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CARTAN SUBALGEBRAS OF TENSOR PRODUCTS
OF FREE QUANTUM GROUP FACTORS
WITH ARBITRARY FACTORS

YUSUKE ISONO

Let G be a free (unitary or orthogonal) quantum group. We prove that for any nonamenable subfactor
N C L*°(G) which is an image of a faithful normal conditional expectation, and for any o -finite factor B,
the tensor product N ® B has no Cartan subalgebras. This generalizes our previous work that provides the
same result when B is finite. In the proof, we establish Ozawa—Popa and Popa—Vaes’s weakly compact
action on the continuous core of L°°(G) ® B as the one relative to B, by using an operator-valued weight
to B and the central weak amenability of G.

1. Introduction

Let M be a von Neumann algebra. A Cartan subalgebra A C M 1is an abelian von Neumann subalgebra
which is an image of a faithful normal conditional expectation such that (i) A is maximal abelian and
(i) the normalizer Ny (A) generates M as a von Neumann algebra [Feldman and Moore 1977]. Here
Ny (A) is given by {u e U(M) | uAu* = A}.

The group measure space construction of Murray and von Neumann gives a typical example of a
Cartan subalgebra. Indeed, the canonical subalgebra L>°(X, u) C L*°(X, u) x I" is Cartan whenever the
given action I' ~ (X, ) is free. More generally, one can associate any (not necessarily free) group action
with a Cartan subalgebra by its orbit equivalence relation. Conversely when M has separable predual, any
Cartan subalgebra A C M is realized by an orbit equivalence relation (with a cocycle), and hence by a
group action. Thus the notion of Cartan subalgebras is closely related to group actions. In particular if M
has no Cartan subalgebras, then it cannot be constructed by any group actions. It was an open problem to
find such a von Neumann algebra.

The first result in this direction was given by Connes [1975]. He constructed a II; factor which is
not isomorphic to its opposite algebra, so it is particularly not isomorphic to any group action (without
cocycle) von Neumann algebra. Voiculescu [1996] then provided a complete solution to this problem, by
proving free group factors LF, (n > 2) have no Cartan subalgebras. He used his celebrated free entropy
technique, and it was later developed to give other examples [Shlyakhtenko 2000; Jung 2007].

After these pioneering works, Ozawa and Popa [2010] introduced a completely new framework to study
this subject. Among other things, they proved that free group factors are strongly solid, that is, for any
diffuse amenable subalgebra A C LF,, the von Neumann algebra generated by the normalizer Nzf, (A)
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remains amenable. Since L[, itself is nonamenable, this immediately yields that LF, has no Cartan
subalgebras. Note that strong solidity is stable under taking subalgebras and hence any nonamenable
subfactor of L[, also has no Cartan subalgebras.

The proof of Ozawa and Popa consist of two independent steps. First, by using weak amenability
of [F,, they observed that the normalizer group acts weakly compactly on a given amenable subalgebra.
Second, combining this weakly compact action with Popa’s deformation and intertwining techniques
[Popa 2006a; 2006b], they constructed a state which is central with respect to the normalizer group.
Thus they obtained that the normalizer group generates an amenable von Neumann algebra. Since these
techniques are applied to any finite crossed product B x [, with the W*CMAP (weak™ completely metric
approximation property, see Section 2D), they also proved that for any finite factor B with the W*CMAP,
the tensor product LF, ® B has no Cartan subalgebras.

To remove the W*CMAP assumption on B x [,,, Popa and Vaes [2014a] introduced a notion of relative
weakly compact action. This is an appropriate “relativization” of the first step above in the view of the
relative tensor product L2(B x F,) ® g L>(B x [F,,). In particular this only requires the weak amenability
of F,,. Thus by modifying the proof in the second step above, they obtained, among other things, the
tensor product L, ® B has no Cartan subalgebras for any finite factor B.

The aim of the present paper is to develop these techniques to study type III von Neumann algebras.
More specifically we replace the free group factor LI, with the free quantum group factor, which is a
type III factor in most cases. We have already studied this [Isono 2015a; 2015b] when B is finite. In the
general case however, namely, when B is a type III factor, we could not provide a satisfactory answer to
this problem, and this will be discussed in this article.

We note that the first solution to the Cartan subalgebra problem for type III factors in our framework
was obtained by Houdayer and Ricard [2011]. They followed the proof of [Ozawa and Popa 2010]
by exploiting techniques in [Chifan and Houdayer 2010], that is, the use of Popa’s deformation and
intertwining techniques together with the continuous core decomposition. While Houdayer and Ricard
followed the idea of [Ozawa and Popa 2010], our approach in [Isono 2015a; 2015b] was based on
[Popa and Vaes 2014b]. In particular, in the second step above, we made use of Ozawa’s condition
(AO) [2004] (or biexactness, see Section 2C) at the level of the continuous core. In this article, we
stand again on the use of biexactness, and we will further develop techniques of [Isono 2015b]. See
[Boutonnet et al. 2014] for other examples of type III factors with no Cartan subalgebras, and [Chifan and
Sinclair 2013; Chifan et al. 2013] for other works on Cartan subalgebras of biexact group von Neumann
algebras.

The following theorem is the main observation of this article. This should be regarded as a generalization
of [Isono 2015b, Theorem B], and this allows us to obtain a satisfactory answer to the Cartan problem in
the type III setting. See Section 2 for items in this theorem.

Theorem A. Let G be a compact quantum group with the Haar state h, and B a type 111 factor with a
faithful normal state ¢g. Put M := L*°(G) @ B and ¢ :=h ® ¢p. Let Cyy (B) and Cy,(M) be continuous
cores of B and M with respect to g and ¢, and regard Cy,(B) as a subset of C,(M). Let Tr be a
semifinite trace on Cy,(M) with Tr |C‘PB(B) semifinite, and p € C,(M) a projection with Tr(p) < o.
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Assume that G is biexact and centrally weakly amenable with Cowling—Haagerup constant 1. Then for
any amenable von Neumann subalgebra A C pCy,(M) p, we have either one of the following conditions:

(i) We have A wa(M) C(pb, (B).
(ii) The von Neumann algebra N, pC, (M) »(A)" is amenable relative to Cy,(B).

As a consequence of the main theorem, we obtain the following corollary. This is the desired one since
our main example, free quantum groups, satisfies the assumptions in this corollary. See [Isono 2015b, Theo-
rem C] for other examples of quantum groups satisfying these assumptions. Below we say that an inclusion
of von Neumann algebras A C M is with expectation if there is a faithful normal conditional expectation.

Corollary B. Let G be a compact quantum group as in Theorem A. Then for any nonamenable subfactor
N C L*(G) with expectation and any o-finite factor B, the tensor product N ® B has no Cartan
subalgebras.

For the proof of Theorem A, we will establish a weakly compact action on the continuous core of
L (G) ® B as the one relative to B. The central weak amenability of G is used to find approximation
maps on the continuous core which are relative to B < R. Then combined with the amenability of R, we
construct appropriate approximation maps on the core relative to B. In this process, since B is not with
expectation in the core, we use operator-valued weights instead. This is our strategy for the first step.

For the second step, although we go along a very similar line to [Isono 2015b], we need a rather
different (and general) approach to the proof. We note that this is why we assume only biexactness of G,
and do not need the notion of condition (AOC)™ as in [Isono 2015a; 2015b].

This paper is organized as follows. In Section 2, we recall fundamental facts for our paper, such as
Tomita—Takesaki theory, free quantum groups, biexactness, weak amenability, and Popa’s intertwining
techniques.

In Section 3, we study a generalization of the relative weakly compact action on the continuous core
by constructing appropriate approximation maps on the core. The main tools for this construction are:
operator-valued weights; central weak amenability; and weak containment, together with the amenability
of R. This is the most technical part of this paper.

In Section 4, we prove the main theorem. We follow the proof of [Popa and Vaes 2014b; Isono 2015b],
using the weakly compact action given in Section 3.

2. Preliminaries

2A. Tomita-Takesaki theory and operator-valued weights. We first recall some notions in Tomita—
Takesaki theory. We refer the reader to [Takesaki 1979] for this theory, and to [Haagerup 1979a;
1979b] and [Takesaki 1979, Chapter IX, §4] for operator-valued weights.

Let M be a von Neumann algebra and ¢ a faithful normal semifinite weight on M. Put ny, :={x € M |
¢(x*x) < oo} and denote by A, : n, — L?*(M, ¢) the canonical embedding. We denote the modular
operator, modular conjugation, and modular action for M C B(L>(M, ¢)) by Ay, J, and 0¥ respectively.
The Hilbert space L*(M, ¢) with J, and with its positive cone P, is called the standard representation
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for M [Takesaki 1979, Chapter IX, §1] and does not depend on the choice of ¢. Any state on M is
represented by a vector state, from which the vector is uniquely chosen from P,. Any element o € Aut(M)
is written as « = Ad u by a unique u € B(L*(M, ¢)) which preserves the standard representation structure.
The crossed product M X ¢ R by the modular action is called the continuous core [loc. cit., Chapter XII, §1]
and is written as C, (M), which is equipped with the dual weight ¢ and the canonical trace Tr, := g?)(h(;l ),
where h,, is a self-adjoint positive closed operator affiliated with LR. For any other faithful normal
semifinite weight v, there is a family of unitaries ([Dg, Dv¥];);er in M called the Connes cocycle
[loc. cit., Definition VIII.3.4]. This gives a cocycle conjugate for modular actions of ¢ and v, and hence
there is a x-isomorphism

My,:Co(M)— Cy(M), Tly,(x)=x (xeM), Ty,07) =[Dy, DeliA! (tR).

It holds that ITy , o 1, ,, = 1y, for any other w on M, and Ily.E,, poE, |C¢(M) =TIy , forany M C N
with expectation E . It preserves traces Try oIly, , = Tr, [loc. cit., Theorem XI1.6.10(iv)]. So the pair
(Cy(M), Try) does not depend on the choice of ¢, and we call Tr,, the canonical trace. A von Neumann
algebra is said to be a rype 111 factor if its continuous core is a [l factor.

Let B C M be any inclusion of von Neumann algebras. We denote by M the extended positive cone
of M. For any operator-valued weight T : M+ — B, we use the notation

ny = {x € M | [IT(x*x)|loc < +00},
my = (np)*ny = (Y7 xfyi [n =1, xi, yi eng forall 1 <i <n}.

Then T has a unique extension 7 : my — B as a B-bimodule linear map. In this paper, all the operator-
valued weights that we consider are assumed to be faithful, normal and semifinite. Note that since the
operator-valued weight is nothing but a weight when B = C, we may also extend a faithful normal
semifinite weight ¢ on my,.

For any inclusion B C M of von Neumann algebras with faithful normal weights ¢p and @) on B
and M respectively, the modular actions of them satisfy o%¥|p = o %2 if and only if there is an operator-
valued weight Ep from M to B which satisfies ¢p o Ep = ¢y, and Ep is determined uniquely by this
equality [loc. cit., Theorem 1X.4.18]. We call Ep the operator-valued weight from (M, @) to (B, ¢p).
In this case, the cores satisfy the inclusion Cy,(B) C Cy,, (M) since c%¥|g = o¥?. When ¢y |p = ¢3,
Ep is a faithful normal conditional expectation [loc. cit., Theorem 1X.4.2].

Let M be a von Neumann algebra and ¢ a faithful normal semifinite weight on M. Put L>(M) :=
L?*(M, ¢) and let o be an action of R on M. In this article, as a representation of M x, R, we use that for
any £ € L2(R) ® L>(M) ~ L>(R, M) and s, t € R,

M 3 x — 1y (x), (o (x)§)(5) 1= a—s (x)&(s),
LR M= 1y, ((1®A)E)(s):=E&(s—1).
Let C.(R, M) be the set of all x-strongly continuous functions from R to M with compact supports. Then

there is an embedding

Ty :Co(R, M) > f— /(1 QAT (f(®))dt € M xy R,
R
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where the integral here should be understood as the map 7' € B(L*(R) ® L>(M)) given by
(rem) = [ (@ rmf )6
for all £, n € L>(R) ® L>(M). We note that by
(f*g)):= A;{ots(f(t +5))g(—s)ds and fﬁ(t) = a[l(f(—t)*) for f,g € C.(R, M) and t € R,

C.(R, M) is a *-algebra, so that 77, is a *-homomorphism. For f € C.(R, M) and x € M, we define
(f-x)(t) == f(H)x for t € G. Let C.(R, M)n, C C.(R, M) be the set of linear spans of f - x for
f €C.(R, M) and x € n,. With this notation, the dual weight satisfies

P (o () a () = 9((g" % £)(0)) = / p(g()* f(1)dt forany f, g€ Cc(R, M)n,
R
[Takesaki 1979, Theorem X.1.17]. The modular objects of ¢ are given by

0,¢|M =0/ and a,é()\s) = A[D(poay), Dpl; fors,teR,
(Jp€) (1) = u*(t)J,&(—1) fort € Rand & € L*(R, L*(M)),

where u(¢) is the unitary such that o, = Ad u(¢), which preserves the standard structure of L*(M, ¢).
In particular 0% globally preserves M and so there is a canonical operator-valued weight Ej; from
(M x4 R, @) to (M, ). By the equality ¢ o Ey; = ¢, it holds that for any f, g € C.(R, M),

En(a(8)*a(f)) = (¢" % £)(0) = /R " f()dt.

Here we prove a few lemmas.

Lemma 2.1. Let (N, gpn) and (B, ¢p) be von Neumann algebras with faithful normal semifinite weights
with oy (1) = 1. Let «® be an action of R on B, and put M == NQ B, ¢ =@y Qp, o :=0" Qab. Let
Euy, Eg, Epur be the canonical operator-valued weights from (M x4 R, @) to (M, ), from (M x4 R, @)
to (B, ¢g), and from (M x4 R, @) to (B x,8 R, ¢p) respectively. Then we have Egyr o Epy = Ep.

Proof. Let Py be the one-dimensional projection from L*(N, ¢n) onto CA, (1x) and observe that the
compression map by Py @ 13 ® l;2y on N® B® B(L?(R)) gives a normal conditional expectation
E:M x,R— B x5 R satisfying E((x @ b)A;) = on(x)b),; for x € N, b € B, and t € R. It is faithful
on M X, R since it is faithful on N ® B @ B(L?*(R)). A simple computation shows that E = Ep.p
and Epr((x ® b)A;) = on(x)bA, for x € N, b € B, and t € R. In particular Egyg|s is the canonical
conditional expectation E} from (M, ¢) to (B, ¢p). Then by definition, g0 EY c Eyy = ¢ o Ey = @,
and hence EY o E)y = Ep. Since EY o Eyy = Egwg o Ey, we obtain the conclusion. O

We next recall the following well-known fact. We include a proof for the reader’s convenience.

Lemma 2.2. Let M be a type 111 factor and N a von Neumann algebra. Then the center of the continuous
core of M @ N coincides with the center of N.
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Proof. Since M is a type III; factor, there is a faithful normal semifinite weight @) on M such that
(M,,,) "M = C [Takesaki 1979, Theorem XII.1.7], where M,,, is the fixed point algebra of the modular
action of ¢ys. Let ¢y be a faithful normal semifinite weight on N and put ¢ := ¢y ® @ . Observe that
the center of Cy,(M ® N) is contained in

(Mg, ® Cli2(nygrz@) MM &N @B(LA(R) = Cl 24y 4,y & N @ B(L*(R)).

On the other hand, since Z(C,(M ® N)) commutes with LR, it is contained in (M ® N), ® LR; see,
e.g., [Houdayer and Ricard 2011, Proposition 2.4]. Hence

Z(C,(M®N)) CCRN®B(L*(R)N(MBN),® LR=C&N,, ®LR.

Finally since Z(C,(M ® N)) commutes with M, and N, commutes with M and LR, (up to exchanging
positions of M and N) we have

Z(C,(N®M))CM'NN,, ®CRLR=N,, ®( M'NCR®LR) =N,, ®CI,

where we used ' NC ® LR C Z(C,,(M)) = C. Since N' N N,, = Z(N), we conclude that
Z(Cy,(M®N))=Z(N). Since all continuous cores are isomorphic with each other, preserving the position
of M ® N, for any other faithful normal semifinite weight v, we obtain Z (Cy (M ®N))=Z(N). O

2B. Relative tensor products, basic constructions and weak containments. Let M and N be von Neu-
mann algebras and H a Hilbert space. Throughout this paper, we denote opposite objects with a circle
superscript (e.g., N°: =N, x°:=xP e N°, (xy)°=y°x°forx, y € N). We say that H is a left M-module
(resp. a right N-module) if there is a normal unital injective x-homomorphism gy : M — B(H) (resp.
Oy : N° — B(H)). We say H is an M-N-bimodule if H is a left M-module and a right N-module with
commuting ranges. The standard bimodule of M is a standard representation L?(M) as an M-bimodule,
where the right action is given by M° 3 x° — Jx*J € M’ C B(L*(M)).

Let N be a von Neumann algebra, ¢ a faithful normal semifinite weight, and H = Hy aright N-module
with the right action 6. A vector £ € H is said to be left p-bounded if there is a constant C > 0 such
that [|0(x°)¢]| < C||J,Ay(x™)| for all x € n:;. We denote by D(H, ¢) all left ¢-bounded vectors in H.
It is known that the subspace D(H, ¢) C H is always dense [Takesaki 1979, Lemma IX.3.3(iii)]. For
& € D(H, ¢), define a bounded operator

Le : L*(N,9) — H; LgJ,Ap(a*) =0(a®)k.
It is easy to verify that
O(x°)Lg = LgJyx*J, (x €N),
LeLy € O(N°) and LyLg € (JoNJ,) =N (§,n€ D(H, ¢)),
XLy = Lygo?, ()15 (x €6(N°),y € No),
where N, C N is the subalgebra consisting of all analytic elements with respect to (o) (see [Takesaki 1979,

Lemma IX.3.3(v)] for the third statement). For a left N-module K = y K, the relative tensor product H @y
K is defined as the Hilbert space obtained by separation and compression of D(H, ¢) ®,; K with an inner
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product (§; ®n 11, 5 QN n2) = (L;Lglm, m)x. When H = jyHy is an M-N-bimodule and K = yK 4
is an N-A-bimodule for von Neumann algebras M and A, the Hilbert space H ® y K is an M-A-bimodule
given by w(x)0(a°)(E Qn 1) := (g (x)E) ®p Bk (a®°)n) forx e M, a€ A, E € D(H, ¢) and n € K.

Since all standard representations L?(M) of M are isomorphic as M-bimodules, when we consider
H =K =L*(M)and N C M, the Hilbert space L*>(M)®y L*(M) is determined canonically, and does
not depend on the choice of a faithful normal semifinite weight ¢ on M with L>2(M) = L>*(M, ¢).

Let B C M be an inclusion of von Neumann algebras and ¢ a faithful normal semifinite weight on M.
The basic construction of the inclusion B C M is defined by

(M, B) :=(J,BJ,) NB(L*(M, ¢)).

Since all standard representations are canonically isomorphic, the basic construction does not depend on
the choice of ¢. Assume that the inclusion B C M is with an operator-valued weight Ep. Fix a faithful
normal semifinite weight ¢ on B and put ¢ := ¢p o Ep. Here we observe that any x € ng, Nn,, is
left p-bounded and L, x)Ag,(a) = Ag(xa) for a € ny,. Indeed, for any analytic a € ny, Ny, we
have J,, Ay, (a*) = A;/B2A¢B (@) = Ay, (aff/z(a)), see, e.g., the equation just before [Takesaki 1979,
Lemma VIII.2.4], and hence by Lemma V.IIL.3.18(ii) of the same work,

L, gy (0%7,(@) = L0y Iy Mgy (@) = Jpa™ Ty Ay (x) = Ay(x0?; 5 (a)).

Since o*? (@) = o’ (@) (because o’|p = 0" for t € R, and the analytic extension is unique if exists),
this means that L a x) Ay, (b) = Ay (xb) for any analytic b € ng,, N nZ‘,B. At the same time, we can define
a bounded operator L, : Ay, (a) = Ay(xa) for a € ny, (use x € ng,). So the map L4, (x) has a bounded
extension on L?(B, ¢p) and coincides with L, as desired. Now it is easy to verify that

Lj\w(y)LAw(x) =Ep(y*x) € (JWBJW)’ =B C [EB(LZ(B, ®B)) (x,y €ng, Nny).

We will use this formula for calculations in the proposition below and in Section 3.
Here we observe that a relative tensor product has a useful identification. We will use this proposition
in Sections 3 and 4.

Proposition 2.3. Let N and B be von Neumann algebras, and o™ and o® actions of R on N and B
respectively. Put M :== N ® B and o '= a™ @ «®, and define H := L*(M x4 R) ® 3 L>*(M x4 R) as an
M x4 R-bimodule with left and right actions wy and 0.
Then there is a
U:H — L*(R)® L*>(N) ® L*(B) ® L*(N) ® L*(R) such that, putting 7y = AdU o gy and
QH :=AdUo QH,
o (M x4 R) CB(L*(R) @ L*(N) ® L*(B) @ Cly @ Cl gy,
A =AM Q@Iv®1p and 7r(x)=my(x) (teR, xeN®B=M);
* G5 (M xaR)°) C Clyam ® Cly @ BL*(B) ® L*(N) ® L*(R))
On0) =15@1Iy®@p and Og(y°)=6,(y°) (t€R,ye BN =M),
where (0o (y°)€)(s) := a5 (y)°E(s) for & € LA (R, L*(B) @ L*(N)) and s € R.



1302 YUSUKE ISONO

Proof. We fix a faithful normal semifinite weight ¢z on B and put ¢ := ¢n ® @p. Denote by ¢ the dual
weight of ¢ and then the standard representation of M x4 R is given by

L*(M x4 R, ) = L*(N, on) ® L*(B, ¢p) ® L*(R) =~ L*(R, L*(N, ¢n) ® L*(B, ¢p)).

For simplicity we put L*(N) := L*(N, ¢y) and L?*(B) := L?*(B, ¢3). Let Ep be the canonical operator-
valued weight from M to B given by ¢ = ¢p o Ep. Then for E g’f ‘= @y ®idp on M and for the canonical
operator-valued weight E; from (M xR, ¢) to (M, ¢), we have 9 =gpo Epy = ¢ppo Eé/l o E s, and hence
Eg=F g” o E ) by the uniqueness condition. Observe then for any f, g € C.(R, M),

E (@) 7u(f)) = /R EY (g()* f () dt.
Define a well-defined linear map
Vi Ay(gy ®ulg Ngy) Batg Jp Ay (N, Rutg Ngy) — LAH(N) ® L2(B) ® L*(N)
by V(A (x®a) @ JuAy(b®y)) i= Ny (X) ®aJy, Ay (b) ® Jy, Ay, (y). We then define a linear map
U: LR, L*(N)® L*(B)) ®p L*(R, L*(B) ® L*(N)) — L*(R x R, L*(N) ® L*(B) ® L*(N))

by (U(f ®5 J59)(1.5) 1= V(A (f (1)) ® JyAy(g(—5))) for f € Co(R, N ®utg B) (1, g ) and
8 € Co(R, B®aig N) (g, ®alg gy ). (Note that we are identifying A (7, (f)) and A4 (7, (g)) as f and g.)
We have to show that it is a well-defined unitary map. For f; € C.(R, N ®ag B) (g, ®aig y,) and g; €
Ce(R, BRagN)(ny, ®alghy,y ), straightforward but rather complicated computations yield, on the one hand,

2
HZ f@ndpg| =3 /R /R Fidy g (81 (=5)), Jp A (g5 (—))) ds di.
i 20

where Fj; := Eg’l(fj(t)*f,-(t)), and on the other hand,

2
2

/ (V(Ap (i) ®Jy Ay (8i(=5))), V(Ay(f;(1)® Iy Ay (gi(—5)))) dt ds.

RxR

HUZ(fi@BJ@gi)

Hence if we show
(V(Ap(x) ® JyAyp(a)), V(Ap(y) ® JyAy (b)) = (EY (y*X)JyAy(a), JyAy(D))

for any x, y € nyy ®alg Ny, and a, b € ny,; @, Ny, , then U is a well-defined unitary map. However this
equation follows easily if we use elementary elements.

Finally L?>(R x R, L>(N) ® L>(B) ® L>(N)) is canonically isomorphic to L>(R) ® L*>(N) ® L*>(B) ®
L*(N)® L*(R), where the first (resp. the second) variable in R x R corresponds to LR of the left one (resp.
the right one) in the Hilbert space. It is then easy to see that 75 and 5H satisfy the desired condition. [

Let M and N be von Neumann algebras, and let H and K be M-N-bimodules. We denote by my and
On (resp. mg and 6k ) left and right actions on H (resp. K). We say that K is weakly contained in H,
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denoted by K < H, if for any ¢ > 0, finite subsets £ C M and F C N, and any vector & € K, there are
vectors (1;)7_; C H such that

n

D )05 ()i i e — (T ()0 (VE. E)k| <& (x €&, yeF).
i=1

This is equivalent to saying that the algebraic *-homomorphism given by g (x)0g (y°) > mg (x)0k (¥°)
for x € M and y € N is bounded on x-alg{my (M), 0y (N°)}. We denote by vk p the associated
x-homomorphism for K < H.

Let M and N be o-finite von Neumann algebras and let X be a self-dual M-N-correspondence (i.e.,
a Hilbert N-module with a normal left M-action, see [Paschke 1973, Section 3] for self-duality and
normality). Then the interior tensor product, see, e.g., [Lance 1995, Section 4], H(X) := X Qn L*(N)
is an M-N-bimodule. Conversely if H is an M-N-bimodule, then one can define a self-dual M-N-
correspondence (i.e., a W*-Hilbert N-module with a left M-action)

X(H):={T: LZ(N) — H | bounded, N°-module linear map}.

They in fact give a one-to-one correspondence between M-N-bimodules and self-dual M-N-correspon-
dences, up to unitary equivalence; see [Baillet et al. 1988, Theorem 2.2] and [Rieffel 1974, Proposi-
tion 6.10]. By [Anantharaman-Delaroche 1990, §1.12, Proposition], K < H if and only if X (K) < X (H)
in the following sense: for any o-weak neighborhood V of 0 € N, finite subsets £ C M and F C N, and
", C X (H) such that

any £ € X(K), there are vectors (;)

n

Z(’]i,x’]iy>X(H) — (&, xEy)xk) €V (x€€&, yerF).
i=1
Suppose that M = N, L?>(M) = K, and M = X (K). Then if L>(M) < H, putting & := 1, for any
finite subset £ C M and for any o-weak neighborhood V of 0 € N, there are vectors (;)7_, C X (H)
such that

n

Z(’?i» xni)x(H) —X €V (x €E).

i=1
So putting Y y)(x) 1= 2?21 (mi, xni) xm) for x € M, we find a net (v;); such that each ; is given by
a sum of compression maps by vectors in X (H) and such that it converges to id,, in the point o -weak
topology. In this case, up to replacing n;, we may assume that each ; is a contraction [Anantharaman-
Delaroche and Havet 1990, Lemma 2.2]. Then it is known that the existence of such a net is equivalent to
L?>(M) < H as follows, although we do not need this equivalence. See Proposition 2.4 of the same work
for a more general statement.

Proposition 2.4. Let M be a o-finite von Neumann algebra and H an M -bimodule. Then L*>(M) < H as
M -bimodules if and only if there is a net (V;); of normal contractive completely positive (c.c.p.) maps
on M, which converges to idy point o -weakly, such that each ; is a finite sum of (n, - n) x () for some
neX(H).

We recall the following well-known fact. This will be used in Section 3.
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Lemma 2.5. Let B C M be an inclusion of o-finite von Neumann algebras with an operator-valued
weight E. Then the vector space ng,, is a pre-Hilbert B-module with the inner product (x, y) := Ep(x™*y)
forx,y e ng,, and its self-dual completion ng, is an M-B-correspondence.

Let X be the self-dual completion of the interior tensor product ug, ®p M. Then as an M-M-
correspondence, X is the unique one corresponding to the M-bimodule L>(M) @ g L>(M), using the
one-to-one correspondence above.

Proof. 1t is easy to see that the B-valued inner product on ng, in the statement is well-defined, so that
ng, is a pre-Hilbert B-module with a left M-action. Since the left M-action is faithful on ng,, so is on
the self-dual completion; see, e.g., [Paschke 1973, Corollary 3.7]. This left M -action is normal, since the
functional M 5 x — w({§, xn)) is normal for all w € M, and &, n € ng,, and hence for all £, n € ng, by
[Paschke 1976, Lemma 2.3]. Thus ng, is an M-B-correspondence.

Let X be as in the statement. Then as in the first paragraph, it is easy to see that it is really an M-M-
correspondence (i.e., the left M-action is well-defined, injective, and normal). Let us fix faithful normal
states ¢ and @ on B and M respectively. Then the interior tensor product X ®y L2(M, ¢) is canonically
identified as L%(M, pg o Ey) ®p L*(M, ), so that X is identified as X (L?(M) ® g L>*(M)). O

2C. Free quantum groups and biexactness. For compact quantum groups, we refer the reader to
[Woronowicz 1998; Maes and Van Daele 1998].

Let G be a compact quantum group. In this paper, we use the following notation, which will only
be used in Section 4. We denote the Haar state by A, the set of equivalence classes of all irreducible
unitary corepresentations by Irred(G), and right and left regular representations by p and X respectively.
We regard Cieq(G) := p(C(G)) as our main object and we frequently omit p when we see the dense
Hopf *x-algebra. The GNS representation of /4 is written as L*(G) and it has a decomposition L2(G) =
erlrred(@) @ (H; ® H;z). Along the decomposition, the modular operator of 4 is of the form Aﬁl’ =
> relmed(G) P (0 ® Q;”) for some positive matrices Q..

Let F be a matrix in GL(n, C). The free unitary quantum group (resp. free orthogonal quantum group)
for F [Wang 1995; Van Daele and Wang 1996] is the C*-algebra C (A, (F)) (resp. C(A,(F))) defined
as the universal unital C*-algebra generated by all the entries of a unitary n by n matrix u = (u; ;); ;
satisfying that F(u;"j)l-,jF_l is a unitary (resp. F(u;k’j),-,jF_1 = u). We simply say that G is a free
quantum group if G is a free unitary or orthogonal quantum group.

Here we recall the notion of biexactness introduced in [Isono 2015b, Definition 3.1], based on the
group case [Brown and Ozawa 2008, Lemma 15.1.2].

Definition 2.6. Let G be a compact quantum group. We say that the dual G is biexact if it satisfies
following conditions:
@) G is exact (i.e., Cred(G) is exact).
(ii) There exists a unital completely positive (u.c.p.) map © : Cred(G) ®min Cred(G)° — B(L?(G)) such
that
O(a®b°) —ab® e K(L*(G)) for any a, b € Crea(G).
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Biexactness of free quantum groups was proved in [Vergnioux 2005; Vaes and Vergnioux 2007; Vaes
and Vander Vennet 2010]. See [Isono 2015b, Theorem C] for other examples of biexact quantum groups.

Theorem 2.7. Let G be a free quantum group (more generally, a compact quantum group in [Isono 2015b,
Theorem C)). Then the dual G is biexact.

2D. Central weak amenability and the W*CMAP. Let G be a compact quantum group. Denote the
dense Hopf x-algebra by 4’ (G). To any element a € EOO(@) we can associate a linear map m, on ¢ (G),
given by (m, ® 1) (u*) = (1 ® ap,)u* for any x € Irred(G), where p, € CO(G) is the canonical projection
onto the x-component. We say Gis weakly amenable (with Cowling—Haagerup constant 1) if there exists
a net (a;); of elements of EOO(@) such that:

» Each ¢; has finite support; namely, a; py = 0 except for finitely many x € Irred(G).
e (a;); converges to 1 pointwise; namely, a; p, converges to p, in B(H,) for any x € Irred(G).

» Each m,, is extended on L*°(G) as a completely contractive (say c.c.) map.

Note that, since g; is finitely supported, each m,, is actually a map from L*°(G) to ¢ (G). We say G
is centrally weakly amenable if each a; p, above is taken as a scalar matrix for all i and x € Irred(G).
In this case, the associated multiplier m,, commutes with the modular action of the Haar state. This
commutativity is important to us since such multipliers can be extended naturally on the continuous
core with respect to the Haar state. Indeed, the maps m,, ®id;2, on L (G) ® B(L?(R)) restrict to
approximation maps on the core. With this phenomenon in mind, we introduce the following terminology.

Definition 2.8. Let M be a von Neumann algebra and ¢ a fixed faithful normal state on M. We say that
M has the weak™ completely metric approximation property with respect to ¢ (or o-W*CMAP, in short) if
there exists a net (¢;); of normal c.c. maps on M such that:

o Each y; commutes with o¥; that is, ¥; oo =0, oy, for all i and ¢ € R.
o Each y; is a finite sum of ¢(b* - a)z for some a, b,z € M.

 ; converges to idys in the point o-weak topology.

It is easy to see that the central weak amenability of G implies the W*CMAP with respect to the Haar
state.

Weak amenability of the free quantum group was first obtained in [Freslon 2013], using the Haagerup
property [Brannan 2012]. This is for the Kac type and hence is equivalent to the central weak amenability.
The general case was solved later in [De Commer et al. 2014] and its proof in fact shows the central weak
amenability as follows.

Theorem 2.9. Let G be a free quantum group (more generally a quantum group in [Isono 2015b,
Theorem CJ). Then the dual Gis centrally weakly amenable.

In particular there is a net (Y;); of normal c.c. maps on L*°(G), possessing the W*CMAP with respect
to the Haar state, such that ; (L°°(G)) C € (G) forall i.
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2E. Popa’s intertwining techniques. Popa [2006a; 2006b] introduced a powerful tool called intertwining
techniques. This is one of the main ingredients in the recent development of the von Neumann algebra
theory. Here we introduce the one defined and studied in [Houdayer and Isono 2017, Definition 4.1
and Theorem 4.3] which treats general von Neumann algebras.

Definition 2.10. Let M be any o-finite von Neumann algebra, 14 and 15 any nonzero projections in M,
A C14M14 and B C 1M 15 any von Neumann subalgebras with expectation. We say that A embeds
with expectation into B inside M and write A <y B if there exist projections e € A and f € B, a nonzero
partial isometry v € eM f and a unital normal *-homomorphism 6 : eAe — f Bf such that the inclusion
O(eAe) C fBf is with expectation and av = vf(a) for all a € eAe.

Theorem 2.11. Keep the same notation as in Definition 2.10 and assume that A is finite. Then the
following conditions are equivalent:

(1) We have A <j; B.

(2) There exists no net (w;);e;y of unitaries in U(A) such that Eg(b*w;a) — 0 in the o -x-strong topology
forall a,b € 1M1, where Eg is a fixed faithful normal conditional expectation from 1gM1p
onto B.

For the proof of Corollary B, we prove a lemma. In the proof below, we make use of the ultraproduct
von Neumann algebras [Ocneanu 1985]. We will actually use a more general one used in [Houdayer and
Isono 2017], which treats a general directed set instead of N. Recall from Section 2 of that paper that
for any o-finite von Neumann algebra M and any free ultrafilter I/ on a directed set /, we may define
the ultraproduct von Neumann algebra MY, using £>°(I) ® M. In the proof below, we only need the
following elementary properties: with the standard notation (x;);; € MY for (x;)icr:

e M C MY is with expectation by Ez;((x;)y) 1= lim;_y x;.
« For any o -finite von Neumann algebras A C M with expectation E 4, AY C MY is with expectation
defined by E u ((x;)y) := (Ea(x;)u.

o If the subalgebra A is finite, then any norm bounded net (a;);c; determines an element (a; )y, in MY,

Lemma 2.12. Let (B, ¢p) and (N, ¢n) be von Neumann algebras with faithful normal states. Put
M:=BQ®N, ¢ :=¢pQ¢y, Ep =idp @ oy and Exy = ¢p ® idy. Let p € M be a projection
and A C pMp a von Neumann subalgebra with expectation. Fix a := (a;)ic; € £*°(I) ® A and a free
ultrafilter U on I such that (a;)y € AY. Then Egu(y*ax) =0 forall x, y € M if and only if Ey o Ey/(c*ab)
forall b, c € BX.

In particular, if A is finite, then A <y B if and only if A <pgy, B for any No C N with expectation E\,
such that gy o Ex, = ¢n, p € BQ Ny and A C p(B ® No)p.

Proof. Observe first that E gu(y*ax) =0 for all x, y € M if and only if Ezu((1 ® y*)a(l ® x)) =0 for
all x, y € N, which is equivalent to

(Epu((1®@y")a(l @ x)Au(b), Ay (C))wg =0
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for all x, y € N and b, ¢ € BY. Writing b = (b;); and ¢ = (c;)y, we calculate that
(Ege((1@5)a(l ®x)A g (b). Agty(©)) g = im{Es((1® y)ai(1©x) gy (bi). Agy (€],

= lim g5 (c] E5((1 ® y")a; (1@ x))bi)

= lim g o Ep((c; ® y9ai(b;i ® x))

= lim gy o En((c; ® y)ai(bi ® x))

= lim ¢ (y*En((¢] ® Dai (bi @ 1))x)

=y (Y En(lim ((c] @ Dai (b; ® ))x)

=on (y*En 0 Ey((c* ® Da(b ® 1))x).

Then since functionals of the form ¢y (y* - x) for x, y € N are norm dense in N,, the final term above is
zero for all x, y € N if and only if Ey o Eyy((c*® )a(b ® 1)) = 0. Thus we proved that Egu(y*ax) =0
for all x, y € M if and only if Ey o E;((c* ® )a(b® 1)) =0 for all b, c € BX.

For the second half of the statement, suppose that A is finite and A Zpgy, B. We will show A £y B.
Since A is finite, there is a net (#;);c; C U(A) for a directed set I such that Eg(y*u;x) — 0O strongly
as i — oo for all x, y € B® Ny. Fix any cofinal ultrafilter ¢/ on I. Since A is finite, u := (u;); € AY
and hence Egu(y*ux) =0 for all x, y € B ® Ny. By the first half of the statement, this is equivalent
to Ey, o Ey(c*ub) = 0 for all b, c € BY. Then since Ey(c*ub) is contained in B ® Ny and since
Enlpgn, = (¢ ®1dN)|ggn, = EN,» We have Ey o Ey(c*ub) = 0 for all b, ¢ € BY, which is in turn
equivalent to E gu (y*ux) =0 for x, y € M by the first half of the statement. Since this holds for arbitrary &/
on I, we conclude that Eg(y*u;x) — 0 *-strongly as i — oo for all x, y € M. Thus we proved that
A Zpgn, B implies A Ay B. O

3. Weakly compact actions

In this section, we define and study weakly compact actions on continuous cores. The main observation
is Theorem 3.10, and the key item for the proof is Lemma 3.3.

3A. Relative amenability and approximation maps. In this subsection, we recall relative amenability
for general von Neumann algebras introduced in [Isono 2017], which generalizes [Ozawa and Popa 2010;
Popa and Vaes 2014a].

Definition 3.1. Let B C M be von Neumann algebras, p € M a projection and A C pMp a von Neumann
subalgebra with expectation E 4. We say that the pair (A, E4) is injective relative to B in M, and write
(A, E4) < B, if there exists a conditional expectation from p(M, B)p onto A which restricts to E 4
on pMp.

Using amenability of R and the notion of relative amenability, we prove a lemma for approximation
maps on the continuous core. For this we fix the following notation.
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Let (M, ¢) be a von Neumann algebra with a faithful normal semifinite weight, and M =M xR the
continuous core of M with the modular action o¥. We denote by ¢ the dual weight of ¢, and by E), the
canonical operator-valued weight from MtoM given by ¢ = ¢ o E);. We denote by M x4, G all the
linear spans of xA; for x € M and t € G, which is a *-strongly dense subalgebra in M.

Lemma 3.2. In this setting, we have
G L2 (M) < g L>(M) @y L2 (M) ;.
Proof. Recall first that
MNR=(MO®1)/H{AZ®,0, [teR), (MxR, M)=M°®1),

where p is the right regular representation. Since R is amenable, there are positive functionals (f;), C
L'(R) with || f,|l1 = 1 satisfying Ag fn — fun — 0 weakly for all g € R. For each n, define a positive map

F, : B(L*(M) ® L*(R)) — B(L*(M) ® L*(R))
by
Fo(T) = /R(AZ ®p) T (AL ® p)* fu (1) - dt.

Since || F,|| = 1, we can take a cluster point of (F,),, which we write as F. Then it satisfies
(AY ® p) F(T)(Ay ® p)* = F(T)

for all + € R and hence F is a conditional expectation onto {Afp’ ® p; |t € RY. It is easy to see that
F(T)e (M°®1) forany T € (M°®1)". Hence F restricts to a conditional expectation from (M xR, M)
onto M x R. We obtain (M x R, id) <;«r M. Finally since M x R is semifinite, using [Isono 2017,
Theorem A.5], we get the conclusion. U

Lemma 3.3. In this setting, there is a net (w;); of c.c.p. maps on M such that wj — idj; point o -weakly
and each wj is a finite sum of AZEM(z* “Y)Ap forsomey,z €eng, and p,q € R.

Proof. By Lemma 3.2 and Proposition 2.4, there is a net (w;); of c.c.p. maps on M such that w; — id
point o-weakly and each wj is a finite sum of (1, - 0) x 12§, £2(ify) fOr some 1 € X(LA2(M)®y LA2(M)).
We first replace each 7 in w; with some “algebraic” element in X (L2(1\7 ) Qum L2(1\71 ).

By Lemma 2.5, the self dual completion X of ng, ®a M is identified as the one correspond-
ing to L2(M) ®y L*(M). We denote by X, the image of fig,, Ralg M in X. By [Paschke 1976,
Lemma 2.3], Xy C X is dense in the s-topology; that is, for any n € X there is a net (n;); C Xp
such that (n — n;, n — n;)x — 0 in the o-weak topology in M. In our case, since ng, C ng, is dense in
the s-topology and since M Xy, G C M is x-strongly dense, the image of ng,, ®,g (M X4 G) in X is
dense in the s-topology. Hence we may replace each vector € X, appearing in w; above, with the one
represented by elements in ng,, ®alg (M Xag G).

Thus, we may assume that each w; is a finite sum of k; Ep(z"-y)A, forsome y, z eng, and p,g € R.
However the completely bounded (c.b.) norms of the resulting net (w;); are no longer uniformly bounded.
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So we have to again replace (w;); with c.c.p. maps. For this, we assume that, up to convex combinations,
the convergence w; — idj; is in the point strong topology.

Recall from (the first half of) the proof of [Anantharaman-Delaroche 1990, Lemma 2.2] that if we put
@i (x) :==cjwj(x)c;j for x € M, where ¢; :=2(1 +a)j(1))_1, then the net (¢;); satisfies that each ¢; is c.c.p.
and that ¢; — idj; in the point strong topology. We will replace c¢; with elements in M X4, G. For this,

fix j and observe that, since 1 +w; (1) is in M x4, G, each ¢; is actually contained in C*{M x4, G}, which
is the norm closure of M X4, G. So there is a sequence (a,), in M Xy G such that ||a,|lcc < ||c;/2||OO
and |la, — cjl./2||c,o — 0. Put b, :=aa, € M Xy, G and observe that it satisfies ||b, |

16s — ¢jlloc — 0. It then holds that for any x € M,

< ll¢jlloo and

llcjwj (xX)¢j — bpw;(X)bulloc < 2lI¢jlloo lwjlleh 1 Xlloo ll¢j — bulloc = 0 as n — oo.
Now fix any ¢ > 0 and finite subset F C (1\71 )1 such that 1 € F, and choose b, such that
lcjwj(x)cj — brwj(x)byllec < €
for all x € F. Then since 1 € F, we have
b ()b llco = 1br@;j (Dbylloc < llcj@j(Dejlloo +& = 1+e¢.

So (1+ 8)_1bna)j( -)by is a c.c.p. map which is still close to ¢jw;(-)c; on F. Thus we proved that for
any j there is a net of c.c.p. maps converging to cjw;(-)c; in the point norm topology such that each
map is a finite sum of A7 Ey (z* - y)A, for some y, z € ng,, and p, g € G. Using this observation, since
cjw;j(-)cj — idj; as j — oo in the point strong topology, it is easy to construct a desired net. U

3B. Definition of weakly compact actions. We introduce the following notion, which is an appropriate
generalization of [Ozawa and Popa 2010, Definition 3.1] in our setting; see also [Popa and Vaes 2014a,
Theorem 5.1]. Indeed, in the definition below, if we take M = M ® M°, this coincides with the original
definition of weakly compact actions.

Definition 3.4. Let M be a semifinite von Neumann algebra with trace Tr, and let M be a von Neumann
algebra which contains M and M° as von Neumann subalgebras, which we denote by 7w (M) and 6 (M°),
such that [7(M), 86(M°)] = 0.

Let p € M be a projection with Tr(p) =1, A C pMp be a von Neumann subalgebra, and G <Ny, (A)
a subgroup. We say that the adjoint action of G on A is weakly compact for (M, Tr, 7, 8, M) if there is a
net (&;); of unit vectors in the positive cone of L?(M) such that

(1) (r(x)&. &) r2amy — Tr(pxp) forany x € M;
(1) || (a)0(a)é; —&illL2(pm) — O for any a € U(A);
(1) |7z ()6 (i) Tpmm ()0 (@) Tnméi — &illp2v) — 0 forany u € G.

Here a means (a°)* and 7, is the modular conjugation for L*(M).
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Remark 3.5. In this definition, since Jx(&; =&; for all i, condition (ii) for @ € 4 (A) implies condition (iii)
for a € U(A). Hence up to replacing G with the group generated by U/(A) and G, we may always assume
that G contains U/ (A).

Below we record a characterization for weakly compact actions.
Proposition 3.6. Keep the notation in Definition 3.4. The following conditions are equivalent:

(1) The group G acts on A as a weakly compact action for (M, Tr, w, 0, M).
(2) There exists a net (w;); of normal states on M such that
(1) w;i(w(x)) — Tr(pxp) forany x € pMp;
(i) w;(w(a)b(a)) — 1 foranya e U(A);
(iii) ||lw; o Ad(w ()0 (u)) — w;|| = O forany u € G.

(3) There is a G-central state w on M such that for any x € M and a € U(A)
w(x) =Tr(pxp) and w(r(@)d(@))=1.
(4) There is a state Q on B(L%(M)) such that for any x € M, a € U(A) and u € G,
Qx) =Tr(pxp), Q@(@b(@) =1, and Q((7w(u)0u)Tpm @) U)Ir) = 1.

Proof. This theorem follows from well-known arguments; see, e.g., the proof of [Ozawa and Popa 2010,
Theorem 2.1]. So we give a sketch of proofs.

If (1) holds, then put €2 := Lim;(-&;, &) 2.\ and obtain (4). If (4) holds, then the restriction of €2
on M gives (3). If (3) holds, then we can approximate w by a net of normal states (w;); C M, weakly.
Then by the Hahn—Banach separation theorem, up to convex combinations, we may assume that the
convergence is in the norm and obtain (2). Finally if (2) holds, then for each i one can find a unique
& € L*(M) which is in the positive cone such that w; = ( - &;, &) 12(Mm)- By the Powers—Stgrmer inequality
[Takesaki 1979, Theorem IX.1.2(iv)], we obtain

177 ()6 (i) Taq 7 ()0 (@) Tpaki — &il1> < llwi 0 Ad(r (u*)0 (u®)) — w; ]| — 0
for any u € G and hence (1) holds. O

3C. W*CMAP with respect to a state produces approximation maps on continuous cores. We con-
struct a family of approximation maps on continuous cores by assuming the W*CMAP with respect to a
state.

For this, we fix the following setting. Let N and B be von Neumann algebras and ¢ and ¢p faithful
normal states on N and B respectively. Put

M:=N®B, ¢:=¢pyQ®¢p, Ey:=idy®¢p, Ep:=¢y®idp,

and we regard B:=B Xsvp R and N:=N Xsenv R as subalgebras of M:=M Xq0 R. We denote by E
the canonical operator-valued weight from MtoM given by ¢ = ¢ o E )y, where ¢ is the dual weight on
M. We also denote by Ep the canonical operator-valued weight from M to B given by ¢ = gpo Ep.
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Lemma 3.7. Let w: M — M and Y : N — N be c.b. maps given by

n
W= AZEM(z* ‘YA, and Y= Z(,DN(Z;k S Vi)Ci
i=1
forsome p,q eR, y,zeng, andc;, yi, zi € N. Suppose wocr, _at Mo forall t € R, so that the map
1// ¥V ®idp ®id2 gy on M ® B(L2(R)) induces the map M— M given by Ip(x)»t) = (Y ®idp)(x)A;
for x € M and t € R. Then the composition ¥ o w is given by

n
Vow(x) = Z M Ep(ofY @)z xyo N (y))Apci, x € M.
i=1
Proof. Recall from the proof of Lemma 2.1 that the canonical conditional expectation from (M, @) to
(E, ¢p) is given by Egyr((x ®b)A;) =@y (x)bA, forx € N, be Bandt € R. For x € M, we calculate that

Yow(x) =¥ Em(Z*xy)h,)

= Z(@N(ZT ¥ ®idp ®idp2)) (Mg Em (2" xY)Ap)ci
i—1

n
=Y Egur(@ A, En (@ xy)hpyi)c
i=1

n
=Y X Epuro En(0f¥ z)Z*xyo " (yi))hpci.
i=1

Since Egyro Ey = Ep by Lemma 2.1, we obtain the conclusion. O

Lemma 3.8. Suppose that N has the on-W*CMAP. Then there exists a net (¢y), of c.c. maps on M such
that ¢, — idj; point o -weakly and such that each @, is a finite sum of d* Eg(z* - y)c for some c,d € M
and y,z € ng,.

Proof. Fix a net (;); of normal c.c. maps on N as in Definition 2.8 and put (1/7,-),- as in the statement of
the previous lemma. Let (w;); be a net of c.c.p. maps on M given by Lemma 3.3. Then by Lemma 3.7
the composition Vi o w; is a finite sum of d*Eg(z* - y)c for some ¢, d € M and y,Z € ng,. Since
lim; (lim; Ui owj) =1idj; in the point o-weak topology, it is easy to show that for any finite subset 7 C M
and any o-weak neighborhood V of 0, there are i and j such that ; o w;j(x) —x € Vforall x € 7. So
putting this 1},- owj as ¢(F,v), one can construct a desired net (¢;)x := (@F, V) (F,V)- O

3D. Relative weakly compact actions on continuous cores. We keep the notation from the previous
subsection, such as M = N ® B and ¢ = ¢y ® ¢p. Let Tr be an arbitrary semifinite trace on M, pE M
a projection with Tr(p) =1, and A C pﬁ p a von Neumann subalgebra with expectation E4. In this
subsection, we prove that under some assumptions on A and M, the normalizer of A in pMp acts on A
as a weakly compact action with an appropriate representation.

Since our proof is a generalization of the one of [Popa and Vaes 2014a, Theorem 5.1], we make use of
the following notation, which is similar to notation used in that theorem:
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H:=L*(M,$)®p L*(M, Tr), with left, right actions g, 0,
My = W*{zy (M), 0 (M°)} C B(H),
= (Ou(p)H) ®4 pL* (M, Tr),
nH:MaxH (x®p p°)®a p e B(H),
6y : M°3 y° > (185 p°) ®4 y° € B(H),
M 1= W*{my (M), 03 (M°)) C B(H).
As we observed in Proposition 3.6, we actually use the weakly compact action with the standard

representation of M. So we first observe that M admits a useful identification as a crossed product, and
so its standard representation is taken as a simple form.

Lemma 3.9. Let X C M be the von Neumann subalgebra generated by w1 (B) and 64 (1\7 ), and let
X c B(L*(X)) be a standard representation, so that B and M® acts on L%(X). Then M is isomorphic to
the crossed product von Neumann algebra R x (N ® X) by the diagonal action 0% ® aX, where aX is
given by «; X (3 (b)0 (y°)) = 3 (0% (b)) (y°) fort e R, b€ B,and y € M.

In particular the standard representation of M is given by L>(R) ® L*>(N) ® L?>(X) with the following

representation: for any & € L>’R)Q L*(N)® L*(X) = L*(R, L>*(N) ® L*(X)) and s € R,

LR M A Q1y® 1y, (A ® In @ 1x)E)(s) :=&(s — 1),
N3xr ()@ 1y, (7 ox () @ 1x)E)(5) 1= (07 (1) ® 1x)E(s),
B>b> 7 ,5(b)13, (78 (0)13)E)(s) == (1y ® ¥} (b))E(s),

M3y > lpg®ly®y°S, (IR® Iy ®y2)E)(s) == (Iy ® y°)E(s).

Proof. By Proposition 2.3, H is isomorphic to L*>(R)® L>(N) ® L>(B) @ L*(N) ® L*(R). Since the
right M -action acts only on the right three Hilbert spaces, the Hilbert space H = H ®4 pLZ(M Tr) is
identified as LZ(R) ® L?(N) ® K, where

K := 05 (p°)(L*(B) ® L*(N) ® L*(R)) ®4 pL*(M, Tr).

Note that M° acts on K by 84, and B acts on L>R)®K by my, so that X acts on L*(R) ® K. More
precisely we have X C L*(R) @ Cly ® B(K).

Let W be a unitary on L*(R)® L*(N) given by (W&) (1) := ALl £(1) forr eRand & € L2 (R)QL*(N) =
L*(R, L2(N)). It satisfies that for any f € L*°(R), t € R, and x € N,

Wigoy OW* =12 ®x, W QIWW =4@A | and W(f®IyW =1y,

Let next V be a unitary on L*>(R) ® L?>(R) defined similarly to W exchanging Afp’N with A;, so that it
satisfies for t € R and f € L (R),

VARQA)V =L ®A and VI HVI =1Q f.
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Define then a unitary on L>(R)@ H by U := (V® Iy ® Ig)(2my ® W ® 1k). One can show that
Ad U = ld on CILZ(R) ® X C G:ILZ(R) @ LOO(R) @ G:lN @ B(K), and

AU pm@r ®@1Iy®1k) = ®h @A ®1k) fort € R,

AdU(lLZ(R) ®7TUWN(X) ® lK) = (1L2(R) X ILZ(R) Rx 1]() for x € N.
Then Ad U (M) is identified as the crossed product von Neumann algebra R x (N ® X) given by the
R-action 0¥ ® o, where o is given by Ad(A; ® 1y ® 1) using X C L®(R) ® Cly ® B(K), which

is exactly the action given in the statement. Finally one can choose the standard representation of
R x (N ® X) as in the statement and we can end the proof. [l

Now we prove the main observation of this section. This is a generalization of [Ozawa and Popa
2010, Theorem 3.5] and [Popa and Vaes 2014a, Theorem 5.1]. Since we already obtained approximation
maps for M in Lemma 3.8, which are “relative to B”, almost the same arguments as the above-cited
theorems work. However, since our approximation maps are not defined directly on My, we need a
stronger assumption on the subalgebra A; namely, we need amenability, instead of relative amenability.
See Step 1 in the proof below and observe that we really need amenability for a subalgebra O C pMp.
Theorem 3.10. Keep the setting above and suppose the following conditions:

o The algebra B is a type 111 factor.

o The algebra A is amenable.

o The algebra N has the on-W*CMAP.

Then NpMp (A) acts on A as a weakly compact action for (IVI, Tr, gy, 614, M).

Proof. The proof consists of several steps. For any von Neumann subalgebra Q C pM p, we denote by
Ch,o (resp. My o) the C*-algebra (resp. the von Neumann algebra) generated by 7y ( p[\7l P)Ou(Q0°).
Step 1. Using the p-W*CMAP of N, we construct a net of normal functionals on My which are
contractive on My o for any amenable Q.

In this step, we show that there is a net (u;); of normal functional on M g such that

o wi(my(a)fy (b°)) = Tr(py;(a)pbp) for all a, b € 1\~4,

e we have ||| a1, Il < 1 for any amenable von Neumann subalgebra Q C pMp.

By Lemma 3.8, there exists a net (¢;); of c.c. maps on M such that ¢; — idj; point o-weakly and that

each ¢; is a finite sum of d*Ep(z* - y)c for ¢, d € M and v,z € ng,. Observe that for any functional
d*Ep(z*-y)c forsome c¢,d € M and y, z € ng,, one can define an associated normal functional on My by

Mu 3T (T(A;(y) ®8 Ate(cp)), Ay(2) @p Ate(dp)),, -

In this way, since ¢; is a finite sum of such maps, one can associate each ¢; with a normal functional on Mg,
which we denote by ;. Then by the formula L’j\«a(z)aLA@(y) =Ep (i*ay) forx, yeng,Mn,anda € M, itis
easy to verify that u; (7 y (a)0n (b°)) =Tr(pg;(a) pbp) for a, b € M. We need to show that || ;a1 oI <1
for any amenable Q C pl\? p- For this, since u; is normal, we have only to show that |||, [l < 1.
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By Lemma 3.11 below, since B is a type III; factor, the x-algebra generated by my (1\7 ) and 6y (M‘ °) is
isomorphic to M ®alg1\71 °. So for any amenable Q C p[VI p, the C*-algebra generated by (M )0 (Q°) is
isomorphic to M ®min Q°. Hence one can define c.c. maps ¢; ®idg- on Cy, . Since Q is amenable, one has

FL2(Mp)o < 70 (p*) H)o.

Finally if we denote by v the associated x-homomorphism with this weak containment, then the functional
T (vo(p; ®idge)(T)A1:(p), Ate(p))r coincides with p; on Cy, g, and hence we obtain || u; |CH,Q I <1.
Thus we obtained a desired net (u;);.

Step 2. Using the amenability of A, the absolute values of normal functionals (u;); constructed in Step 1
satisfy desired properties on My 4.

Before this step, recall from the first part of the proof of [Ozawa and Popa 2010, Theorem 3.5] that for
any C*-algebra C, any state w on C and any partial isometry u € C with p := uu™ and ¢ := u*u, one has

max{[lw(-u*) —o(- |, oW u*) —o(q-9)|*} < 4o(p)+ (@) — o) — o@")).

Let (u;); be a net constructed in Step 1. For notational simplicity, for any amenable von Neumann
subalgebra Q C pM p we denote by ulQ the restriction of ; on My ¢.

Claim. For any amenable Q, one has
Inlll— 1 and |u? —1ulll— o0,
where |,ul.Q| is the absolute value of ,uiQ.

Proof of Claim. By Step 1, we know ||,uiQ|| <1 and hence ||M,~Q|| — 1, since wi(Ty (p)oy (p°)) — 1.
Let MzQ =| M,-Q|( -u;) be the polar decomposition with a partial isometry u; € My, ¢. For p; :==u;u} and
gi := uju;, it holds that

Wl =ulCud), 1wl =1llgi-q), and ul=ulC p)=unlig-).

The final equation says that M,-Q (pi) = /LiQ(lQ) — 1. Then by the inequality at the beginning of this step,

we have
12 = 12117 = NI ul) — 121 go)?
<4(1x21(p) + 11621(g0) — 121 wi) — 1121 ()
<4(Iull+ 12l —2Reul(pi))) — 0. O
Put w; :=| ,ul‘f‘l / ||/,L[A ||. In this step, we show that (w;); satisfies the following conditions:

(1) w;j(wy(x)0y (p°)) — Tr(pxp) forall x € p]\?p.
(2) wi(ry(a)by(a)) — 1 foralla e U(A).
3) ||w; o Ad(ry (0)0g (1)) — w; ||M’;,,A — 0 forall u € /\/'I,MP(A).
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Since || ;Ll’.“ || = 1 and ||[,LZA — | ,u;“||| — 0, to verify these three conditions, we have only to show that (u;);
satisfies the same conditions. Then by construction, it is easy to verify (i) and (ii). So we will check only
the final condition.

Fix u € N, piip(A) and recall that the von Neumann algebra A" generated by A and u is amenable
[Ozawa and Popa 2010, Lemma 3.4]. Hence by Step 1, || |M1.Au| — Ml’.“u ”MB.AH — 0. Combined with the
inequality at the beginning of this step, putting U := 7wy (u)0y (1), we have

. 2 . u w2
lim |l 0 AU = ' I, <lim " 0 AdU = i I,
=lim [l o AdU — "I, |,
1 H,A
<1im4(2 —2Re (| |(V)))
1
=lim4(2 —2Re(u" (U))) = 0.
Thus we proved that the net (w;); of normal states on Mg satisfies conditions (i), (ii) and (iii) above.

Step 3. Using a normal u.c.p. map from M to My 4, we obtain desired functionals on M.

In this step, we first construct a normal u.c.p. map £ : M — My 4 satisfying
E(my(a)0 (b)) = w(pap)0u (Ea(pbp)°) forany a,be M,

where E 4 is the unique Tr-preserving conditional expectation from pM p onto A.

For this, observe first that for any right A-module K with the right action 6k, there is an isometry
Vk : K —> K ®gy pLz(M, Tr) given by V& =& ®4 At:(p) for any left Tr-bounded vector & € K. Indeed,
using the fact Ar.(p) = Jrr At (p), one has

IVEN= 11§ ®a Ate(P)l = ILe Ate(P) N2 1r = I Le Ae(Pll2, e = 110k (P2)E 1k = lIE 1% -

Hence, since my(p)0y (p°)H is a right A-module, one can define an isometry
Vimg(p)ou(pP)H — mn(p)bu(pIYH CH, VE:=§ Q4 Are(p).
It is then easy to verify that
V*13,(a)0(b°)V =y (pap)Ou (Ea(pbp)°) foranya, b e M.

Thus we obtain a normal u.c.p. map £ : M — Mpy 4 by E(T) :=V*TV.
Let now (w;); be the net of normal states on Mg 4 constructed in Step 2. By conditions (i) and (ii)
on (w;);, it is easy to see that normal states y; := w; o £ on M satisfy

() y;(ry(x)) — t(pxp) forall x € M;
(i) yi(wy(a)y(a)) — 1 for all a € U(A).
Finally since E 4 satisfies E4 o Adu = Aduo E4 for any u € ./\fp,qp(A), one has

i o Ad(mry (u)03 (1)) = w; o Ad(mwy (u)By (1)) o €
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on Ty (M )97.[(]\7 ), and hence on M by normality. So condition (iii) on (w;); shows
(i) lly: o Ad(rry ()0x (@) — yill = O for all u € N, 7, (A).

Thus the net (y;); on M satisfies conditions (i)', (ii)’ and (iii)". By Proposition 3.6(2), we conclude
that \' » ,;,p(A) acts on A weakly compactly for (]\7[ , Tr, wyy, O, M). O

We prove a lemma used in the proof above.

Lemma 3.11. Assume that B is a type 11} factor. Then the x-algebra generated by my (M ) and Oy (M )
is isomorphic to M Ruaig M

Proof. Let v : M ®alg M° — *—alg{nH(M), OH(M°)} be a *-homomorphism given by v(x ® y°) =
T (x)0g(y°) forx, y € M. We will show that v is injective.

Assume that v(Y7_ 1 x; ® y°) = Y i 7w (x)0x (y?) = O for some x;, y; € M. We may assume y; # 0
for all i. Put

g (x1) wp(x2) -+ wa(xy) Ou(y;) 0 --- 0

0 0 0 0(v3) 0 --- 0

X = : : . : and Y := H(:yz) . .
0 0 0 Or(»2) 0 --- 0

and observe XY = (0. We regard them as elements in B(H) ® M,,. Let p be the left support projection
of Y which is contained in 6y (M°) ® M, and satisfies Xp = 0. Since Xupu* = 0 for any unitary
u € B(H) ® M,, which commutes with X, and since 6y (1\7 °) ® C" commutes with X (where C* C M, is
the diagonal embedding), we have Xz = 0 for z := sup{upu™ | u € U0y (M°) ® C™)}. Observe that z is
contained in

On(M°) @ M,) N (O (M°) @ C") =6y (Z(M)°) ® C"

and hence we can write z = (z;)!_, for some z; € 0y (2 (1\7 )°). Then the condition Xz = 0 is equivalent
to my (x;)z; = 0 for all i. Observe also that z; #~ O for all i. Indeed, since z > p and pY =Y, we have
z¥Y =Y and hence z;0y (y7) = O (y?). This implies z; # 0 since we assume y; 7 0 for all .

Now we claim that 7wy (x;)z; = 0 is equivalent to x; = 0 or z; = 0. Once we prove the claim, since
zi #0, we have x; =0 and so ) ;_,x; ® y° = 0, which gives the injectivity of v.

By Lemma 2.2, the center of M coincides with Z (N). Then by Proposition 2.3, we identify H =
L*(R)® L*(N) ® L*(B, ¥3) ® L*(N) ® L*(R) on which we have

w1 (M) C B(L2(R) ® L*(N) ® L*(B. ¥5)) ® Cl 2(vyer2)-
O (M°) C Clpaerzv) ® B(LA(B, ¥5) @ LA(N) ® L*(R)).
In particular 0 (Z(M)°) = 05 (Z(N)) C - Clizmer2er2s,yy) @BL*(N)®L*(R)), and hence the C*-

algebra generated by gy (M) and Oy (Z(M) ) is isomorphic to M®mmZ(M)° Thus since z; €Oy (Z(M) ),
the condition g (x;)z; = 0 is equivalent to x; = 0 or z; = 0. U
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4. Proof of Theorem A

To prove Theorem A we follow the proof of [Isono 2015b, Theorem B], which originally comes from the
one of [Popa and Vaes 2014b, Theorem 1.4].

4A. Some general lemmas. Let G be a compact quantum group with the Haar state 4 and put Ny :=
Cied(G) C L*°(G) =: N and ¢y := h. Let (X, ¢x) be a von Neumann algebra with a faithful normal
semifinite weight. Let «* be an action of R on X and put o := 0¥ @ «¥ and M := (N ® X) x4 R.

In this setting, we prove two general lemmas. We use the following general fact for quantum groups.

e For any x € Irred(G), there is an orthonormal basis {uj" j}i, j C Cred(G) of Hy with )»j" > 0 such that
ol (uf ;) = A} jui ; forallr € R.

Recall that all the linear spans of such a basis, which is usually called a dense Hopf x-algebra, make a

norm-dense x-subalgebra of C.q(G). We note that each matrix (u{ j)i, ;j may not be a unitary, since we

assume {u; j},-’ j 1s orthonormal (i.e., they are normalized).

Convention. Throughout this section, we fix such a basis {u; j}j‘ j- For notation simplicity, we identify

any subset £ C Irred(G) (possibly £ = Irred(G)) with the set {uf’ j lx e, i, j}.

Note that this identification will not cause any confusion, since in proofs of this section we only use
the property that £ C Irred(G) is a finite set.

Here we record an elementary lemma.

Lemma 4.1. For any a € Ny, the element myon (@) € N Xgon R C B(L*(N) ® L%*(R)) is contained in
No @min Cp(R), where C,(R) is the set of all norm continuous bounded functions on R.

Proof. We may assume that a is an eigenvector; namely, o,”" (@) = A'’a for some A > 0. Then since
(oon (@)E) (1) = 0®Y (@)E(t) = A7 "ak&(t) for t € R, one has wyen (@) =a ® f, where f € Cp(R) is given
by f(¢) := »~". Hence we get the conclusion. (Il

We fix a faithful normal semifinite weight ¢x on X and put ¢ := ¢ @ px with its dual weight 1} Recall
that the compression map Py ® 1 x ® 1,2(g), where Py is the one-dimensional projection from L?(N) onto
CAyy(1y), is a conditional expectation Ex g : M — X x R, which satisfies 1} = @x o Ex g (this was
shown in the first half of the proof of Lemma 2.1). For any a € M and f € C.(R, M)ny, we denote by
af an element in C.(R, M)ny, given by t — a_;(a) f (t). Observe that Alﬁ(fra (af)) =m, (a)A¢(ﬁa(f))-
A simple computation shows that for any a, b € N and f, g € C.(R, X)n,,,

(af,bg)y =(a,b)ey(f. &)¢y-

Observe that all the linear spans of uf for u € Irred(G) and f € C.(R, X)n,, are dense in L>(N) ®
L*(X) ® L2(R). Soif {fi}i C C.(R, X)n,, is an orthonormal basis in L>(X) ® L*(R), then the set
{ufs}u.n is an orthonormal basis of L*(N) ® L*(X) ® L*(R). Along this basis, any a € n; can be
decomposed in L?(N) ® L*(X) ® L*(R) as, for some oy €C,

Aj(@) =Y asufy =Y @uTtey A G Fa(f)) = Toon Way,
u,A U, u
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where a, =) ;, a, fr € L*(R, X). If we apply (Py ® 1x ® 1,2(g))7toen (v*) for some v € Irred(G) to
this decomposition, then on the one hand

(P ® 1x ® 112@)Toon (V) Ay (@) = (PN ® 1x ® 112@m) Ay (v'a) = Ay (Exxr(va))

and on the other hand

(Py ® 1x ® 112@)Toon (V) Y oon (W)ay = Y on W 1)a, = gy (v v)ay = ay.
u u

Hence we have a, = A 1/;(E xxr(v*a)) for all v € Irred(G). Thus we observe that any element a € n has
the Fourier expansion in the sense that

Aj(a) = > wgen (Way =) Ay WEx.r(u*a), where a, = Aj(Exqr(u*a)).

Using this property, we can prove the following lemma. We omit the proof, since it is straightforward.

Lemma 4.2. Let My C M be the C*-subalgebra generated by Ny and X X R. Then one has

Mo = span"™{ax |a € Ny, x € X x R}

= span""™{xa | a € Ny, x € X x R}.

4B. Proof of Theorem A. Let G be a compact quantum group with the Haar state 4 and put Ny :=
Cred(G) C L*(G) =: N and ¢y := h. Let (B, ¢p) be a von Neumann algebra with a faithful normal state.
We keep the notation from Sections 3C and 3D, such as M, ¢, B , ]\7, Tr, p, A, H, 3, 64, M, except for the
Hilbert space H (which is used just below in a different manner). Assume that Tr |5 is semifinite. Recall
that by Lemma 3.9, M =R x (N ® X) with the standard representation L?(M) = L2(R)® L*(N) QLA(X).
Set w := my and 6 := Oy for simplicity, and we sometimes omit 7 and 6 by regarding M, M as subsets
of M. Using Proposition 2.3, we put

H:=L*(M)®x L*(M) = L{(R) ® L{(N) ® L*(X) ® L}(N) ® L} (R),
K = L2 (M) @wax) L (M) = LER) @ LA(N) @ L2 (X) ® LI (R),

and we denote by 7y, py, Tx and pg corresponding left and right actions of M. Here we are using
symbols £ and r for L*(R) and L*(N), so that 7z and 7k act on L%([R) ® L%(N) ® L*(X) and L%([R) ®
L%(N)® L?(X) respectively, and 6 and 6 acton L?(X)® L2(N)® L2(R) and L>(N)® L*(X)® L2(R)
respectively. We denote by vk g the corresponding x-homomorphism as M-bimodules, which is not
bounded in general.

In this setting, we prove two lemmas. The first one uses biexactness of quantum groups, which
corresponds to [Isono 2015a, Lemma 4.1.3], while the second one uses Popa’s intertwining techniques,
which corresponds to [Isono 2015a, Lemma 4.1.2; 2015b, Lemma 4.4]. See also [Popa and Vaes 2014b,
Sections 3.2 and 3.5] for the origins of them.

Lemma 4.3. Assume that G is biexact with a u.c.p. map ® as in the definition of biexactness. Let Mg be

the C*-algebra generated by Ny and R x X. Then ©® can be extended to a u.c.p. map
6 : C* {7y (Mo), 61 (Mo)} > B(K)
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which satisfies, using the flip X1, : K ~ L*(N)® L%(R) RL*(X)® LE(R),
Z12(OGrn (xa)0p (b°y°)) — mx (xa)0k (6°y*)) Tz € K(LZ(N)) ®pin BILF(R) @ L*(X) @ L (R))

foranya,b e Nyand x,y € Rx X.
Proof. By applying flip maps, we identify

H=L}(N)®L}(N)® L{(R) ® L*(X) @ L:(R),

K =L*(N)®L;}(R) ® L*(X) ® L:A(R).
We define a u.c.p. map 3 by

0 :=0®id;2 g ®idrx) ®idp2g) : No @min N§ @min BILF(®) ® L*(X) ® L1(R) — B(K).
Observe that by Lemma 4.1, w5 (M) and pg(My) are contained in
No @min N§ @min BILF(R) ® L*(X) ® LE(R)).

Recall that for a, b € N, my(a) and 8y (b°) are given by 7,en (@) on L3(R) ® L?(N) and 6,y (b°) on
LE(N) ® L%(R). So if a and b are eigenvectors, they are of the form wy(a) = f Q@ a and Oy (b°) =b° QR g
for some f, g € Cp(R) by Lemma 4.1. It then holds that for any x, y e R x X,

Oy (xa)0y (b°5°)) = 7k (xa)0k (b°Y°)
= O@rp(x)H(a)0n (D°)0n (y°)) — wk (x)mk (a)0k (b°)0k (¥°)
=O(TH()(@®b°® f® 1120, ®8)0n(y°)) — Tk (x)(ab° ® f ® 1123, ® 8)0k (¥°)
=7k (x)((O@®b°) —ab®) ® f ® 112x) ® 8)0k (¥°).

Since ©(a ® b°) —ab® € K(L*(N)) and 7k (x), 0k (»°) € Cly ®min B(L?(R) ® L?(X) ® L2(R)), the
last term above is contained in K(L?*(N)) ®min B(LZ(R) ® L*(X) ® L2(R))). Then by Lemma 4.2, we
obtain the conclusion. O

Lemma 4.4. Let Q be a state on B(K) satisfying for any x € M and a € U(A),
Qg (m(x))) =Tr(pxp) and Qg (w(a)d(a))) = 1.
If A £ B, then using the flip 15 : K ~ L>(N) ® L2(R) ® L*(X) ® L2(R), it holds that
Qo Ad(E12) (K(LA(N)) ®min B(LLF(R) ® L*(X) ® L} (R))) =0.
Proof. Since Q2 is a state, by the Cauchy—Schwarz inequality, we have only to show that
Qo Ad(Z12) (K(L*(N) @min Cl 2 mysr2(x0)mr2() = O-

In this setting we can follow the proof of [Isono 2015b, Lemma 4.4]. Indeed suppose by contradiction
that there exist § > 0 and a finite subset F C Irred(G) such that

Q2w ®PFR1xe2r) > 9,
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where Pr is the orthogonal projection onto ) ..~ Hy ® Hx. Then the argument in [loc. cit., Lemma 4.4]
works by replacing || - || with 2. Hence we omit the proof. (I

Now we are in position to prove the main theorem. We actually prove the following more general
theorem. Theorem A then follows immediately with Theorem 3.10.

Theorem 4.5. Let A C pM p be a von Neumann subalgebra and G < N it p(A) a subgroup. Assume the
following three conditions:

(A) The group G acts on A by conjugation as a weakly compact action for (M, 7,6, M).
(B) The quantum group G is biexact and centrally weakly amenable.
(C) We have A £j; B.

Then there is a (U(A) U G)-central state on p(]\z, E)p which coincides with Tr on p]VIp. In particular
the von Neumann algebra generated by A and G is amenable relative to B.

Proof. By Remark 3.5, we may assume U/ (A) C G. Recall from Lemma 3.2 that as M-bimodules,
LA (M) < LAM) ®wex) LA(M) = K,

and we denote by v the associated *-homomorphism. Let (£;); C L>(M) be a net for the given weakly
compact action of G and put a state 2 (X) := Lim; (v(X)&;, &) 12(\q) on C*{mrg (M), Ok (M®)}. Observe
that it satisfies

(1) Qg (w(x))) = Tr(pxp) for any x € M;
(il) Qg (w(a)b(a))) =1 forany a e U(A);
(iii)" Q (g (7w (u)0 (it))O0k (r (u*)°0 (u°)°)) = 1 for any u € G.

Note that since Jr(& = &;, we also have Q 0k (7 (x)°)) = Tr(pxp) for any x € M. Denote by vk.u
the (not necessarily bounded) *-homomorphism for M-bimodules H and K. Here we claim that, using
the biexactness of G, the functional Q:=Qo vk, satisfies the following boundedness condition.

Claim. The functional Q is bounded on C*{r (M), O (MQ)}.

Proof of Claim. We first extend 2 on B(K) by the Hahn—Banach theorem. Then by Lemma 4.4, using
assumption (C) and conditions (i)’ and (ii)’, one has

Qo Ad(Z12) (K(L*(N)) ®min BILF(R) ® L*(X) ® L} (R))) = 0.

Let ® be a u.c.p. map for biexactness of G and denote by O the extension given in Lemma 4.3. Define a
state on C*{mr; (M), O (M)} by Q := Q0. Then conclusions of Lemmas 4.3 and 4.4 show that for
anya,be Npand x,y e Rx X,

Qg (xa)0y (b°y°)) = Qo Oy (xa)0u (b°y°)) = Q (k (xa)0k (b°y°)).

This means that the functional $ coincides with € on *-alg{my (Mo), 0 (M)}, and hence it is a state
on C*{my (Mo), O (Mg)} since so is Q. O
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We next show that the above boundedness extends partially, using the central weak amenability and a
normality of €. This is the second use of the weak amenability. Recall that M is generated by a copy of
M and M°. We put Mo C M as the C*-subalgebra generated by B and Ny, and note that Lemma 4.2 is
applied to M.

Claim. The functional Q is bounded on
C*{m (M), my (M°), 0 (M°), 0 (M)} =: A
where Oy (1\71) should be understood as OH((JVI")").

Proof of Claim. Let (1;); be a net of finite-rank normal c.c. maps on N as in Theorem 2.9. Up to
convex combinations, we may assume y; — idy in the point *-strong topology. For each i we put
Y7 = Jy¥i(Jy - Jy)Jy as anormal c.c. map on N°. For each i, since ¥; commutes with the modular
action, one can define a normal c.c. map on 2( by

lIJl' = ldL?(R) ® wl' ® isz(X) ® wlo ® idL%(R)'

Observe that the restriction of ¥; on wy (1\71 ) defines a normal c.c. map &, M — MO (use Lemma 4.2).
The same holds for GH (M °) and define w similarly. Then with the formula ||y (2)|,.& = ||zp||2 r =
10k (2)l,.q for z € M and by the Cauchy—Schwarz inequality, it holds that for any a, b, x, y € M

|20 W (4 (ax®)0y (b°y)) — QU (ax°)0p (b°))]
= [Qr (i (@)x)0 (F7 (b)) = Qo (ax®)op (b°))]
< Wi @* — a* 27l %o 181100 ¥ lloo 4 19i (B)* = b*[l2,1¢ llalloo 1% lloo [1¥lloo
— 0 asi— oo.
Henci: Qo \IJ,’; converges pointwiselx to Q on the normN—dense x-subalgebra Ay C 2 generated by
(M), tg(M°), 0g(M°), and 6y (M). Observe that |2 o W;|y|| < 1 for all i, since the range of

W; is contained in C*{my (M), Oy (Mg)} and € is bounded by 1 on this C*-algebra by the previous
claim. So we conclude ||§|g[|| <1, as desired. O

Observe that €2 is a state, since it is positive on 2ly by construction, and Q)=1. By the Hahn—Banach
theorem, we extend €2 from 2 to B(H) and we still denote it by Q. By construction, it satisfies that for
allx e M and u € G,

Q( (x)) =Tr(pxp) and  Q(my ()0 (@)0n (T ()0 (1)) = 1.

Putting U (1) := g (7w (u)0 (1))O0y (7t (u™)°0 (1°)°), the second condition implies ﬁ(Y) = S~2(U(u)YU(u)*)
forany u € G and Y € B(H). Recall that since H = L>(M)®x L*(M), regarding L>(M) as an (M, Rx X)-
X-bimodule, the basic construction (M, R x X) acts on H on the left, which we again denote by mp,
and its image commutes with 65 (M?°). So if ¥ € (M, R x X) ﬂ&(flo)/, then

Qrp(Y)) = QU@ rr (YU )*) = Qg () (V) wy (7 (u)*)
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for any u € G. So the state ﬁonH is a G-central state on (M, R X)ﬂG(M°)’. Finally since MLQ([R{ X X)C
L?(M) is dense, the von Neumann subalgebra in (M, R x X) N 0(1\7[ °)" generated by M and CRx X ‘=
112m)y ® Py ® 1x, where Py is the 1-dimensional projection onto CAy, (1), is canonically identified
as (]\7 E) (by the fact that epxx a epxx = Ej(a)ernx fora € 1\7) Thus the restriction of Q o Ty on
(M B) is a G-central state which coincides with Tr on pM p. Using the normahty on pM p and by the
Cauchy-Schwarz inequality, we obtain that G” is amenable relative to B in M. O

4C. Proof of Corollary B.

Proof of Corollary B. Put M :== N ® B D Ny ® B =: M, and suppose that A C M, is a Cartan subalgebra.
We will deduce a contradiction. For this, let R, be the AFD III; factor and Ay C R a Cartan subalgebra.
Up to exchanging B and A with B ® Ry, and A ® A respectively, we assume that B is a type III; factor
(see, e.g., Lemma 2.2).

Let ¥y, and 74 be faithful normal states on Ny and A respectively, and Ey, and E4 faithful normal
conditional expectations from N to Ny and from My to A respectively. Put

Va:=t40Es, Yn=VYnoEN, YV:=YN®ep, ¢:=hQep

and Ey, := Ey, ®1idp. Then since all continuous cores are isomorphic, we have Iy, Eygo¥r Cy(M) —
C‘/fAOEMO (M), which restricts to I'IWJ/,NOWB : C¢N0®¢B (My) — Cy, (Mp). Recall that AQ LR C Cy,, (M)
is a Cartan subalgebra, see, e.g., [Houdayer and Ricard 2011, Proposition 2.6], and hence so is the image

A= H%lﬂAOENo (AR LR) C H(P»‘//AOENO (Cy, (M) =: N

Claim. There is a conditional expectation E : (Cy,(M), Cy,(B)) — N which is faithful and normal
on Cy(M).

Proof. We first show A Ay B. Indeed, if A <y B, then we have A <y, B by Lemma 2.12. So by
[Houdayer and Isono 2017, Lemma 4.9], one has No = B'N My <y, A’N My = A, which is a contradiction.
Hence we have A £y B.

We apply [Boutonnet et al. 2014, Proposition 2.10] (this holds if A is finite by exactly the same proof)
and get A Zc, ) Cy, (B). Fix any projection p € A with Tr(p) < oo, where Tr is the canonical trace
on the core, and observe pAp Zc,m) Cy, (B) by definition. We apply Theorem A to pAp and get that
Npc,myp(pAp)” is amenable relative to Cy, (B). Observe that N,c, ), (PAp)” = p(Ne, ) (A)") p;
see, e.g., [Houdayer and Ricard 2011, Proposition 2.7]. Combined with [Isono 2017, Remark 3.3], there is a
conditional expectation E , : p(Cy, (M), Cy, (B)) p — pN p which restricts to the Tr-preserving expectation
on pCy,(M)p. Taking a net (p;); of Tr-finite projections converging to 1 weakly, one can construct a
desired conditional expectation by E(x) := o-weak Lim; E ), (p;xp;) for x € (C,(M), Cy,(B)). O

We apply [Isono 2017, Theorem 3.2] to the conclusion of the claim and get that M, is amenable relative
to B in M. Hence there is a conditional expectation F : (M, B) — My which is faithful and normal
on M. Using the identification (M, B) = B(L*(M))® B, we can construct a conditional expectation from
B(L*(M)) onto Ny, which means Nj is injective. This is a contradiction. U
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