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Desingularization of G, manifolds
with isolated conical singularities

SPIRO KARIGIANNIS

We present a method to desingularize a compact G, manifold M with isolated
conical singularities by cutting out a neighbourhood of each singular point x; and
gluing in an asymptotically conical G, manifold N;. Controlling the error on
the overlap gluing region enables us to use a result of Joyce to conclude that the
resulting compact smooth 7—manifold M admits a torsion-free G5 structure, with
full G, holonomy.

There are topological obstructions for this procedure to work, which arise from the
degree 3 and degree 4 cohomology of the asymptotically conical G, manifolds N;
which are glued in at each conical singularity. When a certain necessary topological
condition on the manifold M with isolated conical singularities is satisfied, we can
introduce correction terms to the gluing procedure to ensure that it still works. In the
case of degree 4 obstructions, these correction terms are trivial to construct, but in the
case of degree 3 obstructions we need to solve an elliptic equation on a noncompact
manifold. For this we use the Lockhart—-McOwen theory of weighted Sobolev spaces
on manifolds with ends. This theory is also used to obtain a good asymptotic
expansion of the G, structure on an asymptotically conical G, manifold N under an
appropriate gauge-fixing condition, which is required to make the gluing procedure
work.

53C29; 58J05

1 Introduction

This is the first of two papers in which we study conical singularities for G, manifolds.
The present paper deals with the desingularization of G, manifolds with conical singu-
larities by gluing. The next paper [24] is about the deformation theory (moduli spaces)
of such manifolds and of the closely related asymptotically conical G, manifolds. We
use the same notation and occasionally mention some results from [24]. However,
this paper is completely self-contained. All the results we use from other sources are
carefully stated.

The main theorem we prove in this paper is the following. The notation and terminology
used in this theorem will all be defined in Sections 2 and 3.
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Main Theorem (Theorem 3.28) Let M be a compact G, manifold with isolated con-

ical singularities, with singularities x1, ..., Xy, cones Cy, ..., C, andrates (1, ..., lin,
respectively. Suppose that we have asymptotically conical G, manifolds Ny, ..., Ny,
with the same cones C1,...,C, and rates vy, ..., vy, respectively, with each v; < —3.

If the topological conditions (74) and (75) of Theorem 3.10 are satisfied, then there
exists a one-parameter family Mg of smooth, compact G, manifolds, for 0 < s < &,
(with holonomy exactly equal to G, ), which desingularize M .

The study of manifolds with isolated conical singularities (ICS) or of asymptotically
conical (AC) manifolds in the context of special holonomy and calibrated geometry
was initiated by Joyce in his series of papers [20; 21; 22; 23; 19] about special
Lagrangian submanifolds with ICS. Marshall [33] and Pacini [36] studied AC special
Lagrangian submanifolds of C”, and Lotay [31; 32; 30] studied coassociative AC and
ICS submanifolds of G, manifolds. The results in the present paper most closely relate
to the work of Chan [11; 10; 12] on AC and ICS Calabi—Yau 3—folds.

For those readers who are familiar with the papers [11; 12], the main differences
between the G, case of the present paper and the Calabi—Yau 3—fold case studied by
Chan are the following. There are two sources of topological obstructions, coming
from the 3—form ¢ and the 4—form ¢ of a G, structure, compared to just the one
source coming from €2 in the Calabi—Yau case. The solution to 3—form obstructions
is very similar to the approach of Chan [12], except that we can use the full d 4+ d*
operator rather than having to restrict to a subcomplex, but we need to also obtain
excluded ranges for the orders of homogeneity for harmonic 2—forms, in addition to the
O0—forms and 1-forms which are needed in the Calabi—Yau 3—fold case. The solution
to 4—form obstructions cannot be obtained in the same way, for technical reasons, but
there turns out to be a much easier way to deal with those. Also, Chan assumes that the
asymptotically conical manifolds used in the gluing already admit a good asymptotic
expansion near infinity (and he shows that this does hold in the examples he discusses.)
We prove that under a natural gauge-fixing condition, a good asymptotic expansion
which allows the gluing construction to succeed always exists.

We now discuss the organization of this paper. Section 1.1 is a review of the main facts
about G, manifolds which we require. More thorough discussions of G, structures
can be found in Bryant [7] and Joyce [18].

Section 2 is about G, manifolds modelled on cones. In Section 2.1 we treat G, cones,
and in Section 2.2 we present several results about differential forms on G, cones
which we will need later. Sections 2.3 and 2.4 discuss, respectively, G, manifolds with
isolated conical singularities (ICS) and asymptotically conical G, manifolds (AC),
including the known explicit examples in the AC case.
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In Section 3 we present the details of the desingularization procedure as three steps.
Step one in Section 3.1 is concerned with constructing a compact smooth manifold M. s
for all s sufficiently small. Then in step two in Section 3.2 we construct a family ¢, of
closed G, structures on M. s with small torsion. It is at this stage where we require two
analytic results, which are described here, but whose proof is postponed until later in
the paper. The first result involves the existence of a good asymptotic expansion near
infinity for the G, structure of an asymptotically conical G, manifold. The second
result is concerned with topological obstructions to the gluing procedure that can arise
and their resolution. Finally in step three of the desingularization procedure in Section
3.3 we obtain estimates to show that the torsion of ¢, is small enough to invoke a
theorem of Joyce that gives the existence of a torsion-free G, structure @ on M; for
s sufficiently small.

In Section 4, we briefly review and summarize the relevant results which we will need
from the Fredholm theory on weighted Sobolev spaces for noncompact manifolds with
ends. Section 4.1 is about manifolds with isolated conical singularities, while Section
4.2 is about asymptotically conical manifolds.

In Section 5 we discuss how to overcome the topological obstructions to our gluing
procedure of Section 3.2 when a certain necessary condition is satisfied, by explaining
how to explicitly construct “correction forms” to be able to carry out the construction
in the obstructed case. In Section 5.1 we deal with the case of 3—form obstructions,
and in Section 5.2 we handle the 4—form obstructions.

Finally, in Section 6 we prove that a good asymptotic expansion exists for an asymptot-
ically conical G, manifold which satisfies a natural gauge-fixing condition.

Conventions There are two sign conventions in G, geometry. The convention we
choose to use is the one used in Bryant—Salamon [8] and in Harvey—Lawson [16], but
differs from the convention used in Bryant [7] or Joyce [18]. A detailed discussion
of sign conventions and orientations in G, geometry can be found in the author’s
note [25].

The letter C is used in two ways: to denote a cone or to denote a positive constant. The
use will always be clear from the context. When we are estimating various quantities,
the value of C > 0 will change from step to step in the calculations, but we will
always use the same letter C to denote it, to avoid a proliferation of notation. We use
f = O(r) to mean that f < Cr for some C > 0 as r — 0 (when we are working near
a singularity), or as ¥ — oo (when we are working on an asymptotic end at infinity.)

One fact we will use repeatedly is that for any form w, the exterior derivative dw is
obtained by the skew-symmetrization of the covariant derivative Vw, so there is some
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C > 0 such that
(1) |dw| < C|Vw|, |Vdw| < C|V?w.
Also, we have
|d*w| =|*d *w| =|d *w| < C|Vxw| = C|* Vw| = C|Vo|

using the fact that d* = &+ * d* and that * is an isometry and commutes with V. Thus
we also have

) d*w| < C|Vo|.
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1.1 Review of G, manifolds

Recall that a G, structure on a connected smooth 7-manifold M is described by
a smooth 3—form ¢ satisfying a certain “nondegeneracy” condition. When such a
structure exists, there is an open subbundle Qi of the bundle 3 of 3—forms consisting
of nondegenerate 3—forms, also called positive or stable 3—forms. A G, structure ¢
determines a Riemannian metric g, and an orientation vol, in a nonlinear way. Thus
¢ determines a Hodge star operator %, and ¥ = *,¢ is the dual 4—form which is an
element of the bundle Qi of positive 4—forms.

Definition 1.1 A G, manifold is a connected manifold with a G, structure (M, ¢)
such that ¢ is parallel with respect to the Levi-Civita connection V determined by g, .
That is, Vg, ¢ = 0. Such a G, structure is also called rorsion-free. In this case the
Riemannian holonomy Holg (M) of (M, g,) is contained in the group G, € SO(7).
If the fundamental group (M) is finite, then the holonomy of g, is exactly G,.
(See Joyce [18] for more details.)

Remark 1.2 A G, manifold is always Ricci-flat, and by Fernandez—Gray [13], a
G, structure ¢ is torsion-free if and only if it is both closed and coclosed: d¢ = 0 and
dy =0.
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The space 23 of 3—forms on a manifold with G, structure ¢ decomposes as
(3) Q' =0]8Q;0Q;,

into irreducible G, representations. Similarly we have a decomposition of the space
Q2 as

4) Q*=Q2eQ3,,

as well as isomorphic splittings of A% and A° given by the Hodge star of the above
decompositions: A;‘ = *(p(Az_k ). When the G, structure is torsion-free, these
decompositions are preserved by the Hodge Laplacian A = dd* + d*d . The essential
aspect of this fact that we will need is the following. Suppose f is any function and w
is any 1-form on a G, manifold M . Then

(5) A(fp) =(AS)e, A(SY) =(ANY,
(6) Alw Ap) = (Aw) A @, Alw AY) = (Aw) A Y.

The identities in (5) can be proved using just the fact that ¢ and 1y are parallel, while the
identities in (6) also require the fact that G, manifolds have vanishing Ricci curvature.

Let ®: Ai — Ai be the nonlinear map which associates to any G, structure ¢, the
dual 4—form ¥ = ©(¢) = *,¢ with respect to the metric g, associated to ¢. One
result which will be crucial is the following. This is Proposition 10.3.5 in Joyce [18],
adapted to suit our present purposes.

Lemma 1.3 Suppose that ¢ is a G, structure with induced metric g, and dual 4—form
Y = *,¢. Let & be a 3—form which has sufficiently small pointwise norm with respect
to gy, so that ¢ + & is still nondegenerate. Then we have

D Ol =v g (31 + O 72® ) + Fol®)

where 1y, is the projection onto the subspace 2 ,3€ with respect to the G, structure ¢.
The nonlinear function F,: Q3 — Q* satisfies

®)  Fp(0)=0, [Fp®)I=CIEIP  |VF (&) = C(I81% Vol + €] VE),

for some C > 0, where the norms and the covariant derivatives are taken with respect
to gy.
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Remark 1.4 It is clear that the same sort of result holds for the map ©~': Q4 — Q3.
That is, if n is a 4—form with sufficiently small pointwise norm, then

_ 3
© oW =gt sy (310 + 100 - 1)) + Gyl
where 7 is the projection onto 2} with respect to ¢ and G,: Q* — Q? satisfies
(10)  Gy(0)=0, |Gu(D|=Clnl>, [VGo(m)| = C(In]*[Vel + nl|Val),

for some C > 0.

It will be convenient to define the linear operator J: Q% — Q3 given by
3
(11) Jo() = *¢ (an(n)+”7(n)_ﬂ27(n))~

Then Equation (9) becomes ®~1 (1 +1) = ¢+ J,(17) + G4 (1)) . Given explicit formulas
for m; and 77, as can be found for example in [26], it is not difficult to verify that

(12) [Jo(m] = Clnl, Vo] = C (Inl[Vel + Vi),

which we will need in Section 3.3 to estimate the torsion of the G, structure we
construct by gluing in Section 3.2.

2 G, manifolds modeled on cones

In this section we discuss G, manifolds which are modeled on cones. Specifically
these are: G; cones, G, manifolds with isolated conical singularities (ICS) and
asymptotically conical G, manifolds (AC).

2.1 G, cones

Let £° be a compact, connected, smooth 6—manifold. An SU(3) structure on X
is described by a Riemannian metric gx, an almost complex structure J which is
orthogonal with respect to gy, the associated Kihler form w(u, v) = g5 (Ju, v) which
is real and of type (1, 1) with respect to J and a nonvanishing complex (3, 0)—form 2.
The two forms are related by the normalization condition

1 S
(13) voly = =0 = lgsz AR = JRe(2) AIm(Q).

Such a structure exists whenever ¥ admits an almost complex structure and ¢ (X) = 0,
so that the canonical bundle A3 of X is topologically trivial and a nonvanishing

Geometry & Topology, Volume 13 (2009)



Desingularization of G, manifolds with isolated conical singularities 1589

section €2 exists. Then we can always scale €2 by a nonzero complex valued function
to ensure that (13) holds.

Definition 2.1 The manifold X6 with SU(3) structure (w, ) is called strictly nearly
Kdihler, or a weak SU(3)manifold, if the following equations are satisfied:

2
(14) dsw = —3Re(Q), dsIm(Q) = 4 “’7

Remark 2.2 All strictly nearly Kihler 6—manifolds can be shown to be Einstein, with
positive scalar curvature. It then follows from the Weitzenbock formula that in the
compact case, the first Betti number vanishes: b;(X) = 0. Some references for strictly
nearly Kéhler manifolds are Bir [3], Reyes-Carrion—Salamon [37] and Gray [14; 15].

The following result is proved in Bér [3].

Proposition 2.3 Let X be strictly nearly Kihler. Then there exists a torsion-free
G, structure (pc, V¢, gc) on C' = (0,00) x . This structure is defined by

(15) oc =r3Re(§2)—r2dV AW,

2
(16) Yo =—ridr Alm(@) —r*=-.
(17) gc =dr’ +rigs,

where r is the coordinate on (0, o0). The metric g¢ in (17) is called a cone metric and
we say C = C'U{0} is a G, cone. In fact for any Riemannian cone C = (0, 00)x XU{0}
with holonomy contained in G, , the holonomy is either trivial, in which case ¥ is the
standard round sphere S® and C is the Euclidean R, or else the holonomy is exactly
equal to G, in which case the link X is strictly nearly Kihler, but not equal to S°.

In this paper, a G, cone will always have holonomy exactly G,, so we exclude the case
where the link is S°. The space C = C’ U {0} is a G, cone, C’ is the smooth part
of C, the point 0 is the singular point of the cone, and X is called the link of the cone.
Notice that 0 = lim,_, o+ (r, o) for any point o in ¥. Now det(gc) = r!? det(gy),
and we choose the orientation on C’ so that

(18) volc = r8dr Avoly
is the volume form on C’.
For any ¢ > 0, we have a dilation map t: C — C defined by

(19) t(0) =0, t(r,o0) = (tr,0).
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If we pull back ¢c, ¥c, gc and volc with respect to t, we see that
t*(pc) =1 c, t* (Vo) =1*ye,

(20)
t*(gc) =1%gc. t*(volc) =t volc,

and we say that the conical G, structure is dilation-equivariant. Similarly any con-
travariant tensor w of degree k such that t*(w) = % is called dilation-equivariant.
A useful property of dilations which we will use frequently is the following. Since
gc;(r,o0) = =2 gc; (tr, o) for vector fields, we see that

@1 (@), 0)lge, (r.o) = 1 |0(17,0) g (110

whenever w is a contravariant tensor of degree k.

Proposition 2.4 The forms ¢¢c and ¥¢ on the smooth part C' of a G, cone C are
exact, and hence the cohomology classes [¢c] and [V ¢] are trivial in H3(C',R) =
H3(Z,R) and H*(C',R) = H*(Z,R), respectively.

Proof By using the relations (14) defining a strictly nearly Kdhler structure on the
link X, it is easy to check that (15) and (16) can be written as

3 4
wc=d(—%ﬂ0, wc=d(—%hmao,

which is exactly what we needed to show. O

There are three known compact strictly nearly Kéhler manifolds (other than the
round S¢), and hence three known G, cones, which we now discuss. They are
all obtained by taking the biinvariant metric on a compact Lie group G and descending
this to the normal metric on G/H for an appropriate Lie subgroup H . In particular,
all these examples are homogeneous spaces. See Bir [3] for more details.

Example 2.5 (The complex projective space CP3) We can view CP3 (diffeo-
morphically) as the homogeneous space Sp(2)/(Sp(1) x U(1)). There is a natural
nonintegrable complex structure on this space, different from the standard one, and the
normal metric is not the Fubini-Study metric, so this CIP3 is not Kahler. This space is
also the twistor space of the standard round S*, which is the unit sphere subbundle of
the bundle A2 (S*) of anti-self-dual 2—forms on S*.

Example 2.6 (The complex flag manifold Fj , = SU(3)/T?) This is the homoge-

neous space SU(3)/T? where T2 = S(U(1) x U(1) x U(1)) € SU(3) is the maximal
torus. This is the space of pairs (V7, V,) where V7 and V5, are complex linear subspaces
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of C3 with V; C V,. This space is also the twistor space of the standard Fubini—Study
CP?2, which is the unit sphere subbundle of the bundle A2 (CIP?) of anti-self-dual
2—forms on CP2.

Example 2.7 (The product of two 3—spheres S* x S3) View S?3 as the Lie group of
unit quaternions, which is isomorphic to SU(2). Thenlet S3xS3 = (§3xS3x$3)/S3
where we embed S3 into S3 x §3 x §3 as the diagonal subgroup. This space is also
the unit sphere subbundle of the spinor bundle $(S3) of the standard round S3.

Remark 2.8 We note for later use that Examples 2.5 and 2.6 both have H3(Z,R) =0
and H*(Z,R) # 0 and that Example 2.7 has H*(Z,R) # 0 and H*(Z,R) = 0.

Remark 2.9 In Butruille [9] it is proved that the above examples are the only homo-
geneous strictly nearly Kihler compact manifolds. It is expected that there should exist
many nonhomogeneous examples, but as far as the author is aware, none have been
found yet.

2.2 Differential forms on G, cones

We will denote by *xy, Vy, dy, d; and Ay the Hodge star, Levi-Civita connection,
exterior derivative, coderivative and Hodge Laplacian of ¥. Similarly ¢, V¢, dc,
dg and Ac will denote the analogous operators for the smooth part C " of the cone C.
We will often abuse notation and say “form on the cone C” when we really mean
“form on the smooth part C’ of C.” The following proposition is a simple exercise.

Proposition 2.10 Let w be a smooth k —form on C . Then we can write

(22) w=drrna+p

where « is a (k—1)—form and B is a k—form on X, both depending on r as a
parameter. We use ' to denote differentiation with respect to the parameter r. The
following formulas hold:

(23) de(dr A(X—i—ﬂ):dl’/\(ﬁ/—dza)-i-(dgﬂ),

@) scdr At B)=dr A((~DFr g ) + (5 F ez a),
(8 — 2k)

1 1
(25)  didr na+B)=dr A (—r—zdga) + (— a—a + r—zdg,@) ,
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and finally

1 8—2k 8—2k 2
(26) Ac(drAa—i-,B):dr/\(—zAga—i-( 5 )a—( )o/—a”——Bd;ﬁ)
r r r r

(6 —2k)
r

+ (%Azﬁ - B —B"— %dZ“) :
r r

Suppose now that « is a (k—1)—form on X and B is a k—form on X. Then from (17)
it is easy to see that

@) ldraalge =r"  Dlaley  and |Blge =17 |Blgy.

from which it follows that

(28) k= dr /\cx—}—rk,[ﬂz,c :|a|§,2+|,3|§2.

For this reason, we will always write a k—form on the cone C’ in the form w =
rK=Ydr A + 1k B for some « and B, which are forms on X possibly depending
on the parameter r. Note that if « and B were independent of r, then w would be
dilation-equivariant, as defined above.

The next lemma is an important result about closed differential forms on a cone C
with certain growth rates near 0 or co.

Lemma 2.11 Let @ be a smooth closed k —form on C' = (0, 00) x X. Suppose that
either

) |olge = O@r*) on (0,6) x X, for A > —k , or
i) |wlge = O(r*) on (R,00) x X, for A < —k.

for some small ¢ or some large R. Then for each case respectively we have that

i) w=dQ forsome (k—1—form Q2 on (0,¢) x X, or
i) w=dQ for some (k—1-form 2 on (R,00) x X,

where in each case, on its domain of definition, Q satisfies |Q2|g. = oMYy, If
we suppose further that 0 < A <1 in case i), then for either case if we also have that
|Véw|gc = O(r*=7), then for this 2 we have |Vé§2|gc = O(r**1=7) forall j > 0.
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Proof Write w(r,0) =dr Aa(r,0)+ B(r,0), where o and § are a (k—1)—form and
a k—form on X, respectively. Since dw = 0, by Equation (23) we have

(29) dsp =0, dsa=p'.
For case 1) let us define
,
Q(r,0) =/ a(t,o)dt.
0

This integral converges since |Q(r,0)|gs. < [y lot(t,0)|gs dt < C [y t*=1* dt < o0,
where we have used (27) and the facts that |a(r, 0)| g (r,0) < Cr* and A +k > 0 by
hypothesis. Note that these hypotheses also show that

30) lin}) B(r,a) =0.

It is clear (since A # —k) that |Q|g. = O(r**1), and so in particular also
(31) 1dQg. = OG").

Now we compute that

r
dQ2(r,o) =dr ANa(r,o0) —{—/ dsa(t,o)dt
ro

=dr na(r,o) + /r B'(t,0)dt =dr Aa(r,o) + B(r,0) — lir%ﬂ(r, o)

=w(r,o)

using (29) and (30). The fact that |Vé§2 lgc = O(r*+1=7) if we know that |Véa)|gc =
O(* 7yisa simple exercise. The constraints on A are sufficient to ensure no loga-
rithmic terms arise from having to integrate 1. The proof of case ii) is analogous,
defining in this case Q(r,0) = foro a(t,0) dt and using the fact that A +k < 0 to
ensure that the integral converges and that lim, o, B(r,0) = 0. O

Definition 2.12 We say that a smooth k& form w on C’ is homogeneous of order A if
(32) o =r**Vdr na +rkB)
where o and § are forms on X, independent of r. Then we see that

— |t)\.+k }u-'rkt

—k
|t*(a))(r, 0)|gc(tr,a) w(r70)|gc(tr,a) =1 l(r, 0)|gc(r,0)’
which we can write more concisely as

(33) t* |0l = 1 |o0]ge
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so the function |w|g. on C’ is homogeneous of order A in the variable r in the usual
sense.

Remark 2.13 It is easy to see that a homogeneous k—form w of order A is dilation-
equivariant (t*(w) = tXw) if A = 0. Similarly it is dilation-invariant (t*(0) = ) if
A=—k.

Remark 2.14 Tt follows directly from (24) that if @ is homogeneous of order A, then
*cw is also homogeneous of the same order A.

Using (23), (25) and (26), for a homogenous k—form w = P (A N rk,B) of
order A, we find that
G4 dew=r*""*Tldr A+ K)B - dsa) + TR ds B,
(35) dEw = r* K 3dr A (—dga) + R0k + 7o+ dEB),
(36)  Acw=r*""*Bdr A (Aga— (A +k—2)(A—k 4+ Ta —2dEB)

+ M2 (A B— (A + k)M —k +5)B —2dsa).
In Section 5.1, we will need to consider the possible order A of a homogeneous k—
form wyp on a cone C which is in the kernel of A, or of a mixed degree form
w = Z,Z=O wy which is in the kernel of d¢ + df.. The fact that we will need to
use repeatedly in the rest of this section is that the Laplacian Ay on the link X has

nonnegative eigenvalues, so whenever we have an expression of the form Ayy = uy
for some p <0 and y a form on X, we must have y = 0.

Proposition 2.15 Let w be a homogeneous k —form of order A which is harmonic on
the cone: Acw = 0. Then we have:

37 Fork =0,7, w=0if A € (-5,0),
(38) Fork =1, 6, w=0if A e(—4,-1),
39) Fork =2,35, w=0Iif A € (-3,-2).

This gives an excluded range of orders of homogeneity for harmonic forms on the
cone C.

Proof Since the star operator *¢ commutes with the Laplacian A¢ and preserves the
order of homogeneity by Remark 2.14, it suffices to check the cases k =0, 1,2. Let
k = 0 in Equation (36), and noting that o = 0 and dg, 8o = 0, we see that Acw =0
implies

Asfo = A (A +5)Bo.
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and the result now follows for A € (—5,0). We need to work a little harder for k =1
and k = 2.

For k =1, we get the following system of equations:
(“40) Asa; =G —=1D)(A+06)ar +2dgfi, Aspi =GR+ 1A +4)B1 +2dsa;.

Now suppose that A € (—4,—1). If we take dy of the second equation, since Ay
commutes with dy, we get Ax(dsf1) = (A+1)(A +4)dx ;1 and hence dxf1 = 0.
Similarly taking d3, of the first equation gives d5.a; = 0. Also, taking dx, of the first
equation gives

Ax(dsay)=(MA—=1)(A+6)dsa; +2A5 B = A2 +51—2)dsa; +(2A2 +10A+8)B;.
Now an easy calculation reveals that
Ax(dsar+ (A +4)p1) =R+ DR +6)(dsar + (A +4)p1),

and hence dyoq+(A+4)B1 =0 for A € (—4, —1). This relation can now be substituted
into each equation in (40) to yield

Asop = A -DA +4ay, Azpr=A—-DR+4)p,
from which it follows that ¢y =0 and 8; = 0.

The proof for k = 2 is analogous, but we present it for completeness. We get the
following system of equations:

(41) Asay =A(A+5)as +2d5 B, Asfr=(A+2)(A+3)B; +2dsas.

Suppose that A € (—3,—2). We get Ax(dsB2) = (A+2)(A+3)ds B2, 50 dsfr =0.
Similarly taking d3. of the first equation gives d5a, = 0. We also have

As(dsar) = A(A+5)dsos +2A5s = (A2 +5A +4)dsas + QA2 + 104 + 12) 8.
This time one can check that
Ax(dsar + (A +3)B2) = (A +2)(A +5)(dsaz + (A +3)B2),

and hence dyas+(A+3)B, =0 for A € (=3, —2). This relation can now be substituted
into each equation in (41) to yield

Axay = AL + 3)ay, Ax By =A(A+3)Bs,
from which it follows that «; =0 and 8, = 0.

The reason we have gone through all three cases carefully is the following. The reader
may now be tempted to try the same trick to get an excluded range of orders for
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homogeneous harmonic 3—forms. It does not take long to verify that this procedure
breaks down for k = 3. See Corollary 2.17, however, for what we can say about
homogeneous 3—forms. a

To study the operator dc + d¢- on a cone, we begin with the following lemma.

Lemma 2.16 Let o = Y, _, wi, where wy = r**4=Vdr n ay + r*+k gy is a ho-
mogeneous k —form of order A. Then if w is in the kernel of d¢ + d ., the following
equations hold:

(42) (r+k =By =dsag_ +dgogi1,
(43) (A =k +6)ag 11 = dsPr—1 +dsBr+1
forallk =0,...,7.

Proof By (34) and (35), we can compute that

(dc+df)w

(r* T = dr A (A4 k) By — dxag) + r* TR ds Br)
0

bl

7
7
+ ) (MR dr A (—dor) + T (—( =k + D + dEBr)))
k=0

8
=Y (M2 dr A+ 1= DBy —dsoy_y) + g Biy)

6
+ Y (M Rdr A(=dfep) + TN =00— 1+ 6)ay g + d3Bre)).
I=—1
Using the fact that g = 0 and 87 =0, and dsa7 =0 and d§.Bo = 0, both these sums
can be taken from / = 0 to 7. Relabelling the / to a k again and combining terms, we
find that

7
(de +dE)o =Y (P 72dr A+ k=11 —dsap—y — d5ar11))
k=0
7
+ Y (PPN =k + O)pg 1 + dBrr1 + dsBr-1))
k=0

where it is understood that o and f; vanish when k& < 0 or k > 7. Setting this
expression equal to zero yields equations (42) and (43). m|
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Corollary 2.17 Suppose that  is a homogeneous k —form of order A which is closed
and coclosed: dcw =0, df.w = 0. Then we have:

(44) Fork =0,7, w=0if A € (-7,0),

(45) Fork = 1,6, w=0if A € (—6,—1),
(46) Fork =2,5, w=0if € (-5,-2),
A7) Fork = 3,4, w=0if A € (—4,-3).

This gives an excluded range of orders of homogeneity for closed and coclosed forms
on the cone C.

Proof Let oy =0 and B; =0 for all / # k in equations (42) and (43). Thus we have
that dcw = 0 and dfw = 0 together imply the following equations:

48) dsap = (A+k)B, d;ﬁk=()»—k+7)0lk, d;ak =0, ds i =0.

Since w is closed and coclosed, it is also harmonic: Acw = 0. Therefore, Equation
(36) shows that

Asor=A+k=2)(A—k + 7oy + ngﬂk,
AsBr=A+k)A—k+ 5Bk +2dsay.
Now substituting in the relations from (48) and simplifying, we obtain
Ao = (A+k)A—k + Tag, AsBr =AM +k)YA—k+7)B.

Since the Laplacian has nonnegative eigenvalues, we see that both o and f§; must
vanish (and hence w = 0) if (A + k)(A —k + 7) < 0, which occurs exactly when A is
between —k and k — 7. m|

Remark 2.18 Corollary 2.17 should be compared to Proposition 2.15. Closed and
coclosed forms are harmonic, but not always conversely. The above result says that
when the form is known to be closed and coclosed, we can get a bigger range of excluded
orders of homogeneity. Also, Proposition 2.15 tells us nothing about 3—forms.

Corollary 2.19 Suppose that w is a homogeneous k —form of order —k which is
closed and coclosed: dcw =0, dfw = 0. Then w = 8, where B is a harmonic
k—form on the link ¥: Ay =0.

Proof We substitute A = —k in the relations (48) to get

dsoy =0, dipe=(T—2k)ax.  diex =0,  dgBp=0.
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Since X is compact and oriented, we can use Hodge theory. The first and third equations
above say that o is harmonic, but since (7 — 2k) is never zero, the second equations
says that o, is also coexact. Thus oy = 0, and then the second and fourth equations
say that 5 is harmonic on X. O

The next three propositions are needed in Section 5.1 for the solution of the obstruction
problem and also in Section 6 for the asymptotic expansion of the G, structure on an
asymptotically conical G, manifold.

Proposition 2.20 Let v = Zli:o wy) be a mixed even-degree form on the cone
C’ = (0,00) x X, which is homogeneous of order A = —3. That is, each wy}, =
r2k=4dr Aoy + 1?73 By, where . and By are (2k—1)—forms and 2k —forms
on X, respectively, independent of r. If (dc + df.)(w) = 0, then = dr Aoy, where
04 1S a harmonic 3—form on X.

Proof Substituting A = —3 into Lemma 2.16, we obtain

49) (k=4 Pr—1 =dsog—1 +dgort1, B—K)ags1 =dsPr—1 +dsPrt1-

If we take dx and d3, of these equations and relabel indices, we get
dsdsay = (k—5)ds B2, dsdsay = (k —3)ds By,
dsdg B = (4—k)dzay, dydsPr = 2 —k)dsoyts.

These can now be combined to yield

Asay = (k=3)dg B + (k—=5)dsfr—2, AsPr=C2-k)dgorir+@—k)dsay.

We can now use (49) again to eliminate d;,Bk and d;’:‘ O+ in the above expressions
to finally obtain

(50) Asap=—(k=3)(k—dar—2dsfir—2. AsPi=—(k=3)(k—=2)Br+2dsoy.

Now «g = 0, so the second equation in (50) gives Ay fo = —68¢, so Bo = 0. Then
the first equation in (50) gives Ayoy = —2a;, so oy = 0. We continue in this way to
alternate between the equations. Next we get Ax 8, = 0, but from (49) we see that 8,
is also coexact, so B, = 0. Then Axoay = 0, but this time (49) gives no information
about o4 so all we can say is that it is a harmonic 3—form on X, hence closed and
coclosed. Then Ay B4 = —284, so B4 = 0. Continuing we get Axog = —60, SO
ag =0, and finally Ax B¢ = —128¢, so B¢ = 0. |
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Proposition 2.21 Let w = ) ;—(log r)l Zi:o wyk,1 be an even-degree mixed form
on the cone C" = (0,00) x X, satistying (dc + df.)(w) = 0, where each wyy; is
homogeneous of order —3, and m > 0. Then in fact necessarily m = 0 and w is as
given in Proposition 2.20.

Proof We prove this by contradiction. Suppose that 72 > 0. Hence Zi=0 wa,m # 0.
Each w; ; is homogenous of order —3, so it can be written as

2k—4 2k—3
(51) Wik, =T dr Notgg g +r Bak.i

where for each /, a5 7 and Byi ; are (2k—1)—forms and 2k —forms on X, respectively,
independent of r. It is easy to check that if wy is any k—form on the cone C, then

(dc +dg)((logr) wy)

= (log r)l(dc + dé)(wk) + é(log r)l_l(dr Awp) — é(log r)l_1 (a%Ja)k) .

Using this identity, one can now compute that

m 3
(dc + dé)(Zaog Ny wzk,l)
k=0

=0

3
— (log 1" (dc + dé)( ) wzk,m)

k=0

m—1 3
+ ) (logr)' > |de(@ar) + dE (wane)

[=0 (I+1) (I4+1) 9
r

dr Aok 141 — ——szk,l+1)-
roor

The above expression must vanish as a polynomial in logr. Setting the coefficient
of (logr)™ equal to zero, we see that Zi:o Wak,m is in the kernel of dc +d(, and
homogeneous of order —3, so by Proposition 2.20 we have

k=0
+

3
(52) D 02k = dr Nt
k=0

where a4, is a nonzero harmonic 3—form on the link X. Now consider the coefficient
of the next highest term, (logr)™~!. Setting it equal to zero and using (52) gives

3

m
E (de(wakm—1) + dE(@og m—1)) — = 0.
k=0
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Using (34) and (35) with A = —3, this becomes

3
Z (VZk_4dV A2k =3)Bok,m—1 —dsap m—1) + VZk_3dZ,32k,m—1)
k=0

(r?*=dr A (—dE sk m—1) + 173 (Qk — Dag m—1 + d%Bakm—1))
0

+

3
k=

m
— —04,m = 0.
r

Taking the 3—form component of the above equation and simplifying gives

-2
rodr A (_,82,m—1 - dEaz,m—l - d;a4,m—1)

+r Y dsBrm—1 + dsBam—1 —motg m) =0,

which in turn says that

1 1
ogm =ds (Eﬁl,m—l) + dy, (%/34,m—1) :

Since ¥ is compact, Hodge theory says that harmonic forms are orthogonal to the
image of dx and to the image of dy,, so we must have a4, = 0, giving us our
contradiction. Therefore m = 0. O

Proposition 2.22 Let o = ) jL,(log r)! w4 ] be a pure 4—form on the cone C' =
(0, 00) x X, satistying (d +d.)(w) =0, where each w4 ; is homogeneous of order —4,
and m > 0. Then in fact necessarily m = 0 and w is as given in Corollary 2.19.

Proof The proof of this proposition is exactly analogous to the proof of Proposition
2.21 and is omitted. However, we note here that it is essential that w be a pure 4—
form for this result to be true. In a general even-degree mixed form in the kernel of
d 4 d}. which is a polynomial in log(r) with coefficients being homogeneous forms
of order —4, there can occur log(r) terms. a

The next result is about the type decomposition of 3—forms on a G, cone, which are
homogeneous of order —3.

Proposition 2.23 Let (C,¢c) be a G, cone. Let & be a homogeneous 3—form on C
of order —3 which is harmonic. Then £ is in Ag7 with respect to ¢c .
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Proof Let & = & + &7 + &,7 be the decomposition of & into components. Now
&1 = foc for some function f on C, and since, up to a constant, f = xc (& A Y¢),
we see that f* is homogenous of order —3. Similarly, we have &; = xc(w A ¢c)
for some 1-form w on C, and, up to a constant, ® = *c(§ A ¢c), so w is also
homogenous of order —3. But & is harmonic, and the Laplacian commutes with the
projections. Therefore Ac(&1) =0 and Ac(&7) = 0. By (5) and (6) we then see that
Ac(f) =0 and Ac(w) = 0. Finally, Proposition 2.15 says that both f and w are
zero, since the order A = —3 lies in the excluded range for both functions and 1-forms.
Thus & = &,7 as claimed. m|

We close this section with an observation about representing cohomology classes of
(a,b) x X, where (a, b) is any open subinterval of (0, c0).

Proposition 2.24 Suppose B is a cohomology class in H k((a, b) x X, R). Then
there exists a k—form B on (a,b) x X, harmonic with respect to the cone metric and
homogeneous of order —k such that [f] = B.

Proof The projection 7: (a,b) x & — % induces an isomorphism 7*: H¥(Z,R) —
H¥((a,b) x =,R) on cohomology by pullback. Then (7*)~!(B) is a class in
HF (X,R). Since X is compact and oriented, by Hodge theory there exists a unique
harmonic k—form B on ¥ such that [8] = (7*)~1(B). Then 7*(B) = B, as a form
on (a,b) x X and represents the class B. Now from Equation (26), with « = 0 and
B'=0,weseethat Acf=(1/r>)AxB =0, so B is a harmonic k—form on (a,b)x X,
homogeneous of order —k . |

2.3 Compact G, manifolds with isolated conical singularities

Let M be a compact connected Hausdorff topological space, and let xq,...,x, be a
finite set of points in M . Assume that M’ = M \{xy, ..., x,} is a smooth noncompact
7—dimensional manifold which we call the smooth part of M and {x1,..., x,} will

be called the singular points of M .

Definition 2.25 The space M is called a G, manifold with isolated conical singular-
ities, with cones Cy,...,Cy, at xq,...,Xx, and rates |41, ..., Ln, Where each u; > 0,
if all of the following holds:

e The smooth part M’ is a G, manifold with torsion-free G, structure ¢, and
metric gas.

 There are G, cones (Cj, ¢c;, gc;) with links ¥; forall i =1,...,n.
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e There is a compact subset K C M’ such that M’\ K is a union of open sets
S1,..., S, whose closures 51, ..., S, in M are all disjoint in M , and there
exists an € € (0, 1) such that for each i =1, ..., n, there is a smooth function
fi: (0,€) x ; — M’ that is a diffeomorphism of (0,&) x X; onto S;.

 The pullback f;*(¢as) is a torsion-free G, structure on the subset (0, &) x X;
of C;. We require that this approach the torsion-free G structure ¢c; ina C*®
sense, with rate ©; > 0. This means that

(53) VLS @m) = 9c)lge, = OCH™T) V=0

in (0, ) x ;. Note that all norms and derivatives are computed using the cone
metric g¢; -

It is easy to see that the holonomy necessarily has to be exactly G;, because the
holonomy of the asymptotic cones is exactly G,, and the holonomy of M must be at
least as big as the holonomy of its asymptotic cones, but it is contained in G, since
@ is a torsion-free G, structure.

Since the metric gas and the 4—form s are pointwise smooth functions of ¢pz, by
Taylor’s theorem we also have

|vé,(fl*(gM)_gC,)|gcl = O(YMi_j) V] >0,
VL W) = Ve)lge, = OGH—)  Vj=o.

A G; manifold with isolated conical singularities will sometimes be called a G, mani-
fold with ICS for brevity. Figure 1 shows a compact manifold with isolated conical
singularities.

(54)

X1

X3

X2

Figure 1: A compact manifold M with isolated conical singularities
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Remark 2.26 It can be shown that if we assume that (53) holds only for j = 0 and
j =1, then there exists particular diffeomorphisms f; that satisfy (53) for all j > 0.
These special diffeomorphisms satisfy a gauge-fixing condition which forces them to
solve (in some sense) an elliptic equation, and this results in their improved regularity.
This will be discussed in the sequel [24] to this paper. For our present purposes, it
suffices to assume from the outset that (53) holds for all j > 0. See also Remark 3.4.

Next we discuss an important fact about G, manifolds with ICS.

Proposition 2.27 The closed 3—forms f*(¢pr) and ¢c; on (0, ) x X; represent the
same cohomology class in H*((0,¢) x ¥;,R) = H3(X;,R). Similarly the closed
4—forms f*(Yar) and Yc; on (0,&) x X; represent the same cohomology class in
H*((0,8) x ;,R) = H*(Z;,R). Therefore by Proposition 2.4, the cohomology
classes [ f;* (¢ar)] in H3(Zi,R) and [/ (War)] in H*(Z;,R) are always trivial.

Proof Using |(/*(¢ar) —#c)lgc, = O™ and [(f*(War) — Vic))lge, = O(rH)
and the fact that p; > 0, this follows immediately from Lemma 2.11. O

Remark 2.28 As discussed in Proposition 2.37 and before Definition 2.38, the analo-
gous statement will be false for asymptotically conical G, manifolds.

On several occasions we will need to compare f;*(*pr@) with *¢; f;*(w) near x;.

Lemma 2.29 Let w be a smooth k —form on M, with

|/ (@)lge, = OGH)

near the i —th singular point x;. Then the (7—k)—forms f;*(xpw) and *c; f;* (@)
satisfy

(55) | f7* (e 0) = *¢, [ (@) lge, = O(rAHiy.

Proof We begin by computing that

| [ (emw) = 2, [T (@)lge, = 1552 (gar) (i (@) = x¢, (fF (@) g,
= |(*f,~*(gM) - *Ci)fi*((‘)”gci'

But by (54), we have | /;*(gm) — gc; |gCi = O(r*), and thus

(Geptgan) = *C) J7@)ge, < CrHi| fF@)ge, < CrMHhi,

and the proof is complete. O
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Remark 2.30 There are at present no known examples of compact G, manifolds with
isolated conical singularities, although they are expected to exist in abundance. Our
main theorem in this paper can be interpreted as further evidence for the likelihood of
their existence and that they should arise as “boundary points” in the moduli space of
smooth compact G, manifolds. The author is currently working in collaboration with
Dominic Joyce on a new construction of compact G, manifolds which should also be
able to produce the first examples of compact G, manifolds with ICS.

2.4 Asymptotically conical G, manifolds

In this section we define an asymptotically conical G, manifold and discuss three
explicit examples. Let N be a noncompact, connected smooth 7—dimensional manifold.

Definition 2.31 The manifold N is called an asymptotically conical G, manifold
with cone C and rate v < 0 if all of the following holds:

e The manifold N is a G, manifold with torsion-free G, structure ¢ and
metric gn .

e Thereis a G, cone (C, ¢c, g¢c) with link .

e There is a compact subset L C N, and there exists an R > 1 and a smooth
function /: (R, 00) x ¥ — N that is a diffeomorphism of (R, oc0) x ¥ onto
N\L.

e The pullback /2*(¢p) is a torsion-free G, structure on the subset (R, 00) x X
of C. We require that this approach the torsion-free G, structure p¢ ina C*
sense, with rate v < 0. This means that

(56) VL (on) = 9C)lge = OGV7I)  ¥j=0

in (R, 00) x X. Note that all norms and derivatives are computed using the cone
metric gc .

This should be compared to Definition 2.25. An asymptotically conical G, manifold
also has holonomy exactly equal to G,, by the same argument as in the ICS case.
Also, an asymptotically conical G, manifold always has only one asymptotic end.
This follows from the Cheeger—Gromoll splitting theorem, which says that a complete
noncompact Ricci-flat manifold with more than one end isometrically splits into a
Riemannian product, and hence if we had more than one end, the holonomy would be
reducible. Hence the link ¥ of the asymptotic cone of N must be connected. This is
why we defined the link of a G, cone to be connected in Section 2.1. See Besse [5]
for more details.
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Since the metric g and the 4—form 1 are pointwise smooth functions of ¢p, by
Taylor’s theorem we also have

IVL(h*(gn) — gC)lge = OG"7T) V) =0,
VL (n) = ¥)lge = OGYTT)  Vji=o.

An asymptotically conical G, manifold will sometimes be called an AC G, manifold
for brevity. Figure 2 shows an asymptotically conical manifold.

(57

Y
A

Figure 2: An asymptotically conical manifold N

Remark 2.32 As in Remark 2.26, it can be shown that if we assume that (56) holds
only for j = 0 and j = 1, then there exists a particular diffeomorphism / that
satisfies (56) for all j > 0.

There are three known examples of asymptotically conical G, manifolds, whose asymp-
totic cones have links given by the strictly nearly Kéhler manifolds of Examples 2.5, 2.6
and 2.7, respectively. They are all total spaces of vector bundles over a compact base.
They were discovered by Bryant—Salamon [8] and were the first examples of complete
G, manifolds.

Example 2.33 (The bundle A2 (S*) of anti-self-dual 2—forms over the 4—sphere)
This is a nontrivial rank 3 vector bundle over the standard round S*. This AC
G, manifold is asymptotic to the cone over the non—Kihler CP3 of Example 2.5, with
rate v = —4.

Example 2.34 (The bundle A2 (CP?) of anti-self-dual 2—forms over the complex
projective plane) This is a nontrivial rank 3 vector bundle over the standard Fubini—
Study CPP2. This AC G, manifold is asymptotic to the cone over the complex flag
manifold F ; of Example 2.6, also with rate v = —4.

Geometry & Topology, Volume 13 (2009)



1606 Spiro Karigiannis

Example 2.35 (The spinor bundle $(S?3) of the 3—sphere) This is a trivial rank 4
vector bundle over the standard round S3, hence is topologically S3 x R*. This AC
G, manifold is asymptotic to the cone over the nearly Kihler S x S of Example
2.7, with rate v = —3.

Remark 2.36 Explicit formulas for the asymptotically conical G, structures of Ex-
amples 2.33, 2.34 and 2.35, as well as the fact that their rates are —4, —4 and —3,
respectively, can be found in Bryant—Salamon [8] and also in Atiyah—Witten [1]. We
will not have need for these explicit formulas.

Next we discuss the AC analogue of Proposition 2.27, which is different in a very
important way which will lead to topological obstructions to our desingularization
procedure.

Proposition 2.37 The two closed 3—forms h*(¢x) and ¢ on (R, 00) X X represent
the same cohomology class in H*((R, 00) x ¥, R) 2= H3*(Z,R) if the rate v satisfies
v < —3. Similarly the two closed 4—forms h* (/) and ¥ ¢ on (R, c0) X X represent
the same cohomology class in H*((R, 00) x ¥, R) = H*(Z,R) if the rate v satisfies
v <—4.

Proof This follows immediately from |(2*(¢par) —¢@c)|ge = O(r”) and [(h*(Yar) —
Ye)lge = O(rY), using Lemma 2.11. ad

Therefore, in contrast to the case of G, manifolds with ICS as discussed in Proposition
2.27, we cannot conclude that the cohomology classes [2*(¢n)] and [A* ()] are
trivial in H3(X,R) and H*(Z,R), respectively, and indeed in general when the rate
v is not sufficiently negative, they will not be. This will introduce some obstructions
to our gluing procedure, which are discussed in Section 3.2. These observations lead
us to make the following definition.

Definition 2.38 For an AC G, manifold (N, on, ¥ n, gn), we define the cohomo-
logical invariants ®(N) € H*(Z,R) and U(N) € H*(Z,R) to be the cohomology
classes [h*(¢p)] and [h* (¥ )], respectively. By Proposition 2.37, ®(N) = 0 if the
rate v < —3 and W(N) =0 if v < —4.

Remark 2.39 For the Bryant—Salamon examples of asymptotically conical G, man-
ifolds described in Examples 2.33, 2.34 and 2.35, only one of these invariants can
be (and is) nonzero in each case, by Remark 2.8 and Definition 2.38. For the spaces
A2 (S*) and A% (CP?), we have ®(N) =0 and W(N) # 0, whereas for the space
$(S3) we have ®(N) # 0 and U(N) =0.
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3 Desingularization of compact G, manifolds with ICS

Suppose M is a compact G, manifold with isolated conical singularities xq, ..., Xy,
cones Cy,...,C, and rates pq,..., Uy > 0. Assume also that we have asymptoti-
cally conical G, manifolds Ny,..., N,, with the same cones Cj, ..., C, and rates
Vi,...,Vp < —3. (We will see later why we need to assume that each v; < —3 rather
than just v; <0.) We want to desingularize M to obtain a smooth compact G, manifold.
The idea is to cut out a neighbourhood of each singularity x; and glue in N;. In this
way we obtain a smooth compact manifold M , and then we need to show using analysis

that M admits a torsion-free G, structure.

The main tool that we will require is the following theorem of Joyce, which says that
if one can find a closed G, structure ¢ on a compact manifold M whose torsion is
sufficiently small, then there exists a torsion-free G, structure ¢ on M which is close
to ¢ in some sense. It was used by Joyce in [17] to construct the first compact examples
of manifolds with G, holonomy. (Another gluing construction of smooth compact
G, manifolds is due to Kovalev [27].) The precise statement of Joyce’s theorem is as
follows.

Theorem 3.1 (Joyce [18, Theorem 11.6.1]) Let «, Dy, D, and D3 be any positive
constants. Then there exists so € (0, 1] and D4 > 0, such that whenever 0 < s < s,
the following holds:

Let M be a smooth compact 7T—manifold, with G, structure ¢ and associated metric g
satisfying dg = 0. Suppose there is a smooth 3—form x on M satisfying dg x = dg¢
such that:

D lixlico = Dys*, Ixllp2 < Dys™/2t*, Iy xll 10 < Dys™H/2FE
ii) The injectivity radius Z(g) satisfies Z(g) > D;s.

iii) The Riemann curvature R(g) satisfies |R(g)|co < D3s™ 2.

Then there exists a smooth, torsion-free G, structure ¢ with metric g on M and such
that:

* llg—=&llco < Das“.
e [pl=I[¢] in H*(M,R).

Here all norms are computed using the original metric g .
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Remark 3.2 The exponents in i) of Theorem 3.1 are the best possible for the theorem
to be true and are improvements to those presented in Theorem 11.6.1 of Joyce [18].
See the discussion at the bottom of page 296 of Joyce [18] for more details.

In Section 3.1 we construct a one parameter family M, s of compact, smooth T-manifolds
for small s > 0. These manifolds will be actually all diffeomorphic to each other, so we
really have just one compact smooth manifold M up to diffeomorphism. Nevertheless
it will be convenient to consider each M, s separately. In Section 3.2 we construct a
closed G structure @5 on M, s, and in Section 3.3 we show that for s sufficiently small,
there exists a torsion-free G, structure @5 on ]\75 close to ¢;.

3.1 Construction of the smooth compact manifolds M

By letting R = max(Rq,..., R,), we can assume that the parameter R in Definition
2.31 is the same for all the AC G, manifolds Ny, ..., N,. For now we will consider
only those s > 0 which are small enough so that 2sR < ¢. Later, in Section 3.2, we
will need to further restrict the values of s.

We first apply a homothety (scaling) to each asymptotically conical G, manifold
(Ni,oN;» ¥N;» gN;) as follows. We have a diffeomorphism /;: (R, 00) — N;\L;,
such that /17 (¢n;) = ¢c; + O(r¥') as r — oo. For a fixed constant s, we define

(58) Nigs=Ni.  on,=5on.  Un,=5"YN.  gn,, =5gnN.

It is clear that (Njs, ¢n; ;» YN, - &N;,) 1s again a G, manifold, as we have simply
scaled the Gy structure by a constant. We claim that (Nj 5, ¢n; ., VN, - &N; ;) 18 still
asymptotically conical with the same asymptotic G, cone (C;, ¢c;, Y¥¢;,gc;) and
the same rate v;. To see this, define /;5: (SR, 00) X X; — N;\L; by his(r,0) =
hi(s~'r, o). That s, his=hjo (s71), where s! is a dilation as defined in (19). Then
we have

h;k,s(q)Ni.s) _(pCi = (S_l)* oh;'k(sg’(pNi) - goCi
(59 =527 (i (en)) = 5> ) (oc;) = > (7D (hf (o) — wc;y)

where we have used the fact that ¢c; is a dilation-equivariant 3—form. Now using (21),
we see that

|(h;'k,s(§0]\li‘s) - (pcl.)|gci = 0(r"),

and similarly

V& s(on; ) —#c)lge, = OGY ™)) Vj=0,
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as claimed. Essentially, all we have done here is to rescale each asymptotically conical
G, manifold N; so that the value R where N;\L; resembles (R, 00) x ¥; is changed
to sR. By taking s small enough so that sR < ¢, we will be able to identify the
subset (2sR, €) x X; of N; ¢ with the subset (2s5R, €) x X; of a neighbourhood of the
singularity x; of M in order to be able to glue the two manifolds together. This will
all be made more precise now.

For each asymptotically conical G, manifold N; s, we want to keep the compact part
L; together with a little bit of the part which looks like a cone. Specifically, for each
i=1,...,n,define

(60) Pis=LiUhis((sR' &) x ;).

where R’ = 2R. The reason for using 2R rather than R will be apparent in Section
3.2. See Figure 3 for a picture of P; . Similarly for the G, manifold M with isolated

Pi,s

for r > sR’, N; approaches (C;, ¢c; . gc;) with rate v; as r — oo

Figure 3: The region P; of the scaled AC manifold N; s

conical singularities, we want to keep the compact part K = M\ |_|/_, S; together
with a little bit of each S; which looks like a cone. Specifically, we define

n
61) Qs =KU| | fi ((5R.&) x %;).
i=1
See Figure 4 for a picture of the part of Q¢ near x;. The exponent y in both Figures 3
and 4 will be explained in Section 3.2. Taking the composition /; s o f;._l of the two
diffeomorphisms gives an identification which allows us to define the i —th overlapping
region U; 5 by

(62) Uis = (sR &) x T = f; (SR, 26) x Zj) = his (R, 26) x X;) .
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Os

for r <&, M approaches (C;, ¢c;, gc;) withrate p; as r — 0

Figure 4: Part of the region Qg of the manifold M with ICS

We use this identification to perform our gluing, by defining the smooth, compact
7-manifold M to be

(63) Ms = ( Ll(Pi,s\Ui,s)) u (Qs\ |_| Ui,s) U ( |_| Ui,s)-

i=1 i=1 i=1

This defines M, s as a smooth manifold. See Figure 5 for a picture of M, s. It is clear
that for all small s the M, s s are diffeomorphic. Essentially, we have done the topology
of the desingularization, and now we need to do the geometry. The next step is to
construct a closed G, structure ¢g on M s with small torsion. This is where the rates
@i and v; will be important.

3.2 Construction of the G, structure ¢; on M

We will now construct a closed G, structure ¢z on M. s, by patching together the
torsion-free G, structures on M’ and the N;’s. Strictly speaking, we will actually
construct a pair (¢s, ¥), which are nondegenerate closed 3—forms and 4—forms on
M, s » respectively, but s will not equal *g , ¢y, although it will be “close” in a sense
to be made precise, when s is sufficiently small. It is from this pair that we will be able
to measure the torsion of ¢;. We will see that sometimes the construction of the pair
(¢s, ¥s) will only be possible if certain topological conditions are satisfied. Finally in
Section 3.3 we will show that for s sufficiently small, ¢y has small enough torsion to
apply Theorem 3.1.
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K=M\LI_,S:

Figure 5: The smooth compact manifold M. s, for a fixed small s

In this section we will require two analytic results, Theorems 3.6 and 3.10, whose
proofs will be postponed until Sections 6 and 5, respectively, as the proofs require
Fredholm theory on weighted Sobolev spaces and are best treated separately.

The basic idea behind the construction of the pair (¢y, ¥s) on M, s 1s that we need to
smoothly interpolate between the pair (¢y; , ¥; ) on N; s and the pair (¢ar, Y )
foreach i =1,...,n. To be able to do this, we first need a good asymptotic expansion
of the G, structure near infinity for an asymptotically conical G, manifold.

Definition 3.3 Let N; be an AC G, manifold, with diffeomorphism /;: (R, 00) X
X; — N;\L;. We say that h; satisfies the gauge-fixing condition if h} (pn;) —¢c; lies
in 82;7 with respect to ¢c; .

Remark 3.4 The reason for making this definition is the following. One can show that
if the gauge-fixing condition is satisfied, the forms ) (¢n) —¢c; and &} (Y ) — Y,
satisfy elliptic equations, and as such they possess improved regularity. This will
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become apparent in Section 6. In the sequel [24] we show that one can always find a
diffeomorphism #; for which the gauge-fixing condition is satisfied.

Remark 3.5 For the Bryant—Salamon examples of asymptotically conical G, mani-
folds, given by Examples 2.33, 2.34 and 2.35, it is trivial to verify that one can always
find a diffeomorphism for which the gauge-fixing condition is satisfied. This is because
these examples are cohomogeneity one, which means the G, structure is described by
functions of one variable. The gauge-fixing condition is then equivalent to a change
of variables (on the asymptotic end) satisfying a linear ordinary differential equation,
which can be integrated exactly.

For our purposes, the importance of the gauge-fixing condition is the following theorem.

Theorem 3.6 Suppose that N; is an asymptotically conical G, manifold with rate
v; < —3 and that h; satisfies the gauge-fixing condition given in Definition 3.3. Then
on the subset (2R, o0) x X; of the cone C; we can write

(64) hi(on;) = ¢c; +& +dg,
(65) hi (UN;) = Vc; +ni —*xc; & + db;,

where &; is a harmonic 3—form, homogeneous of order —3, and in Q 27 with respect
to ¢c; » ni is a harmonic 4—form, homogeneous of order —4, and {; and 0; are 2—forms
and 3—forms on (2R, 00) x X;, respectively, satisfying

66) VL Lilge, = 0¥t VL 6ilge, = O@VT1=0), ¥j=0,

where v; = —4. Furthermore, [§;] = ®(N;) and [n;] = W(N;), where ®(N;) and
W(N;) are the cohomological invariants of the AC G, manifold N; from Definition
2.38.

Theorem 3.6 is proved in Section 6. From now on we will assume that all of our AC
G, manifolds Ny, ..., N, have been gauge-fixed, so the asymptotic expansions in (64)
and (65) apply. As noted in Remark 3.5, this can always be done for all the known
examples of asymptotically conical G, manifolds.

Remark 3.7 It may seem perverse to write v; instead of its exact value —4, but
we do so for the following reason. We want to emphasize that v; is a decay rate at
infinity for the left over parts to the asymptotically conical G, structure (¢n;, ¥'n; ),
after subtracting topological components. In fact our gluing construction will actually
succeed for any v} < —% , of which v} = —4 is just a special case which we can achieve
using Theorem 3.6 when the gauge-fixing condition is satisfied. One may be able to

Geometry & Topology, Volume 13 (2009)



Desingularization of G, manifolds with isolated conical singularities 1613

avoid the need to satisfy the hypotheses for Theorem 3.6 in certain explicit examples,
if one can show directly that v} < —%. See also Remark 3.26.

Remark 3.8 It is because we must use Theorem 3.6 which requires each v; < —3, that

we need to make this restriction on the v;’s. If some v;, € (=3, 0), then the question of
whether or not the gluing construction could be possible would depend on the spectrum
of the Laplacian on the particular link X;,. Therefore, only if all v; < —3 can we hope

to be able to prove a general result like our Theorem 3.28. See also Remark 6.6.

Using the scaling in (58) and the fact that &; and n; are dilation-invariant (see Remark
2.13), we can now argue just as in Equation (59) to obtain

(67) hYs(on,,) = oc, + 576 +dis,
(68) his (N, = Ve, + 5% =57 %, & + dBs,
where & s (r,0) =53 i(s7'r,0) and 0; 5(r,0) = s* 0;(s~'r, o). Now we can compute
|Vé,. $iis(r:0)lge, (ro) = S3|Véi 5i(s7'r.0)lgc, ro)
= %P IIVE LT RO g (1)
— 1) 0((S—1r)v;+1—j) — v 0(rvlf+1—j)’
where we have used (21) and the fact that Véi Ci e (T*)) ® A%2(T*). We can compute
similarly for 6; ¢ and find that
(69) VL Cislge, =7 OGT7I), VL Oislge, =57 O, Vj=0,
on (R',00) x X;, where R’ =2R.

Now consider the 7 —th conical singularity x; of M . By Proposition 2.27, on (0, &) x ¥;
we can write

(70) Ji(om) = oc; + da,
(71) J7 W) =Y, +dpi,

where «; is a 2—form and B; is a 3—form on (0, £) X ¥;, and by Lemma 2.11 we know
that

(72) V¢, tilge, = OGHTITT), V¢, Bilge, = OGHTI=), V>0

In order to be able to patch together the G, structures on M’ and the N;g’s smoothly
to obtain a G, structure ¢ on M, we will arrange that in the 7 —th overlap region Uj ¢,
the forms will be in the same cohomology class, and hence differ by an exact piece.
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Comparing equations (67) and (68) with equations (70) and (71), we see that we need
to replace the forms @z and Y¥as on M’ with @pr +53€ and Yar +s*n—s3 €
that are asymptotic, at the appropriate rate, to ¢c, + s3& and Ve + st —s3 xc; &i
near x;, respectively. In fact, for the construction to work, we need 7 to be closed but &
to be both closed and coclosed. There are topological obstructions that can prevent this
from being possible. To understand this, we need to consider the algebraic topology of
the noncompact smooth part M’ of a compact G, manifold M with isolated conical
singularities.

Fix some rg € (0, ). The map ¢;: 3; — (0, &) x X; given by (;(0) = (rg, o) embeds the
link X; as a submanifold of (0, &) x X;, and the pullback map ¢}: H k((0,e)xZ;,R)—
H¥(Z;,R) is an isomorphism, which is just restriction on the level of forms. We
also have the smooth maps fi: (0,&) x X; — M’, and thus for each i we get a map
(fiou)*: H¥(M',R) — H*(Z;,R).

Definition 3.9 For 0 <k <7, define amap T*: HK(M',R) — @P?_, H*(Z;,R) by

(73) T (0] =D (fiow)* (@)

i=1

for any cohomology class [w] € HX (M’ ,R). Essentially, at each end we restrict the
k—form w to the link ¥; and take its cohomology in H¥(Z;, R).

Theorem 3.10 Let M be a compact G, manifold with isolated conical singularities.
Foreach i, let & and n; be 3—forms and 4—forms, homogeneous of orders —3 and —4,
respectively, and closed and coclosed on each cone C;, with respect to gc; . Suppose
that

n n

Plei] € €D H*(Zi.R) lies in the image of Y: H*(M',R)

(74) i=1 i=1 n

-~ P H =i R),
i=1

n n

Plnil € @ H*(Zi.R) lies in the image of T*: H*(M'.R)

(75) i=1 i=1 n

- P H (i R),

i=1
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where the maps Yk are given in Definition 3.9. Then for § > 0 sufficiently small, there
exists a smooth 3—form & and a smooth 4—form n on M’ such that

dE=0, d} £=0, dn=0,
(76) VLS @) —EDlge, = O350y vj =0,
(77 VL) =n)lge, = OG5 vj=0.

Notice that we do not say that n is coclosed. Furthermore, the 3—form £ is in A;7 with
respect to the G, structure @ps .

Theorem 3.10 is proved in Section 5. Assuming this result for the moment, we now
continue our construction of the pair (¢y, ¥y).

Corollary 3.11 Near the i —th singular point x;, the 3—form f;*(£) and the 4—form
f;*(n) satisfy

(78) |/ E)lge, = 00, |/ )lge, = O™,

Proof By Equation (76) we know that | f;* (§)|gcl_ < |§,~|gci + O(r=31%), and also
|§,~|gcl_ =0(r73),so0 | £ (§)|gcl_ = O(r™3). The proof for 7 is identical using (77). O

Corollary 3.12 If § > 0 is sufficiently small, then near the i —th singular point x; , the
4—form f;*(*pr&) and the 4—form *c,&; satisty

(79) | [ (e m€) = % Ciilge, = O T9),
and as a result we can say that
(80) S Gear§) = *¢, & — dE;,

for some smooth 3—form E; on (0, &) x X;, where

(81) VL Eilge, = O(r=2377),

Proof We compute that

| o) = xiEilge, < 1/ (oar€) — 26, (7 EDlge, + e (5E) = ¢ kilge,
= /7 Cem) —#¢, (7T ENlge, +1/776) —&ilge,
— 0(r—3+ll~i) + O(V_3+8)

where we have used (78) and Lemma 2.29 on the first term and (76) and the fact that
*c; 1s an isometry with respect to g¢; on the second term. This gives (79) as long
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as we choose § less than each ;. Now the 3—form f;*(*pr&) — *¢,&; is closed by
Theorem 3.10, and so equations (80) and (81) now follow from Lemma 2.11. m|

Remark 3.13 The sign on E; in (80) is chosen for later convenience.

Recall that if each v; < —4, then all the &;’s and 7;’s vanish, so we can just take &
and 7 to both be zero. This is the unobstructed case. From now on, we will assume
that the situation is either unobstructed or that the conditions (74) and (75) are satisfied.
By Lemma 2.11 and Equation (76), since § > 0, we see that for each i there exists a
smooth 2—form A4; on (0, &) x ¥; such that

(82) 17 (o +5°8) = gc, + 5°Ei +dai + s7d A;,

where we have also used Equation (70). Similarly using equations (77), (80) and (71),
we have that for each i there exists a smooth 3—form B; on (0, &) x ; such that

(83) [ (Wm+s*n—s5>xpm &) =V, +5*ni—5° x¢, & +dBi +s*dB; + s dE;.
Also, by Lemma 2.11 and equations (72), we have

84 |Viailge, = 00HH), VL Ailge, = 0¢™257), ¥j>o,
85)  |VL Bilge, = O0H T T) VL Bilge, = 0¢7*¥7)) vj=0.

We are now ready to construct a smooth 3—form ¢g and a smooth 4—form s on M 5.
Let us take y € (0, 1), which will be chosen later. It will become clear later why we

need to do this. From now on we will consider only those values of s > 0 which are
small enough so that

(86) SR <s¥ <2s¥ <e.

Recall that R’ = 2R. These inequalities hold for all s <max((e/2)"/?, (1/R)V/ 1=y,
This enables us to split up each overlapping region U; s into three disjoint pieces:

Uis = (sR',s")x Z; U[s7,257 ] x Z; U (257, 8) x %;.
The reader should refer again to Figures 3 and 4.

We can write the smooth compact manifold M, s as the (nondisjoint) union of the inner
piece KU||!_, fi (257, &) x =;) with an outer piece L; Uh; s ((sR',s¥) x X;) and
an overlapping region U; s = (sR’, &) x X; foreach i = 1,...,n. Considering it in this
way, the inner piece intersects each U, s in the set f; (257, ¢) x X;) = (257, ¢) x &;,
and each inner piece intersects its associated U; s in the set h; s ((sR',s7) x ;) =
(SR, sY)x X;.

Geometry & Topology, Volume 13 (2009)



Desingularization of G, manifolds with isolated conical singularities 1617

Let u: (0,00) — R be any smooth increasing function such that

0 forO<r <1,
u(r) =
1 for2=<r<oo.

We will use u(r) to interpolate between the pair (pas + 53, Ypr +s54n—s3 %7 )
on M’ and the pairs (¢p; . ¥n; ) on the Njg’s. Define us(r) = u(s™"r). Then
clearly

") 0 forO<r<ygsY,
ug(r) =
g 1 for2sY <r < oo.

Using uy, we define a smooth 2—form p; and a smooth 3—form z; oneach (sR’, &) x X;
as follows:

(87) pi = (o + S3Ai)”s + é‘i,s(l —Uy),
(88) T = (Bi +5*Bi + s  Ei)us + 0;,5(1 — uy).

Definition 3.14 We define a smooth 3—form ¢; on M s as follows:

om +53E on KU|_|:-’=1ﬁ((2sV,8)XE,'),
(89) ¥s = | ¢c; + 538 +dp; on (sR',e)x %,
PN; on L; Uhjs ((sR',s7) x %),

and we define a smooth 4—form s on M s as follows:

Unm +stn—sd € on KU [i_; fi ((2s7,6) x X)),
(90) Y5 =V, +s*ni—s3xc & +dti on (sR, &) x I,
VN, on L; Uhjs ((sR',s¥)xX;).

We need to check that ¢ is well defined, in the regions where we have given it two
definitions. When r <7, then p; = {; s and therefore by (67) we have @5 = i (¢n; )
on (sR',s¥) x X; and @5 = @n;, on his((sR',s7)x X;), and these are indeed
identified with each other under the diffeomorphism /; ;. Whereas when r > 2s”, then
pi = a; + 53 A; and therefore by (82) we have ¢; = S (om + s3E) on (257,8) x I;
and @5 = @ar + 536 on f; ((257,¢) x %;), and these are identified with each other
under the diffeomorphism f;. Similarly one checks using (68) and (83) that ¥/ is also
well defined. It is clear that ¢ and s are both closed forms, for all s > 0.

It is intuitively clear that as s — 0, the manifold with G, structure (]l? s, Qs) “ap-
proaches” the original compact G, manifold (M, ) with isolated conical singulari-
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ties. This can be made precise using the notion of Gromov—Hausdorff convergence,
but we will not have occasion to use this.

3.3 Existence of the torsion-free G, structure ¢ on M

In this section, we will show that from the pair (gs, ¥s) constructed in Section 3.2,
we can satisfy the hypotheses of Joyce’s Theorem 3.1 to conclude that My admits a
torsion-free G, structure @ .

Since nondegeneracy is an open condition, it will follow from the estimates in Propo-
sition 3.20 that for s sufficiently small, ¢y and v are nondegenerate 3—forms and
4—forms, respectively. However, V/; is not equal to *g ¢y, where g5 is the metric
determined by ¢s, so @ is not coclosed with respect to its induced metric, and hence
not torsion-free. However, for s sufficiently small, we will see that i is close to
*g,@s in a suitable sense, and this difference, together with its derivative, is a measure
of the torsion of ¢j.

Definition 3.15 For each s, we define a smooth 3—form x; on 2\75 by
91) Xs = Qs — *g Vs.

Remark 3.16 In the notation of Lemma 1.3 and Remark 1.4, we have x5 = @5 —

O~ (ys).
Lemma 3.17 The form x; satisfies d;s Xs = d;ﬁs forall s.
Proof We compute
dg Xs = dg (05— xg,Vs) = dg @5 — xg,d *g, %g, Vs = dg 05 — g, dVs = dg ¢
using the fact that d = %g d*g, on 4—forms, that *; =1 and that dy/s =0. O

This 3—form x, will play the role of x in Theorem 3.1. To apply this result, we need
to estimate various norms of x in the different regions of M.

Proposition 3.18 The 3—form x; on Mj is given by

—Jori(*N) = Gpp(s*n—s? xpr §)  on KU|LLT_, fi (2s7,6) x ),
dpi — Jp (s*n; + d7;
(92) x5 = Pi wc:‘( ni . i)
— Gpc (5" i — 57 *¢; & +d i)
0 onL; U hjs((sR',sY)xX;),

j| on[sY,2sY] x ¥;,

in the different regions used in Definition 3.14. Here the maps J and G are as defined
in Remark 1.4 and Equation (11).
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Proof On the region L; Uh; s ((sR',s7) x X;), we have ¥s = ¢y, | and @5 = ¢p; |,
SO

Xs = 9N, —O (YN, ,) =0.
In other words, the G, structure ¢y is already torsion-free on these regions. Now on
the inner region K U|_|7_, f; ((2s7,¢&) x ;), we have Vs = ¥ps +s*n—s3 xpr &,
and hence by (9) we have

O (Ws) = oar + Jpps (st — 57 501 E) + G (s*n — 5% %01 £).

However, since by Theorem 3.10 we know that £ is in 937 with respect to ¢,
Equation (11) tells us that Jy,,(* &) = —&. Therefore

O~ (Ys) = om + 576 + Jppy(s*n) + Gy (¥ — 57 % 6).

Now since ¢y = @pr + s3&, we obtain the expression for xy in the first line of (92).
Finally, for the overlap regions [s¥, 2sY]x X;, the calculation is similar, this time using
the fact that &; is in 937 with respect to ¢, , which was shown in Proposition 2.23. O

Remark 3.19 Notice in (92) we are now writing the overlap regions as [s¥, 25V ] x ¥;
as opposed to (sR’, ) x 3; as was used in Definition 3.14, so that now all the regions
are disjoint. This will make is easier to estimate various norms in what follows, so we
will decompose M, s this way from now on.

Note that in the unobstructed case, we have £ =0 and n = 0. Thus x, also vanishes
on the inner region, so ¢ only fails to be torsion-free in the annuli [s¥,2sY] x X;
where we have interpolated between two torsion-free G, structures. However in the
obstructed case, the G, structure ¢; also has torsion on the inner region coming from
the corrections £ and 1 to ¢pr and ¥y .

We are now ready to begin estimating various norms of xg in order to apply Theorem
3.1. We begin with estimates of dp; and dt;.

Proposition 3.20 Consider the 2—forms p; and the 3—forms t; given by equations (87)
and (88). In the region s¥ <r < 2s¥, and with respect to the cone metric gc, , we have
the following estimates:

©3) (dpilge, < C(s7Hi + 5707V 4 $U=ITdy)
(94) Ve dpilge, < Cs7M7Y + A=y 4 3= sy-yy
©3) (dTilge, < C(s7H 457077 4 FU=1I+7),

(96) IV, dtilge, < C(sYHi~Y T 4 3N+,

where each C denotes some positive constant.
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Proof Notice that %u s(r) =s7Yul(r). Now from (87), we see that

(97) doi =5 uldr Ao 45> Ai)Fus(dai +53dA;)—s 7 uldr A s+ (1—ug)d .

Since ug and u/, are uniformly bounded functions of r (independent of s), we have

|dpilge, < Cs™7|ai+5> Ailge, +Cldai+s dAilge, +C57 |Sislge, +Cldislge, -
Using equations (1), (84) and (69), we compute

|dpilgc, < C(s7V Pt 37y p=208 o piti (37348 4 ooy =iy vkl o=vipviy,

Since s¥ <r <2sY, we have r¢ < Cs¥? for any a > 0. Therefore the above expression
becomes

|dpilge, < C(s7H 4+ 3= HEy o gvmi 4 (3A-y) Sy | vi(-y) y ovi(-y)y

which is (93). To obtain (94), take the covariant derivative of (97) and proceed as
before.

For the estimates on t;, Equation (88) shows that

98) dvi =sVuldr A(Bi +5*Bi + s E;) + us(dB; +s*dB; + s*dE;)
— s Yuldr A+ (1 —ug)db; 5.

Now we use equations (1), (85), (81) and (69), and get

|dtlge, < C(s7H + sHA=V+by | B3A=n)+by | —vi(=y)y

where the O(s*(1=")*87) terms come from B; and the O(s3('=¥)*87) terms come
from E;. Butsince s < 1, the former terms are smaller than, and can be absorbed by,
the latter terms. This gives (95). The proof of (96) is similar. a

Remark 3.21 The estimates in Proposition 3.20 explain why we needed to introduce
the parameter y € (0, 1) to construct ¢; and V. If, instead of (86), we had divided
the interval (sR’,¢) into sR’ < Ry < R, < &, which corresponds to y = 0, or into
SR’ < sR; < sR, < se, which corresponds to y = 1, then the estimates of various
norms of xs would include terms of size O(1), and they would not be small enough
for us to apply Theorem 3.1 later.

In Theorem 3.1, all the norms are measured with respect to the metric g5 induced by
@s. However, it is easier for us to estimate various terms using the metrics g7 from
¢m or gc; from ¢c, . To translate these to estimates using g, we need the following
observation.
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Lemma 3.22 For s sufficiently small, the metric g5 is uniformly close to the metric
gum (in the gpr metric) on the inner region K U |_|;’:1 fi ((2sY,€) x ¥;). This means
that on this region

—1 —1
Sup|gM_gs|gM =e, sup|gM—gs |gM =e,

for some small e < % As a result, it follows easily that for any tensor w defined on the
inner region,

99) 0lg, = Clolgy,
for some C > 0, independent of s and w.

Similarly for s sufficiently small, the metric g, is uniformly close to the metric gc, (in
the gc, metric) on the overlap region [s¥, €) x X;, and hence

(100) |wlg, < Clolge, -

Proof On the inner region KU| |7, f;i ((2s¥,¢) x X;), from Definition 3.14 we have
@s —@ar = s3&. On the subset K, which is a compact manifold with boundary, || e
is bounded, so 53|€|g,, = O(s*). Meanwhile on the subset | |7, f; ((2s¥,¢&) x Z;),
we claim that s°|&|g,, = O(s*(=)) . To see this, first we note that by (54), we have
| /7 (gm) —gc; |gCi = O(r*), which is uniformly bounded as r < e. Therefore

Elgrr = 1 Eprgar) = CLA E)lge,
for some C > 0. But by (76) we know that

1/ ®lge, < lEilge, + 00T,

and also |§,~|gci = 0(7?), so s3|$|gM < Cs3r™3 < Cs307Y) ag claimed, since

r~1 <577 . Therefore on the inner region we have

Sup [@s — @arlgn < C(s® +5307))

which can be made as small as we want by taking s sufficiently small. Therefore we
can make |g; — gaslgy, < e for some e < 1. The claim now follows.

On the region [s7, &) x X;, we have from Definition 3.14 that g5 —¢c;, = s3& +dp;.
Now lEilgCi = 0(r73), so S3|Ei|gc,- < Cs31=7) gince r~! < Cs™7. Using (93), we
have

sup |¢s — 9c; e, < C(s30=7) 4 gvmi 4 g=vi(A=y) | (3(1=)+8yy,

and now the claim follows as in the first case. O
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We will use (99) and (100) repeatedly in what follows, without explicit mention. We
can now estimate the pointwise norms of x; and V; x5, where V; is the covariant
derivative with respect to the metric g of ¢.

Proposition 3.23 Let x; be as given in Proposition 3.18. Then we have the following
pointwise estimates for |xs|q, and |V xs|g,, on the different regions that were used
in (92). On the subset K of the inner region, we have

(101) Xslg, < Cs*, % Xslg, < Cs*.
On each subset f; ((2sY,e) x X;) of the inner region, we have
(102) Ixslgs = Cs*r*, IV xslgs = Cs*r*.

On the overlap regions [s¥,2sY] x X; we have

A

[Xslgs < C(sVH + svid=v) 4 S3(1—V)+8y),

103
e 1% xslg, < C(s¥HITY 4 g vil=y)—y _|_S3(1—y)+5y_y)’

and finally on the outer regions L; U hj s ((sR’,s¥) x X;) we have
(104) |XS|gs =0, |V XS|gs = 0.
Proof We start with the inner region. Using (92) and (12) and (10), we see that
| Xslgs = Clxslgar = C|J<pm(s477)|gM + C|G¢M(S477—33 *M E)lgn
< Cs*|nlgy + Cls*n—s> xp EI7,,
(105) < C5*lilgas + Cs*Inlgas + 57 Elgar)
where we have used the fact that 3, is an isometry. A similar computation yields
(106) % Xslg, = Cs*|Varnlgy,
+ C(s* 1 Vartilgrs +5°IVar8lea) (s* s +5° Elens )-

To obtain the above estimate we need to use the fact that Vs commutes with * s
and that @py is torsion-free, so that the |Var@ar|g,, terms in (12) and (10) are zero.
Now the subset K of the inner region is a compact manifold with boundary, so ||g,, .
Mlgrr> |Varélen, and [Varn|g,, are all bounded there. Hence by (105) we have

Ixslgs < C(s* +58 457 +5%) < Cs*

by absorbing smaller terms into the dominant term. Similarly by (106) we get
|V xslg, < Cs*. This proves (101). Now consider a subset f;((2s”,¢) x ;) of
the inner region. By (54), we have | /*(gm) — gc; |gCi = O(r#i), which is uniformly
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bounded as r < ¢. Therefore

Elens = 1O lern = ClA O lee, < Cléilee, + 00+ = Cr,

using (76) and the fact that &; is homogenous of order —3. In exactly the same way,
we can show that on f;((2s7,¢) x X;), we have

(107) IVarklgn Cr % ilgay <Cr7% [Varnlgy, =Cr™>.
Hence (105) and (106) then give
| Xslg, < Cs*r™, % Xslg, < Cs*r™®,

which is (102). Here we have used the fact that the s€r—% terms for k > 4 are
dominated by s*r~* since sr~! < Cs!™7 < C, because s < 1 and y € (0, 1).

We move on to the overlap regions. Again using (92) and (12) and (10), we get
|Xslg, = C|X3|gci
= Cldpl"gci + C|J(pci(s477i + d‘[i)|gcl- + C|G§0ci(s477i _S3 *C; Si + dfi)|gcl-
< Cldpilge, + Cls*ni +dtilge, + Cls*ni— s> x¢, & + dily. -

Now we use (93) and (95) to obtain

(108)  [xslg, < C(s¥H +57vi=y) _|_S3(1—1’)+5V)
+Cs4|77i|gci +C(s4|77i|gCi +S3|Ei|gci + |dri|gci)2.

We claim that the second and third terms above are smaller than, and can thus be
absorbed by, the first term. To see this, recall that |&;| gc, = O(r=3) and |n;]| gc, =

O(r—*) and that r% < Cr% for r € [s?,2s"], and thus
S4|77i|gcl. < CS4(1_V), S3|§i|gc,- < CSS(I_y)-

Since § is close to zero, the O(s*(!=")) term can be absorbed in O(s3(1=Y)+8¥) Now
the final term in (108) is

(0(S3(1—y)) + O(s"M) + O(S—v,f(l—)/))Z‘

Since s < 1, and § is close to zero, every product of two terms in the above expression
can be absorbed by one of the summands in the first term of (108). This proves
the first estimate in (103). The second estimate in (103) is obtained similarly to the
estimate in (106), this time using the fact that V¢, commutes with *¢, and that ¢c; is
torsion-free, so the |V, ¢¢; | gc, terms in (12) and (10) are zero.

Finally the equations in (104) are immediate from (92). m|
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We can now use Proposition 3.23 to estimate the norms needed in part i) of Theorem 3.1.

Theorem 3.24 Let x5 be as given in Proposition 3.18. Then the following estimates
hold for norms of x5 on the smooth compact manifold M.

(109) Ixsllco < C(s¥Hi 4 5721077 4 B3A=VI+oY)
(110) sl g2 < C(sYRit3y 4 g vi=n+3y | B3U-n)+dy+3y)
(111) g, xsll ;1 < C(s7Hi=2Y 4 gvi(=n)=3y | B30=-P)+8y—3y)

Proof We begin with the C° norms of xy and of Ve, Xs With respect to gg. Using
the estimates in (101), (102), (103) and (104), we find

(1 12) ||XS||C0 = sup |X5(p)|gs(P) S C(Sy”“i +S_v1{(1_y) +S3(1_V)+8y)’
PEMS

(113) Vg, xsllco = sup [(Vg, xs)(P)gs(p)
DEM;

< C(s7HiY 4 g1y | B3U-)+dy—yy
where in both cases the terms from (101) and (102) are absorbed by the last terms

of (103), using the fact that = < Cs™*" in (102). The estimate (112) is (109).

We now move on to the L2 norm of x,. This is

1
3
_ 2
lxsllz2 = (/1\7& |XS|gSVO|gs)

We will consider the contributions to the integral coming from the different regions
in (92). By (104), there is no contribution from the outer regions. By Lemma 3.22
and Equation (18), in the overlap region [s”,2sY] x ¥; we have volg, < Cvolc =
Cr8dr Avols. Now the estimate (103) gives

v

25V
f 1512, volg, < Cvol(S) f Ksl2,7 dr
[sV,25V]x%; s
25V
< C(s""i +s—”5(1—y)+s3(1—y)+5y)2/ r®dr
sV

< C(s7Hi + 57—y +S3(l—y)+8y)zs7y’

and hence the contribution to | xs|/;2 from the overlap region is bounded by

(114) C(SVMi+%V 4=ty +S3(1—y)+8y+%y)‘
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On a subset f;((2sY,¢€) x X;) of the inner region, by Lemma 3.22 we again have
volg, < Cr8dr Avoly, and so by (102) we see

&
/ |Xs|§SV°|gS < CvoI(E,')/ |Xs|§si’6 dr
(2sY,8)xX; 25V

&
SCSS/ r 80 dr
28V

<t +s87) < st
and so the contribution to || xs||z2 from this region is bounded by
(115) Cs*™37 = Cs*0-N+iy,

Finally the subset K of the inner region is compact, so by (101), the contribution to
llxsllz2 on this region is bounded by Cs*, which is smaller than, and hence absorbed
by, (115). Putting (114) and (115) together, we find

sl 2 < C(sYHt3Y 4 gvi=n+iy | 3U-P+dy+3y 4 40-n+3y),

It is easy to check that the fourth term above is smaller than, and absorbed by, the third
term, exactly when

(116)

so by taking § smaller if necessary, we ensure that (110) holds.

Lastly we need to consider the L!4 norm of d;,"s Xs. This is

1

14
14
||d;;xs||L14=( /~ |d;SXS|gsvo|gs) |

By Equation (2), we have |d, * Xs| < C|V, Xs| . Now we proceed exactly as in
the derivation of the L? estlmates usmg the p01ntW1se estimates on |V, xs| given
in (101), (102) and (103). We sketch the details. On the overlap regions, one obtains
that the contribution to ||d;, x| 114 18 bounded by

(117) C(Syui—y+%y +S—v;(1—y)—y+%y +S3(1—y)+8y—y+%y)’
whereas on the inner region the contribution to ||d;fs xsl 114 is bounded by
Cs4=37 = C40-n+3y

This term is absorbed by the third term in (117) whenever § < % which is automatic
from (116). Thus we obtain the estimate (111). m|
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Corollary 3.25 There exists y € (0,1) and « > 0 such that, for s sufficiently small,
the closed G, structure ¢y constructed in Definition 3.14 satisfies part i) of Joyce’s
Theorem 3.1:

z _1
Ixslco < Dis*s lixslpz < Dis2™ g Xsllp1s < Dis™275

Proof By Theorem 3.24, the three estimates in part i) of Theorem 3.1 will be satisfied
if and only if

(118) piy =k, —vi(l—y) =k, 3(1—y)+8y >«,

7 7 7 7
piy + 5y =54k, —vi(l—y)+ 5 57 Z 5tk
3A=y)+dy +Jy =S+

1 1 ) 1 1
piy —zyZ—5+k, —vi(l—y)—Zy=—5 +«k,

1 1
3(1—y)+5y—5y2—§+1<.

It is trivial to verify that for y < 1, the inequalities in (119) automatically imply the
inequalities in (118) and (120). That is, the L? estimate implies the C 0 and L4
estimates. The three inequalities in (119) can be rearranged to yield

2+K K 1+ 2«
> yzl+-—:7, Y=

(121) y > .
3 T 5 +v; 1426

We want to ensure that there exists a k > 0 such that if we define y by the three
expressions above, then y will be in (0, 1). Recall that y; > 0, § > 0 and v; = —4
(from Theorem 3.6.) For the first inequality in (121), we see that y > 0 for any « > 0,
and y < 1 if ¥ < p;. For the third inequality in (121), we have y > 0 for any « > 0,
and y < 1 if k¥ < §. Finally, for the middle inequality in (121), we see that y < 1
for any x > 0, and y > 0 if k¥ < —(% +v)) = % Therefore it suffices to choose «
satisfying

1
K <3$, K<5, and K< i, foralli=1,...,n
The intersection of the three inequalities in (121) with the regions 0 <y <1 and x > 0
is represented by the shaded region in Figure 6. a
Remark 3.26 We can see from (121) that there is a critical rate v, = —5 such that

gluing in an AC G, manifold with decay rate v’ < v, works, while for rate v’ > v, it
does not work. The determining factor is the size of the L2 norm of the error caused by
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1

0 GV ok
Figure 6: Intersection of the inequalities in the y -« plane

smoothing off the AC decay, which is contained in xg. This shows the importance of
Theorem 3.6, which we were able to use to show that for any initial AC rate v < —3, we
can extract cohomological parts, in equations (64) and (65) and the left over parts then
have a faster rate of decay v/ = —4, which is less than the critical rate v, = —% , so that
our gluing construction can actually be made to work for any initial rate v < —3. In
effect, Theorem 3.6 allows us to extend the AC rates which allow the desingularization
to succeed from v < —% to v < —3. The reader should also review again Remark 3.7.

Next we need to estimate the Riemann curvature and the injectivity radius of g;.

Proposition 3.27 For s sufficiently small, the metric gg induced by the closed
G, structure @y constructed in Definition 3.14 satisfies parts ii) and iii) of Joyce’s
Theorem 3.1:

Z(gs) = Das. | R(gs)llco < D3s™2.

Proof We begin by noting that under a conformal scaling of metric § = s2g, the
Riemann curvature tensor R and the injectivity radius Z change by

IR@lcog) = IR@llcoy and Z(Z) =sZ(2).
We will consider the three regions of M, s as given in Definition 3.14.

On the inner region K U| |7_; fi ((2sY,¢) X £;), we have |gs—gn g, < e, for some
e< % by Lemma 3.22. Hence by Taylor’s theorem we have |R(gs)—R(gam)|gr < Ce.

Geometry & Topology, Volume 13 (2009)



1628 Spiro Karigiannis

Therefore

|R(gs)|gs = C|R(gs)|gM = C|R(gM)|gM + C|R(gs) _R(gM)|gM <C,

using (99) and the fact that R(gps) is smooth and hence bounded on any compact
subset of M containing the inner region. On the overlap regions [s¥,2sY] x Z; we
can again use the fact that g is uniformly close to g¢, by Lemma 3.22, so as above
we can say

IR(gs)lg, = CIR(gc))gc, + CIR(gs) —R(gc)ge, = CIR(gc)ge, +C-

Since g¢; (tr,0) = tzgci (t,0), we have

|R(gC,-)(lr’ o) |gcl. (tr,0) = 12 |’R(gcl.)(}’, 0)|gci (r,0)
on the cone C;. Thus since 7 € [s¥,2s”] on these regions, we have
R(gc)lge, <Cs™.

Finally we consider the outer regions L; U h; s ((sR,s¥) x X;). Here we have g5 =
s’g N; exactly, so

IR(gs)lg, = 5 IR(gN)lgn, | = C572
as R(gn;) is smooth and thus bounded on any compact subset of N; containing that

outer region. Putting all three estimates together gives iii) of Theorem 3.1.

The estimate on the injectivity radius in ii) of Theorem 3.1 is proved in essentially
the same way. On the inner region, we get Z(gs) = C, on the overlap regions we get
Z(gs) = Cs?, and on the outer regions we get Z(gs) = Cs. Thus when s is sufficiently
small, putting these all together gives ii) of Theorem 3.1.

Note that in both cases, the dominant contribution comes from the conformally scaled
metrics gy = s2g ~; on the outer regions which were glued into M to obtain M. O

Finally we can prove our main theorem.

Theorem 3.28 Let M be a compact G, manifold with isolated conical singularities,

with singularities x1,...,Xp, cones Cy,...,Cy and rates juy,..., [y, respectively.
Suppose that we have asymptotically conical G, manifolds Ny, ..., Ny, with the
same cones Cq, ..., Cy and rates vy, ..., vy, respectively, with each v; < —3. If the

conditions (74) and (75) of Theorem 3.10 are satisfied, then there exists a one-parameter
family M of smooth, compact G, manifolds, for 0 < s < «, (with holonomy exactly
equal to G, ), which desingularize M .
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Proof From Corollary 3.25 and Proposition 3.27, we see that the hypotheses of
Theorem 3.1 are satisfied with ¢ = ¢ and x = xs on the smooth compact manifold
MS. Hence there exists a torsion-free G, structure @5 on M s, for 0 <s < «. The
Riemannian holonomy of the metric g5 induced by @5 must be exactly G,, since the
holonomy of M’ and of the N;’s was exactly G,, and the holonomy of a manifold
obtained by gluing must be at least as large as the holonomy of its constituent pieces. O

In fact we can say informally that “limg_, ¢ M, s = M7, since as s — 0, the asymptoti-
cally conical G, manifolds N; s shrink to points, corresponding to the original conical
singularities x;, and hence the manifold M, s approaches the original G, manifold
M with isolated conical singularities. Therefore compact G, manifolds with isolated
conical singularities can be thought of as possible “boundary points” in the moduli
spaces of compact smooth G, manifolds.

4 Analysis on manifolds with ends

In this section we summarize some aspects of analysis on noncompact manifolds with
ends. We will only need parts of the theory for weighted Sobolev spaces. It applies
equally well to weighted Holder spaces. Analysis on noncompact manifolds with ends
using weighted Banach spaces has been discussed by many authors, including Maz’ja—
Plamenevskii [34], Bartnik [4], Biquard [6] and Aubin [2]. We choose to follow
the approach developed in Lockhart—-McOwen [29] and Lockhart [28]. A detailed
exposition of this approach can also be found in Marshall [33], and a summary in the
context of manifolds with ICS was first presented in Joyce [20]. Weighted Sobolev
space techniques have also been applied by Nordstrom [35] to study asymptotically
cylindrical G, manifolds.

4.1 Analysis on manifolds with isolated conical singularities

Let M be a compact G, manifold with isolated conical singularities, as in Definition
2.25. In order to be able to define sensible “weighted” Banach spaces on the noncompact
smooth manifold M, we need to introduce the concept of a radius function.

Definition 4.1 A radius function o on M’ is a smooth function on M’ that satisfies
the following conditions. On the compact subset K = M\ |_|;-':1 S;, we define p = 1.
Let x be a point in the neighbourhood f;((0, %8) x 3;) of the i—th singularity x;.
Then fi_l(x) = (r,0) for some r € (0, %8), and we set o(x) = r for such a point.
Finally, in the regions f,-((%s, €) X X;), the function p is defined by interpolating
smoothly in an increasing fashion between these two definitions.

Geometry & Topology, Volume 13 (2009)



1630 Spiro Karigiannis

Let A = (Aq,...,Ay) be an n—tuple of real numbers. We can add such n—tuples
and multiply them by real numbers using the vector space structure of R”. We also
define A 4+ j = (Ay + j.....An+ j) forany j € R. Now define o* to equal o* on
£:((0,€) x ;) and to equal 1 on K. Then o* is a smooth function on M’ which
equals r* on the neighbourhood f;((0, %s) x X;) of x;.

Definition 4.2 Let p > 1,/ >0 and A € R". We define the weighted Sobolev space
Llpx (A*(T*M")) of k—forms on M’ as follows. Consider the space C°(A*(T*M"))
of smooth compactly supported k—forms on M. For such forms the quantity

1 1/p
_ i p —
2 ol = (§ [, el "ol )

is clearly finite and is a norm. We define the Banach space L (Ak (T*M")) to be
the completion of C, (Ak (T*M')) with respect to this norm. As a topological vector
space, Lﬁ N (AKk(T* M )) is independent of the choice of radius function g, and any
two such choices lead to equivalent norms.

Remark 4.3 There are several observations to be made about this definition.

i) Itis clear that L l(Ak(T M) CL
1,...,n.

”,(Ak(T*M’)) if A; > A} forall i =

ii) Itiseasy to show thatif |w|g,, = O(r*i) near x;, then w € Lgx e(Ak(T*M/))
for any e > 0.

iii) Because of the factor of o=’ in (122), for [ = 0, the space Lp (Ak (T*M"))
is the usual L?(AX(T*M")) space, and in particular we have

(123) L (AR(T* M) = L2 (AN(T*M)).
> 2
Here it is understood that % denotes the “constant” n—tuple (%, cees %).

iv) The differential operators d and d%,, defined on C(A*(T*M")), clearly
extend to bounded linear operators

d: LY (A" M) > LE, _ (AFPH(T* M),

diy: ,+”(Ak(r M) — LY, (AT M),

Proposition 4.4 Let g satisfy L + 1 = 1. There is a Banach space isomorphism
|Y q Yo Ty P p

(L8, (AR (T*M'))" = LY, (A (T* M),
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g1ven by the L? inner product pairing. That is, if « € L X(Ak(T* ")) and B €
o (AR(T*M")), then
(124) et B)p2l = Clleell Lz N1BlLg

Hence (-, -)y, is well-defined and continuous on

0.—A—7"

DA @MY x Ly _(AK(T*M)).

Corollary 4. 5 Suppose o € LY LA+ (AK(T*M")) and B LY _, (AKTY(T*M)),
where 1 + = = 1. Then we can “integrate by parts” to say that

(125) (dauB)Lz = (a’d;\}lB)Lz
This also holds if § € L‘ll A,(Ak‘H(T*M/)) whenever A +1' > —7.

Proof Equation (125) clearly holds when « and B are both smooth, compactly
supported forms. By item iv) of Remark 4.3, we know that do € Lp (Ak THT*M))
and dy, B € Lo a— 8(Ak(T M")). But then by the continuity of the pairing (-, ),
from (124) and the fact that smooth compactly supported forms are dense in the
weighted Sobolev spaces, Equation (125) follows by taking limits. The last part of the
claim follows immediately from item i) of Remark 4.3. |

Let A*(T*M') = Y] _o A¥(T*M’). Define

7
LY (NN T*M)) =) LY, (AS(T* M),
k=0
We will be interested in the following two differential operators:
(126) (d+d;(,[)lp+1,x 1+1 L(AX(T* M))—>L (AT M),
(127) (AM)] 0 ,+“(Ak(T M) —>le L(N(T*MY)).

They are defined by extending the operators d +dj, and A,z from smooth compactly
supported forms to the Sobolev spaces.

Definition 4.6 Let C be a cone. The set Dd+d§ of critical rates of the operator
d+df on A*(T*C) is defined as follows:

A €R; Janonzero w = Z,Z oWk € A*(T*C),
homogeneous of order A, such that (d + d)(w) =0

(128)  Dgiar = {
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Similarly the set D . of critical rates of Ac on AK(T*C) is defined as

A € R; Janonzero w € AK(T*C), }

129 Dae =
(129) Ac { homogeneous of order A, such that Acw =0

Both Dd+dé and D are countable, discrete subsets of R.

Our manifold M with isolated conical singularities has n singular points, with cones
Ci,...,Cy. The relevance of the critical rates is that they are related to the rates A for
which the operators (d +d ) MI+1 and (Ap)? 1420 of (126) and (127) are Fredholm,
by the following theorem, which is taken from Lockhart-McOwen [29, Theorem 1.1].

Theorem 4.7 The map
(d+dy, )lJrl A l+1 L (AT(T*M')) —>L I [(AT(T*M"))
is Fredholm if and only if A; ¢ Dd+d* foralli =1,...,n. Similarly the map
(A ian i LY, l(Ak(T M) — LY, _,(AK(T*M))
is Fredholm if and only if A; ¢ Dag, foralli =1,....n

We have the following elliptic regularity result for the operators d +dy, and Ay,
which can be found in Lockhart-McOwen [29, inequality (2.4)].

Theorem 4.8 Suppose that w and v are locally integrable sections of A*(T* M) and
that w is a weak solution of the equation (d +dj,)(w) =v. Ifw € pr (A*(T*M"))
and v € fo ((A*(T*M')), then » € Ll+1 l(A*(T M")), and w is a strong solu-
tion of (d +dy,)(w) = v. Furthermore, we have

(130) lollzp,,, =CUE+dD@lgp,  +lol)

for some constant C > 0 independent of w. That is, w has at least one more derivative’s
worth of regularity than v = (d + d,)().

Similarly suppose @ and v are locally integrable sections of AK(T*M’), and w
1's a weak solution of the equation Apyw =v. If w € LPX(Ak(T M'")) and v €
(AK(T*M")), then w € L?, ., (A*(T*M")), and w is a strong solution of

l A—2 1+2,A
A pro = v. Furthermore, we have
< J
(131) lollzy,,, <CIAM@lLr, , +lolLr))

for some C > 0 independent of w.

We also need the following important result from Lockhart-McOwen [29, Lemma 7.3].
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Theorem 4.9 The kernel of (d + d ) MI+1 is independent of p > 1 and independent
of [. Hence we can denote it unambiguously as ker(d + dy;)» . This kernel is also
invariant as we change the rates A, as long as we do not h1t any critical rates. That
is, if A = (A1,...,Ay) and A" = (A, ..., A}), with the interval [Ai, A}] contained in
R\Dd+da for each i, then

ker(d +dj)y = ker(d + dy )a.

Similarly the kernel of (A M)}D 42, is independent of p > 1 and independent of l.
Hence we can denote it unambiguously as ker(A pr), . This kernel is also invariant as we
change the rates A , as long as we do not hit any critical rates. Thatis, if A = (A1, ..., Ay)
and A" = (A, ..., A},), with the interval [A;, A}] contained in R\Da, foreachi, then

ker(Apr)ys =ker(Apr)a.

Remark 4.10 There is a “Sobolev embedding theorem” in the context of manifolds
with ICS, which (for large enough p and /) embeds the Sobolev space L’ I into an
appropriate Holder space C * having k continuous derivatives, where k, « and
A" depend on p, [ and A. It follows from this theorem and the elliptic regularity
of Theorem 4.8 that elements in the kernel of d + d]"'} or Aps are smooth, and the
independence of the kernels on / follows from this. In particular, it now follows that

1
weker(d+dy)y = |/fF (@) (grr) = <Cr* on (O,ES)XEZ‘,
(132) 1
w € ker(A ) —= |fi*(w)|f,.*(gM) <Cr* on (O, 58) X 2.

The independence of the kernels on p > 1 is more complicated and can be found
in Lockhart—-McOwen [29, Sections 7-8]. We will not need the embedding theorem
explicitly in this paper.

Lemma4 11 Let p > 1. Suppose that w € Ll+2 )‘(Ak(T*M/)) and that A prw = 0.
If A; > —5 foralli =1,...,n,thendy,w =0 and dw = 0.

Proof By Theorem 4.9, if o € ker(AM)l+2 5 then o € ker(AM)l 2.2 - Now the
elliptic regularity of Theorem 4.8 tells us that w € L? o, X(Ak(T* ’ )), and hence
dw and dy, are both elements of Ll+1 s (AT(T™ M")). Because each A; > —
Corollary 4.5 says that the following integration by parts computation is valid:

0= (Apw, w)2=(ddyw ).+ (dydo, o), =]|dy a)|iz+|dw|iz,

and so we have d;\‘/[w =0 and dw = 0. O
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Corollary 4.12 Suppose that wy, € Ll+2 )‘(Ak(T*M’)) and that A pywyp, = 0. Then
we have:

(133) Fork =0,7, ifeach A; > —5, then d;\",[a) =0anddw = 0.
(134) Fork = 1,6, ifeach A; > —4, then dx,[a) =0anddw = 0.
(135) Fork =2,5, ifeach A; > —3, then d;"‘,[a) =0anddw = 0.

Proof By Proposition 2.15 we see that in all three cases, there are no critical rates until
atleast A; =—2. So using Theorem 4.9, in all cases we can say that wy € ker(Apr)-5+e
for some small e > 0. The claims now all follow from Lemma 4.11. m|

The following proposition (in a general setting) originally appeared in Lockhart [28,
Example 0.16] and a version in the setting of manifolds with ICS is stated in Lotay [31,
Theorem 6.5.2].

Proposition 4.13 Let Hﬁz denote the subspace of L2(AX(T*M')) consisting of
closed and coclosed k —forms. Then for 0 < k < 3, the map
[-]: HE, - H*(M'.R)
o > [w]
is an isomorphism. Here [w] denotes the cohomology class of the closed form w .
The rest of the results in this section also all have analogues for Az, but we will only

require them for the operator d + d, . First we will need to consider the formal adjoint
of the map

(d“‘d}\kl)fﬂ,x l+1 A(AK(TTMY) — le (AT M)
By Proposition 4.4, the formal adjoint extends to a map
(136) (d +dy)mi1 a—e' L1, a A (TM) > L7 3 (AN(T*M")),
where %4— é =1,and /,m > 0.

The next result is the version of the “Fredholm Alternative” for manifolds with ICS,
adapted from Lockhart-McOwen [29, Theorem 1.1].

Theorem 4.14 Suppose that A; is not in Dg4qy. forall i =1,...,n, so that by
Theorem 4.7, the map l

(d+dy)P, 3 LE (AT M) — LE, (A (T M)
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is Fredholm and also uniformly elliptic. Then the image im(d + d 3 ) M)I+1 of this map
is given by

im(d +dy)] 0
={ve L;’l (AN(T*M')); (v,w)p2 =0, Vo € ker(d + dy;)_x—s}-

That is, the equation (d +d;)(w) = v is solvable for w € Ll+1 L (A*(T*M")) if and
only if the right hand side v is orthogonal (with respect to the L? inner product) to
every element of ker(d + d};) ¢, the kernel of the formal adjoint map.

We will need to understand how, near each singular point x;, we can asymptotically
expand elements of the kernel of (d + d} ) M)I+1. in terms of certain special solutions
of (d +da)(a)) =0.

Definition 4.15 Let C be a cone. For A € R, we define the space K(A)4+ay to be
(137)

K\ gsas = = Zk 0 Z] o(log(r)) oy j; such that (d + d} o)) =0,
¢’ and each wy ; is a homogeneous k—form of order )\

That is, K(A)g+ay. is the set mixed-degree forms on C in the kernel of d +d ¥, which
are polynomials in log(r) with coefficients being homogeneous forms of order A.

We will use ker; (d —|— dy,)a to denote the restriction of the kernel of (d + dy ) M1
to the subset f;((0, 1 8) x X;) of the i—th end of M’ (recall by Theorem 4.9 this
kernel is independent of p>1and /> 0.) The following result appears (in a slightly
disguised form) in Lockhart-McOwen [29, Section 5].

Proposition4.16 Let B, B’ be two n—tuples of rates. Fix i and suppose that B; and B;
are in R\Dd+d* and that B; < ;. Let oy <oy <--- <ap be all the critical rates in
Dd+d* between Bi and B;. If w e ker; (d +d} )ﬁ then there exist vj € IC(on)d+d
for j=1,...,N,and an @' defined near x; with |a)’|gc = O(rBithi) such that

N
=Y () ) —o ekeri(d +dy)p

j=1
That is, when restricted to the subset f;((0, e) x X;) of the i —th end of M’,
element in the kernel of d + dj, with noncr1t1cal rate 3; admits an expansion in
terms of elements in (o ,)d+d* for each critical rate ; between B; and B, plus a
remainder term which is of order O(rﬂ' F1i) and another term which is in the kernel of
d + djy, with noncritical rate ; > ;.
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Remark 4.17 The O(rPit#i) term arises from comparing a solution to the equation
(d +d3;) (@) = 0 to a solution of (d 4 d . )(a)) = 0, using the relation (54) between
the metrics gc, and gps near x;.

We will use Proposition 4.16 to prove the following.

Corollary 4.18 Let A =(A,...,A) be a constant n—tuple. Choose § > 0 small enough
so that in the closed interval [\ —§, A + 8], at most only A itself is a critical rate for
each end. That is, [\ —§,A + 6] N Dd+d* C {A} for each i. This is possible since
each D; is a discrete subset of R. Further assume that § > 0 is small enough so that
§<3 L u; foreach i, where u; are the rates of the singularities of the manifold M with
ICS. If w € A*(T*M’) is in the kernel of (d + d} )l+1 5_g- then

: 1
(138) | /(@) = vilge, = OG*%)  on (0, 58) x X,
for some v; in K(A)d+dy. . which may be zero (if A ¢ D +ay. -)

Proof We apply Proposition 4.16, with 8; = A —§ and ,6/ = A + 4. Because of
the hypotheses on §, for some v; € K(A)a+ay . on fi((0, e) X 3;) we have that

- (f D*(v;) — ' lies in ker;(d + dM))»-i-Bj where |0| = O(r*~3+#i). Hence
by (132), we have

: S 1
|j,-*(co)—v,-|fi*(gM)5Crk+8+Cr)‘ S+ii - on (0, ES)XEi'

Since by hypothesis we have § < % ui and r < 1, the second term on the right is smaller
than and can be absorbed by, the first term. O

There are many more results that are known in this setting. For example, the index of
d+ d]’\",l will stay constant (like the kernel) unless we cross a critical rate, and when we
do, the change in the index can be explicitly computed using the dimensions of the
spaces K(A)d+d* We will not need these results here. The interested reader is referred
to Marshall [33] for a comprehensive review.

4.2 Analysis on asymptotically conical manifolds

Let N be an asymptotically conical G, manifold, as in Definition 2.31. All of the
analytic results about manifolds with ICS also hold for AC manifolds. The only
differences are that there is only one end this time, and since r — oo instead of r — 0
at the end, all the inequalities involving rates are reversed. In fact these results can
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be shown to follow from those of Section 4.1 because an AC metric (restricted to the
asymptotic end) is actually conformal to an ICS metric. However, for completeness we
prefer to state precisely those results in the AC setting which we will require.

Definition 4.19 A radius function ¢ on N is a smooth function on /N that satisfies
the following conditions. On the compact subset L of N, we define o = 1. Let x be
a point in #((2R, 00) x X). Then A~ !(x) = (r, o) for some r € (2R, 00), and we set
o(x) = r for such a point. Finally, in the region 2((R,2R) x X), the function o is
defined by interpolating smoothly between these two definitions.

Definition 4.20 Let p > 1,/ >0 and A € R. We define the weighted Sobolev space
Llpk (AK(T*N)) of k—forms on N as follows. Consider the space C (AK(T*N))
of smooth compactly supported k—forms on N . For such forms the quantity

1/p

(139) ||w||LfA=(Z [ 1ol o oty

is a norm, and we let L;),A (A*(T*N)) be the completion of C°(AK(T*N)) with
respect to this norm.

Remark 4.21 Here are the observations analogous to those of Remark 4.3.
i) This time we have L;’A(Ak (T*N)) S L] P (AK(T*N)) if A < ). (The in-
equality is in the opposite direction to the ICS case.)
ii) Itis easy to show that if ||y, = O(r*) near infinity, @ € LY e e (AK(T*N))
for any e > 0.
iii) The space Lp 7 (AK(T*N)) is the usual L?(AX(T*N)) space, and in partic-

ular we have P

(140) Lg’_z(Ak(T*N)) = L2(A¥(T*N)).

iv) The differential operators d and d3;, defined on C3° (AK(T*N)), clearly extend
to bounded linear operators

d: Llpﬂk(/\k(T N) =L, _ [(ARTLT*NY),
dy: LY, (N(T*N)) — LY, ((AFH(T*N)).

Proposition 4.22 Let g satisfy Ly l = 1. There is a Banach space isomorphism
(LY (AT N)) = LT, (AK(T*N)),

given by the L? inner product pairing.
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Corollary 4 23 Suppose a € LY, ((AX(T*N)) and B € L] _, (AF*1(T*N)),
where 2T E = 1. Then we can “integrate by parts” to say that

(141) (do, B)p, = (. dyB)y,
This also holds if € LY, ,(A¥+*1(T*N)) whenever A + 1" < —7.

For AC manifolds we will only be interested in the operator:
(142) (d+dy)] g0 LLp JAS(TFN)) = LY, (A (T*N)).
The AC analogues of Theorems 4.7, 4.8 and 4.9 are the following.

Theorem 4.24 The map (d +d3X)f ;i L{y (N (T*N)) = L7, _ (A*(T*N))
is Fredholm if and only if A ¢ Dd+d;§, where the set of critical rates Dd+dé is as
given in Definition 4.6.

Theorem 4.25 Suppose that w and v are both locally integrable sections of A*(T* N')
and that w is a weak solution of the equation (d +d ) (w) =v. Ifw € L(I)),A (A*(T*N))
and v € Llpk ((A*(T*N)), then w € L[Jrl 3 (A*(T*N)), and w is a strong solution
of (d + dy;)(w) = v. Furthermore, we have

(143) loly,,, < C(IE@+dP@le  +lolgy)
for some constant C > 0 independent of w.

Theorem 4.26 The kernel of (d + d ) Mitia is independent of p > 1 and independent
of [. Hence we can denote it unamb1guously as ker(d + djy;)y . This kernel is also
invariant as we change the rate A, as long as we do not hit any critical rates. That is, if
the interval [\, '] is contained in R\Dy 44z . then

ker(d +dy ) = ker(d + dy)y.
Remark 4.27 As in Remark 4.10, it follows that
(144) w e ker(d +d3)) = |h*(@)|pren) < Cr* on (2R, 00) x X
We will need to consider the formal adjoint of the map
(d + d}‘\‘,)f’H’A z+1 L(A(T*N)) — L 1 (A*(T*N)).
By Proposition 4.22, the formal adjoint extends to a map
(145)  (d + dN)m+1 s Li+1’_k_6(A*(T*N)) — Lqm’_k_7(A*(T*N)),

where %4—5:1 and /,m>0.
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Next we have the “Fredholm Alternative” for AC manifolds.

Theorem 4.28 Suppose that A is not in D4y, , so that by Theorem 4.24, the map
@+ d¥) ]y p Lip a (A (TPN) = Ly (AT(TPN))

is Fredholm and also uniformly elliptic. Then the image im(d + dx ) NI+1 of this map
is given by

im(d + dj, )lJrl N
={ve L;J,A—l(A*(T*N)); (Viw)p2 =0, Yo € ker(d + dx)_p—6}-

Let Kg+ay. be as given in Definition 4.15. We will use keroo(d + dy);. to denote
the restriction of the kernel of (d + d ) NMitia to the subset Z((2R, oo) x %) of the
asymptotic end of N . The following is the AC analogue of Proposition 4.16.

Proposition 4.29 Suppose that B and B’ are in R\Dg4+4. and that B > pB’. Let
oy <oy <--- <oy be all the critical rates in Dgqy. between p and p. Ifwe
keroo(d + dj;) g, then there exist vj € K(aj)a+ay., for j=1,...,N, and an o’
defined near infinity with |0’|g. = O(rP+V) such that

N
=Y (") *(vj) - ekeroo(d +dx)p-
j=1
That is, when restricted to the subset h((2R, o0) x X) of the asymptotic end of N , an
element in the kernel of d +dy, with noncritical rate  admits an expansion in terms of
elements in K(« ])d+d* for each critical rate oj between B and f’, plus a remainder
term which is of order O(rﬁ *V) and another term which is in the kernel of d + dy
with noncritical rate ' < B.

Remark 4.30 The O(rA*") term arises from comparing a solution to (d +d V(@)=
0 to a solution of (d + d{-)(w) = 0, using the relation (57) between the metrics g¢
and gy near infinity.

From Proposition 4.29 we can prove the following, exactly as in the proof of Corollary
4.18.

Corollary 4.31 Suppose that A; < A,. Choose § > 0 small enough so that in the

closed interval [A1 — 8, A, + 8], the only critical rates for the asymptotic end lie in the
closed interval [A1, A]. Thatis, [A; — 8, A2 + 6] N Da+ayr < [A1,A»]. Further assume
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that § > 0 is small enough so that § < %(kl — Ay — V), where v is the rate of the AC
manifold N . (This will only be possible when v < Ay —X,.) If o € A*(T*N) is in
keroo(d +dy)j.,+5. then

N
(146) *(@) =Y " vjlge = O™ %) on (2R.00) x I,
ji=1
for some vj in K(atj)a+ay . where oy, ... o are all the critical rates for d+d¢ in

5 Solution of the obstruction problem

In this section we prove Theorem 3.10, which gives the existence of n and & on M’
with the required properties to perform the desingularization and which was used in
Section 3.2. We restate the theorem here for the convenience of the reader.

Theorem 3.10 Let M be a compact G, manifold with isolated conical singularities.
Foreach i, let & and n; be 3—forms and 4—forms, homogeneous of orders —3 and —4,
respectively, and closed and coclosed on each cone C;, with respect to gc, . Suppose
that

n n

@[&'] € @ H3(Z;,R) lies in the image of Y3: H3(M',R)

(147) i=1 i=1 "

— P H?(Zi.R).
i=1

n n

@[ni] € @ H*(Z;,R) lies in the image of Y*: H*(M',R)

(148) i=1 i=1 n

— P H*(Zi.R).

i=1

where the maps Yk are given in Definition 3.9. Then for § > 0 sufficiently small, there
exists a smooth 3—form & and a smooth 4—form n on M’ such that

dE=0, d} £=0, dn=0,
(149) VLS E) = EDlge, = OG>y vj=o,
(150) VL) =n)lge, = OG5 vj=0.
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Notice that we do not say that n is coclosed. Furthermore, the 3—form £ is in A;7 with
respect to the G, structure @ps .

Notice that if (149) and (150) hold for j = 0, then since &, n, &, and 7n; are all
closed and § > 0, Lemma 2.11 shows that the cohomology classes [ f;*(£) —&;] and
[ /;* (1) — n;] vanish in H3*(Z;,R) and H*(Z;,R), respectively. But by the definition
of the maps Y* in Definition 3.9, this precisely says that Y3([£]) = @7, [&] and
Y4([n])) = @7 [ni]. Hence the conditions in (147) and (148) are necessary for closed
forms & and 7 to exist satisfying (149) and (150). These are therefore global topological
conditions for the desingularization to be possible, which relate the different singular
points. We will see in Sections 5.1 and 5.2 that the conditions in (147) and (148) are
also sufficient to construct a £ and n satisfying all the conclusions of Theorem 3.10.

5.1 Construction of the 3—form correction &

Let & be any smooth 3—form on M’ satisfying
(151) VL E) = EDlge, = O HT)  vj=o.

This can clearly be done by defining f;*(£’) to be equal to & in a neighbourhood
(0, %8) x X; of x;, defining & to be zero in the compact core K of M’, and by
smoothly interpolating between these definitions on the annuli [%8, g] x ¥;. The goal

of this section is to modify & to produce a 3—form & with the properties given in
Theorem 3.10.

Let A°(T*M')) and A®°*(T*M')) denote the space of odd and even degree forms
on M’, respectively. Since the operator d + d, interchanges the odd and even forms,
all the results about d + dy, from Section 4.1 remain true when we consider d + d},
as mapping just from odd to even forms or conversely. We need to consider the map

(152) P:=(d+di)0%? o o L?

dd * /
[+1,-346" l+1,—3+8(AO (T M))

N Lllj_4+5 (Aeven(T*M/)).
By (136), the formal adjoint P* of P extends to a map
(153) P*:=(d +dX4)ZZT’1‘f_3_3: L 113 (AT M)

- L7 _ 4 (AT M),

First, we have to describe the kernel of P* explicitly.
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Proposition 5.1 Ifv= Zk —o vzk € Lerl _3_s(AN(T*M")) satisfies P*(v) =0,
then on the neighbourhood (0, 5€) X X; of x;, we have

(154) frW)=dr Aag;+ O@~3F9),

where each a4 ; is a harmonic 3—form on the link X;, respectively. Furthermore, each
component v,y of v is closed and coclosed with respect to the metric gpr on M.

Proof The fact that f;*(v) takes the form shown in (154) follows from Corollary
4.18 (with A = —3) and Proposition 2.21. It remains to show that each v, is closed
and coclosed. The equation (d 4 d},)(v) = 0 breaks up into

(155) dvo+dy;v, =0, duy+dyvs=0, dvug+dyv6=0, dvg=0.

Also, (d +dj,)(v) = 0 implies that A psvy; =0 forall k=0,...,3. Since —3—8 >
—4, we see that vo and vg are both closed and coclosed, from (133) and (134),
respectively. Therefore (155) simplifies to

(156) dyus =0,  duy+dius=0,  duy=0.

Thus we will be done if we can show that dv, = 0. But dv, is a closed 3—form, and
by the middle equation in (156), it is also coclosed. Now by Proposition 4.13 for k = 3,
the map dv, +— [dvs] € H*(M',R) is injective. But [dv,] =0, so dv, = 0 and the
proof is complete. O

Theorem 5.2 Let & be a smooth 3—form on M, satisfying (151), and further sup-
pose that the condition (147) is satistied. Then there exists w = Zli:o Wok+1 €

Lf_H 348 (AY(T*M")) satisfying the equation
(157) (d+dy)(w) =—dy, & —dEg'.

Moreover, using this solution, if we define ’g‘ &'+ w3, then é eL?
and satisfies d€ = 0 and d]’\",lf =0.

2 A (ANT*MY)

Proof By Theorem 4.14, we need to check that the right hand side of the equation is
orthogonal (with respect to the L2 inner product) to the kernel of the formal adjoint
map. Let v = Zi=0 Uy be in the kernel of P*. Then

(158) (—dy &' —d&' v) ;2 :/M’ (—dxlé/,vz)ngoleL/ / (—dé’,v4)ngolM.

On 3—forms we have d]’\"/[ =—xprd*pr, and *pz is an isometry with respect to gz, SO
therefore we can write (—d3, &/, vz)gM =(d *p &', xpv2),,, - Hence Equation (158)
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simplifies to

(—diE —dE V), = / (d*31 & Avp) - / (dE' A% arvs)
(159) M M’

= [t nv= [ d@ nsagva).
M M

where we have used the fact that dv, = 0 and d *p7 v4 = 0 from Proposition 5.1.
Let us define M, = {x € M’; o(x) > r}, where o is the radius function on M’ from
Definition 4.1. Then M is a manifold with boundary, and aM, =|_|7_; fi({r} x Z;).
Then using Stokes’ Theorem, Equation (159) becomes

(160) (~dj;€ —dgv) 2 = lim Z / SE G A S ()

{rix;

— lim Z/{,}xz. FEEYA £k prvg).

r—0 im1

By (151) and the fact that |§,~|gci = 0(r—3), we have |fl.*(§/)|gci = O(r—3). The proof
of (79) also works for &’, since only the property (151) is used. Therefore we also have
| (e & )|gc = O(r—3). Proposition 5.1 tells us that |f*(v2)|gc = O(r—319),

and | f;*(vs) —dr Aoy ,|gc = O@r31%) on {r} x ;, where o4, is a harmonic
3—form on X;. Now we can mimic the proof of (79) using v4 and dr Aay ; in place of
& and §&;, respectively, to obtain that | /;*(*prvs) — *c; (dr A a4,,-)|gq = 0(r319).
Using (24) we see that *c, (dr Aoy ;) = *x,04 ;. In summary, we have:

173Dl = 0C™). /i @lge, = 0C4),
(161) |f,*($/) —Si|gc,- = 0(}’_34-5)’ |fl*(*MU4) — *Eia4,i|gci — 0(r—3+8)’
|fi*(§,)|gci = 0(r_3), | %5, a4,i|gc,- = O(I’_3).

Writing f*(§") =&+ (f;*(§))=&) and f* (xprva) =*x, 04 i+ ([ (kprva) —*3,24,),
we can then apply the estimates in (161) to Equation (160), to obtain

(3 —d€v) o] < lim Y /{ Byolgrps,
i=

r}xE

lim / A *xy, o
Z (X Sl 4,0

r—0 “
i=
lim Z/ Si N*x3, 04|
{r}xz;

r—0 “
i=1

(162) < lim Cr®+

r—0
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using the fact that the volume of {r} x ¥; is equal to Cr®, where C is the volume of
{1} x ;. The first limit in (162) is zero, so to conclude the solvability of Equation
(157) it remains to prove that

(163) lim Z/ E Axx,aq; =0.

This is where we will need to use the hypothesis that the condition (147) is satisfied.
This condition says that there exists a smooth closed 3—form &” on M’ such that
/¥ (£") differs from &; on (0,¢) x X; by an exact piece. That is,

(164) &= fE)+dVi on (0, &) x X;

for some smooth 2—forms V; defined on (0, &) x X;. We also know that *x, 04 ; is
closed (since a4 ; is harmonic on X; ) and also that fl* (v4) is closed by Proposition 5.1.
Therefore the fourth equation in (161) and Lemma 2.11 together imply that f;* (% psv4)
differs from *x, 04 ; on (0,€) x X; by an exact piece. That is,

(165) k3,04 = [ (kprvg) +dW; on (0,&) x X;

for some smooth 2—forms W; defined on (0, &) x ;. Using (164) and (165), the left
hand side of Equation (163) now becomes

rli—I>nO ( ; /{r}in fl*(gﬁ) : J{l*(*MU4))

n
+ lim (Z/ (dV,-/\*El.OM,i—i—é,'/\dW,-—i-dVi/\dVVi)).
{r}xZ,-

r—0

Since & and *x; a4 ; are closed, the integrands in the second sum of integrals above
are all exact, and hence these integrals all vanish by Stokes’ Theorem, because {r} x X;
is compact and without boundary. Therefore the left hand side of Equation (163) has
been simplified to

n

lim Z/ " Axprvg = lim E"Axppug = hm d(E" Axppug)
(166) r—0 fi ({rixx;) r—0Jam; M

= / d(g///\*MU4),
M/
using Stokes’ Theorem again. But this integral vanishes since both &” and *j;v4

are closed, by Proposition 5.1 and the hypothesis (147) which ensures the existence
of such a closed £”. Hence the right hand side of (157) is L?-orthogonal to the
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kernel of P*, and therefore there exists a solution @ = Zi:o wyk+1 to Equation

(157). It still remains to show that §= &' + w3 is closed and coclosed. The equation
(d +dy,)(w) = —d}y, & — d& breaks up into
¢ dx,la)l =0, da)1 —+ d]’\",la)3 = —d;\}gl,
167
( ) dws + d}t,la)5 = —d?::/, dws + d;{,lan =0.

Now (167) implies that A prwox+1 =0 for £k =0,2,3. Since —3+46 > —3, we see that
w1, ws, and w7 are all closed and coclosed, from (134), (135) and (133), respectively.
Therefore (167) simplifies to

d]’\'}(a)3 +€/) =0, d(a)3 + é/) =0.
Also, f;*(¢') =& near x;, and |§,~|gci = O(r~?). Therefore we have

(168) VLS E) = EDlge, = OG>y vj=0,
and hence £ = w3 + £ isin L;’H 3(A3(T"‘M’)) and is closed and coclosed. O

We have constructed a smooth 3—form E on M " which is closed and coclosed and
satisfies (149). The final step is to modify & to a 3—form & which lies in 937 with
respect to Qs .

Proposition 5.3 Let § be as given in Theorem 5.2. Denote by 5 51 + 57 + 527 the
decomposition of é into components of the subspaces 2 3=Q3 DR 3 2@ Q , determined
by @ . Then the 3—form & = 527 is closed and coclosed and sat1sﬁes (149).

Proof The decomposition of 3 is orthogonal with respect to_gp and preserved
by the covariant derivative (since oM is torsion- free) so each &, & and &7 isin
Llp+2 3+8(A3(T*M/)) Since d€ = 0 and d* S = 0, we have A& = 0. Again
because @y is torsion-free, the Laplacian commutes with the projections onto the
G, invariant subspaces, so A M§1 = 0. But 51 = foum for some function f in
Lz”+2 _345(A%(T*M")), and the first equation in (5) says that Aps f = 0. Hence
by (133) we see that [ is clrlsed (hence constant), and therefore & = foar is closed
and coclosed. Similarly Aps&7 =0, and since &7 = *p7(x A @pz) for some 1-form o
in LlJr2 348 (AY(T*M?')), the first equation in (6) says that Ao = 0. Proposition
2.15 says there are no critical rates for the Laplacian on 1-forms in the interval
(—4,—1), so by Theorem 4.9, we can say « is in ker(AM) 1—e for some small e > 0,
and then Theorem 4.8 tells us o € Lf +2,— (A (T*M)). Therefore Vara lies
in Llp+1 (T M’ ® T*M'), which is 1n L2 because —2 —e > —5. (Here we

are using an L;’ , horm on sections of the tensor bundle 7* M’ ® T*M ', and the
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analogous statement to iii) from Remark 4.3.) On a manifold with vanishing Ricci
curvature, the usual Bochner—Weitzenbock formula reduces to A = V*V on 1-forms.
Therefore (using an obvious analogue of Corollary 4.5) we can compute that

0=(Apma.a) > =(Vaf Vi, a)p2 = |Vyalis,

and thus we see that Vyro = 0. But a manifold with holonomy exactly equal to G,
has no nonzero parallel 1-forms [8, Theorem 2], so o = 0, and hence &; = 0.

Thus we have 527 = E— 51, and since § and § 1 are both closed and coclosed, we see
that £ = §27 is also closed and coclosed. We still need to show that & satisfies (149).
Let n% denote the projection onto the 937 subspace of Q3(7T*M’) with respect to
¢pm and n27i denote the projection onto the 937 subspace of Q3(T*C;) with respect
to ¢, . Because of (53), the G, structures f;*(¢ar) and ¢c; on (0, &) x X; agree up
to order O(r*i), and thus we have

¥ (M 0) — w33 17 (@)|ge, = |17 (@)]ge, O0H)
for any 3—form w on M. Since & = n% § , the above equation becomes
5@ =753 17 Blge, = 17 E)lge, O0H) = O3 TH),
But then we have
7)) —&ilge, < 1/7E) =5 7 Ege, + 173 177 E) —Eilge,
= O ™) gt (S E) =) lge,
< O(r—3+ui) 4+ O(r—3+5) — O(V_3+8),

where we have used the fact that n2C7i & = & from Proposition 2.23, Equation (168)
and the fact that § < w;. Similarly we can show that

IVESF©) —E)lge, = O3y vj>0,

and the proof is complete. |

We have succeeded in constructing the 3—form & of Theorem 3.10 needed to correct
both ¢as and Yrps for the gluing of Section 3.3 to work. We still need to construct the
4—form correction 7.

5.2 Construction of the 4—form correction 5

We can try to follow the same procedure as in Section 5.1 to construct the 4—form
correction 1. However, in this case one encounters some difficulties. The main problem
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is that the analogue of Proposition 2.21 fails. The relevant rate in this case is —2, and
it turns out that there can be log(r) terms in the kernel of d 4+ d¢c with order —2 on
odd forms. In fact it turns out that the log terms arise only for the 3—form components
of the kernel. Because of this, the proof of an exact 4—form analogue to Theorem 5.2
would break down, but one can carry out this procedure partially to produce a 4—form 7
which is merely closed, but not coclosed. The arguments become much more involved,
however. And then the analogous argument to Proposition 5.3 for projection onto the
9‘2‘7 component would also break down.

However, we saw in Section 3.3 that it was unnecessary for n to be coclosed or to be in

9‘2‘7 , just that it be closed. Since that and condition (150) are our only requirements on 17,

there is a much simpler argument that avoids all the technical analysis of Section 5.1.

Proposition 5.4 Suppose that condition (148) is satisfied. Then there exists a smooth
closed 4—form n on M’ satisfying

VL) =n)lge, = OG5 vj=o,

on (0,¢) x X;, forany § > 0.

Proof As in the discussion before Equation (164), the fact that condition (148) is
satisfied says that there exists a smooth closed 4—form n” on M’ such that f;*(n")
differs from n; on (0, ¢) x X; by an exact piece. That is,

(169) ni= £ +dU;  on(0.6)x 5

for some smooth 3—forms U; defined on (0,¢) x X;. Let w: (0,00) — R be any
smooth decreasing function such that

1 for()<r<58,
w(r) = 5 -6
0 f0r385r<oo.

Now we define the smooth 4—form 1 on M’ as follows:

n”’ on the compact core K of M’,
700 n= 90"+ (7D dWUp) on fi(lze el x i),
i (i) on f;((0, 58] x ).

It is clear that 5 is closed, and by Equation (169) and the definition of w it is also
smooth and well-defined. Also, on f;((0, %8) x X;), we have f;*(n) = n;, so

VL) =n)lge, = 0¢™*FT)  vj=o0,

for any & > 0, since it is identically equal to zero for r < %s. a
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We have succeeded in constructing the 4—form 1 of Theorem 3.10 needed to correct
Y for the gluing of Section 3.3 to work. Thus the proof of Theorem 3.10 is now
complete.

6 Asymptotic expansion of G, structures on AC G, mani-
folds

In this section we prove Theorem 3.6, which says that under an appropriate gauge-fixing
condition we can obtain a nice asymptotic expansion of the G, structure (¢x, V)
on an AC G; manifold N. This theorem was used in Section 3.2 for the gluing
construction. We restate the theorem here for the convenience of the reader and drop
the i subscripts to simplify notation.

Theorem 3.6 Suppose that N is an asymptotically conical G, manifold with rate
v < —3 and that h satisfies the gauge-fixing condition given in Definition 3.3. Then on
the subset (2R, 00) x X of the cone C we can write

(171) h*(eN) = ¢c +& +d&,

(172) h*(yN) =Yc +n—x*cé +db.

where £ is a harmonic 3—form, homogeneous of order —3, and in 5237 with respect
to ¢c, 1 is a harmonic 4—form, homogeneous of order —4, and ¢ and 6 are 2—forms
and 3—forms on (2R, o00) x X, respectively, satistying

(173)  |VELlge = OGV T, VLBl = OGV 1), vj=o,
where v/ = —4. Furthermore, [§] = ®(N) and [n] = ¥(N), where ®(N) and W(N)
are the cohomological invariants of the AC G, manifold N from Definition 2.38.

We will begin by showing that the gauge-fixing condition leads to an elliptic equation.
Let N be an asymptotically conical G, manifold with rate v < —3. Then we have that

| (¢N) —pclge = O,

by Equation (56). Since v can equal —3, the invariant ®(/N ) in H3(Z, R) of Definition
2.38 can be nonzero. By Proposition 2.24, we can represent the class ®(N) by a 3—
form & on (R, oo0) x ¥ which is homogeneous of order —3 and harmonic with respect
to the cone metric. Furthermore, Proposition 2.23 says that £ isin A ;7 with respect to
oc . Now h*(pn) —@c — & is exact, so we can write

h*(on) —¢c =& +di
for some 2—form ¢ on (R, 00) x X, with |d{|g. = o(r=3).
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Lemma 6.1 Suppose that N is an AC G, manifold with rate v < —3 and that h
satisfies the gauge-fixing condition of Definition 3.3. Then we have

(174) |(d +dE) (W (YNn) = Ve)lge = 00 7) on (R, 00) x X.

Proof We have /*(pn) = ¢ + & + d{, where by hypothesis & + d¢ € Q3. with
respect to ¢c . By Lemma 1.3, we see that

h* (W) = O™ (en) = Ve —*c(E+dO) + Foe (§+dE)
=VYc —*cE—do(xc) + Fpc (€ + dY),

where we have used the fact that xcd = d&",*c on 2—forms. From Equation (25),
we know that £ is coclosed, since £ is a closed and coclosed form on the link 3.
Therefore if we take dg. of both sides of the above equation, we get d - (h*(Yn)) =
df(Fpe (§ +d¢)), and from (8) and the fact that | + d{|y. = O(r—3), we see that

|dE R (YN |ge = |dE (Foe (6 +dE))ge < Cr.
Equation (174) now follows since (d +dg)(h*(Yn) —Vc) = di(h*(¥N)). 0O

Corollary 6.2 Suppose that N is an AC G, manifold with rate v < —3 and that h
satisfies the gauge-fixing condition. Then Vn — (h™1)* (¥ ¢) satisfies the equation

175 d+dyp)Wn—H") (W) =dyv  on h((R,00) x T),
for some exact 4—form v defined on the subset h((R,00)x X) of N, with |dyv|gy =

o).

Proof We begin by observing that
[(d +d)Wn = () WGe)lgy = 1d + djju ) B WON) = VO (gn)

where d}, (N) is the coderivative with respect to the metric 2*(gn) on (R, 00) X X.
Now by (57), the tensor 2*(gn) — gc¢ is uniformly bounded with respect to the g¢
metric, on (R, 00) x X. Thus |@|p+(gy) < Clw|g for any tensor w, and therefore

(d +dR)WN = ) W)lgy = Cld + die (i) B (WN) = ¥C) g

But we also have

(d + dye i) (B (WN) = VO g
<@ +de) (N = VO)lge + 1@y = dE) BT WN) = VO lge -
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The first term on the right hand side is O(r~’) by Lemma 6.1. For the second term,
we use (57) again to see that

|y vy —dE)B*(WN) =V C)lge < CrY7HR*(Yn) — Yelge = OC T,
since |h*(YN) —Vclege = O(r=3) and v < —3. Putting these all together gives

d +d3)(n — () )y = Cr77
It is clear that (d +dx) (VN — (h™H*(We)) = dyv with v = (h~H*(Yc), and we

know that v is exact since Y ¢ is exact by Proposition 2.4. a

In order to obtain a nice asymptotic expansion of 42*(¢xn) and 2* (¥ ), we will use
Corollary 4.31, but first we require one more preliminary result.

Lemma 6.3 There exists a closed 4—form w4 in Lf _s (A*(T*N)) such that

(176) (d +d) (N — (D) (Ye) —ws) =0
on the subset h((2R,o0) x X) of N .

Proof Let & be a smooth bounded function on N such that

0 forxelL,
(177) B (x) =
{1 for x € h(2R, o0) x X).

By Corollary 6.2, we know that v = da for some 3—form « on A((R, 00) X X). Now
the form dy,d(Ja) is a well defined 3—form on all of N which is coexact. It is
identically equal to zero on the compact subset L of N and equals dy v = dy.da on
the subset ((2R, 00) x ) of N . By item ii) of Remark 4.21, we know that dy,(Jv)

is in Lop 71 (AY(T*N)) for any e > 0. Consider the operator

(178) (d+dy) {507 LY (AT N)) — L, [(AYYT*N)).
We claim that for any A > —6 + e which is not a critical rate, we can solve the equation

(179) (d +dy)7 (@) = dyd(Va),

where v = Z,i 0 W2k 18 an even—degree mixed form. Note that this makes sense
because since dd (V) isin Lf 0.7+ L(ACY(T*N)), it follows from item i) of Remark

4.21 that d¥ d(zS‘cx) isin L? 0.A— 1(A"dd(T N)) forany A > —6+e. To know that (179)
is solvable for such A, we need to use Theorem 4.28. If A is not critical then it will be
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solvable if and only if dy d(da) is L?—orthogonal to the kernel of the formal adjoint
of (178), which by (145) and Theorem 4.26 is the kernel of the map

(@ +d3)nt] g L ame AN = L,y (AS(TEN)).

Suppose 8 = Zk o0 B2k +1 is in the kernel of (d + dN m+1,—h—6" Then in particular
dBs3 +dy Bs = 0. Then using Corollary 4.23 twice, we see that

(B.dyd(De)) 2 = (Bs.dyd(De)) 2 = (dBs.d(Da)) -
—(dyBs.dPe)) 2 = —(Bs.dd(Pa))p> =0,

and thus Equation (179) has a solution w = Zk oWk in L? A(Aeve“(T*N)) This
w satisfies

(180) dwo+dnw, =0, dwy+dyws=dyd(Oa), dws+dyws=0, dwe=0.

Every term in (180) lies in L? 04— 1(A"dd(T”‘N)) Therefore if A —1 < —3, we can
use Corollary 4.23 again to integrate by parts and conclude that

dog=dywy =0, dw;=dyws—dyd(Pa)=0, dos=dywe=0, dws=0.

Hence in particular wy is closed and (d +-d ) (w4) = dyd(Fa) if A € (=6+¢,1— %).
If we choose A to be any noncritical rate less than —5, we have w4 € Lf _s (AY(T*N)).
Then by (175) and (177) we see that

(d+dy)Wn — () (Ye) —ws) =0
on the region 2((2R, 00) X X). ad

Remark 6.4 The elliptic regularity result in Theorem 4.25, combined with the smooth-
ness of ¥ ¢ and ¥, now tell us that w4 is smooth. Therefore we have that

(181) Vi 04lgn = OG™577)  forall j >0.
We can finally prove Theorem 3.6.

Proof of Theorem 3.6. From Lemma 6.3 we know that (x — (h~1)*(V¥c) — ws) is
in keroo(d + dx;)—345 forany § > 0. Let Ay = —4 and A, = —3. Since v < -3, we
have v < Aj — A » = —1, and thus we can apply Corollary 4.31 to obtain

N
(182) W N) = —h s =) v+,

Geometry & Topology, Volume 13 (2009)



1652 Spiro Karigiannis

where vj is in K(«j)a+dz for e acritical rate in the interval [—4, —3], and [V'[¢ =
O(r_4_5). Now a priori, the v;’s are even-degree mixed forms. However, since the
left hand side of (182) consists of only 4—forms, we know that the v;’s and v’ are also
pure 4—forms. Thus each vj; is of the form v; = Z;"zl(log(r))iuj-,i where vj ; is a
homogeneous 4—form of order «; on the cone. From the calculation in the proof of
Proposition 2.21, it follows that the leading coefficient v; 5, is a 4—form, homogeneous
of order —4, and closed and coclosed. But then Corollary 2.17 says that v; , = 0
(and hence vj = 0) for any «; € (—4,—3). So the only critical rates which can occur
in (182) are oy = —4 and ap = —3. Proposition 2.22 and Corollary 2.19 tell us that
o1 =1, a homogeneous 4—form of order —4, harmonic with respect to the cone metric.
Also, Propositions 2.21 and 2.20 tell us that @, = dr A (xx&) for some homogeneous
3—form xx& of order —3, harmonic with respect to the cone metric. (We choose to
write is at *x& for convenience.) Equation (24) says we can write dr A (xn&) = —xc&.
Now £ is homogeneous of order —3 and harmonic, so £ lies in 937 with respect to
¢c , by Proposition 2.23. Therefore we have shown that (182) becomes

W*(UN) =Yc +n—xcE+ v +h*(ws),

where v’ +/*(w,) is closed. We also know that |Vé (V' +h*(w4))lge = O@r—4-3-7)
as r — 00, since |Vév’|gc =0@r 4% J) and |Véh*(a)4)|gc = O(r~>77), which
follows immediately from (181) and (57). Hence we can apply Lemma 2.11 to say
that v’ + h*(w4) = dB, for some 3—form 6 on (2R, 00) X T satisfying |Vé9|gc =
O(rV'*1=J), for any v/ > —4 —§. This proves Equation (172) and half of (173).

Now we apply the operator ®~! to Equation (172). We obtain

W (on) = 07 (W* (YN)) = O (Yc — *ck +n+db)
=@pc+E+ Joc(m+dO) + Gy (n+db)

using equations (9) and (11) and the fact that £ is in 937 with respect to ¢ . Now the
remainder term Jy (1 + d0) + Gy (n+ dO) = h* (pn) — ¢c — & is clearly smooth
and closed. Hence (12) and (10), along with the estimates on 1 and d6 above tell us
that

VL (Jpe 1+ dO) + Goe (n+ dO)|ge = OCT)  Vj =0,

and therefore we can again apply Lemma 2.11 to conclude that /*(¢pn) —¢c —& = d¢
for some 2—form ¢ on (2R, 00) X X satisfying |Vé§‘|gc = O(r"/"'l_j), for any
v/ > —4. This proves Equation (171) and the other half of (173). It is clear that
€] = [h*(pn)] = ®(N), and [n] = [A*(¥n)] = ¥(N) follows from the fact that
—xc&=dr Anxx€E =d(r xg £) is exact. ad
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Remark 6.5 To prove Theorem 3.6, which is really just a result about G, cones, we
transferred the problem to an analytic question on the AC manifold to use the machinery
of Section 4.2, and then transferred back to the cone. In principle, we could have
avoided that by working directly on the cone itself, but then we would have needed
to introduce analytic results for noncompact manifolds which had asymptotic ends as
well as isolated conical singularities (which can be done), but we preferred to avoid
doing so.

Remark 6.6 If we did not impose the gauge-fixing condition, the O(r~7) expression
in (174) would only be O(r~*). Then the 4—form w4 from Lemma 6.3 would be at
best O(r—37¢), which would be too large to ignore and the proof of Theorem 3.6
would break down. Therefore the gauge-fixing condition is necessary to be able to
prove results like (171) and (172).
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