from the decomposition

of the curvature operator (2-9) and the previous formulas; it appeared, for example,
in [22]. u

In addition, the divergence on these components can be written as linear combinations
of P, O, M,N.

Lemma 5.3 Let (M,g, f,A) beaGRS. For P, Q, M, N as in Definition 5.1, in a
local normal orthonormal frame we have

(5-11) VPRijkp = —Pijk-

(5-12)  VP(Sgog)ijkp =2Qijk.

(5-13)  VP(Reog)ijkp = =V Hjjkp = —Piji + 5 Qijk
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n—3 n—3 n—3
G-19 VI Wikp = = 23 Pk = 3=y —) 2k = s

Cijk-

Proof The first formula is well-known and comes from the second Bianchi identity
(see [16]). For the second, we compute
VP(Sgog)ijkp =2VP(Sgikgip —Sgip&ijk)
=2gik&jpV’S — gjkgip V'S
=2gikVjS—gjk ViS = 20jjk-
For the next one, we use (2-5) to calculate
VP(Reog)ijkp = VP (Reik gjp +Rejp gik —Reip gjk —Rejk gip)
= gjpVP Rejx +8ik VP Rejp —gjk VP Reip —gip VP Rej
= Vj Reig +5(€ik VjS — gk ViS) — Vi Rej

= 3Qijk — Piji-
Finally, the last one comes from the decomposition of curvature (2-9) and previous
formulas; it also appeared, for example, in [24, Equation (9)]. a

Remark 5.3 C as defined in (5-14) is also called the Cotton tensor in the literature.

Remark 5.4 By the standard projection, and
W) =8(W*), (v, W)F=iy W=,

the analogous identities hold replacing W, P, O, M, N in Lemmas 5.2 and 5.3 by
w*, pE, Qi, M*, N*, respectively.

The following observation is an immediate consequence of Lemma 5.3.

Proposition 5.4 Let (M",g, f,1), n > 2, be a GRS and let H be given by (2-18).
Then the tensor
n(n—3)S

F=W+ dn-D(n—2)8°8

H+

n—3
n—2
is divergence free.

Remark 5.5 The result can be viewed as a generalization of the harmonicity of the
Weyl tensor on an Einstein manifold.
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Lastly, we introduce the following tensor D which plays a crucial role in the classifica-
tion problem (see [15; 14; 22]):
Qijk Mijie — SNijk
2m—1)(n—2) n—-2 m—1)(n-2)
= Cijk + Wijkp VP f.

(5-15) Djjr =—

5.2 Norm calculations

Lemma 5.5 Let (M, g, f,A) be a GRS. Then the following identities hold:

2(P. Q) =—|VS|%, 2(N.N)=2(n—1|V [,

2(P.N)=(V/.VS), 2(0. M> |VS|> —2S(V £, VS),
2(Q. Q) =2(n—1)|VS|*, 2(0.N)=—2(n—1){(V /. VS),
2M. M) =2[Rc]*|V [ = J|VS]>,  2(M.N)=28|Vf[>?— (V. VS).

Furthermore, if M is closed, then

. / 2(P, P)e—f=/ IVRc |2/,
M M

1
. /M 2(P, M) :Z/M(A|Rc|2—Rc3)+/M(Vf,V|Rc|2)+§/M|VS|2.

Proof The main technique is to compute under a normal orthonormal local frame. For
example,

2(P, Q) = Pijk Qijk
= (ViRcjr —V; Reig)(gxiVjS — gk ViS)
=2(ViRcjr —V; Reix)gki VS
= 2V;S(Vi Regj —Vj Regy)
= |VS|? —2|VS|?> = —|VS|%.

Other equations follow from similar calculations.

When M is closed, we can integrate by parts. In particular, the first equation was first
derived in [16]. For the second, we compute that

/ 2{P, M) = 2/ (ViRcjr —VjRejx)Regj Vi f
M M

=/ V,-fV,-ch?k—Z/ VjRCikRijVif,
M M
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/ Vj RCik Rij ij=—/ RC,’kRij fl]_/ RC,’k f,V, Rij
M M M

=—/ (A|Rc|2—Rc3)—%/ VS|,
M M

Hence, the statement follows. O

Remark 5.6 The factor of 2 is due to our convention of calculating the norm. Some
special cases of dimension four also appeared in [10, Proposition 4].

An interesting consequence of the above calculation is the following corollary, which
exposes the orthogonality of O, N versus iy s W, §W.

Corollary 5.6 Let (M, g, f,A) be a GRS.
(a) Ateach point, we have

(b) If M is closed, then

2 —f _ (n=3)? 21 2\ —f
(5-16) /M2|5W| e _(n—2) /M(|VRC| VS )e :

Proof Part (a) follows immediately from Lemmas 5.2, 5.3, 5.5, and our convention in
Equation (2-1). For example,

(Q.iv W) =Y Qijiiv y W)kij

i<j
=" 0ijkV? [Wpkij
i<j
==Y QijiWijip VP f
i<j
~ 0o M SN
_<Q’P+2(n—2)_n—2+(n—1)(n—2)>

IVSIZ  (n—=1)|VS]> |VS|? S(VS.VS) (mn—1)S(Vf, VS)
2 2(n—2)  2(n-2) n—2  (n—1)(n-2)

=0.

Other formulas follow from similar calculations.

Geometry & Topology, Volume 20 (2016)



The Weyl tensor of gradient Ricci solitons 417

For part (b) we observe that

—3)? 0 0 n—3\? Q
Wi = ("=) (P P =("=) (P P).
[SW n—2 +2(n—l) +2(n—1) n—2 +2(n—1)

Notice that we have applied part (a) in the last step. Consequently, applying Lemma 5.5
again yields
1232
2/ W2/ = (U) / 2<P +- 9 ,P>e_f
M n—=2) Ja 2(n—1)
—3\2 VS|?
:(_n 3) / (|VRC|2— VS| )e_f. |
n=2/ Ju 2(n—1)

Remark 5.7 Part (b) recovers the well-known fact that harmonic curvature implies
harmonic Weyl tensor and constant scalar curvature.

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2 First, we observe

(W,Hess f oHess f) = Z W,k (Hess f oHess f);jx;
i<ji k<l

1
—2 > Wijki(Hess f oHess f);ji
k<l;i,j

= " Wiu Uik fii = fufiw)

k<l;i,j

= Z Wikl fik Ji1-

i)j3k3l

Next, subduing the summation notation, we integrate by parts,
/ Wikt fik fi1 = —/ ViWiiki fx fit —[ Wikt fiVifii-
M M M
The first term can be written as
[ ViWiiki fr fi1 = / ViWijki ik (Agj1 —Rcjp)
M M
= —/ ViWiiki fi Rejy
M

1
) /M(5W)jklelj

=—/M(5W,M).
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Next, we compute the second term,
/ Wijki /i Vi fj1 =—/ Wijik JiVi(gj1 —Rejp)
M M
=/ Wijik fix ViRej
M

1 .
= 5/ Witk Jx Piji
M

_ - 0
“/M<’Vfw’”2(n—1)>

n—2

n—2 M
T n-3 M<8W’_P+n—2>'

Note that we have used Corollary 5.6 repeatedly to manipulate Q and N . To conclude,
we combine the equations above to get

— _n=2 _ M
/Mwijklfikfjl —/M(5W,M) 3 M(&W, P+—n_2)
1

=— M(gw, (n—2)P+(n—4)M).

If n =4, then
/ Wkt ik it = / 2(5W. P)
M M

= /M2<5W, P+ %>
= /M 2(5W, 26W)

=4/ I5W 2. O
M

Remark 5.8 The formula in dimension four is also a consequence of the divergence-
free property of the Bach tensor. We omit the details here.

Moreover, in dimension four, we have similar results for W,
Lemma 5.7 Let (M*, g, f.)) be a GRS. Then at each point, we have

(G-17)  0=(0% iy, W) = (0%, 6WE) = (NE, iy ,WE) = (NE, 5WF).
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Proof It suffices to show the statement is true for the self-dual part.

4

;i—; be an orthonormal

Let {e,-}?=1 be a normal orthonormal local frame, and let {o;}

basis for A;’. Then
(Ot iy W) = E E O(ai, e;))W(V f Nej, )
i j

= —2(ai(ej), Re(V )WV f nej, ai).

Furthermore, we can choose a special basis, namely the normal form as in (2-13). Then
the o; diagonalize W™ with eigenvalues A;. Consequently,

WV fAej,ai) =kiai(Vfrep) =1i(V [ aile)).
It follows that

(0T, iv W) = =20 {ai(ej). Re(V /) {ai(e)), V f)
= =2 {ex, Re(V )} ek, V [),

Me = > Ai.

i,j:aj(ej)==ex

where

Now by (5-1), it is easy to see that each 1z = 0 because W™ is traceless.
Next, we state the following fact.
Claim (PT,0%)=—1IVS]%
To prove this claim, we choose {«;} as in (2-10) and observe that
P(ay.€j)0(ar.ej) = 3 P(ern + e34.€j) O(e12 + €34.¢))

= —(P12j + P34j)((e12 + e3a)ej, Re(V f))

=—(V; RC2j -V, RClj +V; RC4j —V4 RC3j)
x ((e12 + e34)ej, Re(V f)).

Similarly,

P(az,ej)0(az,ej) = —(ViRezj —V3Reyj =V Reyj +V4Rey )

x ((e13 —e24)ej,Re(V 1)),
P(as,ej)0(as,ej) = —(ViReyj —V4Reyj +Va Rezj —V3Rey )

X ((e14 +e23)ej,Re(V f)).
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Thus,
(PT.0T) =" Plai.¢)) Qi e))=—Y _ iler.Re(V [)),

i,j k

for

L = Z \/EP(Oti,ej)— Z \/EP(Oli,ej).

i,j:ai(ej)=ex i,j:ai(ej)=—ex
Using (5-1), we can compute

t1 = V2(P(ay.e2) + Pz, e3) + P(e3. e4))
= V1 Rcy; =V Req; +V3 Reqy —V4 Resp
+ Vi Resz3 —V3Reg3 —Va Reys +Va Reps
+ Vi Rcys —V4Reyy +V3 Rezq —V3 Reog
= Vi(S—Rcy1) — (3V1S — Vi Reyy)
= 3ViS.

Similarly we have {; = %VkS. We also have Re(V f) = %VS. This proves our claim.
In addition, it is easy to see that
(0F.0%) = JIVs|.
Since SWT = %P"‘ + 11—2Q+, it follows that
(ot.sWt) =o.
The statements involving N follow from analogous calculations as

N(oz,-,ej):(ai(ej),Vf). O

By manipulation as in the proof of Theorem 1.2, using Remark 5.4 (replacing Lemmas
5.2 and 5.3) and Lemma 5.7 (replacing Corollary 5.6), we immediately obtain the
following result.

Corollary 5.8 Let (M, g, f,)) be a four-dimensional closed GRS. Then we have the
identity

(5-18) / (WT,RcoRc) =4/ ISW|2.
M M
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6 Rigidity results

In this section we present conditions that imply the rigidity of a GRS, using the analysis
on the framework discussed in the previous section.

First, Proposition 6.10 provides a geometric way to understand the tensor D defined in
Equation (5-15). In particular, it says that D = 0 is equivalent to a special condition;
namely, the normalization of V f (if not trivial) is an eigenvector of the Ricci tensor,
and all other eigenvectors have the same eigenvalue. Such a structure will imply rigidity
as the geometry of the level surface (of f') is well-described.

On the other hand, Theorem 1.2 reveals an interesting connection between the Ricci
tensor and the Weyl tensor in dimension four. That allows us to obtain rigidity results
using only the structure of the Ricci curvature for a GRS.

Theorem 6.1 Let (M*, g, f, 1) be a closed four-dimensional GRS. Assume that at
each point the Ricci curvature has one eigenvalue of multiplicity one and another of
multiplicity three. Then the GRS is rigid, hence Einstein.

We also find conditions that imply the vanishing of the tensor D.

Theorem 6.2 Let (M", g, f,t), n>3, bea GRS. Assume that one of these conditions
holds:

(1) ivyRcog=0.
(2) ivfW=0and §W(-,-,V [f)=0.

Then at points where V f # 0, we have D = 0.

Remark 6.1 D = 0 can be derived from other conditions such as the vanishing of
the Bach tensor (see [15, Lemma 4.1]).

Remark 6.2 For GRSs, condition (2) is a slight improvement of [20] which charac-
terizes generalized quasi-Einstein manifolds under the assumption W =iy ;W = 0.

In dimension four, the result can be improved significantly.

Theorem 6.3 Let (M, g, f,A) be a four-dimensional GRS. At points where V f # 0,
then WH(V f,-,-,-) =0 implies W = 0.
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As discussed in the last section, there are some similarities between taking the divergence
and interior product iy s of the Weyl tensor; for example, see Corollary 5.6. The
following theorem is inspired by condition (1) of Theorem 6.2.

Theorem 6.4 Let (M", g, f,7), n > 3, be a GRS. Then §(Rcog) = 0 if and only if
the Weyl tensor is harmonic and the scalar curvature is constant.

As an immediate consequence of the results above (plus known classifications discussed
in the introduction) we obtain rigidity results.

Corollary 6.5 Let (M", g, f,A), n > 4, be a complete shrinking GRS.

(i) IfiysRcog=0,then (M",g, f,A) is Einstein.

(i) IfivyW =0 and §W(-,-,Vf) =0, then (M", g, f, 1) is rigid of rank k =
0,1,n.

(iii) If8(Rcog) =0, then (M", g, f,A) isrigid of rank 0 < k <n.
In particular, when the dimension is four, we have the following result.

Corollary 6.6 Let (M, g, f, L) be a four-dimensional complete GRS. If
WJ’_(Vf?."") =0’

then the GRS is either Einstein or has W1 = 0. Furthermore, in the second case, it is

isometric to a Bryant soliton or Ricci flat manifold if A = 0, or it is a finite quotient of
R*, S3 xR, S* or CP? if > 0.

The general strategy for proving the aforementioned statements is to use the framework
to study the structure of the Ricci tensor.

6.1 Eigenvectors of the Ricci curvature

Here we study various interconnections between the eigenvectors of the Ricci curvature,
the Weyl tensor, and the potential function. We begin with a lemma.

Lemma 6.7 Let (M, g) be a Riemannian manifold. Assume that at each point the
Ricci curvature has one eigenvalue of multiplicity one and another of multiplicity n — 1.
Then we have

(W,RcoRc) =0.
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Proof Without loss of generality, we can choose a basis {¢;}/_, of T, M consisting
of eigenvectors of Rc, namely Rcy; =n and Rc;; = ¢ fori =2,...,n. Then

(6-1)  (W.RcoRc)= > Wk Rey Rejy

i<j; k<l
(6-2) _ZWUU RCleij —U§2W111J +§ Z Wl]l]

i<j I<i<j
‘We observe that
(6-3) > Wijij =W,

j>1
(6-4) 2 Z Wijij = ZZWUU = _Zwlili =0.
1<i<j i>1j>1 i

The result then follows. m|

Next, a consequence of our previous framework (on P, O, M , and N ) is the following
characterization of the condition Re(V f) = uV f.

Lemma 6.8 Let (M, g, f,A) be a GRS. Then the following are equivalent:

(1) Re(Vf)=uVf
2 9(-.-.Vf)=0
(3) M(-.-.Vf)=0
4) SW(V/f.-.-)=0
(5) SH(V/].-.-)=0

Proof We’ll show that (1) <> (2), (1) <> (3), (2) <> (4), and (2) < (5).
2)—>(1): LetaeA,,wehave 0= Q(,V[f)=-2(x(V[f),Rc(Vf)). Since o
can be arbitrary, a(V f) can realize any vector in the complement of V f in TM .
Therefore, Re(V f) = uV f.
1) —>@2): 0@, V) =-2((Vf),Rc«(VSf) = 2(V[f),uV[f) =0 because
a(VfYLVS.
That (1) <> (3) follows from an identical argument.
That (2) <> (4) follows from
n—3

2(n—1)(n—2)

PY,Z,Vf)=—RY,Z,V£,Vf)=0.

SW(X.Y,Z) = —P(Y Z,X)+ oY, Z, X),
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That (2) <> (5) follows from

SH(X,Y,Z)=—-P(Y,Z,X)+10(Y, Z, X),
P(Y,Z,Vf)=—R(Y,Z V[, Vf)=0. O

Furthermore, the rigidity of these operators Q, M, N is captured by the following
result.

Proposition 6.9 Let (M",g, f,t),n>3,beaGRSandlet T =aQ +bM +cN
for some real numbers a, b, c.

(i) Assumethat T =0. If a # 0 then Rc(V ) = uV f'. Moreover, if V f # 0 and
b # 0, then all other eigenvectors must have the same eigenvalue.

(i1) In dimension four, if TlAj@TM =0then T =0.

Proof Let {¢;}7_, be an orthonormal basis which consists of eigenvector of Rc with
corresponding eigenvalues A;. Then we have

(6-5) T(a,e;) =aQ(a,e;) +bM(a,e;) +cN(a,e)
= —2a{a(e;),Re(V f)) = b{a(V f),Re(e)) + c{a(ei), V f)
= —2afa(e;),Re(V [)) + b(V fia(hiei)) + clalei). V f)
= (ae(ei), —2aRe(V f) + DAV [ + ¢V f).

(i) Without loss of generality, we can assume V f £ 0. Since T (¢, ;) = 0 for arbitrary
o and e;,

T(@,V.f)=0=(a(Vf),Re(V.f)) = O(e, V f).
By Lemma 6.8, e; = V f/|V f] is an eigenvector of Rc. Plugging into (6-5) yields
T (o, e;) = (—2ak; +bA; +c){a(e;), V).

Therefore, —2aA{ + bA; + ¢ = 0. Hence, as b # 0, all other eigenvectors have the
same eigenvalue.

(i1) In dimension four, fix a unit vector e¢; and note that 7'(c, e;) = 0 for any o € A;L.
By Lemma 2.2 and Remark 2.4, T'(8,¢;) = 0 for all B € A5 . As ¢; is arbitrary the
result then follows. O

Recall that the tensor D is a special linear combination of M, N, Q. Therefore, we
obtain the following geometric characterization.
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Proposition 6.10 Let (M", g), n > 3, be a Riemannian manifold and D be defined
as in (5-15). Then the following are equivalent:

(1) D=0.
(2) The Weyl tensor under the conformal change g = e~2/1=2) g i harmonic.

(3) Either V f = 0 and the Cotton tensor C;jx = 0, or V f" is an eigenvector of Rc
and all other eigenvectors have the same eigenvalue.

Proof We shall show (1) <> (2), (1) — (3) and (3) — (1).
(1) < (2): By Equation (5-15) and (5-14), we have

Djjx = Cijk + Wijip VP f =

-2
" GWkiy — WV foep.einej).

n —
Thus, D = 0 is equivalent to

n—3
n—-2

SW(X.Y,Z)—2=2W(V [, XY, Z) =0.

Under the conformal transformation g = u2g (see the appendix), W = u?W, and
SW(X,Y,Z) = SW(X, Y, Z)+ (n— 3)w(%, X.Y.7).
The result then follows from the last two equations.

The statement (1) — (3) follows from [15, Proposition 3.2 and Lemma 4.2].
(3) > (1): Forall a,b,c,let T =aQ +bM +cN . For any @ € A, and e; a unit
tangent vector, by (6-5) we have
T(x,e;) = (a(ei),—2aRc(V )+ bA;Vf+cV[).
For the tensor D,
-1 1 =S

- hn—2 "Thi2 ‘Tushu-2

If Vf=0then T =0, hence D =0. If Vf # 0, then there exist eigenvectors
e1 =V f/|V f| and {e;}!_, of Rc, with eigenvalues { and 7 respectively. Then

T (o, e;) = {a(e;), (—2al +bn+c)V f).

Since ¢+ (n—1)n =S, with values of a, b, ¢ given above, it follows that —2a¢ +
bn+c¢=0. Thus, D =0. a

Remark 6.3 Note that our formulas differ from [24, Section 2, Equation (19)] by a
sign convention.
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Remark 6.4 Under that conformal change of the metric, the Ricci tensor is given by
R¢ = Re + Hess / + anzdf®df+ ﬁ(Af—Wﬂz)g

1 1
= nTzdf®df+nTz(Af—IVf|2+(n—2)K)g-

Therefore, at each point, Rc has at most two eigenvalues. Furthermore, since g has
harmonic Weyl tensor, its Schouten tensor

~ 1 (e .
S¢=02 (RC_ 2(n—1)Sg)

is a Codazzi tensor with at most two eigenvalues. Using the splitting results for
Riemannian manifolds admitting such a tensor gives another proof of results in [15].
This method is inspired by [20].

Now we investigate several conditions which will imply that Re(V f) = uV f.

Proposition 6.11 Let (M",g, f,t), n > 3, be a GRS. Assume that one of these
conditions holds:

(D ivyW=0.
(2) Wt =0ifn=4.

Then Re(Vf)=uVf.

Proof The idea is to find a connection of each condition with Lemma 6.8.
Assuming (1): We claim that sW(V f,-,-) =0.

Choosing a normal local frame {e;}7_,, we have
SW(V frere) =Y (ViW)(er, V [, ek, er)
i
= Z ViW(e;, V[, er,er)— ZW(B,’, ViV f ek, er)
i i
=0—W(Hess f, e, ep).

Since Hess f is symmetric and W is anti-symmetric, 6W(V f,-,-) = 0. The result
then follows.

Assuming (2): First recall

SWX.Y.Z)=1cr, 2. x)=1P(YAZ. X)+ 50 A Z, X).
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For all @ € A%, since
W (X,a) =ViW (e; AX,a) =0,

we have
SW)(X, &) = §(WH)(X, ) = L P(ar, X) + £ O (e, X).
Since 0=R(Y,Z,Vf,Vf)=—PXY AZ,Vf)and SWT =0, we get Q(a, V f) =0.

The desired statement follows from Lemmas 2.2 and 6.8. O

6.2 Proofs of rigidity theorems

Proof of Theorem 6.1 By Lemma 6.7, we have

/ W(RcoRc) =0.

M

Theorem 1.2, therefore, implies that §W = 0. Then by the rigidity result for harmonic

Weyl tensor discussed in the introduction, the result follows. a

Proof of Theorem 6.2 Assuming (1): We observe that
Reog(X.Y.Z,V/)=10(X.Y.Z)- M(X.Y, Z).

Therefore, the result follows from Proposition 6.9 and Proposition 6.10.

Assuming (2): By Proposition 6.11, e; = V f/|V f| is a unit eigenvector. Let {e;}_,
be an orthonormal basis of Rc with eigenvalues A;. By (5-10) and W(V f,-,-,-) =0,

0 M SN
2(n—2) + n—2) (—1n-2)

Therefore,

\%
66 Pk =]

Y A (8jxb1i —8ixbj1) — Ak (8j16ik — 3i18jk)
S
- —1(5jk51i —5ik5j1)]
V] S
= 5 0kdii— zkgjl)()\l + Ak — nTl)

Using the assumption §W(-,-,V f) = 0, we obtain that
1

P
( + 2(n—
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Combining with (6-6) yields

_ 1 _ MV VS N
PUKK) = =505 0Lk k) = = = n—z()‘l +xk——n_1).
Thus Ay = A3 =244 =(S—A;)/(n—1). Proposition 6.10 then concludes the argument.

O
The proof of Theorem 6.4 follows from a similar argument.

Proof of Theorem 6.4 By Equation (5-13), §(Rcog) =0 implies P — % Q =0. Thus,

by Lemma 5.5,
VS|2
2|P)? =2 P,g _ _IVSI .
2 2
Hence P = 0 = VS. It then follows from Corollary 5.6 that §W = §S = 0. The
converse is obvious. a

Proof of Theorem 6.3 Using a normal local frame, we can rewrite the assumption as
Wt —
> AW =0
i
We pick an arbitrary index a and multiply both sides with W ;z; to arrive at
W +
Z flwijklwajkl =0.
i

Applying identity (2-14) yields
_ wT +
0=> > iWiuWVain

Jkl i
_ . + +
=21 2 Wi WVam

i jkl

=Y filWHPgia = fa|WF 2.
i
Since the index a is arbitrary, we have V f =0 or [W¥| = 0. o

Proof of Corollary 6.5 By Theorems 6.2 and 6.4, each condition implies D = 0.
Then [15, Lemma 4.2] further implies that W = 0. It follows, from classification
results for harmonic Weyl tensor as discussed in the introduction, that the manifold
must be rigid. We now look at each case closely and observe that not all ranks can
arise.
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(i) In this case, Proposition 6.9 reveals that Ao —A; = 0, where Re(V f) = AoV, and
A; is any other eigenvalue of Rc. Therefore, the manifold structure must be Einstein.

(ii) Inthis case, D =0 implies Rc has at most two eigenvalues with one of multiplicity 1
and another of multiplicity # — 1. So k can only be 0, 1 or n.

(ii1) In this case, there is no obvious obstruction, so all ranks can arise. O

Proof of Corollary 6.6 The statement follows immediately from Theorem 6.3, [22,
Theorems 1.1, 1.2], and the analyticity of a GRS with bounded curvature [3]. O

Appendix

In this appendix, we collect a few formulas that are related to this paper; they follow
from direct computation.

A.1 Conformal change calculation

In this subsection, we state the change of covariant derivative of the Weyl tensor and
Bochner—Weitzenbock type formula, with respect to the conformal transformation of a
metric.

We first fix our notation. Let (M", g) be a smooth Riemannian manifold and u = ef
be a smooth positive function on M . A conformal change is defined by

(A-1) g=e¢* =ug.

Then, for any tensor ® with respect to g, the corresponding tensor for g is denoted
by ©.

We can calculate the transformation of the covariant derivative. For fixed X, Y, Z,
2 (Vy Y, Z)g =2(Vx Y, Z)g
=X(Y.Z)z +Y(Z.X)z—Z(X.Y);z
—(Y.[X. Z)g - (Z]Y. X]g + (X[Z. Y]z
=2X(N)eX (Y. Z)g +2Y () (Z. X)g
—2Z()e* (X, Y)g +2¢¥ (Vx Y, Z),.
Thus,
(A-2) VxY =VxY + X(f)Y +Y(/)X —(X.Y) V.
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Consequently, with the convention of @ = V2 f —df @ df + %|Vf|2g, we have:

ﬁ:esz—ezfaog.

Rijk =Rijk —~agji —aji8} + aik‘sjl' + aj'gik-

dii = e du.
Ah=e 2 (Ah+ (n—2)VK £V h).
W =e2/W,

R =Re—(n—2a—(Af + %Wﬂz)g.

S=e 2/ (S—2n—1)Af—n-2)(n—1|VS]}

= 2f (S — Me_;(”_z)fA(e;(”_z)f)) when n > 2.

n—2

Now restricting our attention to dimension four, we arrive at:

S=u’(—6Ag +S)u.
Waggg = u_4wabcd =u"*Wapeq -
R=u(a-271V).

det \7\,7:r =u"%detWy.

Lemma A.1 The divergence of the Weyl tensor under the above conformal change is
given by

SW(X.Y, Z) = WX, Y, Z) + (n— 3)w(%, X.Y.7).

Next, we calculate the conformal change of the norm of the covariant derivative of the
Weyl tensor.

Lemma A.2 Let (M, g) be a four-dimensional Riemannian manifold, and g = u?g,
for some positive smooth function u. Then we have

(A-3) [VW=u S| VW|>+18u~8|Vu |2 [ W|2=10u""VuV|W|2 +16(SW, iy, W).

Proof We observe that

S 100,S o 2
|VW|2=u 10((veiw)abcd) .
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Then

(Ve W)aved = Vi Wapea) —u*[W(Vea,b,¢,d) +W(a, Vb, ¢, d)
+W(a,b,Ve,c,d)+W(a,b,c,Ve,d)]
= u*ViWapea — 2uttiWapea + uiaWyubed — UWipedla
+u8;pWavuca — UWaicap + udicWapvua
—uWapigue + udiaWabevu —uWapeitld-
Now summing over all the indices, using Lemma 2.1, we have:
© (ViWapea)® = VW
o (UiWapea)* = |Vul*|W|?.
o (BiaWvubed)? = 4(Wyupca)® = 4|Vul*[W|*.
o (Wipcatta)® = |Vul*[W|2.
* 2ViWapeatiWapea = (VIW|%, Vu).
o ViWapcabiaWvubca = (W, ivyW).
* ViWabeaWibcatta = (VIW|?, Vu) — (W, iv,W).
o UiWapcabiaWvubea = |Vul*|W|*.
o uiWapeaWibcatta = |Vul*|W|*.
o S8iaWvubcd Wibcatia = |Vul*|W|*.
* 8iaWvubcaSib Wavuca = —|Vul*|W|>.
* 8iaWvubedWaicap = 0.
* WyubcdSacWabvud = WyubiaWpiavu = 5|Vul|*|W|2.
* WibcataWaicaup = —|Vul*[W|2.
© WibcattaWapiatic = WipvuaWvupia = 31Vu|*[W|%.

The result then follows immediately. a
We now can calculate the conformal change of the Bochner—Weitzenbock formula.

Corollary A.3 Let (M, g) be a four-dimensional Riemannian manifold, and let g =
u?g, for some positive smooth function u. If

h=AWT2=2]VWH]2—S|WT|> +36detW,
then
ulh = h—20u"2|Vu2IWH)? + 20" [WF 2 Au + 100" ' Vu VW2
—32u" N (W, iy, WT).
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Proof Without risk of confusion we denote W = W™ for simplicity, and calculate
AW = A= W)
AW — 2 V@t WI?)
—u (u_4A|W|2 W] Au_4 A vE

2 Vu _4 —4 Vu

—2W VLt 2y W) )
=u"CAIW|? +20u"8|W|?|Vu|? —4u—7|W| Au
— 106" "VuV|W|? + 8u~8|Vu|?|W|?

=u"SAIW|? +28u 8 |W|?|Vu|? —4u~T[W|> Au— 100~ "VuV|W|?,
SIWI2 = u®S|W|2—6u""|W|*Au.
The result then follows by combining the above equations with Lemma A.2. a

A.2 Along the Ricci flow

Inspired by the simplification in Bochner—Weitzenbock formula in Theorem 1.1, we
carry out a similar calculation on a Ricci flow. As a consequence, we obtain several
interesting evolution equations involving the self-dual part and other components of
the curvature operator. First, we state some useful lemmas.

Lemma A4 Let (M*, g(t)),0<t<T < o0, be a solution to the Ricci flow of (1-1),
and the curvature operator be decomposed as in (2-11). Then

(A-4) %w* = AWT +2(WH2 +4WhHE +2(ccT - LicPrh.

Remark A.5 Our convention agrees with [36] but differs from [32].

Lemma A.5 For a four-dimensional Riemannian manifold (M, g), if the curvature is
represented as in (2-11), then

(A-5) (Wt,ccT) = L (W ReoRe).
Using the results above, we arrive at the following statement.

Theorem A.6 Let (M*,g(t),0<t < T < oo, be a closed solution to the Ricci flow
of (1-1). Then we have the evolution equation

(A-6) (% — A)|w+|2 = —2|VW*[2 4 36detys W+ (ReoRe, W),
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Remark A.6 The Weyl tensor is considered the traceless part of the curvature operator

(modding out the Ricci and scalar components). Thus, it is interesting to compare

the above calculation with the evolution equation for the traceless part of the Ricci

curvature 1 = |E|? (see [17]),
0

(E _ A)h2 “2|VRe|? +

—2VhV(lnS)——|SVRc—RcVS|2+2h2(2|V(lnS)|2 ) 4E3 + 4W(E, E).

VS|?
[VSEE + gSh —4E® + 4W(E,E)

A consequence of Theorem A.6 is the following statement.

Corollary A.7 Let (M,g(t)),0=<t < T <00, be a closed solution to the Ricci flow
of (1-1). Then

+12 +2
(A-7) (i—A)(lw | )=—52—4|svw+—w+v3|2+<v(| ¥ | ) Vin s>

at S2

+
detys W N (RcoRe, WH) 4|w+|2|Rc|2

+ 36 52 5 — 53

Remark A.7 On a GRS, the equation becomes
W+ 2 wt 2
(A-8) —Af(| | )_ 8—24|SVW+—W+VS|2+<V(| 5 | ) Vin s>

+
detyz W' (RcoRe, WH) |W+| IRc|?
sz " S2 s3

+ 36

An immediate application of the computation above and the maximum principle is the
result below.

Proposition A.8 Let (M, g(t)), 0 <t < T < o0, be a closed solution to the Ricci
flow of (1-1). If detAng+ is nonpositive along the Ricci flow, then there exists a
constant C = C(g(0)) such that [W*|/S < C is preserved along the flow.
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