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Holomorphic Lagrangian branes
correspond to perverse sheaves

XIN JIN

Let X be a compact complex manifold, Df (X) be the bounded derived category
of constructible sheaves on X', and Fuk(7* X') be the Fukaya category of T*X . A
Lagrangian brane in Fuk(7"*X') is holomorphic if the underlying Lagrangian sub-
manifold is complex analytic in 7* X¢ , the holomorphic cotangent bundle of X . We
prove that under the quasiequivalence between Dé’ (X) and DFuk(T* X) established
by Nadler and Zaslow, holomorphic Lagrangian branes with appropriate grading
correspond to perverse sheaves.

53D40, 32560

1 Introduction

For a real analytic manifold X', one could consider two invariants that encode the
local/global analytic and topological structure of X : one is the derived category Dé’ (X)
of constructible sheaves on X, and the other is the Fukaya category Fuk(7*X) of its
cotangent bundle 7* X'. Roughly speaking, Dé’ (X) is generated by locally constant
sheaves supported on submanifolds of X, which we will call (co)standard sheaves. The
morphism spaces between these sheaves are naturally identified with relative singular
cohomology of certain subsets of X taking values in local systems. On the other
hand, Fuk(7* X) is the realm of exact Lagrangian submanifolds of 7*X and their
intersection theory. Here we use the infinitesimal Fukaya category from [15], where
Lagrangian branes are allowed to be noncompact and should have controlled behavior
near infinity.

In [15], Nadler and Zaslow established a canonical quasiembedding
H®(ux): D?(X) <> DFuk(T*X)

induced from py , which is called the microlocal functor, between the A ,—version of
these two categories. Later on, Nadler [14] proved that py is actually a quasiequiv-
alence of categories, hence H°(jy) is an equivalence. The key ingredient in the
construction of py is to associate each standard or costandard sheaf a Lagrangian
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brane in 7*X which lives over the submanifold and asymptotically approaches the
singular support of the sheaf near infinity, so that the Floer cohomologies for these
branes match with the morphisms on the sheaf side. One could view this as a way of
quantizing the singular support of a sheaf by a Lagrangian brane.

In the complex setting, when X is a complex manifold, one could also study D—
modules on X . The Riemann—Hilbert correspondence equates the derived category
of regular holonomic D-modules th(DX) with Dé’ (X). There are also physical
interpretations of the relation of branes (including coisotropic branes) with D—modules;
see Kapustin [9] and Kapustin and Witten [10]. These relations together with py
connect different approaches to quantizing conical Lagrangians in 7*X .

In this paper, we investigate the special role of holomorphic Lagrangian branes in
Fuk(7T*X) in the complex setting, via the Nadler—Zaslow correspondence. For the
notion of holomorphic, we have used the complex structure on 7*X induced from
that on X . Recall there is an abelian category sitting inside Dé’ (X), the category
of perverse sheaves, which is the image of the standard abelian category (single D—
modules) in Df’h (Dy) under the Riemann—Hilbert correspondence. Our main result is
the following:

Theorem 1.1 Let X be a compact complex manifold and let H(ux)™' denote the
inverse functor of H%(jux). Then for any holomorphic Lagrangian brane L in T*X ,
H%(ux)~'(L) is a perverse sheaf in Df,’ (X) up to a shift. Equivalently, L gives rise
to a single holonomic D—module on X .

In the remainder of the introduction, we discuss the motivation and the proof of
our result from two aspects: symplectic geometry and microlocal geometry. In the
symplectic geometry part, we will summarize the Floer cohomology calculations we
have for certain classes of Lagrangian branes. Then in the microlocal geometric side,
we will introduce the microlocal approach to perverse sheaves and explain why the
Floer calculations imply our main theorem. All of the functors below are derived and
we will always omit the derived notation R or L unless otherwise specified.

1.1 Floer complex calculations

We calculate the Floer complex for two pairs of Lagrangian branes in the cotangent
bundle 7*X of a complex manifold X . It involves three kinds of Lagrangians which
we briefly describe. Firstly, we have a (exact) holomorphic Lagrangian brane L with
grading —dimgc X (see Proposition 5.1). One could dilate L using the R4 —action on
the cotangent fibers and take limit to get a conical Lagrangian

(1-1) Conic(L) := lim ¢-L.
t—>0+
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Then for each smooth point (x, £) € Conic(L), we define a Lagrangian brane, which
we will call a local Morse brane, depending on the following data. We choose a generic
holomorphic function F near x which vanishes at x and has d i (F), =£. By the word
“generic” we mean the graph 'y () should intersect Conic(L) at (x, &) in a transverse
way. Then the local Morse brane, denoted L r, is defined by extending 'y (F) in
an appropriate way, so that L, g lives over a small neighborhood of x, and Ly g has
certain behavior near infinity. Note that the construction of L r is completely local;
it only knows the local geometry (actually the microlocal geometry) around x. The
last kind of Lagrangian we consider is the brane corresponding to a standard sheaf
associated to an open set V' under the microlocal functor py . The construction is
very easy. Take a function m on X with m =0 on dV and m > 0 on V'; then the
Lagrangian is the graph I'giog s, Which lives over V. We will call such a brane a
standard brane and denote it by Ly ;. We have been mixing up the terminology
Lagrangian and Lagrangian brane freely, since the Lagrangians Ly g and Ly, will
be equipped with canonical brane structures. Our Floer complex calculations show the
following:

Theorem 1.2 Under certain assumptions on the boundary of V , we have

(1-2) HF(Ly.p. Lym) = (QBe(x) NV, Be(x) NV N{R(F) < 0}), d),
(1-3) HF*(Ly p,L)=0 for e#0,

where Be(x) is a small ball around x and the first identification is a canonical quasi-
isomorphism.

Ly F,

L V.m

Ly.F,

Figure 1: A picture illustrating a standard brane, two local Morse branes and
their Floer cohomology for X =R
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An illustrating picture! for the branes Ly, and Ly g in the case of X = R is
presented in Figure 1, where V = (a,b), F1 =x —b and F, = b — x. The standard
brane Ly, corresponds to the sheaf ixCy , and one can check that (1-2) holds and
compare it with (1-5).

1.2 Microlocal geometry

There are roughly two characterizations of perverse sheaves. One is characterized by
the vanishing degrees of the cohomological (co)stalks of sheaves. The other is the
microlocal (or Morse theoretic) approach using vanishing property of the microlocal
stalks (or local Morse groups) of a sheaf. These are due to Beilinson, Bernstein and
Deligne [3], Goresky and MacPherson [6] and Kashiwara and Schapira [11]. In this
paper, we will mainly adopt the latter one. We also include a path from (co)stalk
characterization to the microlocal characterization in Section 2.

The microlocal stalk of a sheaf is a measurement of the change of sections of the sheaf
when propagating along the direction determined by a given covector in 7* X . More
precisely, let F be a sheaf whose cohomology sheaf is constructible with respect to
some stratification S. There is the standard conical Lagrangian As in 7* X associated
to S, which is the union of all the conormals to the strata. Now pick a smooth
point (x,§) in Ags, and choose a sufficiently generic holomorphic function F near x
with F(x) =0 and dF, = £ (this is exactly the same condition we put on F when
we constructed Ly g in Section 1.1). The microlocal stalk (or local Morse group)
My F(F) of F is defined to be

(1-4) My p(F) = T(Be(x), Be(x) N{R(F) <0}, F)

for a sufficiently small ball B¢(x). In particular if F is i,Cy, the standard sheaf
associated an open embedding i: V' < X, then one gets

(1-5) My p(ixCy) = T(Be(x) NV, Be(x) NV N {R(F) <0}, C).

Recall that H%(jy) sends i+Cy to Ly, and standard sheaves associated to open
sets generate the category Dé’ (X). So comparing (1-5) with (1-2), one almost sees
that the functor HF(L . ., —) on DFuk(7*X) is equivalent to the functor My r(—)
on Dé’ (X) under the Nadler—Zaslow correspondence. This is confirmed by studying
composition maps on the A4,—level.

With the same assumptions as above plus the further assumption that S is a complex
stratification, the microlocal characterization of a perverse sheaf is very simple. It

1Of course X =R isnota complex manifold, but it will become clear that the construction of local
Morse brane generalizes to the real setting; also see Section 2.3
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says that F is a perverse sheaf if and only if the cohomology of the microlocal stalk
My r(F) is concentrated in degree O for all choices of (x,£). For a holomorphic
Lagrangian brane L, it is not hard to prove that H%(uy)~!(L) is a sheaf whose
cohomology sheaf is constructible with respect to a complex stratification. Now it is
easy to see that (1-3) directly implies our main theorem (Theorem 1.1).

1.3 Organization

The preliminaries are included in the appendices. We first collect basic material on
analytic-geometric categories, since this is a reasonable setting for stratification theory
(hence for constructible sheaves) and for Lagrangian branes. Then we give a short
account of As,—categories, which are the algebra basics for Fukaya category. Lastly,
we give an overview of the definition of infinitesimal Fukaya categories, with some
specific account for Fuk(7*X') to supplement the main content.

Section 2 starts from basic definitions and properties of constructible sheaves and
perverse sheaves, then heads towards the microlocal characterization of a perverse
sheaf. Section 3 gives an overview of Nadler—Zaslow correspondence, with detailed
discussion on several aspects, including Morse trees and the use of the homological
perturbation lemma, since similar techniques will be applied in the later sections.
Section 4 is devoted to the construction of the local Morse brane L g and the proof
that it corresponds to the local Morse group functor My g on the sheaf side. In
Section 5, we show the proof of (1-3) and conclude with our main theorem, some
consequences and generalizations.

Acknowledgements I would like to express my deep gratitude to my advisor, Pro-
fessor David Nadler, for suggesting this problem to me and for numerous invaluable
discussions throughout this project. I am indebted to Professor Denis Auroux, Cheol-
Hyun Cho, Si Li and Eric Zaslow for several helpful discussions. I would also like to
thank Penghui Li, Zack Sylvan and Hiro Tanaka for useful conversations. Especially, I
am grateful to the referee for many useful comments and suggestions, which improved
this paper significantly.

2 Perverse sheaves and the local Morse group functor

2.1 Constructible sheaves

Let X be an analytic manifold. Throughout the paper, we will always work in a fixed
analytic-geometric setting, and all the stratifications we consider are assumed to be
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Whitney stratifications (see Appendix A). A sheaf of C—vector spaces is constructible
if there exists a stratification S = {Sg}qea such that i} F is a locally constant sheaf,
where i, is the inclusion Sy < X . Let Dé’ (X) denote the bounded derived category of
complexes of sheaves whose cohomology sheaves are all constructible. In the following,
we simply call such a complex a sheaf. The category Dé’ (X) has a natural differential
graded enrichment, denoted Sh(X'). The morphism space between two sheaves F, G is
the complex RHom(F, G), where RHom(F, -) is the right derived functor of the usual
Hom(F, -) functor (by taking a global section of the sheaf Hom(F, -)). Similarly, we
denote by Shg(X) the subcategory of Sh(X) consisting of sheaves constructible with
respect a fixed stratification S.

There are the standard four functors between Sh(X') and Sh(Y') associated to a map
f: X =Y, namely fi, fi, f/* and f'. Here and after, all functors are derived, though
we omit the derived notation. The functors fx, f™* are right and left adjoint functors,
and so are f' and f;. More explicitly, we have for F € Sh(X), G € Sh(Y),

Hom(G, f+F) ~ fiom([*G,.F), feHom(F, f'G) ~ Hom( HhF.G),
Hom(G, fxF) ~ Hom(f*G, F), Hom(F, /'G) ~ Hom( /iF,G).

We also have the Verdier duality D: Sh(X) — Sh(X)°P, which gives the relation
D fi= fiD,D f*= f'D. Leti: U< X beanopeninclusionand j: ¥ = X—U < X
be the closed inclusion of the complement of U ; then i * = i' and Jx = ji. There
are two standard exact triangles, taking global sections of which gives the long exact
sequences for the relative hypercohomology of F for the pair (X,Y) and (X, U)
respectively:

o c s 11 . O b
(2-1) N1 F—>F =il F—>, WF—>F—jsj F—.
The stalk of F at x € X will mean the complex i F, where iy: {x} — X is the
inclusion. The i cohomology sheaf of a complex F will be denoted by #(F). Note
that the stalk of #(F) at x is isomorphic to H’ (i *F). Also let

supp(F) := {x € X: H/(F)x # 0 for some j}.

According to [15], the standard objects, ie sheaves of the form i+ Cy, where i: U <— X
is an open inclusion, generate Sh(.X'). The argument goes as follows. It suffices to
prove the statement for the subcategory Shg(X') for any stratification S = {Sy }gen -
Without loss of generality, we can assume each stratum of S is connected and is a cell.
Let S<, 0 <k <n =dim X, denote the union of all strata in S of dimension less than
orequal to k. Let Sox = X —S<j and Sy = S<x —S<k—1. Denote by iy, i~k j<k
the inclusion of S, with corresponding subscripts. The standard exact triangle on the
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left of (2-1) for a sheaf G supported on S<j gives

. . . . . [1]
(2-2) J<k—1175k1G = G = ikaif G = isg_14i %, G—>.

We start from the equality G, = F € Shg(X) and then use (2-2) inductively for

Gr—1 = jsk_“jlsk_lgk = jsk_lyj!sk_l}' from k =n through k =1, and get that F

can be obtained by taking iterated mapping cones of shifts of iy+Cg,, S¢ € S. Let

Us ={X, 04 = X — Sg, O, =X —0Sy 1o € A}. Now the claim is i4+Cg, can be

generated by iy« Cy, U € Us. This follows from a similar argument. Putting 7 = Cy,

i =ig, ori=igy, on the left of (2-1), we get the generation statement for
jgayjé—aCX, JaSaldss, Cx-

Then letting G = jg ,j ;,— Cyx in (2-2) for k = dim S,,, and identifying

. . . . . . . . .
J<k-11Jzk19 With Jjas,1jss, G and igif G with igxCs,,
we get the generation statement for ig+Cg, .

Since Sh(X) is a dg—category, it suffices to study the morphisms between any two
standard objects associated to open sets, and the composition maps for a triple of
standard objects.

Proposition 2.1 [15, Lemma 4.4.1] Let iy: Uy — X and i;: Uy — X be the
inclusion of two open submanifolds of X . Then there is a natural quasi-isomorphism
Hom(io*CU(), il*CUl) g (Q(ﬁo NnUy, 8U() N U]), d)

Furthermore, for a triple of open inclusions iy: Uy — X, k =0, 1, 2, the composition
map

Hom(i1+Cy, , i2+Cy,) ® Hom(ip+Cy,, i1+Cy,) — Hom(ip+Cy,, 12+ Cy,)
is naturally identified with the wedge product on (relative) de Rham complexes,
(U, NU,, U, NUL), d)®(QUyNU;, dUNUY), d) — (UgNUs, dUgNU>), d).
Nadler and Zaslow [15] showed how to perturb Uy and U, to have transverse boundary
intersection, and how to use the perturbed open sets to calculate Hom(io+Cy,.i11+Cy, ).
Let m; be a semidefining function of U; for i = 0, 1 (see Remark A.3). There exists a
fringed set R C Rﬁ_ (see Definition A.6) such that m1; x my: X — R? has no critical

value in R (by Corollary A.7). In particular, for (¢1,%) € R, Xmy=¢, and Xy, =1,
intersect transversely. Then there is a compatible collection of identifications

(QUYNUL, Uy NUY), d) = (2 Xmgz1o N Xy =11 Ximg=te N Xmy>1,)> d).
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2.2 Perverse sheaves

Let X be a complex analytic manifold of dimension 7. In this section, we review some
basic definitions and properties of the perverse 7—structure (pDCSO 0.¢ ),I’DCZO(X )
(with respect to the “middle perversity”). The exposition is following Hotta, Takeuchi
and Tanisaki [8, Section 8.1].

Definition 2.2 Define the full subcategories PDCSO(X ) and PDEO(X ) in Df:’ (X) as
follows. A sheaf F € PDZ°(X) if
dim{Supp(#’/ (F))} <—j forall j €Z
and F € PDZ(X) if
dim{Supp(H’/ (DF))} < —; forall j € Z.

An object of its heart Perv(X) = ?D=%(X)N2DZ°(X) is called a perverse sheaf. Let
k. pnb <k . =<0
Pr=K: D2(X) — PD=K(X) := PD=(X)[—k],
k. nb >k . >0
Pr=k: D2(X) — PD*(X) := PD>°(X)[—k]
be the corresponding truncation functors. Let
k k ki11- pb
PHK = Pr=KPr=X[k]: D?(X) — Perv(X)
be the k™M perverse cohomology functor.
Here are several properties of perverse ¢—structures.
Proposition 2.3 Let F € Dé’ (X) and S = {Su}aeca be a complex stratification of X
consisting of connected strata with respect to which H/ (F) are constructible. Then:
(1) Fe DZO(X) ifand only if H/ (i F) =0 forall j > —dim S, .
(2) F e DZ0(X) if and only if Hj(iéaf) =0 forall j <—dim Sy.

Lemma24 (1) A sheaf Fe Df (X) is isomorphic to zero if and only if PHk (F)=0
forall k € 7.

(2) A morphism f: F — G in Dé’ (X) is an isomorphism if and only if the induced
map PH*(f): PR (F) — PH*(G) is an isomorphism for all k € 7Z..

Proof (1) Since F e Dé’(X), we have F € PDZ%(X) ﬂprb(X) for some a, b€ Z.
From the distinguished triangle

_ (1]
pr=b=lp ppSbp o~ o psbezby g5
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we get F € pp=b-1 (X). Inductively, we conclude that F ~ 0.

Item (2) is an easy consequence of (1). m|

Proposition 2.5 F ¢ Dé’ (X) is perverse if and only if PH*(F) is concentrated in
degree 0.

Proof The forward direction is clear.

Conversely, consider the exact triangle

L przo}-g .

It gives rise to a long exact sequence in Perv(X),
— PHR(Pr="1F)  PHK(F) — PHK (Pr=0F) — P (Pr=71F)

Since PH*(F) is concentrated in degree 0, we have PHK (Pr="1F) =0 forall k € Z.
From Lemma 2.4, we get F is isomorphic to Pz=0F.

Similarly, if we consider the exact triangle

Pr=0p20p _, pp20p ptzl]:Jr—l)
and get a long exact sequence in Perv(X), then we can conclude that Pr=°F is
isomorphic to Pr=0Pr=0 F = PHO(F). Therefore, F ~ PH(F) in D2(X). i

Fix a complex stratification S = {Sy}qea of X with each stratum connected. The
perverse ¢ —structure on Dé’ (X) induces the perverse ¢—structure on Dg (X).

Let As :=Jyep 75, X C T*X be the standard conical Lagrangian associated to S.
For each Sq € S, let D5, X = Tg X N (Uyzpeas,X). Then the smooth locus
in As is the union | Jyep (75, X — D5 X).

2.3 Local Morse group functor M, r on D ",)3 (X)

We have that Perv(X) is an abelian subcategory in Dé’ (X). An exact sequence
0—>F—>G—H — 0 in Perv(X), though it corresponds to an exact triangle in
Df (X), does not give an exact sequence on the stalks. The correct “stalk” to take in
Perv(X), in the sense that it gives an exact sequence, is the microlocal stalk. We now
introduce the microlocal stalk under its other name: local Morse group functor.

Let (x,£) € As be a smooth point. Fix a local holomorphic coordinate z around x
with origin at x, and let r(z) = ||z||? be the standard distance squared function. Let F
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be a germ of a holomorphic function on X, ie a holomorphic function defined on some
small open ball By (x) = {z :1(z) < (2¢)2} C X, such that F(x) =0, dR(F)x =&
and the graph 'y (F) is transverse to As at (x,&). We also assume € small enough
so that x is the only A s—critical point of 91(F). In the following, we will call such a
triple (x, &, F) a test triple.

Let ¢x F: Ds(Be(x)) — Dé’(F_1 (0) N Be(x)) be the vanishing cycle functor asso-
ciated to F (see [11, Section 8.6] for the definition of nearby and vanishing cycle
functors). Note that for any F € Ds(X), ¢, r(F) is supported on x.

Definition 2.6 Given (x, &, F), define the local Morse group functor
M r = jxpu, rl=11* = j¥¢x, r[=11": DE(X) — D(C),

where the maps /: Be(x) < X and jy: {x} < F~1(0) N B¢(x) are the inclusions.

It is a standard fact that on Dg (X),

(2-3) My p(F) > T(Be(x), Be(x) N F~' (1), F)
~ T'(Be(x), Be(x) N{N(F) < p}, F),

where ¢ is any complex number with 0 < |¢| < €, and u <0 with |u| < €.

More generally, let X be a real analytic manifold with a Riemannian metric, and let S =
{Sq}aca be a (real) stratification. Assume a function g: X — R satisfies conditions
similar to the ones that i (F') satisfies at a given point x € Sy, with Morse index of
gls, equal to A. Then given a sheaf F in Dg(X ), the hypercohomology groups

(2-4) H'(Be(x),{g <0} N Be(x), FIA), i€Z

are independent of the choices of g and x for (x, dgy) staying in a fixed connected
component of Tg"a X — D;a X . For more details, see Massey [13, Theorems 2.29, 2.31]
and the references therein. In the complex setting, Tg‘a X —Dg, X is always connected,
so My p(F) are quasi-isomorphic for different choices of (x,£) in it (but not in a
canonical way since there may be monodromy).

Then the singular support SS(F) of F can be described as the closure of the set of
covectors in A g with the relative hypercohomology groups in (2-4) not all equal to 0.
For the definition of SS(F), see [11, Section 5.1]; the fact that one can use vanishing
cycles to detect singular support is stated in [11, Proposition 8.6.4].

Lemma 2.7 M r: Dg(X ) — DP(C) is t—exact. It commutes with Verdier duality.
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Proof It is standard that ¢, p[—1] and /* are perverse —exact. Since ¢y p[—1]/*(F)
is supported on x, we have

My p(PHN(F)) = j{ybx r[=111* PH*(F))
~ H¥(j{ b p[=111* (F)) = H* (M (F)).
Since ¢y, p[—1] and /* commute with D, it is easy to see that

Mx,FD = j{!x}¢x,F[_1]l*D x~ D]‘{ﬂ;}(ﬁx,F[_l]l* = ]D)Mx,F- O

Lemma 2.8 For each stratum S, € S, choose one test triple (xq, &y, Fy) with
(X, 8a) € As, . If My, F,(F) =0 forall Sy €S, then F ~ 0.

Proof From the previous discussion, My, F,(F) >~ 0 for one choice of (xq,&q, Fo)
is equivalent to My, F,(F) =~ 0 for all possible choices of (xq,&q, Fa)-

Again, let S<x, 0 <k <n =dimc X, denote the union of all strata in S of dimension
less than or equal to k. Let Sap = X —S<¢ and S = S<x — S<kx—1. Denote by
if,i>k, j<k the inclusion of Se with corresponding subscripts.

For any test triple (x,0, F) with x € S;, x is a Morse singularity of F with index 0.
By basic Morse theory, M r(F) ~ 0 implies i, F ~ 0. By the adjunction exact
triangle (2-1), F = j<u—11/L,_, F.

In the following we will only look at B¢(x), and omit functors related to the open
inclusion /: B¢(x) — X . Note that for x € S,,_1, by the base change formula,

Ox. FUsn117in_1F) = Jen-110x.F,_, (Grn1F),

where Fj,_1 is the restriction of F to S,—1, and ]A'S,,_l is the inclusion of F~1(0) N
S<p—1 into F~1(0). Therefore Mx,F(an_I!j!Sn_l.F) ~ My F,_, (j!ﬁn—l}—)' Since
x is a Morse singularity of Fj,_; with index 0 on S,_1, by a previous argument,
j,i_lf ~ 0. By Verdier duality, j ;7 ~ 0 as well. Applying the adjunction exact
triangle again to the open set S>,—1, we get F =~ j<u_o1 jlfn_2]-" , and by induction,
we get F ~ 0. |

Combining the two lemmas, we immediately get the following (a similar statement can
be found in [11, Theorem 10.3.12]).

Proposition 2.9 (Microlocal characterization of perverse sheaves) For each stratum
Sq € S, choose a test triple (Xq, §a, Fo) With (xq,8y) € Ag,. Then F € Dg(X) is
perverse if and only My, r,(F) has cohomology groups concentrated in degree 0 for
all Sq €S.
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24 M, r as afunctor on the dg—category Shs(X)

We can naturally view M, r as a dg—functor from Shs(X) to Ch, where Ch denotes
the dg—category of cochain complexes of vector spaces. And we have a natural
identification

My F =T (Be(x), Be(x) N{N(F) < pj, —)
for sufficiently small € > 0 and —e < u < 0.

To make future calculations easier, we refine S into a new (real) stratification S with
each stratum a cell, and view Shs(X) as a subcategory of Shz(X). We extend My g
to Shz(X), as long as x is not lying in any newly added stratum, and the microlocal
characterization for perverse sheaves (Proposition 2.9) still applies for Shg(X). In the
following, to simplify notation, we still denote S by S.

We have seen in Section 2.1 that Shg(X) is generated by i« Cy for U elUs ={X, Oy =
X —Sq, O}, =X —0Sy : Sq € S}. So to understand M, f, it suffices to understand its
interaction with these standard generators. It is easy to see that M g is only nontrivial
on the finite subcollection of i, Cy;, where

(2-5) UeclUsy:={Vels:xeV}
Similar to Proposition 2.1, we have the following lemma.
Lemma 2.10 Foreachiy: V < X open, consider the dg—tunctor I'(V,—): Sh(X) —
Ch. For any two open embeddings iy: Uy — X,i1: Uy — X, the composition map
(2-6) Homgp(x) (i0+Cry. 11+Cpy ) @ T (V. i0+Cyy) — T'(V,i14Cyy)
is canonically identified with the wedge product on the de Rham complexes,
(QUYN U, Uy NUY), d) Q@ (LU N V), d) — (QU; N V), d).
Corollary 2.11 (1) The functor M, g(—) on Shs(X) fits into the exact triangle
My p(=) = T(Be(x). =) — T(Be(x) N {R(F) < 0}, —) .
(2) Given Uy, U; open in X , the composition map
Homgp(x) (f0+Cyy. i15Cuy) @ My F(i0xCyy) = My r(i1+Cypy)
is canonically given by the wedge product on the de Rham complexes:

(QTo N Uy, 30Uy NUY), d) @ (Up N Be(x), Uy N Be(x) N{R(F) < 0Y), d)
— (U, N Be(x), Uy N Be(x) NR(F) < 0Y), d).
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3 The Nadler-Zaslow correspondence

3.1 Two categories: Open(X) and Mor(X)

Let Open(X) be the dg—category whose objects are open subsets in X with a semidefin-
ing function (see Remark A.3). For two objects iy = (Uy, mg), 4 = (U1, my), define

Homgpen(x) (o, 1) := Hom(io«Cyy. i1+Cry) =~ (U N Uy, Uy N UY). d).

The composition for a triple is the wedge product on de Rham complexes as given
in Proposition 2.1. From previous discussions, Sh(X) is a triangulated envelope of
Open(X).

Define another A,—category, denoted Mor(X'), with the same objects as Open(X).
The morphism between two objects $; = (U;, m;),i =0, 1 is defined by the Morse
complex calculation of Hom(ip«Cy,, i1+«Cy, ), using perturbation to smooth transverse
boundaries similar to the process at the end of Section 2.1. Let f; =logm; fori =0, 1.
Pick a stratification 7 compatible with dUy. There is #; > 0 such that m; has
no Ag—critical value in (0,7;). Fix #; € (0,7;). Let W be a small neighborhood of
0UoN Xy, =1, on which dfy and df are linearly independent. Since Xy, =, NUp—W
is compact, one could dilate dfy by € > 0 so that |df;| > 2¢|dfo| on Xpy, =, NUs—W .
There is 7o > 0 such that for any ¢ € (0,7), X, mo=t intersects X, — transversally.
Choose t € (0,7y) such that |e-dfo| > 2|df1]| on Xmy=t, N Xm,>r, — W . Such a 1
always exists, since df; is bounded on X, >, . There is also a convex space of choices
of Riemannian metric g in a neighborhood of Xj;,>¢, N X, >¢, , with respect to which
the gradient vector field V(f1 —€fp) is pointing outward along Xyo=r, N Xm,>1,
and inward along Xy,,>¢, N X, =, . After small perturbations, one can perturb the
function f; —€fy to be Morse, and the pair ( f; —€fo, g) to be Morse-Smale.

Let M be an n—dimensional manifold with corners. By definition, for every point
y € 0M , there is a local chart ¢,: U, — R" identifying an open neighborhood Uy, of y
with an open subset of a quadrant {x;, >0,...,x;, > 0}. We will say a function f
on M is directed if

(1) ¢y f can be extended to be a smooth function on an open neighborhood of
¢y(Uy), and with respect to some Riemannian metric g, the gradient vector
field of the resulting function is pointing either strictly outward or strictly inward
along every face of ¢,(Uy);

(2) f is a Morse function on M and the pair ( f, g) is Morse-Smale.

We will also call (f, g) a directed pair. From the above discussion, f1—efy is directed
on the manifold with corners Xy,,>7, N Xon, =1, -
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Now define

Homyjor(x) (Lo, £h1) := Mor™ (Xpmy>1o N X >1,5 f1 — €/0),

where Mor™ (Xpmy>zo N Xim,>t,, /1 —€fo) is the usual Morse complex associated to
the function f; — €fy (after small perturbations when necessary). It is clear from
the above description that the definition essentially doesn’t depend on the choices of
fo,11,€ and g. There are compatible quasi-isomorphisms between the complexes with
different choices.

The (higher) compositions are defined by counting Morse trees as follows.

Definition 3.1 A based metric ribbon tree T is a tree embedded into the unit disc
consisting of the following data.

Vertices There are n + 1 points on the boundary of the unit disc in R? labeled
counterclockwise by vy, ..., v;, where vg is referred as the root vertex, and others are
referred as leaf vertices. There is a finite set of points in the interior of the disc, which
are referred as interior vertices.

Edges There are straight line segments referred as edges connecting the vertices. An
edge e connecting to the root or a leaf is called an exterior edge; otherwise it is called
an interior edge. We will use e; to denote the unique exterior edge attaching to v;,
and ej, to denote an interior edge. The resulting graph of vertices and edges should be
a connected embedded stable tree in the usual sense, ie the edges do not intersect each
other in the interior, there are no cycles in the graph, and each interior vertex has at
least 3 edges.

Metric and orientation The tree is oriented from the leaves to the root, in the direction
of the shortest path (measured by the number of passing edges). Each interior edge ejy,
is given a length A(ejn) > 0. One could parametrize the edges as follows, but the
parametrization is not part of the data. Each ej, is parametrized by the bounded interval
[0, A(ein)] respecting the orientation. Every e; —{v;}, i 7 0 is parametrized by (—o0, 0]
and ey — {vo} is parametrized by [0, 00).

Equivalence relation Two based metric ribbon trees are considered the same if there
is an isotopy of the closed unit disc which identifies the above data.

Let 4; = (U;, fi), i € Z/(k + 1)Z be a sequence of objects in Mor(X) (when we
compare the magnitude of two indices, we think of them as natural numbers ranging
from 0 to k) We can apply the perturbatlon process as before to produce a directed
sequence i = (U,, f,) where the U; are all smooth and transversely intersect with
each other, and f] f, is directed on U; iN U; j for j > i (the boundary on which
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V( f; — ﬁ) is pointing outward is understood to be aU; N 5 j)- A Morse tree is a
continuous map ¢: T — X such that:

(D) ¢i) € Cr(Ui—1 NUi, fi — fi—1) fori € Z/(k + 1)Z.

(2) The tree divides the disc into several connected components, and we label these
components counterclockwise starting from 0 on the left-hand-side of ¢ (with
respect to the given orientation). Let £(e) and r(e) denote the label on the left-
and right-hand-side of an edge e respectively. Then we require that ¢|, is C'
and under some parametrization of the edges, we have

do(t i 7
QZE ) = v(f((ein) - fr(ein)) for 7 € (0. Alein)).
dgflgt) = v(ﬁ(@i) - f;(ei)) for t € (—o00,0) if i ?é Oand 7 € (0,00) if i = 0.

For a; eCr(ﬁMﬁHh ﬁ+1—ﬁ), ieZ/(k+1)Z,let M(T; ﬁ), e, f};_l;ao, ceag)
denote the moduli space of Morse trees with ¢(v;) = a;—1. After a small perturbation
of the functions, this moduli space is regular, and the signed count of the 0—dimensional
part M(T; fo. ..., fx:ao. ... ax)*¢ gives the higher compositions
m{f,lor(x)(ak_l,ak_z, ..., dag)

= Z n./\/l(T§ﬁ),...,ﬁ;ao,...,ak_l,bk)o'd.bk.
breCr(UpNTy, fii—fo)

3.2 Open(X) ~ Mor(X) via the homological perturbation lemma

Let us recall the homological perturbation lemma summarized in Seidel [18]. As-
sume we are given an As,—category A and a collection of chain maps F,G on
Hom 4(X7, X>) for each pair of objects X7, X, such that

GoF=Id, FoG-Id=mloH+ Hom),
where H is a map on Hom4 (X, X3) of degree —1.
Theorem 3.2 There exists an Aoo—category B with the same objects, morphism
spaces and m' as A. This comes with As,—morphisms F: B — A, G: A— B which

are identity on objects and F! = F,G! = G. There is also a homotopy H between
FoG and 1dy such that H! = H.

Remark 3.3 In this paper, all Ao,—categories and A,—functors are assumed to be c—
unital. The homological perturbation lemma generalizes to left 4.,—modules, namely,
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in addition to the above data, let M: A — Ch be a left Ao,—module over A and
assume for each object X, there are chain maps F,G and a homotopy H on M(X )
satisfying

éoﬁ:ld, ﬁoé—ld=dofl+ﬁod,

then one can construct a left As,—module N over B such that
N'=GoM'oF,
and there are module homomorphisms
N = FM, s:M—G*N.
Then we have the composition
T =(Rg(t)os: M —>NoG—> MoFog,

where Rg is taking composition with G on the right. Using the homotopy between
FogG and Id 4, we get a composition of morphisms between the induced cohomological
functors:

H(s) H(Rg(t)
H(T): HM) —— HN 0G) ———— H(M) = H(Mo Fog).
Then it is easy to check that H(7T') =1d and H(s)o H(Rg(t)) =1d, so

H(s): HM) = H(G*N).

Here we will use the version where G is an idempotent, Homp (X7, X>) is the image
of G and F: Hompg(X;, X5) — Hom4(X7, X>3) is the inclusion; see Kontsevich and
Soibelman [12]. The same for G and F.

Let (X, g) be a Riemannian manifold with corners. Let (f, g) be a directed pair
with ¢; the gradient flow of f. Denote by Hy C dX the hypersurface where V f is
pointing outward, and H; C dX the hypersurface where V f is pointing inward.
Let D'(X — Hy, Hy), D'(X — Hy, Hy), called relative currents, be the dual of
Q(X — Hy, Hy) and Q(X — Hy, Hy) respectively.

In the following, we briefly recall the idempotent functor on (X, Hy) constructed in
Harvey and Lawson [7] and [12] and used by [15] in the manifold-with-corners setting.
Consider the functor

P: Q(X — Hy, Hy) — D'(X — Hy, Hy),

o e

xeCr(f) N Ux
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where Cr( f) is the set of critical points of f', Ay is the unstable manifold associated
to x and ¥, is the stable manifold associated to x.

There is a homotopy functor T between P and the inclusion /: Q(X — Hy, Hy) —
D'(X — Hy, Hy) given by the current {(¢;(y), y): t € R>o} C X x X in D'(X x X).
To construct a real idempotent functor on Q(X — H;, Hy), one composes it with a
smoothing functor. For readers interested in further details, see [12].

A consequence of the functor P is the Morse theory for manifolds with corners:
(3-2) Q(X — Hy, Hy) >~ Mor*(X, f).
Following the notation in Section 3.1, this implies the canonical quasi-isomorphisms

Homyor(x) (Lo, 1) 2= Mor™ (Ximg>1 N Ximy >+ J1 —€/0)
= (Q(XmOzto n Xm1>11 s Xm0=t0 N Xm1>t1)’ d)
~ (Q(Up NUy, U NUy). d) = Homopen(x) (Lo, £l ).

Applying the homological perturbation lemma to the dg—category Open(.X') through
the functors P, I and T for each pair of objects, one can show that Mor(X) is exactly
the Aoo—category B in Remark 3.3 constructed out of these data. Using the setup
for defining higher morphisms in Mor(XX') of Section 3.1, there is a nice description
of M(T; ]70, ceey fk—l ;do, - .. ,ay) in terms of intersections of the stable manifold
of a; for i # k and the unstable manifold of ay, which also involves the functors P
and 7. After a smoothing functor, one replaces intersection of currents by wedge
product on differential forms, then compare this with the formalism of the homological
perturbation lemma to get the assertion. For more details about the argument, see [12].
We will use the same idea in Section 4.3 for left A,,—modules.

3.3 The microlocalization py: Sh(X) S Tw Fuk(T*X)

For any ${= (U, m) € Mor(X'), we can associate the standard brane Ly ,, in Fuk(7*X)
(see Appendix C.3.1(b)), and in this way Mor(X) is naturally identified with the 4oo—
subcategory of Fuk(7*X') generated by these standard branes.

Roughly speaking, one does a series of appropriate perturbations and dilations to the
branes Ly, s, 1 =1,...,k, so that:

(1) After further variable dilations (see Appendix C.3.1(c)), one can use the mono-
tonicity properties (Proposition C.1, Remark C.2) to get that all holomorphic
discs bounding the (dilating family of) the new branes €- L;,i = 1,...,k have
boundary lying in the partial graphs €- L;|g, =€-T'gf,i =1,...,k, where Ui
is a small perturbation of U; and f; : ﬁi — R is some function.
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(2) The sequence (U;, fi),i =1,...,k is directed, and hence one could use (U;, f7)
as representatives in the calculation of (higher) morphisms involving il; =
(Ui,mj), i =1,...,k,in Mor(X).

Since we will use the same technique in Sections 4.2 and 4.3, we defer the details until
then.

Recall the Fukaya—Oh theorem.

Theorem 3.4 (Fukaya and Oh [5]) For a compact Riemannian manitold (X, g) and
a generic sequence of functions fi,..., fr on X, there is an orientation-preserving
diffeomorphism between the moduli space of holomorphic discs (with respect to the
Sasaki almost complex structure) bounding the sequence of graphs €-T'yy., i =1,... k,
and the moduli space of Morse trees for the sequence (X,€f;),i =1,...,k, for all
€ > 0 sufficiently small.

Since the proof of the theorem is local and essentially relies on the C ! —closeness of
the graphs to the zero section, one could adapt it to the directed sequence (ﬁ,-, ﬁ),
i=1,...,k, and conclude that the moduli space of discs bounding ¢-L;,i =1,...,k,
is diffeomorphic (as oriented manifolds) to the moduli space of Morse trees for the
sequence ((7,-, f,-), i =1,...,k. Therefore we get the quasiembedding i: Mor(X) —
Fuk(7*X).

Next we compose i with the quasiequivalence P: Open(X)— Mor(X) from Section 3.2,
and get a quasiembedding i o P: Open(X) — Fuk(7*X). Then taking twisted com-
plexes on both sides, we get the microlocal functor py: Sh(X) — Tw Fuk(7*X). To
simplify notation, we will denote Tw Fuk(7*X) by F(7*X). The main idea in [14]
of proving that py is a quasiequivalence is to resolve the conormal to the diagonal
in T*(X x X) using product of standard branes in 7* X . Since we will only use the
statement, we refer interested readers to [14] for details.

For a fixed stratification S, let Fukg(7*X) be the full subcategory of Fuk(7*X)
consisting of branes L with L C T$°X, and let Fs(T*X) denote its twisted
complexes. Then we also have

(3-3) 1ix |shs(x): Shs(X) = Fs(T*X).

4 Quasirepresenting M, r on Fuks(7 *X) by the local
Morse brane L,

Continuing the convention from Section 2, for a complex stratification S, we refine it
to have each stratum a cell, and denote the resulting stratification by S as well. The
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test triples (x, &, F') we are considering for A are always away from the newly added
strata.

Given a test triple (x, &, F'), we will construct a Lagrangian brane L, r supported on
a neighborhood of x, such that the functor Hom g7+ x)(Lx F,—): Fs(T*X) — Ch
under pullback by px is quasi-isomorphic to the local Morse group functor My F.

4.1 Constructionof L, r

Consider the function r x R(F): Bye(x) — R2, where r(z) = ||z||? as before. Let R
be an open subset of Ag—regular values of r x %(F) in R?, such that it contains
(0, 6) x {0} for some § > 0, and if (a, b), (a,c) € R for b < ¢, then {a} x[b,c] C R
(here we have used Lemma A.5). There exists a 0 < 7, < § for which the function r
has no A g—critical value in (0,7,). Fixing such a 75, choose 0 <7 <7, and n >0
small enough so that R contains (71,7,) x (=21, 2n), and N (F) has no A gs—critical
value in (—27,0) or (0,2n). Also choose 71 <rq <rp <7s.

Let
p=-—1n 8 =31(n—r). 8 =1in
u(z) =r(z) = (rz—41),  v(z) =N(F)(z) — (n—2).
Near {u = v = 0}, we smooth the corners in
Wi={u=0,v<0}U{u<0,v=0}

as follows. Let €; = %min(81 ,82). We remove the portion {u? + v? < Ef} from W
and glue in % of the cylinder {u? + v? = Ef}, ie the part where u, v are not both
negative. Then we smooth the connecting region so that its (outward) unit conormal
vector is always a linear combination of dr and dR(F), in which at least one of the
coefficients is positive. This can be achieved by looking at the local picture in the
leftmost corner of Figure 2, where we complete u, v to be the coordinates of a local
chart. We will denote the resulting hypersurface by Wl .

Now we choose a defining function mp for 13[71 such that

(i) in an open neighborhood U/, of Wl s Mg, is a function of u, v, and del #£0,

(ii) My, =u on {fv= —%El, lu| < %El}, My, =v on {u < —%El, lv] < %El}.

Then there exists a 0 < €1 < %El , so that the set {0 < my, < €1} is contained in Uy,
and dm i is a linear combination of dr and d % (F) over that set, in which at least

one of the coefficients is positive.
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Similarly, we can smooth the corners in {r = r,, W(F) < n} U {r < rp, N(F) = n}, but
in the way illustrated on the right-hand-side of Figure 2. We will denote the resulting
hypersurface by Wo. We choose a defining function mp. and €¢ > 0 in the same
fashion as for mp and €;.

Figure 2: Construction of U: U is the shaded area, and the leftmost and
rightmost pictures are illustrating the local smoothing process for the corners.

Let b: (—oo0,n) — R be a nondecreasing C ' —function such that b(x) = x for x €
(—%n, %n), limy_,— b(x) = +o00, and the derivative b’ = 0 exactly on (—oo, —n]. Let
c: (0,r,) = R>¢ be a nondecreasing C!—function such that limy—r; c(x) = +o0,
and ¢’/ =0 exactly on (0, r{]. Let d: (—o0, 0) — R>¢ be a nondecreasing C ! —function
with limy_,o— d(x) = 400, and d’ =0 exactly on (—oo, —€g]. Let e: (0, +00) = R<q
be a nondecreasing C!—function with lim,_, o+ e(x) = —oo and ¢’ = 0 exactly on
[61 s +OO) .

Now define
f:bo.s)i(F)—i—cor—i—a’omWO—i—eomW1

on
U = the domain bounded by 17[70 and 17171.

The construction of U is interpreted in Figure 2, where U is the shaded area.

Lemmad4.1 We have that I'y¢ is a closed, properly embedded Lagrangian submanifold
in T*X satisfying Tyr h As ={(x,€)} in T*X .
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Proof Only the part I'yr N As = {(x,&)} needs to be proved. The hypersurfaces
r=r; and N(F) = —n divide U into three regions

U ={=<rinU, Uy={>rn}in{NF)>-—ninU, U;={RNF)-nnU.

On U; (resp. U3), df is a positive multiple of d R (F) (resp. dr), so df &€ As over
Uy UU;s except at x. On U,, df is a linear combination of d (F) and dr, in which
at least one of the coefficients is positive. Since r x R(F) is Ag-regular on U,, we

get df € As. a

By Propositions C.3 and C.4, I'g¢ can be equipped with a canonical brane structure b.
Let Ly r denote (Iyzr, &, b, ®) as an object in Fuk(7T*X), where £ is a trivial local
system of rank 1 on I'yr and the perturbation ® = {L3 p} is defined as follows.

For sufficiently small s > 0, let
(4-1) Us={xeU:|f(x)<—logs}, Uy=U

and L3 p be a Lagrangian over U satisfying:

() L3 plg, =Tarlg, -

2) LS plov = Ty X lig=p, » where Bs — 00 as s — 0.

3) L;,F|U = I'yy,|u for a function fs on U.

@) fslu, = flu,, and df|; = A(z)df |, for some 0 <A(z) <1 for z € U — Uy.

(5) Let K% =min{|§|: & € LS, plau,}; we require K%l > K%Z for0 <y <mpy<s.
The notation L|y for a Lagrangian L and a subset W C X means the set

LNz~ (W), where 7: T*X — X is the standard projection.

4.2 Computation of Homgyr=*x)(Lx,r, Ly) for V € Us

Let V € Us x (recall the notation is defined in (2-5)); then dV is stratified by a
subset Sy of S. Fix a semidefining function m for V (see Appendix A.2.3). We have
the standard Lagrangian brane Ly ,, associated to V' as defined in Appendix C.3.1(b),
for which we will simply denote by Ly . Let

Vi=Xm> fort>0.

Let (3U)ow, (AU)in denote W, and W, respectively. Let A denote the annulus
enclosed by (dU)in, r = r, and R(F) = w, including only the boundary compo-
nent (AU )jy.
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Lemma 4.2 For t > 0 sufficiently small, there is a compatible collection of quasi-
isomorphisms of complexes

QU = QU )ou) NV, (AU )in N V2), d)

(4-2) ~(QU — U)ow) N Vi, ANVy), d)
(4-3) ~(QBr,(x)N Vi, By (x) N{R(F) < uy N V3),d)
(4-4) ~(QBr,(x)NV, B, (x) N{R(F) < puyNV),d).

Proof For (4-2), we only need to prove that 4 N V; deformation retracts onto
(0U)in N V. First, we can construct a smooth vector field on an open neighborhood of
(U — (U )ou) N {jt — 85 < N(F) < pu} integrating along which gives a deformation
retraction from 4 onto U N{N(F) < u—38,} N {mﬁ;] > 0} U (U )in. For example,
we can choose the vector field v such that

v(R(F))=—1; v(r)=0near 0B,,(x); v(m)=0 near dV;; v(mwl);éO on W;.
Similarly, we can construct a deformation retraction from U N{R(F) < u — 38} N
{mﬁ,1 >0} U (0U)jn onto (aU )in N V.

The identification in (4-3) is by excision on the triple (V; N {mﬁ,1 <0h CcVen
By, (x) N{N(F) < u} C Ve N By, (x), and a deformation retraction from V; N By, (x)
onto V; N{myy, <0}. One can construct a similar vector field for this and we omit the
details. The quasi-isomorphism (4-4) can also be obtained in a similar way. a

Let Lﬁ,,t > 0 small, be a family of perturbations of Ly supported over V; satisfying
() Lylp, =Lvlp,:
(2) Ly, = T3y, Xlig|=a, for some A; > 0;

(3) Lylv, = Tany, , where hy, is a function on V; such that &y, |y,, = logml|y,,,
dhy, and d logm are colinear on V; and 1 <dhy, /dlogm <1.2.

Again by Propositions C.3 and C.4, Ly carries a canonical brane structure. Let Ly
also denote the object in Fuk(7*X) consisting of the canonical brane structure, a
trivial local system of rank 1 on it and the above perturbation {Lﬁ,} t>0. The proof of
the following lemma is essentially the same as in [15, Section 6]. The only difference
is that we use the above conical perturbations and avoid geodesic flows.

Lemma 4.3 There is a fringed set R C R2, such that for (t,s) € R, there is a
compatible collection of quasi-isomorphisms

Homg(r+ x) (LY p» L) = Q(V N Bry(x), V 0 Bry (x) N{R(F) < u}).

Geometry & Topology, Volume 19 (2015)



Holomorphic Lagrangian branes correspond to perverse sheaves 1707

Proof Step 1: Perturbations and dilations This step is essentially the same as the
perturbation process in Mor(X) stated at the beginning of Section 3.1. Nevertheless,
we repeat it to set up notation. There is an (nonempty) open interval (0,79) such
that for all ¢z € (0,n9), dV; and 0U intersect transversally. Fixing any ¢ € (0, 1),
there is an open neighborhood W; of dV; N dU such that the covectors d logm|,
and Lfc, Flz are linearly independent for all s > 0 and z € W; N Vr N U. Choose
t <t <no such that Xy<<gNoU C W;. Since Xy<m<r— W; is compact, we can find
€; > 0 such that |dhy,| > €:|df | on (Xi<m,<r—Wi) N U . There is a small 7; > 0
such that (U — Uy,) N Xt<my<f C W; and on (U — Uy, )N Vi — W; we have |dhy,|
bounded above by some M;, so we can find 1 > > s > 0 small enough so that
{e:t|&] 1 & € L, plo-us) is bounded below by 2M; . In summary, we first choose , 1,
then €; and lastly s,s, and it is clear that the collection of such (¢, s) forms a fringed
set in Ri. It is also clear that we can choose 5 small so that (7,7) x (s,5) C R.

There is a Riemannian metric g on X such that after a small perturbation, (hy, —
€ fs, g) is a directed pair on the manifold with corners V7N Us, and choices of such
metric form an open convex subset. And this also holds for any (5,7) € (¢,7) x (s,5).

Step 2: Energy bound Choose t <1 <1, <t3 <f and s <1 <s$7 <53 <5.

Let G| = L’V|Xt2<m<,3 and Gy =¢€;- L% plu,,~0,, - Choose some very small §;,, >0
and define the tube-like open set

= B, 0.
(x,6)eG;

where Bj, (x,&) means the vertical ball in the cotangent fiber 7' X of radius J;
centered at (x, &). With small enough 6; ,, we have T1 N T, = &.

Let

tl ¢ t st el
LV = (leogLn(LV) and Lx,F - (p]_)tf _(Et .L;,F)
t3,t 53,8

for 0 < < 1, where

{ E[Z
¢Dlog2‘l and go f B
13.t 53,5

are the variable dilations defined in Appendix C.3.1(c). Note that the variable dilations
fix G1.Gy and Ly N L2 = (1—0- (L, ne - LS ).

By Proposition C.1 and Remark C.2, for £ sufficiently close to 1, all the discs bound-
ing L’I}e and L“;’ZF have boundaries lying in L’I}€| Xty U L‘;’ZFlUsz . Fixing such an ¢,
the same holds for the family of uniform dilations € - L’I;Z and €- Li’ZF, 0<e=<1l.

It is easy to see that Lf;eF|USl and L’I}Z |Vt1 are the graphs of differentials of a directed
sequence (Us,, f1), (V4. f2), and by the Fukaya—Oh theorem (Theorem 3.4) and
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Morse theory for manifolds with corners (3-2), we have for € > 0 sufficiently small,

N N
Hompu(r+ x) (LY s LYy) = Hompyr+ xy (€ - LY € - L)

~ Mor*(Us, N Vz,, e(fo— f1))
~ (QUU — (U )ou) N Vi, QU)in N V1)), d)
~ (B, (x) NV, Bry(x) N{R(F) < u}N V), d).

The last identity is from Lemma 4.2. a

43 H(My r) = H(py Hompr+x)(Ly,r,—))

Given a sequence of open submanifolds with semidefining functions (V;, m;), i =
1,...,k, there is a fringed set R C ]Rl_‘;rl such that for all (#,...,71,%) € R, there

exist €,...,€1,€9 >0 and (t,...,t1,t0) < (tk,....11, 1) € R, satisfying:
(1) 9U (resp. dUy,),dVy,, ..., 0Vy, intersect transversally, ie the unit conormal
vectors to them are linearly independent at any intersection point.
t; t; . t t
(2) Let I} =¢ 'LIl/i|Vi,t_,- fori=1,....,k,and T = EO'L;?,F|U70 : then

e Ly Ne-Ly =Tfnr/
for 0 <i < j and éo-L?Fﬂei-L?}i =I‘(t)°ﬂI‘l.”' for i > 0.

(3) Forall (p,-)f.‘=1 € R with (t,-)ffzo < (p,-)f.‘=0 < (t_i)f.‘zo, we have that the sequence

(Ug-€0 /1) (Vis€1hy, )., (Vi ekhy, ,, ) is a directed sequence.

The notation (fi)f;o < (s,-)f.‘zo means #; < s; forall 0 <i <k. We start by choosing
appropriate #; and €; and then do induction. First, let

A7ék = U A;.
i<k
There is ng > 0 such that on (0, %), my has no Ay —critical value. Pick any small
tr € (0, ng), and form LIV"k. Let ¢ =1.

Suppose we have chosen 7, ...t and €, ..., €41 for i >0, let Aj; be the
associated conical Lagrangian of the stratification compatible with {X, =, }, for
j=i+1,...,k.Let

j =t

Agi= (U A,-) U (U A,-,,j).

j<i j>i
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There is n; > 0 so that m; has no A;—critical value in (0,7;). On V; N Xy, >4,
for each j > i, there is an open neighborhood Wj; of Xy, =0 N Xm;=¢ on which
dlogm; and dlogm; are everywhere linearly mdependent Choose t; < n}i <nj
such that X, <, <u, NaV; C Wjj for j >i.On Xy <pm, <), NV; —W;j, the covectors
inej-Ly b are bounded from below by some N;; > 0. Choose €; > 0 such that on this
reglon the covectors in €; - Ly, are bounded above by 2N, j forall j >i. Next, choose
0< ’71 <n; so that Xy, <n}; ﬂXmJ<,7 C Wijj forall j>i. Then covectorsin €;-Ly, b

over Xm <1} N Xom;>t; W,J are bounded above by some M;;. Choose 0<f; <77U for
all j > i so that the covectors on the graph ¢; - d logm; over Xy, = N Xom;>s; are
bounded below by 2M;;. Now we have #;, ¢; and Lt{,i )

Finally, having chosen 7%, ...,#, and €, ..., €1, to choose €y, we do the same thing
as before. However, to choose #y, we do not shrink U. Instead, we find 7y small
enough so that on U — Uy N Xy, >, €0+ L OF is bounded below by 2M; for all
j > 0. Clearly, the choices of (¢, ...,t) form a fringed set R C Rk+1

The choices of 7, ...,% can be made as follows. First, 7; can be anything satisfying
tx <1y <my,; forall i <k. Once we have chosen 7, ..., %+ for i >0, #; should
satisfy #; <1; <1 ; forall j #i andon X, <, <z , the covectors d logm; are bounded
below by 1.5M;; for all j > i. A similar choice can be made for 7. Also we can
make (7, ..., I) belong to R.

Again, we do variable dilations to eo L' x,F€i Ly, % and run the energy bound argument
on holomorphic discs. Choose (Z,) 0 <( p,)f‘_ < (q,)f‘_ < (s,)f‘_ < (t,) o in R.
Let

t(),e eol to Tti t' .
L =9 f (GO'LX’F)’ LII/Z _(p l()gm (El Il/l) forl > 1’
SO fo Sl £
tO’ - ~tia€ — _
|UP0 - dfzo.z’ LVt |Vi~l’i - Fdhi,tl"

for some function f;, ¢ on Uy, and h; s ¢ on V; p, for 1 <i <k.

For ¢ sufficiently close to 1, all holomorphic discs bounding these Lagrangians have
boundaries lying in Li?”f, Uy Y U, Lt;?,.’eh/,-,ql. . Since the sequence

Upo: Jr0.0) Viprshi ) oo (Vipye ey )

is directed, using the Fukaya—Oh theorem, we get the following.

Lemma 4.4 For { sufficiently close to 1,

mlﬁuk(r* X HomFuk(T*X)(L% '1’ t"’ ) ®-- ®H0mFuk(T*X)(Lx L t" )

A
— Hompy (7 X)(L?’F,Lfk 2 —k]
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is given by counting Morse trees,

k
Mg x)(@k—1, - - - do)
L€ froto €l o g 0-d
= Z Z #M(T ;€ fro €1 g0 €hp gy im(ao), ... mw(ag)) - ag,
T aieS

for all € sufficiently close to 0, where S = € - (Fdfto,e N Fdﬁ,”k'e) andm: T*X - X
is the standard projection.

Consider the following diagram:

B= Fs(T*X)

]:=H0mF(T*X)(LX,F,—)

B =Mors(X) —= Ch

)

A = Openg(X)

Mx,F
J

A = Shs(X)

Here i: B B and J: A Aare embeddings into triangulated envelopes; the functors
Z,P are from applying the homological perturbation formalism to the functor P in
(3-1); ux: A— B is the microlocal functor in Section 3.3.

In Remark 3.3, putting G and G to be the idempotent P in (3-1) on corresponding
complexes, M to be My p|5 and F to be Z, gives us the N exactly the same as F|z.
This follows directly from Lemma 4.4, and we have

H(j*Mx,r) = H(P*Fl|p) = H(j " ux F).
Since the functors p% F and M, r both respect forming cones, we have

(4-5) H(uy F) = H(My,F).

5 Computation of Homgykr+x)(L +,F, —) on holomorphic
branes in Fuks(7T *X)

5.1 Holomorphic Lagrangian branes

Let X be a compact complex manifold of dimension n. Let T*Xc denote the
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holomorphic cotangent bundle of X equipped with the standard holomorphic symplectic
form wc . Like in the real case, there is a complex projectivization of 7* X¢, namely

T*Xc = (T*Xc xC — Ty Xc x {0})/C*.

For a holomorphic (complex analytic) Lagrangian L in T* X¢ which is by assumption
aC-setin T*X, using [16, Theorem 4.4] of Peterzil and Starchenko, one sees that L
is complex analytic in T*X ¢c. Note if X is a proper algebraic variety, then L is
algebraic in T* X¢.

There is the standard identification (of real vector bundles) ¢: T*X¢c — T*X as
follows. In local coordinates (¢z;, pz;) on T*Xc and (gx;.qy; px;» Py;) on T* X,
where z; = x; + «/—_lyj on X, we have gx; = Nqz;, qy; = 3qz;, px; = Npz;,
Py; = —3pz; . Itis easy to check that p*w = Rwc, so ¢ sends every holomorphic
Lagrangian to a Lagrangian. In the following, by a holomorphic Lagrangian in 7* X,
we mean an exact Lagrangian which is the image ¢ (L) of a holomorphic Lagrangian L
in T* X¢ under the identification ¢p. We will write L instead of ¢ (L) when there is
no cause of confusion.

Equip 7*X with the Sasaki almost complex structure Jg,s and let n be the canonical
trivialization of the bicanonical bundle k (See Appendix C.3.3).

First we have the following lemma on the flat case X = C” (we do not need X to be
compact here), where 7 is the volume form Q = A_,(dq,i + v—1dp,i) A (dgqyi +
v —1dp,,i) up to a positive scalar.

Proposition 5.1 Every holomorphic Lagrangian brane in T*X (X = C") has an
integer grading with respect to Jsgs.

Proof Let L be a holomorphic Lagrangian in 7*X¢c. For any (x,&) € L, let
Uls.nos Uk, W1, ..., Wy—f beabasis of Tiy g) L. After a change of coordinate and basis,
we can assume v; = dg ; +ZZ=1 vH9p,, and wj = ZZ=1 wj’fapzu fori=1,....k
and j=1,...,n—k.

Then the condition of L being a Lagrangian implies that wq,..., w,_; generate
(0p_i Ji=k+1,....n and after another change of basis, we get v; = dq_; + Zﬁzl v 0p. 4

with (v#)i#e{l k} a symmetric kK X k matrix.

.....

Let J; = ((1)_01) and
Ji

Ji
Jm:

Ji
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be of size 2m x 2m. Then Ty(y @ (L) has the form (IO"'g ‘gg) (by this, we
mean Ty (x £)¢ (L) is spanned by the row vectors of the matrix under the basis

g1+ g1+ 0qun>0g,n:0p 1+9p 1»- - Opens Op,n ), where [ is the identity matrix
of size 2k x 2k, A is a symmetric matrix satisfying 4J; = —J; A, and
1
-1
K=
1
-1

of size 2(n — k) x 2(n — k). In particular, KJ,,_; =—J, 1 K.

Let Q = AY_,(dqyi + ~/—1dpyi) A (dgyi + «/—_ldpy,-) be a holomorphic volume
form on T*X with respect to Jg4s. Then for any basis uy, ..., uz, of Ty g@(L),
(Qui A ANuap))? = C - (det(Iy + v/—1A4) det(~v/—1K))? where C > 0. Since
AJy = —Ji A, for any eigenvector v of A with eigenvalue A, we have A(Jiv) =
—A(Jgv). In particular, if 1 +A+/—1 is an eigenvalue of I} ++/—14 then 1—A~+/—1 is
an eigenvalue of it as well, and they are of the same multiplicity. So (2(u1 A---At2,))?
is always a positive number, which implies that L has integer grading. |

In the general case of X, for any small disc D = {); |zil> <€} C X, let Jp be
the Sasaki almost complex structure induced from a metric on X which is flat on D.
Given a graded holomorphic Lagrangian L, deform J.o, (relative to infinity) to agree
with Jp on a relatively compact subset of 7* X'|p . Proposition 5.1 says that it gives a
new grading on L which has integer value on that subset. Since the space of compatible
almost complex structures which agree with J.o, near infinity is contractible and X is
connected, the integer on each connected component of L is independent of D, and
this constant has the same amount of information as the original grading of L. Because
of this, we will by some abuse of language say that every holomorphic Lagrangian has
integer grading.

Proposition 5.2 Let Ly, L be two holomorphic Lagrangians in T*X with integer
gradings 6y, 0, respectively. Assume that Lo and L intersect transversally. Then

HF®(Lg, L) is concentrated in degree 61 — 6y + n.

Proof Let p € LoN L. By the proof of Proposition 5.1 and transversality, under

one coordinate system 7, Lo has the form (16" g “é" 1?0) and T, L; has the form
(g?l | I(()‘ 1;)1), where k+[>n, A;,i =0, 1 is of the same type as 4 and K;,i =0, 1

is of the same type as K in the proof of Proposition 5.1.
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We find the degree of p using (C-7). First, let
M0=(1+JT1A0 0 ) Mlz(ﬁKl 0 )
0 V—-1K, 0 I++/—14,
Ui = Mi(AM? +IMP)7Y2, i=0,1, U=U,U,U;",
C=R03U"', U=(C+V-1)(C*+1)7"2
It is easy to see U;, U € U(2n), and under an orthonormal basis of 7, L, we have
TpyL,=U-TyLy,
and the eigenvalues together with eigenvectors of U will give the canonical short path
from Tp Lo to Ty L.

Let S’ ={B € M,x2(C) : BJ, = —J, B}. Then for a matrix in S’, its eigenvalues
are of the form A;, —X,-,i =1,...,n. Itis straightforward to check that U € S’ (since
U; € S7), so the eigenvalues of U are eznﬁ"‘i , eznﬁ(_(l/z)_“l’),i =1,...,n,for
some «; € (—%, 0). Therefore

n
deg(P)=91—90—22(%‘—%—%‘))=91—90+”l- a

i=1

Let Lag(7* X) be the set of all Lagrangian submanifolds in 7*X . Let Lags(T*X) =
{L eLag(T*X):L>*® CAT}.

5.2 Transversality of L, r with ¢t - L for L € Lags(T*X) and t > 0
sufficiently small

For any L € Lag(T*X), consider L;~o ={((x,€),1): (x,§)€t-L,t >0} CT*X xR
and denote each fiber over ¢ as £;. Define Conic(L) = L;>0—Ls>o C T*X x{0}, and
we also view it inside 7* X . Similarly, if X is a proper algebraic variety and L is a
holomorphic Lagrangian (hence algebraic) in 7* X¢, consider Lyec* = {((x,§), w):
(x,§)ew-L,weC*} C T*Xc x C*. Define Conic(L2) to be the fiber at 0 of the
algebraic closure of Lyec+ in T*Xc x P!,

Let
Cone(L®) = c1{(x,g) eT*X: lim (x,56) e L®in T*X} CT*X.

seR4 ,s—00

For a holomorphic Lagrangian L, L will denote LNT®Xc CT*X ¢, and let
Conec (LE) = c1{(x,g) eT"Xc: lim (v eLFin T*XC} c T* Xc,

eC*,A—>o00
where Cl means taking the closure. In particular, Cone(L>) C Conec+(Lg), so

L € Lagg(T*X) for a complex stratification S.
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In the following, S is a refinement of a complex stratification, with each stratum a cell,
and L € Lagg(T*X).

Lemma 5.3 Conic(L) is a closed (possibly singular) conical Lagrangian in T* X .

Proof We have Conic(L) = Cone(L*®) U n(L). In fact, Conic(L) N T Y X =
mw(L) and (x,&) € Conic(L) — T¢ X if and only if there exists (x,,&,) € L and
tn — 0T such that lim,— oo (Xn, t:En) = (x,&) if and only if lim;— o0 (x,2£) =
limy,— o0 (xXp, &) € L°°. o

Since L;~o = {((x,€),1): (x,&)€t-L,t >0} isa C-setin T*X xR, Conic(L) is
a C—set. Note that Conic(L) C Ags, so we can take a stratification of As which is
compatible with Conic(L). Then choose a stratification 7 of £;>¢:= L;¢ compatible
with the above stratification restricted to Conic(L). It is clear that for any covector
(x,&) in an open stratum in As away from Conic(L), Ly rNt-L = @ fort >0
sufficiently small, for any test triple (x, &, ). So we only need to look at (x, &) in an
open stratum of Conic(L).

Let Ty be an open stratum of Conic(L). For any ((x, £),0) € Ty, there is some open
neighborhood of it that only intersects open strata in £;~¢, and let (x, &, F) be a test
triple for As. Denote Ly r = Ly F xR CT*X xR.

Lemma 5.4 In a neighborhood of ((x,&),0), Lx F intersects L;~¢ transversally.

Proof For a small (open) ball B, (x) with center x, 77 (B,(x)) C T*X is diffeo-
morphic to D" x R", where D" is the (open) unit disc in R”. So we have two C—maps
by taking tangent spaces,

fit Li=o = Grpp (RN for L p — Grpy (R,
and by restriction, these give the map

[ =1, 2): Lo N L F = Grng 1 (R x Gryy (RP'H),

Let N = {(A4, B) € Gr, 1 1 (R?"T1) x Gr, 1 1 (R?>"T1) : 4 + B #£ R?"T1} Tt is clear
that N is a closed C—set.

Suppose there is a sequence of points ((Xy, &), n) € Tg, tn > 0 approaching ((x, £),0),
where Tjg is an open stratum in L;~o, on which £, g and L;~¢ intersect non-
transversally, then f((xy,&,),%,) € N. Since N is compact, there exists a subse-
quence ((xXn,,&n, ). tn, ) such that f((xy,,&n, )., ) converges to a point in N and
limy, s oo T((Xnk,é'nk)sfnk)[’f>0 exists.

By the Whitney property, T(,¢) Conic(L) Climy o T(Xnk,énk ’tn/()£t>(). This implies
that L is not transverse to Ly g at (x,&), which is a contradiction. a
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Lemma 5.5 Let ((x,£),0) € Ty asin Lemma 5.4. Then L f intersects t- L transver-
sally for all sufficiently small t > 0, and the intersections are within the holomorphic
portionof Ly F.

Proof First, by the curve selection lemma, given any neighborhood W of ((x, ), 0),
we have Ly F N Lyy>>0 C W for 1y sufficiently small.

We only need to prove there is a neighborhood of ((x, &), 0) contained in W, such that
forany ((x7.&;).1) €L NLy F, 0 <t <tg,wehave mT(x, ¢, (Li>0NLx F) # 10},
where 7: L;50 N Lx F — R is the projection to 7. In fact, since L;>g t Ly rin W,
7w T(x, £,,0)(Li>0 N Ly F) # {0} implies the transversality of L; and Ly F.

The assertion is true because the function # on L;~¢ N Ly F has no critical value in
(0, n) for some n > 0 sufficiently small. o

Now we are ready to prove the main theorem.

Theorem 5.6 If L is a holomorphic Lagrangian brane of constant grading —n and
F € Sh(X) quasirepresents L, ie uy(F) >~ L, then F is a perverse sheaf.

Proof From (3-3), F € Shg(X) for a complex analytic stratification S. Let S
be a refinement of & with each stratum a cell. By Proposition 5.2, for generic
choices of test triple (x,§, F) of Az, we have the cohomology of M, p(F) =~
Homgyy 7+ x)(Lx,F, L) concentrated in degree 0, so F is perverse. a

Remark 5.7 One could easily deduce from the above discussions that if F € Perv(X)
quasirepresents a holomorphic brane L, then Conic(L) = SS(F) and in particular
Cone(L>°) = ¢(Conec*(LE)).

Recall the Morse-theoretic definition of the characteristic cycle CC(F) for F € Shg(X)
(see [11, Chapter IX] or Schmid and Vilonen [17, Section 2]; in general X only needs
to be a real oriented analytic manifold). Consider | g, es T'g, X — Dg X = U,es Ai,
where A;,i € I are disjoint connected components.

Definition 5.8 The characteristic cycle CC(F) of a sheaf F € Shg(X) is the La-
grangian cycle with values in the orientation sheaf of X defined as follows.

(1) The orientationon A;,i € I are induced from the canonical orientation of T;a X.

(2) The multiplicity of A; is equal to x(My r(F)), where (x,dFx) € A; and
(x,dFy, F) is a test triple for As.
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Corollary 5.9 If X is a proper algebraic variety, F and L are as in Theorem 5.6,
and L is equipped with a vector bundle of rank d with flat connection, then CC(F) =
d - Conic(L¥2)*™,

Proof If X isa proper algebraic variety, then Conic(L?2) is an algebraic cycle whose
multiplicity at a smooth point (x,§) is equal to the intersection number of Ly r
with £; for ¢ > 0 sufficiently small, and this is equal to the Euler characteristic of the
local Morse group at (x, £) quotient by the rank of the vector bundle. a

5.3 A generalization

Holomorphic branes are very restrictive. First, they have strong conditions on CC(F)
for the sheaf F it represents or equivalently Conic(L?#) if X is proper algebraic. For
example, on T*P!, we cannot have a connected L with Conic(L*¢) equal to the sum
of the zero section and one cotangent fiber, each of which has multiplicity 1. Second,
fixing Conic(L%2), they cannot produce all the perverse sheaves with this characteristic
cycle. For example, on T*P!, let Conic(L¥8) = Tg X + T* (X 4+ T}, X , then the
only candidates for connected L are meromorphic sections of the holomorphic bundle
T*P! — P! which have simple poles at 0 and co. One can show that up to a positive
multiple, only I'y;/, and I'_g4;,/, are exact Lagrangians. So there are only two kinds
of perverse sheaves coming in this way: one is ix£Ly[1] on P! —{oo} and i\Ly/[1] on
P! — {0}, where Ly is a rank-1 local system on U = P! — ({0} U {oo}), and the other
is its Verdier dual.

For this reason, we consider a broader class of branes which may produce more perverse
sheaves, namely, the branes which are holomorphic near infinity, and are multigraphs
near the zero section.

Proposition 5.10 Let L be a connected Lagrangian brane in T*X . Assume that
L°° # &, there is r > 0 such that L N T* X |jg|>, is complex analytic on which it has
grading —n, and LNT* X ||g|<y+¢ is a multigraph if w(L) = Ty X , ie w|LnT* X |6 <,
is a submersion. Then L quasirepresents a perverse sheaf F .

Proof We only need to check the local Morse group on the zero section.

If (L) # Ty X, then My p(F) ~ 0 for (x,dFx = 0) a generic point on the zero
section.

If 7(L) = Ty X, take a generic point (x,0) on the zero section and construct a
local Morse brane Ly g. Over a small ball B,(x) of x in X, 771 (B,(x))NL isa
finite covering plus some holomorphic portion of L. Consider HF(L r,t - L) for
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t > 0 sufficiently small. Since each sheet in the covering connects to a holomorphic
part of grading —n by a path along which there is no critical change of the grading,
HF*(Ly F,t- L) is concentrated in degree 0. O

Although one could not represent every perverse sheaf by a holomorphic Lagrangian
brane, it is speculative that locally every indecomposable perverse sheaf can be repre-
sented by a holomorphic brane.

Appendix A: Analytic-geometric categories

Analytic—geometric categories provide a setting on subsets of manifolds and maps
between manifolds, where one can always expect reasonable geometry to happen
after standard operations. A typical example is if a C!—function f: X — R is in an
analytic-geometric category C and it is proper, then its critical values form a discrete
set in R. For more general and precise statement, see Lemma A.5. This tells us that
the map f = x? sin(%): R — R does not belong to any C, and gives us a sense that
certain pathological behavior of arbitrary functions and subsets of manifolds are ruled
out by the analytic-geometric setting.

The following is a brief recollection of background results from van den Dries and
Miller [4]. All manifolds here are assumed to be real analytic, unless otherwise
specified.

A.1: Definition

An analytic-geometric category C assigns every analytic manifold M a collection of
subsets in M, denoted as C(M ), satisfying the following axioms.

(1) MeC(M) and C(M) is a Boolean algebra, namely, it is closed under the
standard operations N, U, (—)¢ (taking complement).

2) If AeC(M),then A xR e C(M xR).

(3) For any proper analytic map f: M — N, f(A) € C(N) forall A eC(M).

(4) If {U;};es is an open covering of M, then A € C(M) if and only if ANU; €
C(U;) foralli el.

(5) Any bounded set in C(R) has finite boundary.

It is easy to construct a category C from these data. Namely, define objects as all pairs
(4, M) with A € C(M), and a morphism f: (4, M) — (B, N) to be a continuous

Geometry & Topology, Volume 19 (2015)



1718 Xin Jin

map f: A — B, such that the graph I'r C A x B is lying in C(M x N). We will
always omit the ambient manifolds, and will call 4 a C—setand f: A — B a C-map.

The smallest analytic-geometric category is the subanalytic category C,, consisting
of subanalytic subsets and continuous subanalytic maps. It is enough to assume that
C = Cyp throughout the paper, but we work in more generality.

A.2: Basic facts

Here we list several basic facts on analytic-geometric categories that are used in the
main content without proof.

A.2.1: Derivatives Let 4 be a (C!,C)—submanifold of M. If A € C(M), then
its tangent bundle T4 is a C—set of TM , and its conormal bundle 7 M is a C—set
in T*M .

A.2.2: Curve selection lemma

Lemma A.1 Let A €C(M). For any x € A— A and p € Z~y, there is a C—curve, ie
aC-map p: [0,1) — A, of class C?, with p(0) = x and p((0,1)) C 4.

A.2.3: Defining functions For any closed set A4 in M, a defining function for A is
a function f: M — R satisfying A = {f = 0}.

Proposition A.2 For any closed C—set A and any positive integer p, there exists a
(C?,C)—defining function for A.

Remark A.3 In the main content, we frequently use the notion of a function f
satisfying { f > 0} = V for a given open C—set V', and we will call /" a semidefining
function of V.

A.2.4: Whitney statifications (1) Let M = RN. A pair of C? submanifolds
(X,Y)in M (dim X =n,dimY = m) is said to satisfy the Whitney property it:

(a) (Whitney property A) For any point y € Y and any sequence {xj}reny C X
approaching y, if klim Ty, X exists and equal to 7 in Gr, (RN), then T, yY Cr.
—00

(b) (Whitney property B) In addition to the assumptions in (a), let {yz}xeny C Y
be any sequence approaching y; if the limit of the secant lines lim Xy exists
k—o00
and equal to £, then £ C 7.
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It is easy to see that Whitney property B implies Whitney property A. The Whitney
property obviously extends for any manifold M , just by covering M with local charts.

(2) A C? stratification of a closed subset P is a locally finite partition by C?—
submanifolds S = {Sy}qea satisfying

Saﬂgﬂ#g, Ol#ﬁ=>SaC§'3—S'3.

A Whitney stratification of P in class C? is a C? stratification S = {Sg}qea such
that every pair (Sy, Sg) satisfies the Whitney property.

We will also need the following notions:

(i) We say that a collection of subsets in M , A, is compatible with another collection
of subsets B, if for any A € A and B € B, we have either AN B = or A C B.

(ii) Two stratifications S and 7 are said to be transverse if for any Sy € S and
Tg € T, we have Sy th Tp. It is clear that

SNT :={8qNTg:Se €S, T T}
is also a stratification.

(iii) Let f: P — N be a C'-map, and S, 7 be C?—stratifications of P and N
respectively. The pair (S, T) is called a C? —stratification of f if f(Sy) € T for all
Sy € S, and the map Sy — f(Sy) is a submersion.

Now assume C = Cyy, Cﬁ or Capexp (see the definitions in [4]).
Proposition A.4 Let P be a closed C—setin M . Let A, B be collections of C—sets in

M, N respectively.

(a) There is a C? —Whitney stratification S C C(M) of P that is compatible with A,
and has connected and relatively compact strata.

(b) Let f: P — N be a proper (C',C)—map. Then there exists a C? —~Whitney
stratification (S,7) C C(M) xC(N) of f such that S and T are compatible
with A and B respectively, and have connected and relatively compact strata.

One can take the strata in (a), (b) to be all cells.

(iv) For any C? Whitney stratification S of M, define its associated conormal
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Let f: X > R bea C!-map. Wesay x € X is a Ag—critical point of f if dfy € As.
We say w € R is a Ag—critical value of f if f~!(w) contains a A g—critical point.
More generally, let f = (fi...., fu): M — R” be a proper (C!,C)-map. We say
that x is a critical point of f if there is a nontrivial linear combination of (df;)x,
i =1,...,n, contained in As. Similarly, w € R” is called a critical value of f if
f~(w) contains a critical point. Otherwise, w is called a regular value of f .

If in addition S C C(M) and f: X — R is a proper C—map, then we apply curves
selection lemma (Lemma A.1) and have:

Lemma A.5 The Ags—critical values of f form a discrete subset of R.

We will need the following variant of the notion of a fringed set from [6], which is also
used in [15].

Definition A.6 A fringed set R in R, is an open subset satisfying the following
properties. For n =1, R = (0, r) for some r > 0. For n > 1, the image of R under
the projection R”. — R to the first 7 — 1 entries is a fringed set in R”~!, and if
(r1,....rp—1,1n) € R, then (ry,...,ry—1,r,) € R forall r}, € (0,r,).

Corollary A.7 Let f = (fi,..., fn): M — R" be a proper (C',C)—map. Then
there is a fringed set R C R” consisting of A s-regular values of f .

A.3: Assumptions on X and Lagrangian submanifolds in 7*X
Throughout the paper, X is assumed to be a compact real analytic manifold or compact
complex manifold. Then 7*X is real analytic. The projectivization

T*X = (T*X xRxo— Tg X x{0})/RT
is a semianalytic subset in the manifold P4 (T*X xR) = (T*X xR—T¢ X x{0})/R*.

Fix an analytic-geometric category C and define C—sets in T*X to be C—sets in
P, (T*X x R) intersecting T*X . All Lagrangian submanifolds L in T*X are
assumed to satisfy L C T*X a C—setin T*X . All subsets of X are assumed to be
C—sets unless otherwise specified.

Appendix B: A ,—categories

Roughly speaking, an As,—category is a form of category whose structure is more
complicated but more flexible than the classical notion of category: composition of
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morphisms are not strictly associative but only associative up to higher homotopies,
and there are also successive homotopies between homotopies. In this section, we
will briefly recall the definition of A.,—category, left and right 4.,—modules and
Aoso—triangulation. The materials are from [18, Chapter 1].

B.1: A, —categories and A,,—functors

A nonunital As,—category A consists of the following data:
(1) A collection of objects X € Ob A.

(2) For each pair of objects X,Y, a morphism space Hom4(X,Y) which is a
cochain complex of vector spaces over C.

(3) Foreach d > 1 and sequence of objects Xy, ..., Xz, a linear morphism
mi: Homy (X _1, X;) ® --- ® Hom 4(Xo, X7) — Homy(Xg, X7)[2 —d]

satisfying the identities

ik 1
(B-1) E (—I)T’mA(ad,...,a,«+1+1,mA(a,-+l,...,ai+1),a,-,...,a1):0,
k+l=d+1,k,I>1
0<i<d-I

where f; = |aj|+---+|a;| —i and a; € Hom(X;_;, Xj) for 1 < j <d.

A special case of an Ao,—category is a dg—category where all the higher composi-
tions mi‘, d > 3 vanish.

From the above definition, at the cohomological level for [a] € H(Hom 4(Xj, X1), m}4)
and [a,] € H(HomA(Xl,Xz),m}L‘), we have that their composition [a5] - [a1] :=
(—1)|“1|[mf4(a2,a1)] € H(Hom 4 (X, Xz)),m}é‘) is well defined, and it is easy to
check that the product is associative. We will let H(A) denote the nonunital graded
category arising in this way. There is also a subcategory H°(A) C H(A) which only
has morphisms in degree 0.

An A —category is called c—unital if H(A) is unital. All the A —categories we
encounter throughout this paper are c—unital unless otherwise specified. We will always
omit the prefix c—unital at those places. One major benefit of dealing with c—unital
Aso—categories is that one can talk about quasiequivalence between categories; see
below.

Given two nonunital A.,—categories A and B, a nonunital As,—functor F: A— B
assigns each X € Ob A an object F(X) in 5, and it consists for every d > 1 and
sequence of objects Xy, ..., Xy € Ob A, of a linear morphism

F4: Homa(Xg_1, Xg) ® - - ® Hom 4 (Xo, X1) — Homp(F(Xo), F(Xg)[1 —d].
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satisfying the identities

Yo Y mE(F(ag. . ag—g11). - F g, ay))

k>1s1++s=d,
si=>1

 rk !
= Y DA i@ ai) a L an).

k+l=d+1,k, =1
0<i<d-I

The composition of two A,—functors F: A — B and G: B — C is defined as

GoF)(ag.....ar)
=Y Y GFFaa.. .. aq—g11). . F Mg, ay)).

k=1s1++s,=d,
si=>1

It is clear that F descends on the cohomological level to a functor from H(A) to H(B),
which we will denote by H(F). One easy example of a functor from A to itself is
the identity functor Id 4, which is identity on objects and hom spaces and Id’;\ =0 for
k=>2.

Let @ = Nu-fun(A, B) be the Aoo—category of nonunital A.,—functors from A to B
defined as follows. An element 7 = (T°,T!,...) of degree |T| = g, called a
premodule homomorphism, in Homg(F, G) is a sequence of linear maps

T9: Homa(Xy_1. X4) ® - - ® Hom 4(Xo, X1) = Homu(F(Xo). G6(X4))lg —d];
in particular, 7° is an element in Homp(F(X),G(X)) of degree g for each X .

We also have the following structures:

(mS(T)ag, ... ar)
- Z Z (_I)Tmllcg gsk(ad,-..,ad_sk_l,_l),...,

1<i<k si+-+sx=d,
§;=0,5>1,j#i

Gsi+1 (aS1+"'+Si+l e ,asl+...+si+1), T*i (asl+...+si, ce ,asl+...+sl._l+1),
Fii-1 (asl+...+sl.71 yeees asl+...+si72+1), ceey F (Clsl yeees al))

i+ T|—1 l
- E (_1)T1+| | E Tr(ad?""ai+l+1’m¢4(ai+l""’
+l=d+1,rl>1
Tizdl ajy1),4di,....ay))

If we write the right-hand-side of the above formula for short as

> mp(@.....6.T.F.....F)= Y T(d.....Jd.mu.1d,....1d),
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then for 7y € Homg(Fy, F1) and 77 € Homg(F7, F2), we have
mZQ(Tl,T())=ZmB(fz,...,fz,Tl,]:l,...,]:l,T(),]:(),...,]:()),

and similar formulas apply to higher differentials m‘é for d > 2. Note that there is

no m 4 involved in m‘é for d > 2.

Those T for which mIQ(T) = 0 are the module homomorphisms, and H(T) in H(Q)
descends to a natural transformation between H(F) and H(G) under the map

H(Nu-fun(A, B)) — Nu-fun(H(A), H(B)),

where Nu-fun(H (A), H(B)) denotes for the category of (linear, graded) functors from
H(A) to H(B) and their natural transformations. Assume F,G: A — B are two
Aoso—functors such that F(X) = G(X) for every X € Ob(A). Then F and G is called
homotopic if there is T € Homél(}", G) such that mIQ(T)d = g9 — F9. We have
H(F) = H(G) if F and G are homotopic.

Let A, 15 be c—unital 4, —categories. A functor F: A — B is called c—unital if H(F)
is unital. Then the full subcategory fun(A, B) C Q consisting of c¢—unital functors is a
c—unital A.,—category.

A c—unital functor F: A — B is a quasiequivalence if H(F): H(A) — H(B) is an

equivalence of categories.

B.2: A,,-modules and Yoneda embedding

In this subsection, we will assume all 4, —categories to be c—unital.
Define the A4, —category of left .4A—modules as
[-mod(A) = fun(A4, Ch).

Explicitly, any M € /-mod(.A) assigns a cochain complex M (X)) to each object X
and we have

m&: Homa(Xq_1, Xg) ® -+ ® Hom 4(Xo, X1) ® M(Xo) - M(Xg)[2—d]
with the property that
> ma(d, I mag) + Y maq(d, .. I mg I, 1) = 0,
where there is at least one Id after »2 4 in the second term.

An important example of a left .A-module is J~JXO for Xy € Ob A defined as SJXO(X )=
Hom 4 (X, X) and y;ﬁo coincides with mi.
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The category of right .A-modules mod(A) (following usual convention, we do not de-
note it by r—mod(.A)) can be defined similarly as fun(A°PP, Ch). An important example
is Yy, defined as Yy, (X) = Hom4(X, Xp) and this gives the Yoneda embedding
V: A— mod(A),
X yX.

For ¢; € Homy(Y;—1.Y;), 1 <i =d,
V(cg ... 1)k Yy, (Xi) ® Homg(Xj—1, X)) ® - - ® Hom 4 (Xo, X1) — Yy, (Xo)

is mﬁ+d+1(cd, ....c1,bag, ... ay) for b € Yy, (Xy) and a; € Homy(X;—1, X;).
Note that mod(A) is a dg—category, and the Yoneda embedding ) is cohomologi-
cally full and faithful. This gives a construction showing that every A,—category is

quasiequivalent to a (strictly unital) dg—category, ie its image under ).

For F: A — B, we can define the associated pullback functor
F*: mod(B)(resp. I-mod(3)) — mod(A)(resp. /-mod(A)),
M= Mo F.

B.3: A, -triangulation

Recall that a triangulated envelope of an A, —category A is a pair (B, F) of a trian-
gulated A.,—category and a quasiembedding F: A — B such that B is generated by
the image of objects in .A. We refer the reader to [18, Section 3, Chapter 1] for the
definition of triangulated A,—categories. Any two triangulated envelopes of A are
quasiequivalent.

There are basically two ways of constructing Ao —triangulated envelope. One is to
take the usual triangulated closure of the image of A under the Yoneda embedding
in mod(A), since mod(.A) is triangulated. The other is by taking twisted complexes
of A which we denote by Tw(.A). The formulation in the definition is a little bit long
and messy, which we do not really need in this paper, so we refer the reader to consult
Seidel [18, Section 3] for a detailed description.

Appendix C: Infinitesimal Fukaya categories

In this section, we review the definition of the infinitesimal Fukaya category on a Liou-
ville manifold, originally from [15]. This section is by no means a complete or rigorous
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exposition of Fukaya categories. One could consult Auroux [2] for a comprehensive
introduction, and Seidel’s book [18] for a complete and rigorous treatment.

Our goal here is to give a rough idea of how the Fukaya category (in the exact setting)
is defined, and what kind of extra structures one should put on the ambient symplectic
manifold and on the Lagrangian submanifolds so to give a coherent definition of the
Aoo—structure. We also include several specific facts about Fuk(7* X'), which will
supplement the main content.

C.1: Assumptions on the ambient symplectic manifold

Let (M,w = df) be a 2n—dimensional Liouville manifold. By definition, M is
obtained by gluing a compact symplectic manifold with contact boundary (Mg, wg =
dt) with an infinite cone (0My x [1,00),d(r0planr,)) along dMg, where r is the
coordinate on [1,00). We require that the Liouville vector field Z , defined by the
property tzw = 6, is pointing outward along dM, and the gluing is by identifying Z
with 70, .

Let J be an w—compatible almost complex structure on (M, w) whose restriction
to the cone dMy X [S, 00) for S > 0 satisfies that Jd, = R, where R is the Reeb
vector field of 76y|yar,x¢r1» and J preserves ker(r 8 |paz,x{r3)» on which it is induced
from J|ypz,x(s)- We will call such a J a conical almost complex structure. It is a
basic fact that the space of all such almost complex structures is contractible. The
compatible metric g will be conical near infinity, ie g = r~'dr? + S~ !rds?, where
ds’=w(-,J)|y Mox{s}- Let H be the set of Hamiltonian functions whose restriction
to dMy x[S, 00) is r for S 3> 0. Note that the Hamiltonian vector field Xg of H € X
near infinity is —rR.

One can compactify M using the cone structure, ie M = My U {[tox : t1] | x €
My, to.t; € RT, tg + t12 = 0}; here [tox : #1] denotes the equivalence class of the
relation (fx,#1) ~ (Afox, Aty) for A > 0. It is easy to see that M = M U M *°, where
we think of an element (x, ) in the cone as [rx : 1] and the points in M *° are of the
form [x : 0].

C.2: Floer theory with Z/2Z —coefficients and gradings

To obtain well-defined Floer theory for noncompact Lagrangian submanifolds, we
should be more careful about their behavior near infinity. First we restrict ourselves in
some fixed analytic-geometric setting C, and require that the Lagrangians L we are
considering satisfy L is a C-setin M (see Appendix A.3). Second, we need to ensure
compactness of holomorphic discs with Lagrangian boundary conditions. A sufficient
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condition for this is the tameness condition following Sikorav [19]. We will discuss
this in more detail in the next section.

Recall the Floer theory defines for each pair of Lagrangians L, L, in M a Z /27—
graded cochain complex

1 cF*(Lo. L= @ 2/224p).0cx).
peLoNL
(C-2) dcr(p)= Y #M(p.q:Lo. L1)*" g
geLiNL,

where M(p, ¢; Lo, L1)*4 is the quotient (by R—symmetry) of the (k +1)—dimensional
locus of the moduli space M(p, q; Lo, L) of holomorphic strips, starting from ¢,
ending at p and bounding Ly, L1, ie a map

u: Rx[0,1]-> M

such that

(C-3) s_lillloo u(s,t)=gq, liT u(s,t) = p,

(C-4) u(R x {0}) C Ly, u(Rx{l})CLl,
0,1 _ du _

(C-5) (du)®! = 0(¢> ot J yu - o)

There are always several technical issues to be clarified in the above definition.

(a) Transverse intersections Implicit in (C-1) is the step of Hamiltonian perturbation
to make Lo and L transverse. Let L{° denote~Z,~ NM®. If LENLY = 0o,
then one chooses a generic Hamiltonian function H, whose Hamiltonian vector field
vanishes on L outside a compact region, and replaces L; by ¢’ (L) for small
t>0.1f LG N LY # 2, then one replaces L by ¢t (Ly) for a generic H € 1. It
can be shown that ¢, (L) will be apart from L3° for sufficiently small # > 0. The
invariance of Floer theory under Hamiltonian perturbations ensures that the complex
CF*(Ly, L) is well defined up to quasi-isomorphisms.

(b) Regularity of moduli space of strips One views the d—operator on u, ie (du)%',
as a section of a natural Banach vector bundle over a suitable space of maps u satisfying
(C-3) and (C-4). Then /\/l( P.q; Lo, L1) becomes the intersection of 9 with the zero
section. We need the intersection to be transverse, and this is equivalent to the linearized
operator D, (a Fredholm operator) of 9 at any u € 91 (0) being surjective. In many
good settings (including the cases in Fuk(7* X)) this is true for a generic choice
of J, which we will refer to as a regular (compatible) almost complex structure. Then
by Gromov’s compactness theorem, M(p,q: Lo, L1)%¢ is a compact manifold, so
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fM(p.q; Lo, L)% is finite. Different choices of regular J give cobordant moduli
spaces, therefore the number does not depend on such choices (note that we are working
over Z /27, so we do not need any orientation on M(p, q; Lg, L1) to conclude this).
More generally, one would need to introduce time-dependent almost complex structures
and Hamiltonian perturbations to achieve transversality.

(o) 3%F = 0 This is ensured when no sphere or disc bubbling occurs, and it holds for
a pair of exact Lagrangians Lo, L1, ie 6|r; is an exact 1-form for j =0, 1. To verify
this, one studies the boundary of the 1-dimensional moduli space M(p,q; Lo, L)'
of holomorphic strips starting at ¢ and ending at p, and realizes that they are broken
trajectories corresponding exactly to the terms involving ¢ in 8%F (p). Since the number
of boundary points is even, 8(2:F =0.

(d) Gradings For any holomorphic strip # connecting ¢ to p, the Fredholm index of
the linearized Cauchy—Riemann operator D, “in principle” gives the relative grading
between p and ¢. The index can be calculated by the Maslov index of u defined as
follows. A strip R x [0, 1] is conformally identified with the closed unit disc D, with
two punctures on the boundary. Then one can trivialize the symplectic vector bundle
u*TM over the closed unit disc, and think of T pLj,TyLj for j =0,1 as elements
in the Lagrangian Grassmannian LGr(R2", @), where wy is the standard symplectic
form on R?”.

By a standard fact from linear symplectic geometry, there is a unique set of num-
bers {o € (—%, 0)}k=1,....» such that relative to an orthonormal basis {vy,...,vs}
of TpLo, TpL; is spanned by eznﬁ“kvk for k = 1,...,n. One could con-
sult Alston [1, Lemma 3.3] for a proof. Since we use it in Proposition 5.2, we
discuss this in a little more detail. First, this property is invariant under U(n)-
transformation, so we can assume 7,Lo =R" CR" @ V—1R™. There is a standard
way to produce a unitary matrix U such that 7, L{ = U - T, L(, namely choose
a symmetric matrix 4 in GL,(R) for which T,L; = (4 + V-1I)-T p»Lo, then
let U = (A + v/—11)(A% + I1?)~Y/2. Also for any B + +/—1C € U(n) satisfying
TyLy =U-TyLo, we have B+ ~/—1C = (A4 +/—11)(A% + 1?)~/20 for some

O € O(n), and BC~! = A. Now let {vy,...,v,} be an orthonormal collection of
eigenvectors of A4, hence of U as well, and let
6271«/—710117 . eZanlak’ aj € (_%70)

be their corresponding eigenvalues of U. Then {a;};j—1,.. , is the desired collection
of numbers.

Then Ap (1) 1= Span{ez”ﬁ“f’vj} e LGr(R?", wy), t €[0, 1] is the so called canonical
short path from T, L to Tp L. Let A4 be the canonical short path from 7, L to
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TyLy, and £, j = 0,1 denote the path of tangent spaces to L; from ¢ to p in
u*TM |yp . Then the Maslov index of u, denoted as p(u), is defined to be the Maslov
number of the loop by concatenating the paths £o,A,, —€1, —Aq4.

In general, pu(u) depends on the homotopy class of u, so would not give well-defined
relative degree between p and ¢. But if Ly, L are both oriented, we have a well-
defined grading, namely, deg(p) = 0 if A, takes the orientation of L into the
orientation of L, otherwise, deg p = 1. In the next section, we will see that under
certain assumptions, we will not only get Z/27Z—gradings on the Floer complex, but
Z—gradings.

Product structure Consider three Lagrangians L, L1, L,, then one can define a
linear map

m: CF*(LI, Lz) ®CF*(L0, Ll) — CF*(L(), Lz),

m(ay,ap) = Z tM(ao, ay,az; Lo, L1, L2)" - ay;
aeLoNLy

M(ag,ay,az; Lo, L1, L)% is the 0—dimensional locus of the moduli space of equiv-
alence class of holomorphic maps

us (D,40,1,2}) — (M, {ag, a1, a2}), u(iG + 1)) C Li,i € Z/(37),

where 0, 1,2 are three (counterclockwise) marked points on dD, and i (i + 1) denotes
the arc in dD connecting i and i 4+ 1. The equivalence relation is composition with
conformal maps of the domain. Since the conformal structure of a disc with three
marked points on the boundary is unique (and there is no nontrivial automorphism),
we can just fix a conformal structure once for all.

As before one needs to separate Lg, L, L, near infinity if necessary, and the sep-
aration process obeys a principle called propagating forward in time. Namely one
replaces L; by ¢;;i (L;), forsome H; € H,i =0, 1,2, and the choices of (#;,11,%y) €
Ri should be in a fringed set (see Definition A.6). The regularity issue about
Mlag,ay,a,; Lo, L1, Ly) is similar to that of (b).

Similarly to (c), by looking at the boundary of M(ag,a;,as; Lo, L1, Ly)'9, one
concludes

m(dck-,) +m(-,0cg-) + dcpm(-,-) =0.

This means that m induces a multiplication on the cohomological level HF*. We will
see later that m is not strictly associative, but associative up to homotopy.
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C.3: (Infinitesimal) Fukaya category of M

The preliminary version of the Fukaya category (with Z /27 —grading, and over Z/27.—
coefficients), is an upgrade of the Floer theory, which uncovers much richer structure,
the Ao —structure, of Lagrangian intersection theory. One not only studies dcg and m,
but also studies for each sequence of n + 1 Lagrangians the higher compositions "

1 CF*(Ly—1, L) ® - ® CF*(Ly, Ly) ® CF*(Lo, L) — CF*(Lo, Ly)[2—d],
Md(ad—l,---,alaao) = Z fiM(ag.ay,....ag: Lo, Ly,...,Lg)*% ay,

ageLoNLy
where the moduli space M(aq,ay,...,aq; Lo, L1, ..., L)%Y is defined similarly as
before. Assuming regularity of the moduli spaces and no bubblings (ensured by La-
grangians being exact), the boundary of M(ag,aq,...,aq; Lo, Ly,..., Ld)l'd gives

us the identity (B-1).

Now let us discuss the (final) version of Fukaya category with Z—gradings and C—
coefficients. We first collect several basic notions about 7* X" which we will use in
later discussions.

C.3.1: Some basic notions about 7*X (a) Almost complex structures A com-
plex structure, called the Sasaki almost complex structure Jgas on T* X , is defined as
follows. For any point (x, &) € T* X, there is a canonical splitting

T(x,g)T*X =Ty Tf,

using the dual Levi-Civita connection on 7* X', where Ty denotes the fiber direction
and 7} denotes the horizontal base direction. The metric also gives an identification
J: Tp — Ty and it induces a unique almost complex structure, Jgg45, by requiring
Jsas(v) = —j(v) for v e Ty.

Since T*X is a Liouville manifold, one can use the construction in Appendix C.1
to get a conical almost complex structure, by requiring J|\g= = Jsas||g|=r for r
sufficiently large, and J = Jg,4s near the zero section. We will denote any of these
almost complex structures by Jeop -

(b) Standard Lagrangians Given a smooth submanifold ¥ C X and a defining
function f for dY which is positive on Y, we define the standard Lagrangian

(C-6) Ly =Ty X +Tg100f CT " X|y.
It is easy to check that Ly, s is determined by f|y.

In the main content, we often restrict ourselves to standard Lagrangians defined by an
open submanifold V' and a semidefining function of V' (see Remark A.3).
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(c) Variable dilations Consider the class of Lagrangians of the form L = D'y,
where f is a function on an open submanifold U with smooth boundary, and dU
decomposes into two components (U )i, and (0U )oue such that limy_, 3¢ f(x) =—00
and limy_, 5y, f(x) = +o00.

The variable dilation is defined by the following Hamiltonian flow. Choose 0 < 4 <
B <1 and a bump function b4 g: R — R, such that b4 p(s) = s on [log B, —log B]
and |by p(s)| = —log V' AB outside [log A4, —log A]. We assume that by, p is odd
and nondecreasing. Take a function Di p Which extends bg,gon*f tothe whole
T*X . The Hamiltonian flow (pi)A{!B fixes Llx; . _,,.> dilates L|x,__ ., by the
factor 1 —¢, and sends L to a new graph.

C.3.2: Compactness of moduli space of holomorphic discs: Tame condition and
perturbations As we mentioned in the last section, we need a certain tameness
condition to ensure the compactness of the moduli space of holomorphic discs bound-
ing a sequence of Lagrangians. The tameness condition adopted here is from [19,
Definitions 4.1.1 and 4.7.1]; (M, J) is certainly a tame almost complex manifold in
that sense. For a smooth submanifold N, let dy(-,-) denote the distance function
of the metric on N induced from M . The tameness requirement on a Lagrangian
submanifold L is the existence of two positive numbers 67, Cy, such that within any
87 —ball in M centered at a point x € L, we have dy (x,y) < Crdpy(x,y),y € L,
and the portion of L in that ball is contractible.

The main consequence of these is the monotonicity property on holomorphic discs
from [19, Proposition 4.7.2(iii)].

Proposition C.1 There exist two positive constants Ry ,ay , such that for all v < Ry,
x € M, and any compact J—holomorphic curve u: (C,0C) — (B(x), 0B(x) U L)
with x € u(C), we have Area(u) > art>.

Remark C.2 As indicated in [15], the argument of this proposition is entirely local,
one could replace the pair (M, L) by an open submanifold U C M together with a
properly embedded Lagrangian submanifold W in U satisfying the tame condition. In
particular, if M =T*X and W is the graph of differential of a function f over an open
set which is C!—close to the zero section, ie the norm of the partial derivatives of f
has uniform bound, then one can dilate W towards the zero section, and get a uniform
bound for the family (e - U, € - W). More precisely, one could find R..;y = € Ry and

Aew = aw .

With the monotonicity property, one can show the compactness of moduli of discs bound-
ing a sequence of exact Lagrangians L1, ..., Ly using a standard argument. Moreover,
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assume M = T*X, and consider the class of Lagrangians in Appendix C.3.1(c), then
we have better control of where holomorphic discs can go bounding a sequence of such
Lagrangians; see the proof of Lemma 4.3 and [15, Section 6.5] for more details.

C.3.3: Gradings on Lagrangians and Z-grading on CF* Let

LGH(TM) = U LGr(Tx M, wy)
xeM

be the Lagrangian Grassmannian bundle over M . To obtain gradings on Lagrangian
vector spaces in 7'M , we need a universal Lagrangian Grassmannian bundle

LGH(TM),

and this amounts to the condition that 2¢1(7'M) = 0. Choose a trivialization « of the
bicanonical bundle x®2, and a grading to y € LGr(Tx M, wy) is a lifting of the phase
map ¢(y) = a(A"y)/|a(A"y)| € S' to R.

The condition 2¢{(TM) = 0 holds if M = T*X for an n—dimensional compact
manifold X', because the pullback of A”7T T*X to the zero section X is just oty ® C,
where otvy is the orientation sheaf on X. Since otg?z is always trivial, and X is
a deformation retract of 7*X, we get ¢;(TT*X) is 2—torsion. In fact, given a
Riemannian metric on X, 0t§2 is canonically trivialized, and the same for xk®2.

For a Lagrangian submanifold L in M, we define a grading of L to be a continuous
lifting L — R to the phase map ¢7: L — S!. The obstruction to this is the Maslov

class up = ¢;p € H'(L,Z), where B is the class representing the 1 € H'(S!,7Z).

Proposition C.3 Standard Lagrangians and the local Morse brane Ly r in T*X both
admit canonical gradings.

The reason that all these Lagrangians admit canonical grading is that they are all
constructed by (properly embedded) partial graphs over smooth submanifolds. Suppose
there is a loop © C L such that (¢7)|q: 2 — S! is homotopically nontrivial. Since
is contained in a compact subset of L, one can dilate L so that when € — 0, T'(e-L)|q
is uniformly close to the tangent planes to the zero section if L = Ly g orto Ty X
if L = Ly, ¢. Itis easy to check that 7y X" has constant phase 1 (resp. —1) if ¥
has even (resp. odd) codimension, so admit canonical grading 0 (resp. 1). Then we
get a contradiction, because the homotopy type of the map (¢e.1)|c.Q: €2 — S is
unchanged under dilation, and L has a canonical grading.
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Given two graded Lagrangians L;,6;: L; - R, i =0,1, then forany pe LoN L,
(assuming transverse intersection), we can define an absolute Z—grading of p

n
(C-7) degp=061—06o— ) wi,
i=1
where o;,i = 1,...,n are constants defining the canonical short path from Lg to L;
in Appendix C.2(d).

It is easy to check that ind(x) = deg ¢ — deg p for any holomorphic strip # connect-
ing g to p for q, p € Ly N L, and the absolute Z—grading gives the Z—grading of
CF*(Ly, L) for two graded Lagrangians. For more details, see [1, Section 4].

C.3.4: Pin-structures Recall that Pin™ (n) is a double cover of O(n) with center
7)27. x Z./]27.. A Pin—structure on a manifold M of dimension 7 is a lifting of the
classifying map M — BO(n) of TM toamap M — BPin™ (). The obstruction to the
existence of a Pin—structure is the second Stiefel-Whitney class w, € H*(M,Z/27).
The choices of Pin—structures form a torsor over H'(M,Z/27).

For any class [w] € H*(M,Z/2Z), one could define the notion of a [w]-twisted
lfiln—structure on M . Fix a Cech representative w of [w], and a Cech cocycle t €
C (X, O(n)) representing the principal O(n)-bundle associated to 7'M . Then choose
a Cech cochain @ € C (X, Pin™ (1)) which is a lifting of 7 under the exact sequence

0 C'(x,2/22) - ' (X, Pint (n)) = C' (X, O(n)) = 0.

We say w defines a [w]—twivsged Pin—structure if the Cech-coboundary of ', which
obviously lies in the subset C™ (X, Z/27Z), is equal to w. It is clear that the definition
does not essentially depend on the choice of cocycle representatives, and the set of
[w]-twisted Pin—structures, if nonempty, forms a torsor over H'(M,7Z/27).

Fix a background class [w] € H?(M, Z/2Z), and for any submanifold L C M , define
a relative Pin—structure on L to be a [w]|p —twisted Pin—structure. Here we fix a
Cech-representive of [w], and use it for all L. Note that the existence of a relative
Pin—structure only depends on the homotopy class of the inclusion L < M .

Now let M = T*X and fix 7*w,(X) as the background class in H?(M,Z/27) and
a relative Pin—structure on the zero section. For any smooth submanifold ¥ C X, the
metric on X gives a canonical way (up to homotopy) to identify 7y X near the zero
section with a tubular neighborhood of Y in X, hence there is a canonical relative
Pin—structure on 7'y X" by pulling back the fixed relative Pin—structure on X . Since the
inclusion Ly, <> M in (C-6) is canonically homotopic to the inclusion Ty X < M
by dilation, and similarly for Ly g < M with T;X < M, we have the following.
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Proposition C.4 The Lagrangians Ly, s and L g have canonical Pin—structures.
C.3.5: Final definition of Fuk(M) Fix a background class in H%(M,Z/27).

Definition C.5 A brane structure b on a Lagrangian submanifold L C M is a pair
(¢Z, P), where & is a grading on L and P is a relative Pin—structure on L.

Recall that we need tame Lagrangians to ensure compactness of moduli of discs, but
there are many Lagrangians, eg many standard Lagrangians in 7* X', which are not
tame, but admit appropriate perturbations by tame Lagrangians. Therefore the following
is introduced in [15].

Definition C.6 A tame perturbation of L is a smooth family of tame Lagrangians L,
t € R, with Ly = L such that:

(1) Restricted to the cone My X [1,00), the map ¢ xr: L;|,~5 — R x (S, 00) is
a submersion for S > 0.

(2) Fix a defining function my for L C M ; we require that for any € > 0, there
exists Ze > 0 such that L; C Ne(L) :={my <€} for |t <.

Note it is enough to define the family over an open interval of 0 in R.

Now we define Fuk(M). An object in Fuk(M) is a triple (L, b, E) together with
a tame perturbation {L;};ecr of L, where (L, b) is an exact Lagrangian brane, £
is a vector bundle with flat connection on L. It is clear that any element in the
perturbation family L; canonically inherits a brane structure, and a vector bundle with
flat connection from L. In the following, we still use L to denote an object.

It is proved in [15, Lemma 5.4.5] that every standard Lagrangian admits a tame
perturbation. So for each pair (U, m) of an open submanifold U C X and a semidefining
function m of U, there is a standard object in Fuk(T*X), which is the standard
Lagrangian Ly, equipped with the canonical brane structures, a trivial rank-1 local
system and the perturbation in [15, Lemma 5.4.5].

The morphism space between Lo and L is the Z—graded Floer complex enriched by
the vector bundles

Hompuary (Lo, L) =1 @) Hom(&olp. £11p) ®c C(p)[—deg(p)].
peLonNL,
Implicit in the formula is to first do Hamiltonian perturbations to Ly and L (as objects

in Fuk(M)) as in Appendix C.2(a), and then replace the resulting Lagrangians by
their sufficiently small tame perturbations. In Section 4.2, we choose certain conical
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perturbations to L g and Ly which combines the Hamiltonian and tame perturbations
together.

The relative Pin—structures on the Lagrangian branes enable us to define orientations
on the moduli space of discs, and gives the (higher) compositions over C,

1?: Hompy(ary (La—1. Lg) ® - ® Hompy(ary (L1, L2) ® Hompy(ary (Lo, L1)
— Homgpy(ar) (Lo, Lg)[2 —d]
1 (Pa—1 ®aq_1.....¢1 ®a1. o ®a0) = Y Y sen(u)-¢u ®aq.
ageLoNLy uemM

where M = M(ag,ay,...,aq; Lo, Ly,...,Lg)%Y, ¢;i € Hom(Eila;, Eiv1la;) for
i=0,...,d—1,and ¢, € Hom(&p|a, . Eqla,) associated to a holomorphic disc u is
the composition of successive parallel transport along the edges of u# and ¢; on the
corresponding vertices.
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