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SMOOTHING AND GLOBAL ATTRACTORS FOR THE ZAKHAROV SYSTEM
ON THE TORUS

MEHMET BURAK ERDOGAN AND NIKOLAOS TZIRAKIS

We consider the Zakharov system with periodic boundary conditions in dimension one. In the first part
of the paper, it is shown that for fixed initial data in a Sobolev space, the difference of the nonlinear
and the linear evolution is in a smoother space for all times the solution exists. The smoothing index
depends on a parameter distinguishing the resonant and nonresonant cases. As a corollary, we obtain
polynomial-in-time bounds for the Sobolev norms with regularity above the energy level. In the second
part of the paper, we consider the forced and damped Zakharov system and obtain analogous smoothing
estimates. As a corollary we prove the existence and smoothness of global attractors in the energy space.

1. Introduction

We study the system of nonlinear partial differential equations, introduced in [Zakharov 1972]. It describes
the propagation of Langmuir waves in an ionized plasma. The system with periodic boundary conditions
consists of a complex field u (Schrodinger part) and a real field n (wave part) satisfying the equation

iy +auyxx =nu, xel, tel[-T,T],

Nyt —Nxx = (|“|2)xx,

u(x,0) =uo(x) € H°(T),

n(x,0) =no(x) € H'(T), n;(x,0) =ny(x) € H~1(T),

ey

where o > 0 and T is the time of existence of the solutions. The function u(x, t) denotes the slowly
varying envelope of the electric field with a prescribed frequency and the function n(x, ¢) denotes the
deviation of the ion density from the equilibrium. Here « is the dispersion coefficient. In the literature
(see, e.g., [Takaoka 1999]) it is standard to include the speed of an ion acoustic wave in a plasma as a
coefficient 872 in front of 1;; where B > 0. One can scale away this parameter using time and amplitude
coefficients of the form ¢t — B¢, u — \/E u, and n — fn and reduce the system to (1). Smooth solutions
of the Zakharov system obey the conservation laws

lu@llL2cry = luoll 2
and

1 1
E(u,n,v)(l):a/ |8xu|2dx+—/n2dx+—/vzdx+/n|u|2dx:E(uo,no,nl)
T 2Jy 2y T
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where v is such that n; = vy and vy = (n + |u|2) x- These conservation laws identify H U L2 x H™1 as
the energy space for the system.

For @ = 1, Bourgain [1994] proved that the problem is locally well-posed in the energy space using
the restricted norm method (see, e.g., [Bourgain 1993]). The solutions are well-posed in the sense of the
following definition

Definition 1.1. Let X, Y, Z be Banach spaces. We say that the system of equations (1) is locally well-
posed in H0(T) x H'(T) x HS'~1(T), if for given initial data

(w0, 0. n1) € H*(T) x H* (T) x H*'~1(T),
there exists 7 = T (|uo||mso, [|noll&s1. |1l gs1—1) > 0 and a unique solution
(w,n,n;) € (XNCPHE(-T. T xT), Y NCPHIN([-T. T1xT), ZNCPHI([-T. T] xT)).

We also demand that there is continuity with respect to the initial data in the appropriate topology. If T
can be taken to be arbitrarily large then we say that the problem is globally well-posed.

Thus, the energy solutions exist for all times due to the a priori bounds on the local theory norms. We
should note that although the quantity fT n|u|?dx has no definite sign it can be controlled using Sobolev
inequalities by the A ! norm of u and the L2 norm of n. This gives the a priori bound (see [Pecher 20017)

le@ll g1+ In@ll2 + ln Ol g1 < NuO g1 + 7O 2 + 7O g-1. 1 €R 2

Takaoka [1999] extended the local-in-time theory of Bourgain and proved that when é € N we have
local well-posedness in H50 x H*! x H*'~ ! for s >0 and max(sy, %‘ + %) <50 <51+ 1. In the case
that é ¢ N one has local well-posedness for s1 > —%, max(sy, 571 + %) <50 <51+ 1. A recent result
[Kishimoto 2011] establishes well-posedness in the case of the higher dimensional torus.

The corresponding Cauchy problem on R? has a long history. In this case it is somehow easier to
establish the well-posedness of the system due to the dispersive effects of the solution waves. We cite the
following papers [Added and Added 1984; 1988, Bejenaru and Herr 2011; Bejenaru et al. 2009; Bourgain
and Colliander 1996; Colliander et al. 2008; Ginibre et al. 1997; Kenig et al. 1995; Sulem and Sulem
1979] as a historical summary of the results. It is expected that (see, e.g., [Kishimoto 2011]) the optimal
regularity range for local well-posedness is on the line s; = s¢ — % because the two equations in the
Zakharov system equally share the loss of derivative. The Zakharov system is not scale invariant but it can

be reduced to a simplified system like in [Ginibre et al. 1997], and one can then define a critical regularity.
d—3 d—4
22
lowest regularity for the system to have local solutions has been found to be (sg, s1) = (0, —%) [Ginibre

This is given by the pair (sg, 1) = ( ), which is also on the line. In dimensions 1 and 2, the
et al. 1997]. It is harder to establish the global ! solutions at this level since there is no conservation law
controlling the wave part. This has been done only in one dimension [Colliander et al. 2008].

In the first part of this paper we study the dynamics of the solutions in the periodic case in more detail.!
We prove that the difference between the nonlinear and the linear evolution for both the Schrédinger

I'We restrict ourselves to the one-dimensional periodic case because the resonance structure is simpler. The corresponding
problem in higher dimensions, T4 or R, appears to be much harder.
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and the wave part is in a smoother space than the corresponding initial data, see Theorems 2.3 and 2.4
below. This smoothing property is not apparent if one views the nonlinear evolution as a perturbation
of the linear flow and apply standard Picard iteration techniques to absorb the nonlinear terms. The
result will follow from a combination of the method of normal forms (through differentiation by parts)
inspired by the result in [Babin et al. 2011], and the restricted norm method of Bourgain [1993]. Here
the method is applied to a dispersive system of equations where the resonances are harder to control
and the coupling nonlinear terms introduce additional difficulties in estimating the first order corrections.
As a corollary, in the case o > 0, we obtain polynomial-in-time bounds for Sobolev norms above the
energy level (sg, s1) = (1, 0) by a bootstrapping argument utilizing the a priori bounds and the smoothing
estimates, see Corollary 2.5 below. We have applied this method in [Erdogan and Tzirakis 2012] to obtain
similar results for the periodic KdV with a smooth space-time potential. We note that the resonance
structure in one-dimensional is easier to handle.

In the second part we study the existence of a global attractor (see the next section for a definition of
global attractors and the statement of our result) for the dissipative Zakharov system in the energy space.
Our motivation comes from the smoothing estimates that we obtained in the first part of the paper and
our work in [Erdogan and Tzirakis 2011] (also see [Goubet and Molinet 2009] in which the existence
of global attractors was obtained as a corollary of a Kato type smoothing estimate). More precisely we
consider

iug +auyx +iyvu=nu+ f, xeT, te[-T,T],

Nit —Nxx + VR = (|u|2)xx + g,

u(x,0) = uo(x) € HY(T),

n(x,0) =no(x) € L2(T), ny(x,0)=n1(x) e HY(T), feHYT), gelL?*T)

3)

where f, g are time-independent, g is mean-zero, [} g(x)dx = 0, and the damping coefficients v, y > 0.
For simplicity we set y = v, and g = 0. Our calculations apply equally well to the full system and all
proofs go through with minor modifications (in particular, one does not need any other a priori estimates).

The problem with Dirichlet boundary conditions has been considered in [Flahaut 1991; Goubet and
Moise 1998] in more regular spaces than the energy space. The regularity of the attractor in Gevrey
spaces with periodic boundary problem was considered in [Shcherbina 2003].

Notation. To avoid the use of multiple constants, we write A < B to denote that there is an absolute
constant C such that A < CB. We also write A ~ B to denote both A < B and B < A. We also define
()=1+]1]
We define the Fourier sequence of a 2-periodic L? function u as
2n

Uj u(x)e **xdx, kez.

N 2 0
With this normalization we have

| k
u(x)=Ze’ Yup and  (UV)g = ug * v = Z Up V.
k m+n==k
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As usual, for s <0, H® is the completion of L? under the norm

lullers = [l(k) (k) Il 2

Note that for a mean-zero L? function u, |u| gs ~ ||@(k)|k|*||;2. For a sequence uy, with ug = 0, we
will use ||u|| gs notation to denote ||ug|k|*| 2. We also define H*® = {u € H : u is mean-zero}. For
s =0 we write H® = [.2.

The following function will appear many times in the proofs below.

1 ifg>1,
pp (k) := P log(1+ (k)) ifB=1,
|n|<|k]| (k)l—ﬁ ifg<1.

2. Statement of results

Smoothing estimates for the Zakharov system. First note that if n¢ and n; are mean-zero then n, n;
remain mean-zero during the evolution since by integrating the wave part of the system (1) we obtain
92 Jyn(x,1)dx = 0. We will work with this mean-zero assumption in this paper. This is no loss of
generality since if fT no(x)dx = A and fT n1(x)dx = B, then one can consider the new variables
n—->n—A—Btandu — ei(B’Z/Z“LA’)u, and obtain the same system with mean-zero data.
By considering the operator d = (—dxx)'/2, and writing n+ = n +id ~'n;, the system (1) can be

rewritten as

U + AUy = %(n+ +n_)u, xeT, tel[-T,T],

(i0; Fd)ne = +d(Jul?), 4)

u(x,0) =ug(x) € H(T), ni(x,0)=no(x)£id 'ni(x) e HS'(T).

Note that d ~'n1(x) is well-defined because of the mean-zero assumption, and that n =7_.
The local well posedness of the system was established in the framework of X* b spaces introduced by
Bourgain [1993]. Let

lullss = (k) (x —ak®)Pitk. 1) 2 12
Illyso = |6 (0 F KDPAk. D) 2 13-
Here £ corresponds to the norm of n in the system (4). As usual we also define the restricted norm

Ullypso = inf  ||i]|xs.o-
lllyge = inf il
te[-T,T]
The norms Yi’bT are defined accordingly. We also abbreviate n (x,0) = n .

Definition 2.1. We say (5o, 1) is @-admissible if 51 > —% and max(sq, %‘ + %) <s0 <s1+1 for é ZN,
orif s; > 0 and max(sy, & + ) <so <s1 + 1 for 1 e \.

Takaoka’s theorem on local well-posedness can be stated as follows:
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Theorem 2.2 [Takaoka 1999]. Suppose o # 0 and (so, S1) is a-admissible. Then given initial data
(uo,n4,0,n—0) € H* x HS' x H"! there exists

1
—Ll4
T 2 (luollaso + Insollast + lln—ollgsi) ™

El

and a unique solution (u,ny,n_) € C ([—T, T]: H x HS! x H"1 ) Moreover, we have

lull sy +lna0ll 51 +ln—oll s 1 <2(lwollzrso + lIntollerst + lIn—ollms1)-
X Y Y

s,
T +.7 =T

Now, we can state our results on the smoothing estimates:

Theorem 2.3. Suppose é &N, and (s, $1) is a-admissible. Consider the solution of (4) with initial data
(uo,n4,0.n—0) € H’ x H’' x H®'. Assume that we have a growth bound

(@)l 2250 + ln+ @) st + =@l st < C (llwollzrso + Int0llrst + [n—oll g1 ) (1 + [£)700.

Then, for any ag < min(1,2sg,1 + 2s1) (the inequality has to be strict if so —s1 = 1) and for any
a1 <min(1, 2sg, 259 — 1), we have

u(t) —e'¥%yg e COHSTOR X T), )

ni(t)—eTnyoe COHS T (RXT). 6)
Moreover, for B > 14 151(sg, $1), we have

() — e ug || gsorao + 1+ (t) —e T 9y ol gy +ay < C(1+[2])5, )

where C = C (s0.51.a0.ar. |uollgso. [n+ollzst. [n— ol gst).

Theorem 2.4. Suppose é e N, and (so, 51) is a-admissible. Assume that we have a growth bound

g1 ) (1 [])@ G051,

@ llzso + In4+-Ollzrst + lln— Ol < C (luollzrso + lInt ol st + lln—0

Then, for any ag < min(1, s1) (the inequality has to be strict if so —s1 = 1 and s1 > 1) and for any
ai <min(1,2s9 —s1 — 1), we have (5), (6) and (7).

The growth bound assumption in the theorems above follows from (2) in the case s = 1 and s; = 0.
This is used in the corollary below together with a bootstrapping argument to obtain norm growth bounds
in all regularity levels above energy. Although the actual growth bounds can be calculated explicitly we
won’t do so here since we don’t believe that the rates are optimal.

Corollary 2.5. For any « > 0, and for any o-admissible (so, s1) with so > 1, s1 > 0, the global solution
of (4) with H®° x HS! x HS! data satisfies the growth bound

(@)l 2250 + 4+ @) Lzt + ln—@) s < Cr(1+ [t

where Cy depends on sg, s1, and |\uo| gso + |n+,0llms1 + |n—0llms1, and Ca depends on sg, 1.
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Proof. We drop the + signs and work with u and n. First note that because of the energy conservation,
|lu]| g1 and ||n| ;2 are bounded for all times. Assume that the claim holds for regularity levels (sg, s1).
Let (ag,a1) be given by Theorem 2.3 or Theorem 2.4. Note that for initial data in %0140 x Fs1+a1,
applying the theorem with (sg, s1) and (ag, a1), we have

lu(@) =" gl gsotag + In@) =T s oll sy var < CAL+ 1P
Therefore, since the linear groups are unitary, we have
@)l gsot+ao + 1) | gs1+a1 < C(1+ M)B + [luoll grso+ao + 170l grs1+ao-

The statement follows by induction on the regularity.
We note that in the case é eN, so =1, s1 =0, we have ag = 0. However, since a; € [0, 1], we obtain
the statement for a-admissible (1, s1), 0 < s; < 1. From then on we can take both ag > 0 and a; > 0. O

Existence of a global attractor for the dissipative Zakharov system. The problem of global attractors
for nonlinear PDEs is concerned with the description of the nonlinear dynamics for a given problem
as t — oo. In particular assuming that one has a well-posed problem for all times we can define the
semigroup operator U(t) : ug € H — u(t) € H where H is the phase space. We want to describe the
long time asymptotics of the solution by an invariant set X C H (a global attractor) to which the orbit
converges as { — 00:

UHX =X, teRy, du@),X)—0.

For dissipative systems there are many results (see, e.g., [Temam 1997]) establishing the existence of a
compact set that satisfies the above properties. Dissipativity is characterized by the existence of a bounded
absorbing set into which all solutions enter eventually. The candidate for the attractor set is the omega
limit set of an absorbing set, B, defined by

o(B)=( U U@)B,

§s>01t=>s

where the closure is taken on H. To state our result we need some definitions from [Temam 1997] (also
see [Erdogan and Tzirakis 2011; Flahaut 1991; Goubet and Moise 1998] for more discussion).

Definition 2.6. We say that a compact subset s{ of H is a global attractor for the semigroup {U(?)}+>0
if o is invariant under the flow and if for every ug € H, d(U(t)ug, ) — 0 as t — oo.

The distance is understood to be the distance of a point to the set d(x,Y) = infycy d(x, y).
To state a general theorem for the existence of a global attractor we need one more definition:

Definition 2.7. We say a bounded subset B¢ of H is absorbing if for any bounded % C H there exists
T =T (M) such that forall t > T, U(¢)B C Ry.

It is not hard to see that the existence of a global attractor & for a semigroup U(¢) implies the existence
of an absorbing set. For the converse we cite the following theorem from [Temam 1997] which gives a
general criterion for the existence of a global attractor.
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Theorem A. We assume that H is a metric space and that the operator U(t) is a continuous semigroup
from H to itself for all t > 0. We also assume that there exists an absorbing set Bg. If the semigroup
{U(t)}s>0 is asymptotically compact, i.e., for every bounded sequence xj in H and every sequence
ty — 00, {U(tr ) xy }i is relatively compact in H, then w(By) is a global attractor.

Using Theorem A and a smoothing estimate as above, we will prove the following

Theorem 2.8. Fix a > 0. Consider the dissipative Zakharov system (3) on T x [0, 00) with ug € H' and
with mean-zero ng € L2, ny € H™\. Then the equation possesses a global attractor in H' x L% x H™1,

—1+a

Moreover, for any a € (0, 1), the global attractor is a compact subset of H'7% x H* x H ,and it is

bounded in H'7% x H* x H~'%% by a constant depending only on a,a,y, and || f || 1.

To prove Theorem 2.8 in the case é ¢ N we will demonstrate that the solution decomposes into two parts;
a linear one which decays to zero as time goes to infinity and a nonlinear one which always belongs to a
smoother space. As a corollary we prove that all solutions are attracted by a ball in H 7% x H% x H~114,
a € (0, 1), whose radius depends only on a, the H! norm of the forcing term and the damping parameter.
This implies the existence of a smooth global attractor and provides quantitative information on the size
of the attractor set in H'7% x H% x H~174_ In addition it implies that higher order Sobolev norms are
bounded for all positive times; see [Erdogan and Tzirakis 2011]. In the case é € N the proof is slightly
different because of a resonant term.

We close this section with a discussion of the well-posedness of (3) in H! x L% x H~!. We first

rewrite the system (when y = v, g = 0) by passing to n 4+ variables as above:

(ioy +a8)2€+i)/)u:%(n+ +nyu+f, xeT, tel[-T,T]
(3 Fd+iyng = +d(lu?), (®)
u(x,0) =ug(x) € HY(T), nx(x,0)=nxo(x)=no(x)£id 'ni(x) e L3(T).

Theorem 2.9. Given initial data (uo,n+0,n—,0) € H! x L2 x L? there exists

T =T(luollgr. In+ollL2. In—ollz2. | fllz1. 7).

and a unique solution (u,ny,n_) € C ([—T, T): H' x L? x Lz) of (8). Moreover, we have

lell 1y + ol oy +ln—oll oy <2(lwollz + In+0llz2 + In—ollz2)-
X Y

T +.7 -7

This theorem follows by using the a priori estimates of Takaoka [1999]. In the case of forced and
damped KdV, this was done in [Erdogan and Tzirakis 2011, Theorem 2.1, Lemma 2.2]. We should note
that the spaces where the contraction argument is done are independent of y. One can possibly use
dissipative variants of Bourgain spaces in the spirit of [Molinet and Ribaud 2002] but we don’t need to
do so here.

The global well-posedness follows from the following a priori estimate for the system (8) which was
obtained in [Flahaut 1991] (recall that ny =n +id 'n;):

lullgr + n4llz2 + In=llz2 < Ci 4 Coe™ ¥, >0, )
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where C1 = Ci(e. y. | f 1) C2 = Ca@.y. Il f a1 luoll g1 IIn£.0ll2). and C3 = C3(@. ). In fact
this was proved in [Flahaut 1991] for Dirichlet boundary conditions. In the case of periodic boundary
conditions, the proof remains valid. Note that (9) also implies the existence of an absorbing set B¢ in
H' x L% x L? of radius C1 (o, ¥, || f || gr1)-

3. Proofs of 2.3 and 2.4
In this section we drop the £ signs and work with one n. We also set Y = Y.

iuy +auxx =nu, xel, te|[-TT],
(i3, —d)n =d(Jul?). (10)
u(x,0) =ug(x) € H(T), n(x,0) =no(x)+id ni(x)e H(T).

Remark 3.1. We note that since n = n_ all of our claims about (10) is also valid for (4). The difference
in the proof will arise in the differentiation by parts process and the X estimates. Because of (15), in
formulas (16) and (17) there will additional sums in which every term, in the phase and in the multiplier
with an || sign, will have a = sign in front. This change won’t alter the proofs for the X*-? estimates, in
fact, all the cases we considered will work exactly the same way. Also it won’t change the structure of
the resonant sets in the case é e N.

We will prove Theorem 2.4 only for ¢ = 1. Therefore, below we either have é ZNora =1. The
case o # 1, é € N can be handled by only cosmetic changes in the proof. Writing

u(X,I)IZuk(t)eikx, n(x,t) = an(t)eijx,
k j#0
we obtain the following system for the Fourier coefficients:

00U —ak®ug = Y k) 4ko=k Nk Uks»
SO 11
i9enj —1jlnj = 1j1 Xy 4 jpmj unl=ra J #0 (h)
ug(0) = o)k, 1;(0) = (no); +iljI="(n);, Jj #O.
We start with the following proposition, which follows from differentiation by parts.

Proposition 3.2. The system (11) can be written in the following form:

19, [ up + &R By (n,u)i | = €K [py (k) + Ry ) (k. 1) + RoCum)(k.1)],  (12)
id:[e"VIn; + e By(u);] = €V [p2(j) + R3(u.m)(j. 1) + RaCu,m)(j. )], (13)

where

* % R
N, Uk . Ui uU_;
Bin.we = Y kz_‘k;_'k', Ba(w); =1jl Y. |.|_“.2f .
ky+ho=k & %2 ! Jitia=j W17 H T T
k1#0
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*

Ri)k,0) ="

ki1,k>

k1 + ko ug, u_g, Uk—k,—k,
ak? —a(k —ky —k2)? — ki + k2|

*

n N N, Uk —ky—k
Ro(u.m)(k.ty= > ——= o
kl,kﬁéoak —a(k —k1)? — k1|

*

2 . n-u-u-+j2_j
R3(u,n)(j,t)=|j| . A2 NT
h;o:jz =G+ 22 +aj —Jji = j2)?

*

o . N_j Ujs Uji+ jr—j
R
Ji#0.2 Y J2 J =2

*
Here, > means that the sum is over all nonresonant terms, i.e., over all indices for which the denominator

is not zero. Moreover, the resonant terms p1 and pa are zero if é ZN. Fora =1,

p1(k) = nog_son(ic)Usen(k)—k » k #0,

p2(j) =1Jl UL (jtsgn HUL(G—sgn)j)® j odd.

ioak?t :

Proof of Proposition 3.2. Changing the variables m; = n; eIt and Vi = upe in (11), we obtain

. i 2_gk2—
1010k = Xk +hy=k €@K D
k170 2.2
. _ . 't 7| — 7 3 e .
idm; =|j| Zjl-f-jz:j eit(jl—aji +0t]z)vjlv_]2’ j#0, (14)

vk (0) = (uo)x, m;(0) = (no); +ilj|~ (n1);, j #0.

It is easy to check that if we define m;r and my; accordingly, then

atm

Note that the exponents do not vanish if 1/« is not an integer. On the other hand if = 1, then the
resonant set is

(k1. kz) = (2k —sgn(k), sen(k) —k), k #0.

.oy = (L300 J =3y

, odd.
2 2

The contribution of the corresponding terms give p; and p; in the case « = 1. Below, we assume that
1
2 €N

Differentiating by parts in the v equation we obtain
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. ; 212
i0;vp = Z ezt(ak ak; |k1|)mklvk2
ki1+ko=k
k1#0
i 2_gk2 ; 2_ 12
Z at(ezt(cxk —ak2_|k1\)mk1vk2) pit(ak —ak2—|k1|)al(mk1vk2)
- (ak? —ak? — CSPWEI :
ki +ho=k i(ak? —aky —|k1]) bk ak? —ak? — |ki|
k1#0 k170

The second sum can be rewritten using the equation as follows:

) 102k k3 ey + hep |og, Dy 0k
ak? —ak2 — [ky + ko

ki1+ko+ks=k
k1+k27#0 eit(akz_akg_‘kll_‘kznmk M, Vi
o ol k19
ki +ka+ka=k 2T !
k1+ka#0
Now, we differentiate by parts in the m equation:
i ey 72 gy 12
i9mj =|j| Y etWImeiiten)y, 5
Jit+j2=J
. at(en(|j|—aj12+aj§)vjlm) o eit(ljl—ajfwfzz)a,(vjlm)
— TR I Jl—aj? a2
J1+i2=]j 1 2 Ji+i2=]j 1 2
The second sum can be rewritten using the equation as follows:
i1 +ej3—aji—j R
i elt(jl+ajs—aj; |]1|)mjlvjzv_j3
Sl . . 2 )
]'1+]12+j3=k |j| Ol(]l-i-]z) +(¥]3
/ it(ljl—eji+eiz+iaDy . v
e 1743 v m_j, v_;
+il ) i a.2+a(.’;_;22 5 (17)
Jitiatj3=k 1 /1 JaTJ3
J2#0
The statement follows by going back to the variables u and n. O

Integrating (12) and (13) from O to ¢, we obtain
up () — e 711 (0) = €K By (1, 1) (0) — By (. u)e (1)

t
—i/ eI (k) + Ry (u)(k, 5) + Ra(u, n)(k,5)]ds. (18)
0

nj(0) = e n;(0) = e VB (u); (0) — Ba () (1)

t
—i / e 5y (7)) + R3(u,n)(f, 8) + Ra(u,n)(j, 8)]ds. (19)
0
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Below we obtain a priori estimates for py, p2, B1, and B;. Before that we state a technical lemma that
will be used many times in the proofs.

Lemma 3.3. (a) Ifx > A >0andk + A > 1, then

1

Z <n_k1) (Vl—kz)}k ~ (kl—kz) A¢K(k1—k2).

(b) Fork € (0, 1], we have

/ dt < 1
R (T4 p1) (T +p2) ™ (p1 —p2)*

() Ifk > 1/2, then
E 1 <L
— (n% +c1n + c2)*

where the implicit constant is independent of c1 and c;.

We will prove this lemma in the Appendix.

Lemma 3.4. Under the conditions of Theorem 2.3 and Theorem 2.4, for each t, we have

lor@ s S In@ s lu@llso if's < s0 + 51,

lp2 () s < (@)1 Zrso if s <2s0—1,
[Bi(n ) |ls < In@ s lu@llso i s < 14 s0 + min(sy, 0),
1B2) @)l zzs < w150 if s < min(2so, 1 + s50).

Proof. The proof for p; and p, is immediate from their definition.
To estimate B, first note that

1
|ak? —ak3 — |ky|| = |et| k1] ’2k—k1 — —sgn(kr) | ~ (k1) (2k —k1).

The last equality is immediate in the case é ¢ N, when o = 1, it follows from the nonresonant condition.
Therefore we have

g, | ug—k, |
|Bi(n,u)g| < —L =
k%;o (k1)(2k — k1)

We estimate the H*® norm as follows:

D (ka1 ke — k1 )50 g, |2
k1#0

2
IB1ll7s <

Z (k)Zs
- (k1)2+2s1 (k —k1)250 2k — k)2

k
The first sum is bounded by ||z]| %151 |lu ||125,S0 since it is a convolution of two £! sequences. To estimate
the second sum we distinguish the cases |k1| < |k|/2, |k1| > 4|k|, and |k1| ~ |k|. In the first case, we
bound the sum by

(k)2s—2—2s0 <( )2s—2—2so

(k1)2+2s1 ~
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since 2 + 251 > 1. In the second case, we bound the sum by

(k)zs <k 25—3—-2851—280 <k 25—2—280
2. yarasa <) = (k) :
1|4k

In the final case, we have

(k)?s—27291 25—2—251—2 min(so, 1
2 5 5 S (k222G
o Kk k=)

In the last inequality we used part (a) of Lemma 3.3.

Combining these cases we see that By € H*® for s < 1+min(sg, s; +min(sg, 1)). In particular, By € H®
if s <14 59 + min(sy, 0) which can be seen by distinguishing the cases so > 1 and s¢9 < 1 and using the
condition 1 + s1 > s9.

Similarly, we estimate

v | Jujy -]
[Ba(w);| <) ——F—~.
! JZI (J —2j1)

As in the case of By, we see that B, € HS if

(j)**
su : ; ; ; ; < o0.
.pz ( )2(j1)250(j — j1)?s0

We distinguish the cases |j1| < |j|/4, |j1]| > 2|j|, and |j1| ~ |j|. In the first case, we bound the sum by

(] )2s—2—2s0
> e S ()2 727200050 ().

litl<ljl/4

In the second case, we bound the sum by

<j>2s < (i 2s5s—1—4s¢
Z (j1)2—+4s0 <A(J) .
Li11>2l/]

In the final case, we have

<] >2s—2s0

Z < (] >2s—2s0—2 min(so,1)
. _2 . 27/ s 250 ~ N
g V2 =)
Combining this cases, we see that By is in H® if s < min(2s¢, 1 + o). O

Using the estimates in Lemma 3.4 in the equations (18) and (19) after writing the equations in the x
variable, we obtain

a2
lu(t) — "> uoll gsotao < llnoll st luollzrso + [l (Ol zrs: 1 (@) [0

t t )
+ / 17 ()| s ||u<s>||Hsods+H / e Ry (u)(s) + Rau, n)(s)]ds . (20)
0 0

H50+a0
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—itd 2 2
In(@) — e~ noll gsi+ar < luollzgso + lu(@®llzrso

t t
+ / ||u(s>||%1sods+H / eI [Ry (u, n)(s) + Rau. n)(s)]ds L@
0 0

H51+a1

where

Ry(s) =Y Ry(k.s)e'™™ £=1.2.34.
k

Above, the smoothing indexes ag and a; depend on « as stated in Theorem 2.3 and Theorem 2.4. The
dependence arises only from the contribution of the resonant terms p; and p,.
Note that, with é as in Theorem 2.2,

/tem(t_s)ai [Rl (u)(s) + Ra(u, n)(s)]ds
0

so+ag
rer-s.51Hx

t
Vs () /0 I R, () (5)+ Rt n)(5)]ds

L

S

SR @) +Ra () ysorao -1, (22)

X50 +a0,b

for b > 1/2. Here we used the imbedding X f0+a0-b L?°H§0+a0. Similarly,

Remark 3.5. We note that the inequalities (22) and (23) remain valid in the case the linear group is

s1+aq

t
/ e_id(t_s)[Rg,(U,n)(S) + R4(u,n)(S)]ds

0 e
< ||R3(u,n) + R4(u,n)||X;1+alﬂb—" (23)

L% 5.6

modified with a damping term; see Lemma 3.3 from [Erdogan and Tzirakis 2011]. It is important to note
that we don’t need to alter the definition of the X**? norm.

3 sotl
4> 2

Proposition 3.6. Given s; > -1 max(sy, %1 + %) <s50<s51+1, and% < b < min(

2> ), we have

Ry ()|l xs.0-1 < ||u||)3( ,.y+ Pprovideds < so+min(1,2s0).
$0-%

We also have

2
| R2 Gt m)lxsom S >y

provided s <min(sg + 1+ 2s1,50 + 1,3 +2s1 —2b,3 + 51 —2b).

Proposition 3.7. Given s > —%, max(sy, %3 + %) <s0<s1+1,and % <b< % + min(0, @), we

have

1>

2
I1R3Ce, m)lxes.o-r + (| Ra G m)liyesomr S il g Tl

provided s < s1 + min(1, 259, 259 — 51).
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We will prove these propositions later on. Using (22), (23) and the propositions above (with b —1/2
sufficiently small depending on ag, a1, So, s1) in (20) and (21), we see that for ¢ € [-§, §], we have

o B ,
) — e ug || gso+ao + 1) — e nol grsi+ar < [In0llzrst + luollzrso]
t
2 2 3
+ [ @zt + u@llarso]” + /0 [in )l + N o] "ds + [Inll o, g+ lel oy T

In the rest of the proof the implicit constants depend on ||| g1, |40l gs0- Fix T large. Fort < T, we
have the bound (with y = y(sp, 51))

lu@)llso + In@) st < (L +t])” < TV,
Thus, with § ~ T~12Y~ we have
1u(i8) = B = DS grsota0 + 11(j8) =0 (i = D) g1 +ar ST,
forany j < T/8 ~ T1112Y* Here we used the local theory bound

Il iz < (G =D&z <77
[(—1)8, js]

and similarly for 7. Using this we obtain (with J = T/§ ~ T1T12r+)

J
(T 8) — e 55U (0) | gsgtao < Y €' T804y () — ! =TTV ((j — 1)) | ysgta
j=1

J
. i 2 .
= > " u(j8) — " *%u((j — 1)8) | gso-+ao
=1
< JT3 ~ T1t15v+

The analogous bound follows similarly for the wave part 7.

The continuity in H$0740 x {51+41 follows from dominated convergence theorem, the continuity of
u and n in H%, HS, respectively, and from the embedding X*? C CPHS (for b > 1/2). For details,
see [Erdogan and Tzirakis 2012; Ginibre et al. 1997].

4. Proof of Proposition 3.6
First note that the denominator in the definition of R satisfies
lak? —a(k —ky —k2)? — k1 +ka|| = |a| [k1 + k| |2k —k —k1 — é sgn(ky + k»)
~ (k1 4+ ko) 2k — k1 —k»).

(24)

The last equality holds trivially if 1/« is not an integer. In the case that 1/« is an integer it holds since
the sum is over the nonresonant terms. Similarly, we shall see that the denominators of R;, R3, R4 are
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respectively comparable to

(k1)(2k —k1), (W —2/1=2/2),  (J)J —2)2). (25)

We start with the proof for R,. We have

J

flk.r) = k. DK (= kD)2, glk.7) = [k, )| (k)0 (r —ak?)2.

*

(k) ik, DAk )ik ki —k2. T =11 — 1) ||
(ak? —ar(k — k)% — k1 [)(z — k)12

IR )2y = '

272
U2 ky ko #0 il

Let

It suffices to prove that

where

2

4 12
S WA Py P4 1Pt

kLT

/ S M. koo, 1. 2.0 £ k1. 1) £ kn 22) gk — 1 —n, 7 — 1 —12)
T2 ko ko #0

M(k],k2, k» 71, T2, 'L')

_ (k) (k) 7! (ko) 1 (k — k1 — ko) ™%
(k2 — a(k —k1)2 — [k [){x — ak2)1=b () — [k1])2 (t2 — ka])? (v — 71 — 12 — a(k — k1 —k2)?)

=

By Cauchy-Schwarz in the variables 71, 73, k1, k2, we estimate the norm above by

*
sup( Z Mz(k1,k2,k,T1,T2,T))

T2 ) ka0

[ e ek -k k- n—w)

LT2 py ka#0

(LY

Note that the norm above is equal to Hf2 x 2% g2 HelLl’ which can be estimated by ||f||g||g||% by
kT
Young’s inequality. Therefore, it suffices to prove that the supremum above is finite.
Using part (b) of Lemma 3.3 in 77 and 7, integrals, we obtain

*

sup/ Z M?
k,xJt

T2 j) ko #0
s Z (k)28 (ka) =251 (k) 7251 (k — kg — ko) 250
su
er ey @ —a(k = k)2 k)2 (r — ak2)2 20 (o Jky | = o |~k — Ky — k2)?) 1
KY2S (he 1) ™25 (Jeo) 250 (k — oy — Ky )~ 250
<sp Y (k)25 (k1) =251 (ko) =251 (k — k1 — k)

(k1)2(2k —k1)?(ak? — k1| — |ka| —a(k — k1 —k2)?)2720"
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The last line follows by (25) and by the simple fact
(t—n)(t—m) Z (n—m). (26)
Setting ko = [ + k — k1, we rewrite the sum as

3 (k)51 + K —ky) =251
Su .
P (k1) 27251 (2k — k) 2(1) 250 (0 (12— k2) + ky + kg — ] —k[)2-2P

Here, without loss of generality (since (k1, k2, k) — (—k1,—ko,—k) is a symmetry for the sum), we
only considered the case k1 > 0.

Case (i): —1/2 <51 <0,0< 571 + % < s0 <51+ 1. We write the sum as

Z + Z + Z + Z + Z =:851+82+ 83+ S4+ S5.

||~k < k| 1< ]k| [21>k| 21> k|
ki=0  0<ki<|l4+k| ki=|l+k| ki=|l+k| O0<ki<|l+k|

In the sum S7, we have
(Iy ~(k), (I +k—k1)< (k1) + (2k —kq).
Using this, we have

(k>2s—2s0((k1)—2s1 + (2k _k1>—251)

S1 < .
e ,EOZ (k1) 27251 (2k —kn)2 (o2 — k2) + Ky + [k — [ — k[)2=25

Summing in / using part (¢) of Lemma 3.3 and then summing in k; using part (a) of Lemma 3.3, we
obtain
Sl < (k)ZS—ZSo—2—4S1 + <k>2s—2S0—2—2S1 < <k>2s—2s0—2—4sll

Note that S; is bounded in k for s <s¢ + 1 + 2s7.
In the case of S,, we have

[l £kl ~1kl. |2k —ki|~|kl. |l +k—ki| < |k].
Also note that (since we can assume that |k| > 1)
|((? —k?) +ky + |ky =1 = k|| = a(k® = 1%) + O(k|) ~ k2.

Using these, and then summing in k1, we have

25 ).

1< |k]
0<ki<|l+k|

<k>2s—6+4b—2s1

25—6—2s51+4b
(k1>2+231 <l>2sO ~ (k) ¢2S0(k)

Note that S, is bounded in k if s < min(so + % + 51 —2b,3 + 51 —2b), and in particular, if s <
min(sg + 1 + 2s1,3 + 251 — 2b).
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In the case of S3, we have k; > |l + k| = |k|. Using this we estimate

S35 Y (k)>s—2—4
PTGk (1250 (= k2) + 2k —1 = k)22
k1=l +k|
(k)2s—2—4s1
< .
b |l|§|:k| (1)250 ((12 — k2) + 3k —[)2—2b

The second inequality follows from part (a) of Lemma 3.3. Note that
(a(I> —k?) + 3k —1) ~ k2,
since |/| < |k|. Using this and then summing in /, we have
S35 (k)2 707084, (K).
Note that this is also bounded in k if s < min(sg + 1 + 2s1, 3 + 251 — 2b).
In the case of S4, we have k; > |k|. Therefore

<k>2s—2s0

SERS < Z w < (k>25—2s0—3—4s1
42 (k1>4+4S1 (a(lz—k2)+2k1 _]_k)2—2b ~ (k1)4+451 ~ .

7],k 1> k|

k1> k|

We used part (c) of Lemma 3.3 in the second inequality.
In the case of S5, we have |/ +k — k| < |/| and

(i = k?) + ke + |k =1 — k|| = a(k® = 1) + O(lI]) ~ 1.

Thus, we estimate using part (a) of Lemma 3.3

l > LK1 1 2 2 2 2 S 5— 4

Note that to sum in / we need 259 + 251 +4—4b > 1, which holds under the conditions of the proposition.
Case (ii): 0 <51, max(sy, %1 + %) <9 <51 + 1. We write the sum as
Z + Z + Z =: 51+ 852+ S3.
k120, [11Zlk| Ik, 0<k1 k2 |I|<K]k|, k12k?

In the case of S7 we have

Sl < (k)ZS—ZS() < (k>2s—2S0—2‘

- klz(glzlzlkl (k)2 251 2k —k1)2{a(12 = k2) + k1 + k1 — 1 —k[)>720

We obtained the second inequality by first summing in / using part (c) of Lemma 3.3, and then in k1
using part (a) of the Lemma. Thus S is bounded in k if s < s¢ + 1.
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In the case of S,, we have
(@(®—k?) +ky +|ky =1 —k|) 2 k>, and (k1) (I +k —k1) 2 (I +k) 2 (k).

Therefore,

1
S, < (k 25—4+4b—2s1 <k 25—6+4b—2s o).
2 ( ) Z <k1)2(2k_k1>2(l)2m ~ ( ) ¢2s0( )
< k|, 0<k; <k?

Note that S» is bounded in k if s < min(sg + 1,51 + 3 —2b).
Finally we estimate S3 as follows

<k>25
S3 <
1
< (k 25—6—8s] < (k 2s—6—851.
= 2 i v ik < W

In the last inequality we used part (¢) of Lemma 3.3. Note that this term is bounded in k if s < s0 + 1.
We now consider R;. By using Cauchy—Schwarz, the convolution structure, and then integrating in
71, T2 as in the previous case, it suffices to prove that

(k)>* (k1) 7250 (ko) 720 (k — k1 —k2) "0 k1 + ko |?
Sup Z 2 2 2012 _ 12 4 12 2226 =
k ¢ @K% —alk —ki—k2)? —[ki +k2[) (k2 — ki + k5 — (k —k1 —k2)?)
Recalling (24), and using
(k? = k7 + k3 = (k —ky —k2)?) ~ ((k1 + ka) (k — k1)),
it suffices to prove that

2s kl 2s0(k2>—2s0<k_k1_k2>—2s0
Supz 2k k 2y + o)k —kp))2-26 =
1 —k2)*{(k1 +k2)( 1))

Note that the contribution of the case k1 = k is

<k>25—250 < (k>25_230—min(2,430)

RIS SIATE

so it satisfies the claim. For k1 # k (since we also have k1 + k> # 0 by nonresonant condition), we have
((k1 +k2)(k —k1)) ~ (k1 + k2){k —kq). Also letting [ = k1 + k> it suffices to consider the sum

(k>2s -
]; (2k _Z)Z(k —1)2S0<l)2—2b(] —k1>2So<k1)2s0(k —k1)2_2b - Z + Z

kl kl
[I—2k|>|kl/2  [I—2k|<|k|/2
= Sl + S2.
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‘We have

2s ZZ 1 )
lk1 —l 2s0 2 Zb(l—k1)230(k1)230(k—k1)2_2b

Using max((k —1)2%0, (I —k1)?%0) > (k —k1)%% and part (a) of Lemma 3.3 (recall that 2s¢ +2—2b > 1),
we have

2s ZZ 1
lk1 2 2b mln( k—l)st, (l —k1)230)(k1)2s0(k—k1)250+2_2b

1
<k 25s—2 < (k 25—2—250‘
~ ( ) ; (k1)2s0(k—k1)250+2_2b ~ ( )

In the case of S, we have (I), (k —[) Z (k), and hence

1
25—250—2+2b
Sz < (k)= 7= Z (2k —1)2(1 — k1)250 (k1)250 (k —k)2—2b"

1
|I—2k|<[kl|/2

Note that max({I —k1)2%°, (k1)2%0) > (I)2%0 > (k)20 Thus,

1
25s—4s0—24+2b
254 Z (2k —1)2 min({ — kq)?%0, (kq)?0)(k —k)272b"

1~2kI<lk|/2

Using part (a) of Lemma 3.3 (noting that | —k| > |k| and that (k)¢ (k) = (k)" (k) if 0 <k, A < 1),
we obtain

1

S2 < (k>2s—450—2+2b Z
ok

7 K s () < ()20 g ).

Note that S» is bounded in k if s < 59 + min(1, 2s¢).

5. Proof of Proposition 3.7

We first consider R3. By using Cauchy—Schwarz, the convolution structure, and then integrating in 71, 72
as in the proof of the previous proposition, it suffices to prove that

up Z U1 PN ()20 = = )2
iz iT=aGn + 22 +a( —j1— 2 (il = il + @ — j1 = j2)? —jF)?>72b

< Q.

Recalling (25), it suffices to prove that

Z ()25 (1) 251 (ja)T250(j — ji — j2) 7250
(J=2j1 =220 (ljl=j1l +a(j — j1— j2)? —aj3)?72b

J17#0, )2
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is bounded in j. Letting [ = j — j; — j» and m = j,, we rewrite the sum as

3 ()25 —1—m) =2 o
£ 2l = Ym0l —am? || =1 = I =m[+)>25
We note that a similar argument gives us the following sum for R4:
5 ()25 =1 —m)~ o8
£ (2l = P2 (m)50 (1250 (@l —am® || = |j =1 —m|+)>~2
We note that, by symmetry, if we can prove that
) (/)>( =1 —m)>" 29)
2= P2 (m)2o ()25 (@l —am® + j = | j =1 —m|+)>2b

m,l
is bounded in j # 0, then the boundedness of (27) and (28) follow.
Case (i): —% < 51 < 0. We rewrite (27) as

o+ D>+ DY+ D+ D>+ D =iS1+S+ 53+ S84+ S5+ Se.

[~lmISi1 [~ lm]>]j] < |m| [[>>|m| 1< |m] [1]>|m|
1=lm+l] 1jlzlm+l] |jI=im+l] |jI<Im+]

For S;7 we have

(j )2s—2s1

S1 5 Z < <j>2s—2sl—min(2,430)‘
~ — N2V (G — | —] — 2 o ov2—2b ~
|l|~|m|5|j|( [—j)y2()*o(j —|j =1l —m| +al* —am?)
In the second inequality we first summed in m using part (c) of Lemma 3.3, and then in » using part (a)
of the lemma.
For S, we have

)2s

2 : {/ \25—251—450—1
S> < <(J)s s1—4s0—1_
~ 24+4s0+2851 (] _ |7 —] — 2 _ ym2\2—2b ~
il ] (1) 0281 (j —|j =1 —m|+ al? —am?)
Again, we first summed in m using part (c) of Lemma 3.3.

In the case of S3 we have |/| < |m| < /|, and hence

S3 < Z (j>25_251—2
Tz (¥ =1 =1 =m| 4 al? —am?)>720
S 25—2s51-2 252 in(2,4
< Z (Z)—4SO s (]) s—281— ¢4so(j)5 <]) s—2s1—min(2, SO)‘
111<1/1

In the case of S4 we have

Q2= j)+(j—1j =1 —m|+al>—am?) 2 2.
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Since (2] — j) = 1% implies that (2/ — j) = (), we have

1
(20 = j)2(j = 1j =1 =m| +al? —am?)2=2b

1 1
< .
S UG 1~ —ml Tl —am?p=2 " Gl {1y

Therefore we estimate

)2s—231 -2 )25—2s1

(J (J
S4 < — + ; .
|m|<<|Zl|5|j| m)d0(j =1 —L=m| +al?—am?)2720 |m|<<Zl|s|j| (2l = j)2{1)207 4740 fm) 200

The first sum can be estimated as in S3 switching the roles of / and m. To estimate the second, we first
sum in / using part (a) of Lemma 3.3, and then in m to obtain

< (] )2s—2s1 —min(2,2s0—{—4—4b)¢25O (]) < (] )2s—2s1 —min(2,4s0).

In the case of S5, we have

(j=1j—1=m|+al®—am®) ~ (m)?,  |m|Z|jl.

Therefore, noting that 2s¢ + 251 + 4 —4b > 1, we have

Ss < Z (j>2s <Z <j>2s
T i 21— V00 (m) 202D ¥ S (0] — 210251 434D
< (j)ZS—min(2,4sO+2s1+3—4b)‘

~

In the case of Sg, we have
(j—1j—l=m|+al? —am®) ~ ()%, || 2]l (30)

Therefore,

)23

{7 ()2 p2so (D)
S6 < Z (21 _j)2(l)2s0+251+4—4b<m>2s0 = Z (21 _j)2<l>2s0+2s1+4—4b

AUV
< (1 )25—250—251—4+4b¢2s0 (J)

In the last inequality we used |/| = |j| and then summed in /.

B

Case (ii): s1 > 0. We rewrite (27) as

Z + Z + Z =851+ 852+ 893

[Slm]  Iml<IL]j] m<L|1Z]]]

In the case of S, we have |j| <|j—l—m|+|m+1| <|j —1—m|+ |m|, and hence

(j =1 =m)(m)Z (j)-
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Using this and noting that 5o > 51, we have

S, < <j>2S_2sl < [ ;\25—2s1—min(2,450—251)
2 i G = m ol —an?]

[71<|m]

In the last inequality we summed in m using part (c¢) of Lemma 3.3 and then in / using part (a) of the
lemma.
In the case of S> we have
25—2—2s81
) <

(-] S\25—2—2 :
Sy < E < s s1 )
’ i<y MO0 =1 =1 —m| + al? —am?)>~2b V) Paso))

Note that in the case of S3 we have (30). Therefore
~)2s

{J
S3 § 1 . .
|m<<%%2j| (2[ —])2<l>2s0+4—4b <m>250 (J _] —m)zsl

If so + 51 > 1/2, we sum in m and then in n using part (a) of Lemma 3.3 to obtain

)2s—2s0—4+4b

{/ \25—250—4+4b—min(2,2s1,251 +250—1)+
S3 < E . < (j)28T2%0 min(2,251,251+2s0—1)+
~ 2] — 7Y2(j —])2s1+min(0,250—1)— ~
gyt H P
If so + 51 € (0, 1/2], we have
(j)2s <l>1—2s0—2s1+

S, < < (i
3~ |l|;|j| (21 _j>2<l)2s0+4—4b ~ <J

)25—4s0—2s1—3+4b+

Note that each term above is bounded in j if s <s; 4+ min(1, 259 — 51).

6. Existence of global attractor

In this section we prove Theorem 2.8. As in the previous sections we drop the & signs and work with the
system
(i +ad2+iy)u=nu+f, xeT, te[-T,T],
(i0; —d +iy)n =d(|ul?), (3D
u(x,0) =up(x) € HY(T), n(x,0) =no(x) € L2(T).

We start with a smoothing estimate for (31) that implies the existence of a global attractor:

Theorem 6.1. Consider the solution of (31) with initial data (ug, no) € H' x L2. Then, for é ZN, and

forany a < 1, we have
u(t) — '3y e COHM((0,00) x T) and  n(t)—e 19 Vg e COHA([0,00) x T).  (32)
Moreover,

i 2 _ —itd—
(1) = "% ug | giva + (1) — e ol < C(as, v | f Ly luollg s llnoll2). (33)
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In the case o = 1 we have, for any a < 1,

t
u(t) — ey 4 / =D 5 gy
0

Hl+a + Hn(t) _e_itd_ytnOHHu

<Cla,y. | flla, uollgr InollL2).  (34)
where p1 is as in Proposition 3.2. The analogous continuity statements as in (32) are also valid.
Proof. Writing
u(x,t) = Zuk(t)eikx, n(x,t)= an(t)eijx, f(x) = Z fkeikx
k Jj#0 k

we obtain the following system for the Fourier coefficients:

i0ug + (iy —ak®ug =Y g, +komk Mk Uk, + fis
k170 (35)

i0nj+ Ay —1jDn; =1j13 )+ ,=; Wj1 i—js-

We have the following proposition, which follows from differentiation by parts as in Proposition 3.2
iak?t+yt

by using the change of variables m; = nje’l/+7% and vy = uge
Proposition 6.2. The system (35) can be written in the form
i0, [eitak2+ytuk] + ie—ytat[eitakz—i—zyt Bi(n, U)k]
= KV oy (k) + fi + Bi(n. f) + Ri@)(k.0) + Ro(u.m)(k.1)].  (36)
10, [e"V IV ) 4 ie7V 9, [ T2 By (u); ]
= "V 2 (j) + Ba(fou) + Ba(u, f) + Ra(u,n)(J. 1) + Ra(u, n)(j,1)]. (37)
where B, pi,i =1,2,and R;j, j = 1,2,3,4 are as in Proposition 3.2.

Integrating (36) from O to ¢, we obtain
up (1) — e TRV 0) = — By (n, u)g + e KTV By (no, uo)x
[ ROy o =iy~ i~ B e
—i fot e~k AN Ry () (k. 1) + Ro(u.n) (k. 1')]d1".
First note that (identifying the function with its Fourier sequence) we have

t
' / e~k 0=t 5 4y
0

In the case % ¢ N, using (38), the estimates in Lemma 3.4 and Proposition 3.6 (see Remark 3.5) as above,

S (1 — —itak>=yty

— < a—1. 38
AT S fillar. G9)

H1+a

H1+a
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and also using the growth bound in (9), we obtain for any a < 1

92— 2 3
() ="V ug | grva SN fllga—t +[1F L + 10O L2 + 14 (0) [ 1] +[||u||X1,%+||n||YL%] :
] 8
1,3

1
Using the local theory (Theorem 2.9) bound for X81’2, Y2 norms for a § = 8(|[noll 2. [luoll g1, | f | z71)s
we obtain for 1 < §

. 82 _
lu(®) =" ugl gr+a < Cla.y. I f a1 Inollz2 + ol ).

In the rest of the proof the implicit constants depend on a, y, || f || g1, |noll2 + ||uol| g1 - Fix ¢ large, and
8 as above. We have

|u(j8) — @5 Y3u((j = 1)8) | y11a S 1.

for any j <t/§. Using this we obtain (with J =1¢/3§)

J
lu(J8) — e 8T@Hy(O) | g1ra < Y [ Iy () — DIy (G -1)8) | 14
j=1

J
=2 VI u(j8) = S CEu((j = 18 i+
j_

< -(J- J)5V<
Ze 1—e— 1—e8v

In the case « = 1, we have to separate the resonant term in this argument. We have the following
inequality for ¢ < §

S Clay, [ f s linollpz + luoll g

t
P92 s . T2 — —
M(Z)_ezaaxt ytu0+l/ e(zou'))C y)( l/)pldt/
0 H+a

Accordingly we have

Jé
M(J(g) _el(g(i(xa%—y)u(o) +/ e(i(xai—y)(.](?—t/)pldt/
0

H1+a

e . jé
e(J—/)S(zocBi—y) (M(J5) _ 6,3(”’!3)2:—)/)”((]' —1)8) +i /
(G—-18

-

~
Il
_

(a5 dl/) H
Hl+ta

. . s .
o=y u(j(g)_esuaai—y)u((j_1)5)+l~/ R GE~)  1y/

G—13s

Il
.M“‘

—_

H1l+a

~
<~

2

1
< e~ U— ])3)/<
.2; 1—e 87"
]:

The corresponding inequalities for the wave part follow similarly. The only difference is that we don’t
need to separate the resonant term, since py € H'! by Lemma 3.4.
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This completes the proof of the global bound stated in Theorem 6.1. Finally the continuity in H! x L?
follows as in [Erdogan and Tzirakis 2012]. We omit the details. O

Proof of Theorem 2.8. We follow the strategy we outlined in [Erdogan and Tzirakis 2011]. We start with
the case é ¢ N. First of all note that the existence of an absorbing set, Bog C H! x L2, is immediate
from (9). Second, we need to verify the asymptotic compactness of the propagator U;. It suffices to prove
that for any sequence ¢, — oo and for any sequence (uo,r, n0,r) in By, the sequence Uy, (1o, no,r) has
a convergent subsequence in H! x L2,

To see this note that by Theorem 6.1, (if (1o, n9) € Bo)

Ut (uo,no) = (ei“taizf_ytuo,e_”d_ytno) + N¢ (0. n0)

where N; (1¢.n¢) isin a ball in H'*% x H* with radius depending on @ € (0, 1), a, y, and || f || z1. By
Rellich’s theorem, {N; (1o, n0) : 1 > 0, (ug, no) € Bo} is precompact in H'! x L2. Since

e g, e ) g 5 €0, st o

uniformly on %o, we conclude that {U;, (Mo,r, no,r) :r € N} is precompact in H'x [2. Thus, U; is
asymptotically compact. This and Theorem A imply the existence of a global attractor s C H! x L2

We now prove that the attractor set s{ is a compact subset of H'7% x H® for any a € (0,1). By
Rellich’s theorem, it suffices to prove that for any a € (0, 1), there exists a closed ball B, C H I4+a  ga
of radius C(a,a,y, || f | g1) such that &t C B,. By definition

w:(]kjw%0=qjvg
>01t>7 >0

By Theorem 6.1 and the discussion above, V7 is contained in a §; neighborhood, N, of a ball B, in
H' x L? whose radius depends only on a,a, y, || f| g1, and where 6; — 0 as t tends to infinity. Since
B, is a compact subset of H! x L2, we have

sh=()VeC[)Nc=Ba.

>0 >0

Now consider the case é € N. For simplicity, we take « = 1. We have to be slightly more careful in
this case because of the contribution of the resonant term, p1, which is does not belong to H 1+a for any
a > 0. Recall that, by Theorem 6.1, for (ug, ng) € Bo

t
Ui (uo,no) = (e’“ta)zf_ytuo, e_”d_ytno) + N¢(uo.no) +i (/ e(’a)zf_y)(t_t/)pldt’, 0), (39)
0

where N; (uo, no) isin a ball in H!*% x H% with radius depending on @ € (0, 1), y, and || f || 1. Recall
from Proposition 3.2, that the Fourier coefficients of p; are

(pl)k =01 (I’l, M)k = N2k—sgn(k)Usgn(k)—k>» k 7é 0.
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In light of the proof of the case é ¢ N above, it suffices to consider the contribution of the resonant term
under the assumption that (1¢, n¢) € Bo. Using (39), we write

p1(n (@), u(t)) = p1 (eI no,u(t")) + p1 (Ne(no), u(r')). (40)

Now note that, by Lemma 3.4, we have

lor(nw) | gpiva S Inllaallullg

Using this with a = 0, we see that the contribution of the first summand in (40) to the resonant term in

(39) satisfies
t
5ﬁ/ eV || =i =y o ()| 1 d
g Jo

<te™'Cla, . 1 fllg),

which goes to zero uniformly in %B¢. Similarly, the contribution of the second summand in (40) to the

t
/ e(ia)zc—y)(t—t’)pl (e_it/d_yt/no, u(l/))dt/
0

resonant term in (39) satisfies

t . ’
H / e(lai—y)(t_t )Pl (Nt’(HO)»u(t/))dt/
0

t
< / eV Ny (no) || |u ') | g1 dt’
H1+u 0

=C@.y.lf g

The rest of the proof is same as the case é Z N, O

Appendix

We prove Lemma 3.3. Note that, with m = k, — k1, we can rewrite the sum in part (a) as
) —_—

— {n)<{n—m)*
For |n| < |m|/2, we estimate the sum by

: < —A
|n|<%n:|/2W =< (m)""bic(m).

For |n| > 2|m|, we estimate by

Z ( >llc+)L S <m>1_K_A S (m)_l¢x(m)-

In|>2|m|
Finally for |n| ~ |m|, we estimate by
1 _ -
S < ) ham) < (m) Fpi(m).

i) (71 2 =)

The last inequality follows from the definition of ¢, and the hypothesis x > A.
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Part (b) follows from part (a). To obtain part (c), write
In? +cin+cal = |(n+z1)(n + 22)| > |n +x1] |n + x2|

where x; is the real part of z;. The contribution of the terms |n 4+ x| < 1 or |n 4+ x2| < 1 is < 1. Therefore,
we estimate the sum in part (c) by

1
~ +2n: (n+x1)%(n 4 x2)¢ ~

by part (a).
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