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Congruences of parahoric group schemes
Radhika Ganapathy

Let F be a nonarchimedean local field and let T be a torus over F. With 7F denoting the Néron—Raynaud
model of T, a result of Chai and Yu asserts that the model T™% x o, O /p’ is canonically determined
by (Tr;(F), A) for [ > m, where Tr;(F) = (DF/pIF, pp/pl;l, €) with € denoting the natural projection

of pp/ pl;” onpr/ plF, and A := X, (7). In this article we prove an analogous result for parahoric group

schemes attached to facets in the Bruhat-Tits building of a connected reductive group over F'.

1. Introduction

Let F be a nonarchimedean local field, O its ring of integers, and p its maximal ideal. Let T be
a torus over F. Such a torus is canonically determined by the lattice A := X, (T) together with the
action of I'r = Gal(F;/F) on it (here F; is a separable closure of F). For large m, the action of '
on A factors through the quotient I'r /I of I'r, where I} is the m-th higher ramification subgroup
(with upper numbering) of the inertia group /. This Galois group depends only on truncated data
Tr(F) := (OFr /P, pp/p'ﬁ“, €), where € is the natural projection of pp/p"F“rl on pg/p'p, via Deligne’s
theory; see (b) below.

Let 7R denote the Néron—-Raynaud model of T (see [Bosch et al. 1990]). The main result of [Chai
and Yu 2001] asserts that 7VR x o, OF /p'p is canonically determined by (Tr;(F), A) for [ > m (see
Theorem 8.5 of [Chai and Yu 2001] for the precise statement; the parameters that / depends on are
also explicitly determined there). With 7~ denoting the neutral component of 7™ this also implies that
T xo, OF/p% is canonically determined by (Tr;(F), A) with [ as above. From the point of view of
Bruhat-Tits theory, when the connected reductive group is a torus, the model 7 can be thought of as
its Iwahori (or parahoric) group scheme. The purpose of this article is to prove an analogous result for
parahoric group schemes attached to facets in the Bruhat-Tits building of a connected reductive group
over F.

Our motivation for proving such a result arises naturally from the question of generalizing Kazhdan’s
theory of studying representation theory of split p-adic groups over close local fields to general connected
reductive groups. Let us briefly recall the Deligne—Kazhdan correspondence:

(a) Given a local field F’ of characteristic p and an integer m > 1, there exists a local field F of
characteristic 0 such that F’ is m-close to F, i.e., Op/pp = Op /7.
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(b) Deligne [1984] proved that if Tr,,(F) = Tr,(F’), then the Galois groups Gal(F;/F)/I}} and
Gal(F;/F’)/I}, are isomorphic. This gives a bijection

{Iso. classes of cont., complex, f.d. representations of Gal(F;/F) trivial on I}’ }

<— {Iso. classes of cont., complex, f.d. representations of Gal(F,/F") trivial on I}’ }.

Moreover, all of the above holds when Gal(F;/F) is replaced by Wy, the Weil group of F.

(c) Let G be a split, connected reductive group defined over Z. For an object X associated to the field F,
we will use the notation X’ to denote the corresponding object over F’. Kazhdan [1986] proved that
given m > 1, there exists [ > m such that if F and F’ are [-close, then there is an algebra isomorphism
Kaz,, : H(G(F), K»,) - H(G(F"), K,,), where K,, is the m-th usual congruence subgroup of G(Or).
Hence, when the fields F and F’ are sufficiently close, we have a bijection

{Iso. classes of irr. admissible representations (IT, V') of G(F) such that r1kn #0}

«—> {Iso. classes of irr. admissible representations (IT', V') of G(F’) such that IT'%» = 0}.

These results suggest that, if one understands the representation theory of Gal(F,/F) for all local fields
F of characteristic 0, then one can use it to understand the representation theory of Gal(F,/F') for a
local field F’ of characteristic p, and similarly, with an understanding of the representation theory of
G (F) for all local fields F of characteristic 0, one can study the representation theory of G(F’), for F’
of characteristic p. This method has proved useful for studying the local Langlands correspondence for
reductive p-adic groups in characteristic p via the corresponding theory in characteristic O (see [Badulescu
2002; Lemaire 2001; Ganapathy 2015; Aubert et al. 2016; Ganapathy and Varma 2017]). An obvious
observation, that goes into proving the Kazhdan isomorphism, is

GOF)/Kn = GWOF/Pp) = GOp/pp) =GOp) /K, 1-1)

if the fields F and F’ are m-close.

A useful variant of the Kazhdan isomorphism is now available for split reductive groups. Let [
be the standard Iwahori subgroup of G. It is shown in [Bruhat and Tits 1984] that there is a smooth
affine group scheme Z defined over O with generic fiber G xz F such that Z(Of) = I. Define
Iy :=Ker(Z(OF) — Z(OF/p'y)). In Section 3 of [Ganapathy 2015], a presentation has been written
down for this Hecke algebra H(G, I,,,) (extending Theorem 2.1 of [Howe 1985] for GL,,). Furthermore if
the fields F and F’ are m-close, an argument of J.K. Yu (see Section 3.4.A of [Ganapathy 2015]) gives
an isomorphism

B:1/l,— 1/, (1-2)

Let us note here that unlike (1-1), the above isomorphism is not obvious since the group scheme 7
is defined over O and not over Z. In fact the above isomorphism is obtained by proving that the
reduction Z x o, O /p'% depends only on Tr,, (F) and then evaluating it at the Oz /p’i-points. Using the
presentation and this isomorphism, one gets an obvious map &, : H(G(F), I,,) — H(G(F’), I)), when
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the fields F' and F’ are m-close (also see [Lemaire 2001] for GL,), which was shown in [Ganapathy
2015] to be an isomorphism of rings. Hence we obtain a bijection

{Iso. classes of irr. ad. representations (IT, V) of G(F) with ' # 0}
«—> {Iso. classes of irr. ad. representations (IT', V') of G(F’) with TT"'» # 0}.

When one wants to prove the Kazhdan isomorphism or its variant for general connected reductive
groups, one is naturally led to consider parahoric subgroups, study the reduction of the underlying
parahoric group schemes mod p’;, and prove that they are determined by truncated data. That is the goal
of the present article. Our proof is different from J.K.Yu’s approach of proving (1-2) for the Iwahori
group scheme of a split p-adic group. We will use the construction of the parahoric group scheme via the
Artin—Weil theorem (see [Landvogt 1996]). Let us summarize the main results of this paper.

First, given a split connected reductive group over Z, one can unambiguously work with this group
over an arbitrary field after base change. More generally, given a connected reductive group G over F,
we first need to make sense of what it means to give a group G’ over F’ where F’ is suitably close
to F. Let us first explain how this is done for quasisplit groups. Let (R, A) be a based root datum
and let (Go, Ty, By, {ta}aeca) be a pinned, split, connected, reductive Z-group with based root datum
(R, A). We know that the F-isomorphism classes of quasisplit groups G, that are F-forms of G are
parametrized by the pointed cohomology set H I(T'r, Aut(R, A)) (see Theorem 3.2). Let Eys(F, Go)m
be the set of F-isomorphism classes of quasisplit groups G, that split (and become isomorphic to
Gy) over an at most m-ramified extension of F. It is easy to see that this is parametrized by the
cohomology set H!(I'r/I'", Aut(R, A)). Using the Deligne isomorphism, we prove that there is a
bijection Ey (F, Go)m = Egs(F', Gy, Gg — G;, provided F and F’ are m-close. Moreover, with
the cocycles chosen compatibly, this will yield data (G, T, B,) over F (where T, is a maximal F'-
torus and By is an F-Borel containing 7), and correspondingly (G, T, B;) over F’, together with an
isomorphism X, (T;) — X *(Tq/ ) that is Del,,-equivariant (see Lemma 3.4). It is a simple observation that
the maximal F-split subtorus S, of 7, is a maximal F-split torus in G, (see Lemma 4.1). We prove
that there is a simplicial isomorphism between the apartments A, : A(S,, F) — A(S,, F') if the fields
F and F’ are m-close (see Proposition 4.4 for precise statement). Let F be a facet in A(S,, F) and
F'=Au(F). Then F' is afacetin A(S,, F’). We prove that the parahoric group schemes Pr x o, O /p%
and Pr xp,, O /p', are isomorphic provided F and F " are [-close for [ 3> m (see Theorem 4.5 and
Proposition 4.10 for precise statements). To prove this theorem, we prove an analogous statement for the
root subgroup schemes if the fields F and F’ are sufficiently close, invoke the result of Chai—Yu [2001]
that the reduction of the (Ift) Néron models of the corresponding tori are isomorphic if the fields are
sufficiently close, and use the Artin—Weil theorem on obtaining group schemes as solutions to birational
group laws.

To move to the general case, we recall that any connected reductive group is an inner form of a
quasisplit group, and the F-isomorphism classes of inner forms of G is parametrized by the cohomology
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set H'(Gal(Fy /F), G;d(Fun)) (where Fy, is the maximal unramified extension of F' contained in Fy).

With G:I corresponding to G, as above, we prove in Lemma 5.1 that
H'(Gal(Fy/F), G¥(Fu)) = H' (Gal(F,,/F"), GX(F},)

as pointed sets if the fields F and F’ are m-close using the work of Kottwitz [2014]. Using the work
of DeBacker and Reeder [2009] it is further possible to refine the above and obtain an isomorphism
at the level of cocycles (see Section 5.A). All the above yields data (G, S, A) where G is a connected
reductive group over F that is an inner form of G, a maximal Fy,-split F-torus S that contains a maximal
F-split torus A of G, and similarly (G, S, A") over F’, together with a Gal(?u\n/F)—equivariant simplicial
isomorphism A4,, . : A(S, fl;) — A(S’, fﬁ\n) (see Lemma 6.1). Here Fun denotes the completion of Fyy.
Let F, be a Gal(fu\n/F)-invariant facet in A(S, I/Tu\n) and let ]3; = Am,*(]?*). We prove that there is a
Gal(ﬁ; / F)-equivariant isomorphism

P P — Jpm . — /pm
pm’* : P]:* Xgﬁl\n DFUH/pFun - ,P'F’,F XDI;\E DFlin/pFu/n

provided F and F’ are [-close (see Proposition 6.2). With F, := (F) G Fan/F) and Fl = (f;)Gal(ﬁn/F’),
the above descends to an isomorphism of group schemes

DPm,x - 7)_7:* XOp DF/]J? — 'P]-‘; X9 Dpr/p%.

As a corollary, we obtain that

Pr,(Or/PE) =P (Or /pE)

as groups provided the fields F and F’ are [-close.

2. Some review

Unless otherwise stated, F' will denote a nonarchimedean local field, that is, a complete discretely valued
field with perfect residue field. Let O denote its ring of integers, pr its maximal ideal, ® = wr an
additive valuation on F' normalized so that w(F') = Z, and & = 7y a uniformizer. Fix a separable closure
Fs of F and let I'p = Gal(F,/F).

2.A. Deligne’s theory. Letm > 1. Let I be the inertia group of F and I} be its m-th higher ramification
subgroup with upper numbering (see Chapter IV of [Serre 1979]). Let us summarize the results of Deligne

[1984] that will be used later in this article. Deligne considered the triplet Tr,, (F) = (O ¢ /Py, pr/ p’;f“, €),

where € is the natural projection of p g /p?rl on pr/p'p, and proved that I'r /Iy is canonically determined

by Tr,, (F). Hence an isomorphism of triplets v,, : Tr,, (F) — Tr,, (F’) gives rise to an isomorphism
Cp I By 1y 2-1)

that is unique up to inner automorphisms (see Equation 3.5.1 of [Deligne 1984]). More precisely, given
an integer f > 0, let ext(F)/ denote the category of finite separable extensions E/F satisfying the
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following condition: The normal closure E| of E in Fj satisfies Gal(E1/F)/ = 1. Deligne proved that an
isomorphism ¥, : Tr,,(F) — Tr,, (F") induces an equivalence of categories ext(F)™ — ext(F’')™. Here
is a partial description of the map Del,, (see Section 1.3 of [Deligne 1984]). Let L be a finite totally
ramified Galois extension of F satisfying I (L/F)™ =1 (here I (L/F) is the inertia group of L/F). Then
L = F(x) where « is a root of an Eisenstein polynomial

Px)=x"+n Zaixi

for a; € Op. Let a; € O be such that ; mod p™ — a! mod p™. So a! is well-defined mod p””. Then
the corresponding extension L’/ F’ can be obtained as L' = F’(a) where «’ is a root of the polynomial

P(x)=x"+n Z ax'

where 7 mod p’; — 7’ mod p’,. The assumption that 7 (L/F)™ = 1 ensures that the extension L’ does
not depend on the choice of a;, up to a unique isomorphism.

2.B. The main theorem of Chai-Yu. Let T be a torus over F and let K /F be a Galois extension such
that 7" is split over K. Let I'x/r = Gal(K /F) and let A = X, (T'), the cocharacter group of 7. Then T is
determined by the I"-module A up to a canonical isomorphism. With F’ denoting another nonarchimedean
local field, we will denote the analogous objects over F’ with a superscript ’. We introduce the following
series of congruence notation:

e OF,Ok) =y, OF,Ok) (level m): this means that 1, is an isomorphism Ok /7"Og —
Ok /7™ Ok and induces an isomorphism O /7" O p — Op /7™ O . We denote this induced
isomorphism also by ,,. Having chosen the uniformizers, this also induces an isomorphism
Tr,,(F) — Tr,, (F’), which we still denote by ,.

e OF, Ok, Tk/F) =y, Or, Ok, Txryr)(level m): this means (O, Og) =y, (OF, Ok)(level m),
y is an isomorphism '/ — ['k//r, and ¥, is 'k /p-equivariant relative to y.

e OF, Ok, Tk A) =y,.p0 Op, Ok, Tkyr, A') (level m): this means (Of, Ok, Tk /r) =ap
(OF, Ok, Tkryrr) (level m) and A is an isomorphism A — A’ which is I'x, p-equivariant relative
to y.

We say that “X is determined by (O /7" OF, Ok /7" Ok, Tk r, A)” to mean that if
OF, Ok, Tk/r. A) =y, 0. OF, O, Txrypr, A')(level m)

then there is a canonical I"gr-equivariant isomorphism X — X’ determined by (¥,,, v, 1).

Let 7R denote the Néron—Raynaud model of T considered in [Chai and Yu 2001]. This is a smooth
model of 7 with connected generic fiber such that 7R (D7) is the maximal bounded subgroup of
T(f;), where I’V; is the completion of the maximal unramified extension Fy, of F' contained in Fy. This
model is of finite type over O .
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Theorem 2.1 [Chai and Yu 2001, Theorem 8.5 ]. Let m > 1. There exists | > m such that the model
TNR Xp, Op/pr s determined by OF/7'OF, Ok /7' Ok, Ck/r, A).

The parameters that / depends on are also explicitly determined in Theorem 8.5 of [Chai and Yu 2001].
Let 7 denote the neutral component of 7 VX, This is a smooth model over Oy with connected generic
and special fibers, and is of finite type over O . Its Oz~ -points is the Iwahori subgroup of T(m).

Lemma 2.2. Let T, > m as above. Then the model
T xo, Op/py s determined by Op/7'OF, Ok /7' Ok, Ck/r, A).

Proof. This lemma follows from Lemma 8.5 of [Chai and Yu 2001] and the observation that the formation
of 7 commutes with any base change on Spec(9 ), that is,

(TM %0, OF /P =T xo0, O /P 0

When the connected reductive group is a torus 7', the model 7 is its Iwahori (or parahoric) group
scheme. We will study congruences of parahoric group schemes attached to facets in the Bruhat-Tits
building of a connected reductive group G over F. To this end, let us recall some results from Bruhat-Tits
theory and the construction of parahoric group schemes (using Artin—Weil theorem, following [Landvogt
1996]), that will used later in this article.

Given a connected reductive group G over F, let G denote the derived subgroup of G, and G its
adjoint group. Let B(G, F) denote the reduced Bruhat-Tits building of G over F, that is, the building
of G over F. The building is obtained by gluing together apartments A(S, F) where S runs over
the maximal F-split tori in G. The apartment A(S, F) is an affine space under X, (5%") ®7 R where
Sder — § N GYT, Let F be a facet in B(G, F) and let Pr denote the parahoric subgroup of G (F) attached
to F. Bruhat-Tits show that there exists a smooth affine © g-group scheme Pr with generic fiber G such
that Pr(OF) = Pr. We recall the construction of P, following Landvogt [1996]. The parahoric group
scheme is first constructed over 77; (note that Gz is quasisplit), and the model over F is obtained using
étale descent.

2.C. Structure of quasisplit groups. Let G denote a quasisplit connected reductive group over F. Let S
be a maximal F-split torus in G and let 7 and N be the centralizer and normalizer of S in G, respectively.
Let B be an F-Borel subgroup of G with T C B. Note that T is a maximal F-torus in G. Further G and
T split over F and the Galois group I'r acts on the group of characters X*(7T') of T, preserves the root
system ®(G, T) of T in G, and also the base A of ®(G, T) associated to the Borel subgroup B. Let
K C F; denote the smallest subextension of F splitting 7 (and hence G). Let ®(G, §) denote the set of
roots of S in G.

2.C.1. Root subgroups U,,a € ®(G, S). The elements of ®(G, S) are restrictions of elements of
®(G, T) to S, and the restrictions to S of the elements of A form a basis A of d (G, S). Moreover, the
elements of A that have the same restriction to S form a single Galois orbit for the action of 'z on A.
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For a € ®(G, T), let U, be the corresponding root subgroup of Gg. The group I'k,r permutes U, and
y(Ua) = U},(a). Let X, be the stabilizer of Ua and let L, be the corresponding field of invariants. We
say that L, is the field of definition of «. Note that ljo, is defined over L, by Galois descent. Let {x, :
Ga,1, = Uy |a € (G, T)} denote a Chevalley—Steinberg splitting of G. It has the following properties:

(a) If the restriction a of « € ®(G, T) to S is an indivisible element of ®(G, S), then X, is an L,-
isomorphism of G, to U, and we have Xy(a) =Y 0Xg O y~! for each y € Gal(K/F).

(b) If the restriction a of « € ®(G, T) to § is divisible, then there exists two distinct roots 8, 8’ € (G, T)
of restriction a/2 to S such that @ = g+ ’; we have Lg = Ly, Lg is a quadratic separable extension
of L, and for each y € Gal(K/F) there exists € = £1 such that y o X, (u) oy~ = Xy (o) (€u); if
y € Gal(K/Ly), we have € = —1 if and only if y induces the unique nontrivial automorphism of Lg.

Now we describe all possible structures for the root subgroups U,, a € ®(G, S). We may and do assume
thata € A. Let Aa be the orbitof I'g /r in A. Letw:G*— (U, U_,) be the universal cover of the semisim-
ple group generated by U, and U_,. The classification of Dynkin diagrams gives two possible cases:

Case 1. The group G% is isomorphic to a product of the groups SL, indexed by A, and are permuted
transitively by Gal(K /F), the field of definition of the factor of index « is L, and G* = Resy/r SL,.
Then U, = ResLa/pUa fora € A,. If %, : L, — U,, then x, = Res;,/r Xy is a F-isomorphism of
Resy,/r G, to Uy; the pair (Ly, x,) is called a pinning of U,. Via x,, we obtain an isomorphism of L,
with U, (F), which we also denote by x,. If (xXg) pek is an Chevalley—Steinberg splitting of G, then we
have for each u € L,

xa@) = [ Zp(up) (2-2)

Bel,

In the above, B = y (a) for some y € I'g,r and ug := y (u). The subgroups U_, and the splitting x_,
are obtained using U_, and X_, analogously.

Case II. The group G% is isomorphic to a product of the groups SL3 indexed by the set I consisting of
pairs of two elements {«, &} of A, such that o +& is a root. We have Ly, = Lg, Ly is a quadratic extension
of Ly,g. The simple factor G of index {«, @} is defined over Ly, split over L, and is isomorphic over
L+ to the special unitary group of the Hermitian form A : (x_1, xg, x1) = 7 (x_1)x1+7 (x0) X0+ 7T (x1)Xx_1
over L3. Here 7 is the unique nontrivial element of Gal(Ly/Lq15). We denote this simple factor as SU3,
and then G =Res;_,./r SUs.

Let Hy(Ly, Ly+g) :={(u,v) € Ly X Ly | v+ t(v) = ut(u)} denote the L, g-group with group law
(u,v)- (@, v) = w+u,v+0+t@u). Then ¢ : (u, v) > Xy (U)Xy+a(—v)Xz(T (1)) is an L, z-group
isomorphism of Hy(Ly, Ly+g) With the subgroup U= Ua U(H& Ua of G. Then U, = Resy, . ./F U and
xq, = Resy,,./k ¢ 1s an F-isomorphism of groups H(Ly, Ly15) = Resy,../rF Hy(Ly, Lo1g) With U,.
Further, for (i, v) € Ly X Ly,

Xa(u,v) = [ [ Fpup)Ry 5(—vp)T5(T(up))
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In the above, for each 8, we choose y € Gal(K /F) such that 8 = y («); then 8 =y (@), Xg=7YoXq oy~l,

Xg=yoigoy i g=voXaraoy L up=yW),vp=y().

Note that the root subgroup U,,(K) associated to the root 2a consists of elements x,(0, v) where v is
an element of Lg :={veLy|v+1(v) =0}, and the map v — x,(0, v) is an F-vector space isomorphism
of Lg.

2.C.2. On the splitting extension of the root. Let a € ®™4(G, S) with 2a is not a root. We fix a pinning
(Lg, x4) of U, where o € A, as in Case I above. The subset of endomorphisms of the F-vector space
U, of the form p,, (¢) : x,(u) — x4(tu) for t € L, does not depend on the choice of (L, x,) (see
Section 4.1.8 of [Bruhat and Tits 1984]). This is denoted by L, and is called the field attached of the root
a. It is isomorphic to L, via the map ¢+ — uy, (¢). Its inverse gives an embedding of L, <> K. A similar
definition is obtained when 2a is a root in Section 4.1.14 of [Bruhat and Tits 1984].

2.C.3. Valuations. Let w : F — R* be as in Section 2.A, and we denote its extension to K also as w.
The notion of valuation of root datum was defined in [Bruhat and Tits 1972]. For « € ®(G, T), put

¢a(ia(u))=w(u), ueK*.

Then d3 = (¢a)aco(G,1) defines a valuation of the root datum (Tk, (Ua)aecp(G,T)) in the group G(K)
(recall that G is split). It is shown in [Bruhat and Tits 1984] that qE descends to (7, (ﬁa)agp((;, 5)) and
defines a valuation on it. We explicitly define ¢, : U, (F)\{1} — R from ¢~> Fora € ®(G, S), let A (resp.
B) be the set of « € ® (G, T) whose restriction to S is a (resp. 2a). For u € U, (F'), there exist unique i,
such that u =[], 4 p o for an arbitrary ordering of AU B and we put

$a(u) = inf( inf §o (iie), inf 3 (ia)-

This number is independent of the choice of ordering of AU B. Then ¢ = (¢4)uco(G,s) defines a valuation
of root datum on (7, (Uy)qco(G,s)) (see Section 4.2.2 of [Bruhat and Tits 1984]).

2.D. Parahoric group schemes: quasisplit descent. In this section, we assume that F' is also strictly
Henselian, that is its residue field is separably closed.

2.D.1. Affine root system and the associated Weyl groups. The apartment A(S, F) can also be thought
of as the set of valuations that are equipollent to ¢ = (¢4)uco(G,s), Where ¢ as above. This is an affine
space under X, (59" @7 R and N (F) acts on it by affine transformations (see Section 6.2.2 of [Bruhat
and Tits 1972]). Let us denote the point of A(S, F) corresponding to ¢ as xg. For a € ®(G, §), let
Iy = ¢a(Ua(F)\{1}) and

To={¢aw) | u € Us(F\{1}, ¢ (1) = sup ¢, (uUsq (F))}.
Here we have used the convention that U,, =1 if 2a is not a root. Let

(G, ) ={y: A, F) > R|y()=a(-—xp)+1,a € ®(G, S),l €T}
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denote the set of affine roots of S in G. Choosing x¢ allows us to identify A(S, F) with X (59 ®7 R.
With this identification, the vanishing hyperplanes coming from ®(G, S)* makes A(S, F) into a
(poly)simplicial complex. The group generated by reflections through the hyperplanes coming from
® (G, S)¥ is the affine Weyl group denoted by W3 . The extended affine Weyl group is defined as
We:=N(F)/T(F), where T (F) is the kernel of the Kottwitz homomorphism «7 : T (F) — X*(f’F) =
X, (T) 1, (see [Haines and Rapoport 2008]). With W := W(G, S), the group W* hence fits into an exact
sequence

1 - XD, > We— W — 1.

2.D.2. The associated root subgroup schemes. Let us recall the filtrations on root subgroups and the
associated root subgroup schemes from Section 4.3 of [Bruhat and Tits 1984]. For a € ®(G, S), let
¢q: Uy (F) — RU{oo} be as above. For k e R, Let U, = {u € Uy (F) | ¢pa(u) > k}. Next, let us describe
the associated root subgroup schemes.

Casel. Leta € (G, S) such that 2a ¢ (G, S). Fork € Iy, let Lyx={ueLl,|w(u)>k}. Then L,
is a free O p-module of finite type. Let £, x be the canonical smooth O r-group scheme associated to this
module. (More precisely, given a free O r-module M of finite type, the functor taking any O r-algebra R
to the additive group R ® M is representable by a smooth ) g-group scheme M whose affine algebra is
identified with the symmetric algebra of the dual of M.) Let U, ; be the image under x, of L, ; and let
U,  be the O p-group scheme obtained by transport of structure using x,. Then U, x has generic fiber U,
and Uy, 1 (O ) = Uy k. The definition is extended to k € R\{0} in Section 4.3.2 of [Bruhat and Tits 1984].

Case II. Let a € ®™4(G, S) with 2a € (G, S). The root subgroup U, = Reslgz“ Hy(L,, Ly,) via x,.
In order to describe the root subgroup schemes of the filtration U, x, we use an alternate description of
Hy(L,, Ly,). Recall that Lg is the set of trace 0 elements of L,. Let L}I denote the set of trace 1 elements
in L, and let

(L)l = eLl|o®) =suplok)|xeLl}}.

max

Note that (L,)! . # @ and when the residue field of L, is of characteristic # 2, 1/2 € (L,).,- Let
A€ (La)y

max

and let Hé\ := L, x LY equipped with the action
(u,v)- (@, v)=wW+u,v+0—Aut(@)+rA)t(w)u). (2-3)

Then HOA is an algebraic L,,-group and j : (4, v) — (4, v — At(u)u) is an Lo,-group isomorphism of
Hy(L,, L,,) onto Hé‘. Let H' = Resfﬁ" Hé\.
Lety = —%a)()»). For k € Ty, let | = 2k + i, and

Logiy ={u€Lylw@)=k+y} and LY, :={ueclLl) o) =1}

Up to isomorphism, there exists a unique smooth affine ) g-group scheme 7-[2 of finite type with generic
fiber H* and such that 7—[2 (OF) = La g4y X Lg’ ; and a group law, which induces the group law (2-3) on
the generic fiber (See Section 4.3.5 of [Bruhat and Tits 1984]). In more detail, let £, x4, and ES’ ; be the
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canonical Oy, -group schemes associated to L, x4, and Lg,l' Let ’Hé e = Lakty X Cg’ ;- The map
Lox Lg— LY, (u,u') = rut(it) — (W)t (u)i

can be extended uniquely to a morphism L k4, X Ly j4y — ./32 ;- Hence the group law can be extended

to Hf)" o Let 7—[2 = Res?Lz‘l H& «- BY transport of structure using x, oResIgZ“ Iy !, we obtain the O F-group
scheme U, ;. These definitions are extended to k, [ € R\{0} in Section 4.3.8 of [Bruhat and Tits 1984].

Using the isomorphism v — x,(0, v) from Lg — Up,, we obtain from the scheme 52 (fork e a)(Lg)\O),
an O p-scheme whose generic fiber is U, and denote it as Uy, x (see Section 4.3.7 of [Bruhat and Tits
1984] for further details).

2.D.3. Construction of parahoric group schemes over F. In this section, we recall the construction of para-
horic group schemes, following [Landvogt 1996]. Given x € A(S, F), let f; : ®(G, ) — R be the function
fx(a) = —a(x — xp), where xq is the unique point arising from quasisplit descent as in Section 2.D.1.
Let Uy x := Uq, f.(a)- Let Uy x be the smooth affine group scheme over O with generic fiber U, and
with U, (D) = U, (as in Section 2.D.2). For ¥ = ®*(G, S) and ¥ = &~ (G, S), Proposition 3.3.2
of [Bruhat and Tits 1984] gives a unique smooth affine O p-group scheme Uy , of finite type with generic
fiber Uy and the property that for every good ordering of W™ (See Section 3.1.2 of [Bruhat and Tits
1984]), the F-isomorphism Hae\l’ U, — Uy can be extended to an £ p-isomorphism l_[ae\ll Uy x > Uy .

The parahoric subgroup P, is generated by 7 (OF) and the U, for a € ®(G, S) (with T is as
in Section 2.B). One of the main results of [Bruhat and Tits 1984] is that there is a unique smooth
affine O p-group scheme P, with generic fiber G and with P, (O r) = P,. We recall the construction
of P, from [Landvogt 1996]. The idea is to put an O p-birational group law on Up+ , X T X Ugp-
and invoke Artin—Weil theorem (see Chapters 5 and 6 of [Bosch et al. 1990]) to construct P,. Let
us first introduce some notation. Let Z/I;E = Uop+G,5),x and let Xy, = U TU}. Since its generic
fiber X, xp, F = UTTU™ is an open neighborhood of the 1-section of G, there exists a unique
F-birational group law on the generic fiber of X,. We want to extend this to X,. Since U"TU™"
and UTTU™ are both open neighborhoods of the 1-section of G, there exist f € F[U TU™] and
f € FIUTTU ] such that FI[U-TU" ]y = F[UTTU 1. Without loss of generality, we may assume
that f € Op[U TUT\7Op[UTU ] and f' € Op[UTTU \nOp[UTTU™]. Proposition 5.16
of [Landvogt 1996] shows that inside FIU"TU"]; = F[UTTU ]y, we have Op[U; TUI; =
OplUFTU 5. So we will identify (U, TU) f = U TUL ) ¢ in the following. By Proposition 5.8 of
[Landvogt 1996], we can identify TU;" and U7 and hence also TUU and U TU, . In Xy x Xy =
U x (T xUF xU;) x TUT, we consider the open subscheme

U x U X T XU p x TUS =U7 x Uy x T xUS) g x TUS
CU; xU; x T xUS xTUf
= U xU) x (T xT)x U <UD

3
Ml 74 T x UF
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So we obtain a morphism Uy x U x T x Uy )y x TU — X. Since X, has irreducible fibers over
O and since f ¢ mOp[U, TUTT, we see that U, TUS) ¢ is Op-dense in X (that is, each of its fibers
is Zariski dense in the corresponding fiber of X, — see Section 2.5 of [Bosch et al. 1990]), and hence
U7 X U < T xUT) p x TUF is Op-dense in Uy x (T xUF xUT) x TUF = X, x X,. Hence we obtain
an O p-rational map m : Xy x Xy — X,. By Proposition 5.16 of [Landvogt 1996], m is an £ g-birational
group law on X,. Glue together the schemes G and X, along Xy xo, I and denote it as ). As in
Proposition 5.17 of [Landvogt 1996], the parahoric group scheme P, with group law m, together with an
open immersion ), — P, such that the restriction of m to ), is m, is obtained by applying Theorem 5.1
of [Bosch et al. 1990] to the scheme ). The generic fiber of P, is G. Let F be a facet in A(S, F). Then
for x, y € 7, Py = P,. So we write Pz for the parahoric subgroup attached to the facet & and denote the
underlying group scheme as Pr.

2.E. Parahoric group schemes: étale descent. Let F be a nonarchimedean local field and f; be the
completion of the maximal unramified extension Fy,(C Fy) of F. Let G be a connected reductive group
over F. By a theorem of Steinberg (recalled as Theorem 5.2), we know that G g, is quasisplit. Let A be
a maximal F-split torus in G. By Section 5 of [Bruhat and Tits 1984], there is an F-torus S that contains
A and is maximal Fyy-split. Note that X,(A) = X,.(S)%4Fa/F) Let A(A, F) denote the apartment of
G with respect to A. Let F, be a facet in A(A, F). We fix an algebraic closure i  of the residue field
kr and identify the Galois groups Gal(fu\n /F) with Gal(k p/k ). Let o denote the Frobenius element of
Gal(Fyn/ F) under this identification. Then we know that there is a o -stable facet ]j"* in A(S, Fy,) such
that .7:"5 = F, (see Chapter 5 of [Bruhat and Tits 1984]). Since f* is stable under the action of o, the
parahoric group scheme Pz is also stable under the action of o. In this case, the Oz -group scheme
P admits a unique descent to an 9 p-group scheme with generic fiber G (see Example B, Section 6.2,
[Bosch et al. 1990]). The affine ring of this group scheme is (Dﬁ;[Pﬁ*])Gal(f‘;/ F)_ This is the parahoric
group scheme attached to the facet F, of A(A, F).

3. Quasisplit forms over close local fields

Let Gy be a split connected reductive group defined over Z with root datum (R, A). For an extension
K/F,let Go g :=Goxz K.

Let E(F, Go) be the of F-isomorphism classes of connected reductive F-algebraic groups G with G,
isomorphic to Gg, fr,. This is in natural bijection with the Galois cohomology set H W(Tp, Aut(Go,r,)).
We denote this map

E(F,Go) — H' (T, Aut(Go, ), [G] = s6- (3-1)
Lemma 3.1. Let Iy be the inertia group of F and Iy} denote the m-th higher ramification subgroup

with upper numbering. Let E(F, Gy), denote the set of F-isomorphism classes of F-forms G of
Go.F such that there exists an at most m-ramified finite extension L C Fy (i.e., Gal(L/F)™ = 1) with
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G xp L = Gg xz L. The bijection (3-1) induces a bijection between E(F, Gy),, and the cohomology set
H'(Tr/1}, (Autg, (Go,1,))'F).

Proof. Let Q:= (F,)'F . Then for every finite extension F' C L C F, L — Qif and only if Gal(L/F)" =1
(see Section 3.5 of [Deligne 1984]). Further we know that H L(Aut(Q /F), Autq(Go.q)) classifies isomor-
phism classes of F-forms [G] with G X Q = G r X Q. Now simply note that Aut(Q/F) =T'g/I}
and Autq(Go.q) = (Autp,(Go £,))'F. O

3.A. Quasisplit forms. Let (Go, To, Bo, {uq}, ) be a pinned, split, connected, reductive Z-group with
based root datum (R, A) where {uq}, i 1s a splitting as in Section 3.2.2 of [Bruhat and Tits 1984]. Then
Out(Gy) can be identified with the constant Z-group scheme associated to the group Aut(R, A). Consider

the exact sequence
1 — Inn(G(Fy)) — Aut(Go,r,) — Aut(R, A) — 1.

Let H = H(Go, Ty, Bo, {tta},x) be the subgroup of Aut(Gy,r,) consisting of all a such that a(Bo) = By,
a(Ty) =Ty and {aouy |« € A} = {uy |« € A}. Then H < Aut(Go,r,) = Aut(R, A) is an isomorphism
and Aut(Gy,r,) = H x Inn(Go(F;)). Hence the natural map H'\(TF, Aut(Go,r,)) = H'(Tp, Aut(R, A))
has a section given by

q:H'(Tr, Aut(R, A)) = H'(Tp, H) = H'(T'r, Aut(Go ).
We now recall the following well-known theorem (see [Conrad 2011], Section 7.2).
Theorem 3.2. Let [G] € E(F, Gg). Then sg lies in the image of
q: H'(Tr, Aut(R, A)) — H' (T'r, Aut(Go £,))
if and only if G is quasisplit over F, that is, it has a Borel subgroup defined over F.

Let E4s(F, Go) :={[G] € E(F, Go) | s¢ € Im(q)} and Eys(F, Go)m = Eq¢s(F, Go) N E(F, Go)m.
Since Gy is F-split, the action of I'¢ on (Gy, By, Tp) is trivial. Hence

ZY(TF, Aut(R, A)) = Hom(T'f, Aut(R, A)).
Lemma 3.3. We have the following:
(@) The class [G] € Eys(F, Go)n if and only if sg lies in the image of
q:H\Tp/I), Aut(R, A)'F) — H'(Tp /I, Aut(Go £,)'F).
(b) The isomorphism Y, : Tty (F) = Tr,,(F') induces an isomorphism

Qu: HY(Tp/IF, Aut(R, A)) => H'(Tp /1%, Aut(R, A))
and
1 ZNCp/ 17, Aut(R, A)) = Z'(Tp /1%, Aut(R, A)).

o}
§ﬁ

(c) The isomorphism Vr, induces a bijection Eys(F, Go)w — E¢s(F', Go)m, [G] = [G'], where sg' =
C]/ 0 (56).
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Proof. This is clear from Lemma 3.1 and Theorem 3.2. U

As noted in Lemma 3.3, Z'(Gal(Q2/F), Aut(R, A)) = Hom(Gal(2/ F), Aut(R, A)) since Gy is split.
Let us fix s € Z'(Gal(Q/F), Aut(R, A)) = Z'(Gal(Q/F), H). Let (G, ¢) be a pair of be a quasisplit
connected reductive group over F and ¢ : Gg X7 2 — G X g Q an Q-isomorphism such that the Galois
action on G (Fy) is given by s. We may and do assume that there is a finite Galois at most m-ramified
extension K of F over which ¢ is defined, that is, that s € Z'(Gal(K/F), Aut(R, A)).

More precisely, with *r denoting the Galois action on G(K), we have

Y *F¢(x) =o(s(y)(y -x))

fory € Gal(K/F) and x € Go(K). Then ¢ (Ty) =T is a maximal torus of G defined over F and ¢ (By) = B
is a Borel subgroup of G containing 7 and defined over F. Let s’ € Z!(Gal(K'/F’), Aut(R, A)) as in
Lemma 3.3. Here K’/ F’ is determined by K /F via Del,,. Let (G', ¢’) be a pair of quasisplit connected
reductive group over F’ and ¢’ : Gy xz K' — G’ x g K’ such that y' s ¢’ (x") = ¢ (s'(y") (y' - x')), where
y'=Del,,(y). Then ¢'(To) =T’ and ¢’ (By) = B’ are defined over F’. Note that X, (T) = X.(Tp) = X, (T")
and X*(T) = X*(Ty) = X*(T’) via ¢ and ¢'.

Recall the notation of Chai-Yu: (O, Ok, Tk r) =y,,.y OF, Ok, Tk/r) (level m) from Section 2.B.

We write

Or, Ok, Tk/r, H) =y, y.0: (OF, O%, Tkryr, H)(level m)

to mean (Or, Ok, Tk/r) =a,p (Or, O%» Tkryr) (level m), H and H' arise from the same Z-pinned
group (Go, Bo, To, {ua},c2), and the F-quasisplit data (G, B, T) with cocycle s corresponds to the
F'-quasisplit data (G’, B’, T") with cocycle s via f, as in Lemma 3.3 (b) (but applied to K and K’
respectively). To abbreviate notation we will write congruence data D,, to mean

Dm : (Da Dka FK/F’ H) Ewm,y,le (DF/v Dl]{’a FK’/F’? H/)(level m)
Lemma 3.4. The congruence data D,, induces isomorphisms:
XH(TYGMR/F) o xor (pyGal@/F)  x (7)Gal@/F) = x (7\Gal(@/F)
X*(Dcae/r) = X (Tca iy, Xe(Toa/r) = Xo(T)Ga /r)-

Proof. We know that y sr (¢ (x)) = ¢(s(y)(y - x)) where s(y) = ¢~ o y(¢) takes values in H =
H (G, Ty, Bo, {ug},.5)- We similarly have *£/. This action induces the action on X, (T') as follows:

Yy *r (@od)=¢o(s(y)(1))

where y € Gal(2/F) and A € X, (Ty), where we now view s(y) as an element of Aut(R, A)). By
definition s(y)(A) = s'(y')(A) where y’ = Del,,(y). Hence y’' *p (¢’ 0o L) = ¢’ o s'(¥")(A). Now,
X (TG F) — (oA | s(y)(A) = A}. The lemma is now clear. [l
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4. Congruences of parahoric group schemes: quasisplit descent

4.A. Apartment over close local fields. In this section, we additionally assume that F is strictly Henselian.
We begin with the following lemma.

Lemma 4.1. Let T as above and let S be the maximal split subtorus of T. Then S is maximal F-split and
Zg(S)=T.

Proof. Let S C S with § maximal F-split. Since G is quasisplit over F, T = Z(S) is a maximal torus in
G and we can assume that T C B, with B defined over F. Then B and B are G(F)-conjugate, which
implies that 7" and T are G(F )-conjugate. But conjugation by an element of G (F') will preserve the split
and anisotropic components of 7', which implies that S and S are G (F)-conjugate, which forces S = S to
be maximal F-split. It is now clear that Z5(S) =T O

Remark 4.2. The torus %" := § N G%" is a maximal F-split torus of G%' contained in 79" := T N G,

4.A.1. Compatibility of Chevalley—Steinberg systems. Recall that we have fixed a Z-pinning {uq}yea
of Gy. This, via the Galois action given by the cocycles s and s/, gives rise to a Steinberg splitting {xq }oca
of G and a Steinberg splitting {x/,}oca’ of G respectively. Let @, : (G, T) = ®(G', T') (since both
are isomorphic to ®(Gy, Tp)). This isomorphism is Del,,-equivariant. Note that with y € Gal(Q2/F)
and ¥’ = Del,,(y), we have that x, ) = y 0xy 0y ~! and Xy =V 00Xy 0 y'~! where o’ = ®,, ().
The {x4}aea and {x(’x Jarea’ each extend to Chevalley—Steinberg systems on G and G’ respectively and
continue to have the compatibility with Del,, in the sense described above.

We define
{ep/@2 =wpr(2) if char(F) =0 and residue char(F) =2,
ef =

00 otherwise.

We prove the following refinement of Lemma 4.3.3 of [Bruhat and Tits 1984] when the residue character-
istic of F is 2, using the additional hypothesis that the extension K /F splitting G is at most m-ramified.

Lemma 4.3. Let m > 1 and let F be of residue characteristic 2 with ep > m. Let G, B, T as above, where
G splits over K with Gal(K / F)™ = 1. Assume that a, 2a € ®(G, S). Consider the separable quadratic
extension L, /Ly, inside K. Let e, = ey, /F, €2 = ey,,/F. There existst € L, with L, = Ly,[t] and the
coefficients A, B € Ly, of the equation t*> + At + B = 0 satisfied by t have the following properties:

(a) w(B) =0 or B is a uniformizer of Ly,.

(b) w(B) <w(A) <%+ L.
In particular A # Q.
Proof. By Lemma 4.3.3(ii) of [Bruhat and Tits 1984], (a) holds, and A =0 or w(B) < w(A) < w(2) or
0<w(B) <w(A) =w(2). Since Gal(K/F)" = Gal(K/F)W/F(m) = 1 where ¥k, denotes the inverse
of the Herbrand function (See Chapter 4 of [Serre 1979]), we have

Gal(K /L2q) V27" = Gal(K /L)y (my = Gal(K / Log) N Gal(K / F) e pmy = 1.
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This implies that Gal(L,/ Lza)'”LZa/ Fim — 1, Using the equivalence of (ii) and (iv) of Lemma A.6.1 of
[Deligne 1984], we see that

lpL2a/F(m) +1 _ WLza/F(m) +1

w(t()—1t) < er, o

4-1)
It is easy to see from the definition that ¥, /r(m) < m - e>,. Hence
1
o(tlt)—1) <735+ o

Now, w(A) = w(t(t) + 1) > min(w(t(t) — 1), w(2t)), and 0 (2t) = w(2) + w(t) = ep + é Since
er >m >m/2, we see that

©(A) = min((1(1) = 1), 0 Q2) =w(t() —1) < %+ L (4-2)

and in particular, A # 0.
Note that when the characteristic of F is 2, the claim that A # 0 simply follows from the fact that the
extension L, /Ly, is separable. O

Proposition 4.4. Let G, T and B as in the preceding paragraph. Let m > 1 and let F, F’' be such that
er, epr > m. The congruence data D,, induces a simplicial isomorphism A,, : A(S, F) — A(S', F'),
where (G', B', T') corresponds to the triple (G, B, T) as above and S (resp. S') is the maximal split
subtorus of T (resp. T') which is maximal F-split (resp. F'-split) by Lemma 4.1. Furthermore, with W¢
as in Section 2.D.1, we also have a group isomorphism W¢ = W¢'

Proof. The reduced apartment A(S, F) is an affine space under X (S

) ®z R. Using Lemma 3.4, we
see that D,, induces a unique bijection A, : A(S, F) — A(S’, F’) such that xo — x; (Where xo, x, are
as in Section 2.D.1 arising from Chevalley—Steinberg systems chosen compatibly as in Section 4.A.1).

It remains to observe that A4, is a simplicial isomorphism. Recall that the elements of ® (G, §) are
restrictions to S of the elements of (G, T) and two elements of ® (G, T') restrict to the same element
of ®(G, S) if and only if they lie in the same Gal(K /F)-orbit. Further, with A denoting a base of
®(G, T), the elements «|g, @ € A form a base A of ®(G, ). Let ®,, : ®(G, T) => d(G’, T') (since
both are isomorphic to ® (G, Tp)). This isomorphism is Del,,-equivariant. Hence the obvious map
(G, S) —> (G, ), als > D, ()]s, which we also denote as ®,,, is an isomorphism of the relative
root systems. (In more detail, since S and S’ have the same rank, we have a isomorphism of R-vector
spaces X*(§) ®7 R — X*(S’) ®z R. Further, we have a bijection between A — A’; this is because if
®,, ()]s = D,,(B)|s, then there is ' € Gal(Q'/F') with - ®,,, (@) = ®,,,(B). Then -« = B where
n' = Del,, (). Finally note that (@, ()]s, @ (B)ls) = (P (), P (B)) = (&, B) = (s, Bls))-

The vanishing hyperplanes with respect to the affine roots ® (G, S) gives the simplicial structure on
A(S, F). Recall that

(G, F) = (¢ : AS, F) > R | ¥ () =a(- —xo) +1,a € ®(G, S),1 € T',).
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For any a € ®(G, S), leta’ = ®,,(a). Let L, C K’ denote splitting extension of the root a’ obtained
by Del,,. Since F is strictly Henselian, the extensions L,/F and L, /F' are totally ramified. To prove
that the bijection ®,, extends to a bijection ® : ¥ (G, F) — ®*(G', F’) making A, a simplicial
isomorphism, we simply have to observe that for each a € (G, S), f‘a = f‘a/. By Section 4.3.4 of [Bruhat
and Tits 1984], we have the following:

Case L. Suppose a € (G, §),2a ¢ ®(G, S). Then T, =T, = - Z.
Case II. Suppose a, 2a € (G, S).

(a) Suppose L,/L,, is ramified and the residue characteristic of F is not 2. Then

Fo=27 and Ty =L+17

_ea

(b) Suppose L, /Ly, is ramified and the residue characteristic of F is 2. By Lemma 4.3, A # 0. Then
I, = i + iZ and T, = él.

Since e, = e,, €2, = e, and the valuations @ and o’ are normalized so that w(F) = o'(F') =7, we
have I, = [y forall a € ®(G, S). [l

4.B. Congruences of parahoric group schemes: strictly Henselian case. In this section, we additionally
assume that F is strictly Henselian.

Theorem 4.5. Let m > 1 and let F and F’ be such that er, egr > 2m. Let | be as in Lemma 2.2 and let D,
and G, S, T, B as in the beginning of this section. Let F € A(S, F) and F' = A,,(F) as in Proposition 4.4.
Let Px be the parahoric group scheme over O attached to F by Bruhat-Tits, and let Pz be the group
scheme attached to F' over O pr. Then the congruence data D; induces an isomorphism of group schemes

ﬁm :Pf XOp DF/]J? — P]:/ X0 DF//]J’;;/ pr;l DF/F?

In particular, Pr(Or /v5) = Pr/(OF /p7) as groups.

To prove this theorem, we will study the reduction of root subgroup schemes mod p’z and prove
that they are determined by congruence data, use the result of Chai—Yu that the reduction of the Néron
model of the torus in determined by congruence data, study the reduction of O g-birational group laws in
Section 2.D.3, and invoke the Artin—Weil theorem to obtain the corresponding result for parahoric group
schemes in Section 4.B.1.

The following lemma is easy.

Lemma 4.6. Let M be a free O p-module of finite type and let A =Symy (M) be the symmetric algebra
of MY, where MY := Homg,. (M, OF). Then
A®o, OF/pF = Symg, (MY ®o, OF/pF) = Symg yn (Homo . jyn (M @0, OF /05, OF /9F)).

Lemma 4.7. Let m > 1, let F and F' be such that e, epr > 2m and let D,, as before. Let a € (G, S)
and k € R. Let U, ;. be the O p-group scheme in Section 2.D.2. Let a’ = ®,,(a) € ®(G’, §’) and let U[’l,’k
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be the O pr-group scheme in Section 2.D.2. Then the congruence data D,, induces an isomorphism of
group schemes
Ua e X0, OF [P Z=Uak X0, Op [P Xyt OF [P

In particular,
Ua kO F/PF) =Ua k(O F [Pr)-
Proof. We will stick to the notation in Section 2.D.2.

Case I. Suppose a € ®™4(G, S) 2a ¢ ®(G, S). The affine ring representing U,  is isomorphic to
Symyg, . LZ’k. Note that L,y = pL. k/e1 Since pr, is a free O p-module of rank equal to [L, : F], it is clear
that the data D,, induces an isomorphism of L,y ®p, Or/p'% and Ly x ®p o O pr [p'h 7 and we are done
by the previous lemma.

Case II. Suppose a, 2a € ©(G, S). Since F is strictly Henselian, the extension L, /Ly, is totally ramified.
Let L, = Lo,(t), where t> + At + B =0 with A, B satisfying Lemma 4.3.3 of [Bruhat and Tits 1984].
When:

e The residue characteristic of F is not 2, we take A = % (See Lemma 4.3.3(ii) of [loc. cit.]).

« The residue characteristic of F is 2, we take A = rA™! (using Lemma 4.3.3(ii) of [loc. cit.] and
Lemma 4.3).

Then the affine ring representing the scheme 7—[’\ is
Symp, L sy ®0y,, Symp, (€d )Y =Symy,  ((Lakty X L)),

where [ = 2k + ei We describe Lg‘ /-
(a) If the residue characteristic of F' is not 2, then using that w(2) = 0 in Lemma 4.3.3 of [loc. cit.], we
see that A=0. Then L) ={x € L, | t(x) +x =0} = {yt | y € Ly} and
LY, =1{yt|y €Ly, (yt) = 1} = {yt | y € Lo, 0(y) > 2k}.

(b) If the residue characteristic of F is 2, then:
(1) If char(F) = 2, then Lg = Ly, and Lg’l ={yeLy|wl)=I}.
(i) If char(F) =0, then LY = {y(1 —2tA~!) | y € Ly,}. By Lemma 4.3, we have

0QA ) =er+ L —wA)>ep -5 =m

since e > 2m. Hence 1 —2tA™" € 1+p7*, and LY, ={y(1—2tA™"Y) | y € Log, &0(y) > I}

Let L, C Q' be obtained from L, via the Deligne isomorphism Del,,. Then L, is the splitting
extension of the root a’ (and similarly we obtain L;,/). We may and do assume that L, = Ly, (t"), where
2+ A't' + B' =0, with A’, B’ satisfying:

e w(A) =w'(A") and A mod p7’; > Yy A’ mod pmez“.

Zzz

« »(B) =/ (B') and B mod pj > > Yu, B’ mod pmezﬂ.



1492 Radhika Ganapathy

Then r mod p7“ 2> Y, ¢ mod pme“ It is now easy to check that the map v, induces isomorphisms
L, K4y ®QL2 DLza /pmeza ~ L2 ety ®DL’ DL’ /pmeza
®DL2 DLza/meZa = LO N ®DL’ DL’ /pmeza'
In the above, we have used that when the residue characteristic of F is 2, 1 —2tA~! = 1 mod pme”

Consequently, D,, induces an isomorphism of the reduction of the respective affine rings mod p’L"ez“ To
see that this is an isomorphism of group schemes, we observe that reducing the map

JiLgxx LSJ X Lg g % Lg,l — Lg% Lg’l
(G, ), (&) = (2 y+y =t () + Ax't ()

7 . . . )
mod p7 > is y,-equivariant. Finally H = Resoiz“ ) and the result now follows from [Bosch et al.
1990, page 192].

The lemma for U, ; follows using that
Loy ®o,, O, /Pl =L, ®o,, Ouy /¥
and [Bosch et al. 1990, page 192]. ]

The following corollary is an obvious consequence of the previous lemma.
Corollary 4.8. With assumptions of Lemma 4.7, and with F' = A,,,(F) where F is a facet in A(S, F),
let U, F (resp. Uy 5') be the smooth root subgroup scheme over O (resp. O ) as in Section 2.D.3. The
congruence data D, induces an isomorphism
Ua, 7 X0, OF[PF ZUa 7 X0, Op [P X -1 OF [P
In particular, U, 7(Or /P'E) = Uy (O F [P'7,) as groups.

4.B.1. Proof of Theorem 4.5. For a scheme X defined over a local ring R with maximal ideal m, we will
denote X" := X x r R/m". Let [ be as in Lemma 2.2. We want to prove that D; induces an isomorphism
of O /p’-group schemes P(m) 73](;’,” X gt Or/y'E. Let Xr, Xr be as in Section 2.D.3. Let m™ be

the O /p/i-birational group law on X" and similarly 2™ on X'§"". Note that via Dj, we also have that
OF, Ok, Tk, A) =y, ya O, Ok, Tgrypr, A') (level 1)

as in the notation of Chai—Yu of Section 2.B, where A = X, (T), A’ = X.(T"); so the result of Lemma 2.2
holds. We know by Lemmas 2.2 and 4.8 that

X = X8, Op /P 4-3)

as O /pp-schemes. Further, by these lemmas, we also have that the O /p’;-birational group laws
n®™ x 1 Op/py and m™ on Xz ™) are equlvalent Since YV is the O p-scheme obtained by glumg G
and X]: along Xr xo, F, we have that y ) is isomorphic to X](_- ™ as O /p'E-schemes. Now, 73]_- with
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group law "™, and 77;-7,1 ) x vl Or /v’ with group law ™ x vl Or/p'y, are both smooth, separated
OF /y'k- group schemes that are faithfully flat and of finite type. Recall that the restriction of i to Y r
is m, and similarly for 7. Hence the group laws ™ and 1™ x " OFr/y’} have the same restriction
to y](;"). Following the proof of uniqueness of Artin—Weil theorem (see Proposition 3, Section 5.1 of
[Bosch et al. 1990]), we obtain that the group schemes 73](':") and PJ(T”,’) Xyt O /p’ are isomorphic. ]

4.C. Congruences of parahoric group schemes: descending from Gf; to Gp. In this section, F de-
notes a nonarchimedean local field and fl; denotes the completion of the maximal unramified extension
Fun of F. Let A be a maximal F-split torus in G, S maximal Fy,-split F-torus that contains A. Let
T = Z5(S). Note that X, (S) = X, (T)0/ Fu) and X, (A) = X (T)CIEV D),

Lemma 4.9. The simplicial isomorphism
A 2 A(S, Fan) — A(S', F[,)
of Proposition 4.4 is Del,,-equivariant.

Proof. This is clear from the proof of Proposition 4.4, Section 4.A.1, and Lemma 3.4. ([l

Leto e Gal(f’;/ F) be as in Section 2.E. Let F be a facet in X, (A). Then F corresponds to a o -stable
facet Fin X +(8). Note that Del,, induces isomorphisms

Gal(Fon/ F) = Gal(F,/F)/Ir = Gal(F./F')/ I;» = Gal(F]./ F").

Let o’ = Del,, (o) under this isomorphism. Let F' = Ap(F)and F = F°

Proposition 4.10. The isomorphism
Pm P X9 D;;/p%; — Pz X0 D;;E/p’}lé\n
has the property that o’ o p,;, = ppoo.

Proof. Recall that the cocycle sg has been chosen to take values in Aut(H) and sg — s’ via Lemma 3.3.
Further, 7 is defined over O and 7',3% =T xp, O . From this it is clear that 0' o Ppm = Pmoo on
T xo = O /p’%. In addition, using the fact that Chevalley—Steinberg systems on G and G’ have been
chosen compatibly (see Section 4.A.1), it is easy to see that o’ o p,, = p;y 0o on Uz X9 Dm/p%.
This completes the proof of the proposition. (I

5. Inner forms of quasisplit groups over close local fields

Let F be a nonarchimedean local field and let G be a connected reductive group over F. Then there
is a quasisplit group G, defined over F such that G is an inner form of G,. In particular, the F-
isomorphism class of G is determined by an element in H YT, Gf}d(Fs)). Moreover if [G] € E(F, Gg)nm
then [G,] € E(F, Gy),, and [G] is determined by an element of H'(Aut(Q/F), ng(Q)) (Recall that
Q = (F,)'F). Let sg, be the element of H'(Tg/I7, Aut(R, A)'F) that determines (Gy, By, Ty), up to
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F-isomorphisms. Let Gger be the derived subgroup of G, and let G, G denote the corresponding
adjoint and simply connected groups. Then the groups Gger, G;d, Gy are quasisplit (if S; is a maximal
F-split torus in G, whose centralizer 7, is a maximal torus, then S, N Gger is a maximal F-split torus
of Gger and ZGger(Sq N Gger) =T,N Gger is a maximal torus of Gger, similarly for G;d and GZC) and are
in fact forms of Gger, ng and G|y respectively (to see this note that Gger xr QE(Gy xF Q)der and
Z(Gy) xF Q=Z(Gy4 xF R)). Using Proposition 13.1(1) of [Kottwitz 2014] and the fact that ng has
trivial center, we have a canonical bijection

kG, - H' (Aut(Q/F), G2(Q)) = (X (T} / X (T3) Awce/ F)-

Let E;(F, G,), denote the F-isomorphism classes of inner forms of G, that split over an at most
m-ramified extension of F. Let (G’,, B;, Tq/) correspond to the cocycle "0 Q,, (sg,) and let E; (F', G;)m
be the corresponding object over F’.

Lemma 5.1. The congruence data D,, induces an isomorphism
~ S ~ d
T+ KT/ XT3N auiy ) => XulT"0) ) X (T w7 -

In particular, Dy, induces a bijection E;(F,Gy)y — E;(F', G;)m, [G] — [G'] where sg: = KC_;,1 )
q

JIm okG,(5G)-

Proof. Note that X, (T,) = X.(Tp) =X *(Tq/ ) as Z-modules and the Galois action on X, (7}) is determined

by the cocycle s¢, (and similarly for X *(Tqad), X *(quc)). Now the lemma is obvious by Lemma 3.3. [

To proceed, we need to prove a version of Lemma 5.1 at the level of cocycles. To do this, we will use
some results from Section 2 of [DeBacker and Reeder 2009].

Steinberg’s vanishing theorem. Let G be a connected, reductive F-group. Steinberg’s vanishing theorem
asserts that

Theorem 5.2 [Steinberg 1965, Theorem 56]. H'(Gal(Fy/Fu), G(Fy)) = 1.

As a corollary of this theorem, we obtain that the natural surjection from Gal(F;/F) — Gal(Fy,/F)
induces an isomorphism

H'(Gal(Fy/F), G(Fun)) = H'(Gal(F,/F), G(Fy)).

5.A. Congruence data for inner forms: a comparison of cocycles. Let A, be a maximal F-split torus
in G, and let S, be a maximal Fy,-split F-torus in G, that contains A,. Let T, = Z¢ . (S4). Then T, is a
maximal torus in G f,, with maximal Fy,-split torus S,. Let C, be an o-stable alcove in A(S,, Fun).
Let Pc, be the Iwahori subgroup of ng(Fun) attached to C,. Let Q‘g cwa.=x *(Tqad) 1 X W consist
of elements which preserve the alcove C,. Here I is the inertia subgroup of F and W =W(G ., S¢.F.)-
Then
QE = (X T}/ XTIy, (5-1)
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by Lemma 15 of [Haines and Rapoport 2008]. Let Péq be the normalizer in ng of Pc,. Let N, gj =
Ncgd(S;ld)(Fun) N qu. Then Q?S, is the image of Ngj in W2 and Q‘é‘l = Pc’fq/ch.

The following lemma is proved in Sections 2.3 and 2.4 of [DeBacker and Reeder 2009]. Although
the authors assume that G r,, is split in the beginning of Section 2.3 of [DeBacker and Reeder 20091,
this assumption is not needed in their proof of the following lemma. They use that when G, f,, is split,
Q*& =X *(Tqad) /X *(T;C) in Corollary 2.4.2 and Corollary 2.4.3; one should instead use (5-1) when G F,,
is not necessarily split.

Lemma 5.3 [DeBacker and Reeder 2009, Corollary 2.4.3]. We have isomorphisms
H'(Gal(Fun/F), Q) = H' (Gal(Fun/ F), N&) = H'(Gal(Fun/ F), G§'(Fun)).

Let ¢ be a cocycle in Z(Gal(Fyy /F), Q‘g{ ). By Lemma 2.1.2 of [DeBacker and Reeder 2009], since
Q%‘i is finite, we have
Z (Gal(Fy/F), Qg) = szcdq

Let G be the inner form of G, determined by c. Let c¢(0) = w,. Write w, = (A, w) with A € X*(Tad)lp
and w € W. Let K C F; denote the finite at most m-ramified extension of Fy, over which G, f,
splits. Let r = Nm(i(nK)) where Nm : Tqad(K ) — Tqad(Fun) and A — A under the usual surjection
X *(Tq“d) — X*(Tqad) ;. Letw € Ng,(S4)(Fun) be the representative of w chosen using the Chevalley—
Steinberg system we fixed in Section 4.A.1.

Let m, =tw. Since w, stabilizes Cy, it follows that m Pc, m;l =

Pc,. Hence m; € PZiq. Therefore
&(o) =mg € Z'(Gal(Fy,/F), Ngj). Denoting

G(Fun) —> Gq(Fun)a 8x — &
the new action of o on an element g, € G (Fy,), which we denote by o, is given by
0y 8+ = (C(0)(0-8))«
(Here o - g denotes the action of o on g € G,(Fy,)). Note that c(o) € ng(Fun) = Inn(G,)(Fun). The
maximal Fy,-split torus S, of G, gives a maximal Fy,-split, Fy,-torus S in G. Let X, (S) — X.(S,),
T, — 7. For 7, € X, (S), 04 - Tx = (W, (0 - 7))4. Since S, is defined over F, o - 7 € X, (S,). Since
Wy € Q%‘i, we see that X, (.5) is stable under the action of o, and hence S is defined over F.

Lemma 5.4. Let A be the F-split torus of G determined by the Z-module X .(S)°*. Then A is a maximal
F-split torus in G.

Proof. Consider the reduced apartment A(S,, f;). We view this as an apartment in the reduced building
of G(I’T-u\n) and denote it as A(S, Fu\n). The action oy on x,. € A(S, f’u\n) given by oy - Xy = (Ws (0 -X))4. Let
C, denote the alcove in A(S, 77;) corresponding to C,. Then o, - Cy = (ws (0 - Cy))4. Since 0 - C, = C,,
and since w, € Qg, we see that Cy is a o,-stable alcove in A(S, 1/7;). In particular, A(S, f\un) is oy-stable.
By Proposition 5.1.14 of [Bruhat and Tits 1984], Cy¢* is an alcove in the affine space A(A, F). Since
A(A, F) contains a facet of maximal possible dimension, we see that A is maximal F-splitin G. O
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Let (Gq, Tq/, BK’I, S;) correspond to (G4, Ty, By, S;) via congruence data D, as in Section 4. By

Lemma 3.4, we have

Qi > qad
C‘I Cz]

Let wyr € Q%‘Z be the image of w, under this isomorphism. This isomorphism gives rise to a bijection of
pointed sets

T 2 ZY(Gal(Fy/ F), Qaci) — ZY(Gal(F.,/F), 9}‘2), s

c—c 62

where ¢’(6’) = wyr. Let my: = t'W" where wyr = (A, w') € X*(Tq“d)IF, x W. Here t' = Nm(i/(n}(,))

where Nm : Tqad/(K’) — Tqad/(Fl;n) and ' — )’ under the usual surjection X*(Tqad/) — X*(T;d/)IF,, and

X — X/ under the isomorphism X *(Tqad) = X..(T qad/). Also W' is the representative of w chosen using the

Chevalley—Steinberg system fixed in Section 4.A.1. Let &’ € Z! (Gal(F,,/F'), N é‘}‘) be the cocycle with

c(0)) =mg.
Let G’ be the inner form of G, determined by ¢’ (or ¢). Let S’ be the maximal F-split, Fyy-torus of
G’ corresponding to S, but with the action of " given by the cocycle ¢’. More precisely, for g, € G'(Fy,),

0,8, = () (08

where o’ = Del,, (o) as before, and ¢’ - g’ denotes the action of ¢’ on G’q (F,).
As in Lemma 5.4, we see that S’ is an F’-torus that is maximal F -split and whose split component
A’ is a maximal F’-split torus in G'.

Corollary 5.5. With G — G’ as above, the F-rank of G is equal to the F'-rank of G'.

Proof. This is because rank(S) =rank(S”) and the isomorphism X, (S) — X, (S’) is o,-equivariant. Hence
rank(A) = rank(A’) by Lemma 5.4. O
6. Congruences of parahoric group schemes: étale descent

The following lemma is easy.

Lemma 6.1. The o -equivariant isomorphism .,Zlm S A(S,, f;) — A(S!, Fg) induces a o.-equivariant
isomorphism ./Zlm’* s A(S, f;) — A(S’, T?;).

Now let F, be o,-invariant facet in A(S, fl;) and let .7}; = ./Zlm,*(ﬁ*). Let F, = F2* and F, = Fon.

Proposition 6.2. Letm > 1, F, F' nonarchimedean local fields with e, epr > 2m. Let | as in Theorem 4.5,
let Dy be the congruence data of level I, and let (G, T’ B[;, q) correspond to (G4, Ty, By, Sy) via D;.
Let p: Pz xXp—~ = O /v = 73]_-, X0~ Df,\ / pA denote the o -equivariant isomorphism of Theorem 4.5
and Proposition 4.10. Let c— c via Jm (see (5 2)). The isomorphism py, induces a o.-equivariant

isomorphism pp . : Pz, X9 DFun/pF — 77}-, X9 D /pF, .
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Proof. We begin by understanding the action of o on an element of Pz more explicitly. Recall that
Pr=ULOm), TOR) Uz (OF)

Let g € Pz. Then oy - g« = (ms (0 -g)m;l)*. Let by € dDred(Gq, S4) such that 2bg is not a root. Let
y e Ubo’ 7 Fix Bol s, = by, fix the pinning (Lg,, xp,) and write y = xp, (o) for ug € Lg, (As explained in
Section 2.C.2, Ly, = Lg, = K). Let 6 denote a lift of o to I'r and let B =& - By, b =0 - by. Then we
obtain a pinning (Lg, x;) from the pinning (Lg,, Xp,) via 6 and we have o - x4, (o) = x(0 - ug); this
follows using properties of Chevalley—Steinberg system recalled in Section 2.C.1 (a), (b). Let u = & - uy.
Then u € Lg. We need to compute wxp, ()W'. We will first compute Saxp(u)s, ! for a € A. Note that

Sq = Sat (6-1)

and that Ly, ., = Lj,. Now for o, B1 € ®(Gy, T;), we have 5,4, x, (2)50711 = Xs,, (B1) (day 8, 2) forall z € K,
with dy, g, = £1. Using the properties of Chevalley—Steinberg system recalled in Section 2.C.1 (a), (b),
we have

doy gy = dyaryypy VY € Gal(K /Fun). (6-2)

With B as above, note that B[s, = b. Let

dap:= ] dup

aEN,
This notation is justified since (6-2) implies that the definition of d, ;, does not depend on the choice of S.
Using the definition of x; in (2-2), a simple calculation yields that s,x,(1)S, I — Xs,(b) (da,pu). Since we
chose our Chevalley—Steinberg systems compatibly (see Section 4.A.1), we evidently have d,, , =d » for
allae A, b e ®(Gy, S,). lterating this process, we see that wxp ) = Xy.b(dy pu) where dy, p, = %1
and dw,b = dw/,b/-

Suppose by € (G, S;) such that 2b is a root. Let By, BO|Sq = by. Fix the pinning (Lg,, Lﬂo+/§o’ Xby)
and write y = X, (1o, vo), With ug, vo € Lg, (Recall that L, = Lg, C K). Let B =05 - o, p =0 - Bo and
b =0 -by. We then obtain a pinning (Lg, Lﬁﬂg, xp) via ¢ and o - xp, (g, Vo) = Xg.p, (0 - Ug, O - Vo) Where
o as before. Let u =0 - ug, v =20 -vo. Then u, v € Lg. We need to compute 5,xp(u, v)§;1 where s, is
as in (6-1). Let

da,b = l_[ da,ﬂ, da,gb = l_[ da,ﬂ—I—B
acl, a€A,
Again, the definitions of d, ;, and d, 2, do not depend on the choice of B by (6-2).

Then a simple calculation yields

~ ~—1
Saxp(u, v)s,; = X5, (dapit, dg 200).

Proceeding as in the previous case, we have wxy, (u, v)w ! = Xy.p(dw ptt, dy 2pv)) Where dy, b, dy 2 =
+1 and dw,b = dw/,b/ and dw,Zb = dw/,Zb/-
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Recall that = Nm(%.(x)) € T4 (Fup). Then for each y € Gal(K /Fuy), ¥ -1 =1. Let c € 4Gy, S,)
with 2¢ not a root. Let x € (G,4.T,) with x|s, = c¢. Note that x factors through T;d. Fixing the pinning
(Ly,x;) we have that x : T — G, is defined over L, and x(¢) € L;. A simple calculation yields
txe ()t~ = x.(x (t)u) for each u € Ly. If ¢, 2¢ are roots, then with x, x such that x|s, = x|s, = ¢ and
fixing the pinning (L,, Ly 45, X¢), it follows that 7x.(u, V)t~ = x.(x(Ou, (x + x)()v). Hence, if 2b
is not a root then

O+ (Xpy (U0)) 5 = (X (du,p X (1))

where x|s, = w - b. If 2b is a root, then

O - (Xpy (U0, V0)) 5 = (X (o, X (D)1, doy 26 (X + X) () V)

where x, x' € ®(Gy, T,) are such that y, X|s, = w-b. Itis easy to calculate o, - (x2p,(0, vp))« using the
observations above. For x € 7,(OF>),

Oy - X = (W(o -x)w_l)*.

Combining these observations with the fact that p,, is o-equivariant (see Proposition 4.10), it follows that
the map p,, . has the property that p,, . 0o 0 = 0 0 py« (in this verification, we choose ¢’ to correspond
to o via Del,,). O

Corollary 6.3. The isomorphism p,, . induces an isomorphism of group schemes
Pm: Pr, X0, OF [PF = Pr, X0, OF [P X1 OF [P
In particular Pr, (O /v’y) and Pz (O /p'y,) are isomorphic as groups.

Proof. This follows from Proposition 6.2 and étale descent [Bosch et al. 1990, Example B, Section 6.2]. [

Acknowledgments

I would like to express my gratitude to J. K. Yu for introducing me to questions related to this article
and for the insightful discussions during my graduate school years. I thank the referees for the helpful
comments and suggestions, particularly regarding removing the assumption on residue characteristic that
was made in an earlier version of this article. I thank Dipendra Prasad and K. V. Shuddhodan for the
interesting discussions and for their encouragement.

References
[Aubert et al. 2016] A.-M. Aubert, P. Baum, R. Plymen, and M. Solleveld, “The local Langlands correspondence for inner forms
of SL,,”, Res. Math. Sci. 3 (2016), art. id. 32. MR Zbl

[Badulescu 2002] A. I. Badulescu, “Correspondance de Jacquet—Langlands pour les corps locaux de caractéristique non nulle”,
Ann. Sci. Ecole Norm. Sup. (4) 35:5 (2002), 695-747. MR Zbl

[Bosch et al. 1990] S. Bosch, W. Liitkebohmert, and M. Raynaud, Néron models, Ergebnisse der Mathematik (3) 21, Springer,
1990. MR Zbl


http://dx.doi.org/10.1186/s40687-016-0079-4
http://dx.doi.org/10.1186/s40687-016-0079-4
http://msp.org/idx/mr/3579297
http://msp.org/idx/zbl/1394.22015
http://dx.doi.org/10.1016/S0012-9593(02)01106-0
http://msp.org/idx/mr/1951441
http://msp.org/idx/zbl/1092.11025
http://dx.doi.org/10.1007/978-3-642-51438-8
http://msp.org/idx/mr/1045822
http://msp.org/idx/zbl/0705.14001

Congruences of parahoric group schemes 1499

[Bruhat and Tits 1972] F. Bruhat and J. Tits, “Groupes réductifs sur un corps local”, Inst. Hautes Etudes Sci. Publ. Math. 41
(1972), 5-251. MR Zbl

[Bruhat and Tits 1984] F. Bruhat and J. Tits, “Groupes réductifs sur un corps local, II: Schémas en groupes, existence d’une
donnée radicielle valuée”, Inst. Hautes Etudes Sci. Publ. Math. 60 (1984), 197-376. MR Zbl

[Chai and Yu 2001] C.-L. Chai and J.-K. Yu, “Congruences of Néron models for tori and the Artin conductor”, Ann. of Math. (2)
154:2 (2001), 347-382. MR Zbl

[Conrad 2011] B. Conrad, “Reductive group schemes”, preprint, SGA3 Summer School, 2011, Available at https://tinyurl.com/
conreduct.

[DeBacker and Reeder 2009] S. DeBacker and M. Reeder, “Depth-zero supercuspidal L-packets and their stability”, Ann. of
Math. (2) 169:3 (2009), 795-901. MR Zbl

[Deligne 1984] P. Deligne, “Les corps locaux de caractéristique p, limites de corps locaux de caractéristique 0, pp. 119-157 in
Representations of reductive groups over a local field, Hermann, Paris, 1984. MR Zbl

[Ganapathy 2015] R. Ganapathy, “The local Langlands correspondence for GSp, over local function fields”, Amer. J. Math.
137:6 (2015), 1441-1534. MR Zbl

[Ganapathy and Varma 2017] R. Ganapathy and S. Varma, “On the local Langlands correspondence for split classical groups
over local function fields”, J. Inst. Math. Jussieu 16:5 (2017), 987-1074. MR Zbl

[Haines and Rapoport 2008] T. Haines and M. Rapoport, “Appendix: On parahoric subgroups”, 2008. Appendix to G. Pappas
and M. Rapoport, “Twisted loop groups and their affine flag varieties”, Adv. Math. 219:1 (2008), 118-198. MR Zbl

[Howe 1985] R. Howe, Harish-Chandra homomorphisms for p-adic groups, CBMS Regional Conf. Series in Math. 59, Amer.
Math. Soc., Providence, RI, 1985. MR Zbl

[Kazhdan 1986] D. Kazhdan, “Representations of groups over close local fields”, J. Analyse Math. 47 (1986), 175-179. MR
Zbl

[Kottwitz 2014] R. Kottwitz, “B(G) for all local and global fields”, preprint, 2014. arXiv

[Landvogt 1996] E. Landvogt, A compactification of the Bruhat=Tits building, Lecture Notes in Math. 1619, Springer, 1996.
MR Zbl

[Lemaire 2001] B. Lemaire, “Représentations génériques de GL et corps locaux proches”, J. Algebra 236:2 (2001), 549-574.
MR Zbl

[Serre 1979] J.-P. Serre, Local fields, Graduate Texts in Math. 67, Springer, 1979. MR Zbl

[Steinberg 1965] R. Steinberg, “Regular elements of semisimple algebraic groups”, Inst. Hautes Etudes Sci. Publ. Math. 25
(1965), 49-80. MR Zbl

Communicated by Michael Rapoport
Received 2018-11-06 Revised 2019-04-16 Accepted 2019-05-25

radhikag@iisc.ac.in School of Mathematics, Tata Institute of Fundamental Research, Mumbai, India

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/BF02715544
http://msp.org/idx/mr/0327923
http://msp.org/idx/zbl/0254.14017
http://www.numdam.org/item?id=PMIHES_1984__60__5_0
http://www.numdam.org/item?id=PMIHES_1984__60__5_0
http://msp.org/idx/mr/756316
http://msp.org/idx/zbl/0597.14041
http://dx.doi.org/10.2307/3062100
http://msp.org/idx/mr/1865974
http://msp.org/idx/zbl/1098.14014
https://tinyurl.com/conreduct
http://dx.doi.org/10.4007/annals.2009.169.795
http://msp.org/idx/mr/2480618
http://msp.org/idx/zbl/1193.11111
http://msp.org/idx/mr/771673
http://msp.org/idx/zbl/0578.12014
http://dx.doi.org/10.1353/ajm.2015.0045
http://msp.org/idx/mr/3432266
http://msp.org/idx/zbl/1332.22018
http://dx.doi.org/10.1017/S147474801500033X
http://dx.doi.org/10.1017/S147474801500033X
http://msp.org/idx/mr/3709003
http://msp.org/idx/zbl/1398.11079
https://doi.org/10.1016/j.aim.2008.04.006
https://doi.org/10.1016/j.aim.2008.04.006
http://msp.org/idx/mr/2435422
http://msp.org/idx/zbl/1159.22010
http://dx.doi.org/10.1090/cbms/059
http://msp.org/idx/mr/821216
http://msp.org/idx/zbl/0593.22014
http://dx.doi.org/10.1007/BF02792537
http://msp.org/idx/mr/874049
http://msp.org/idx/zbl/0634.22010
http://msp.org/idx/arx/1401.5728
http://dx.doi.org/10.1007/BFb0094594
http://msp.org/idx/mr/1441308
http://msp.org/idx/zbl/0935.20034
http://dx.doi.org/10.1006/jabr.2000.8524
http://msp.org/idx/mr/1813491
http://msp.org/idx/zbl/0970.22014
http://dx.doi.org/10.1007/978-1-4757-5673-9
http://msp.org/idx/mr/554237
http://msp.org/idx/zbl/0423.12016
http://dx.doi.org/10.1007/BF02684397
http://msp.org/idx/mr/0180554
http://msp.org/idx/zbl/0136.30002
mailto:radhikag@iisc.ac.in
http://msp.org

Richard E. Borcherds
Antoine Chambert-Loir
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas

Hubert Flenner
Sergey Fomin
Edward Frenkel

Wee Teck Gan
Andrew Granville
Ben J. Green

Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kolldr
Philippe Michel
Susan Montgomery

Shigefumi Mori

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR
David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of California, Berkeley, USA
Université Paris-Diderot, France

CNRS, Université Paris-Sud, France
Stanford University, USA

University of California, Santa Cruz, USA
Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA

University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA
Princeton University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA
RIMS, Kyoto University, Japan

Martin Olsson

Raman Parimala
Jonathan Pila

Anand Pillay

Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas

J. Toby Stafford
Pham Huu Tiep

Ravi Vakil

Michel van den Bergh
Akshay Venkatesh
Marie-France Vignéras

Kei-Ichi Watanabe

Melanie Matchett Wood

Shou-Wu Zhang

University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitdt Bonn, Germany

University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium

Institute for Advanced Study, USA
Université Paris VII, France

Nihon University, Japan

University of Wisconsin, Madison, USA

Princeton University, USA

PRODUCTION
production@msp.org
Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2019 is US $385/year for the electronic version, and $590/year (+$60, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

ANT peer review and production are managed by EditF Low® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 13 No. 6 2019

Positivity functions for curves on algebraic varieties
BRIAN LEHMANN and JIAN XI1AO

The congruence topology, Grothendieck duality and thin groups
ALEXANDER LUBOTZKY and TYAKAL NANJUNDIAH VENKATARAMANA

On the ramified class field theory of relative curves
QUENTIN GUIGNARD

Blow-ups and class field theory for curves
DAICHI TAKEUCHI

Algebraic monodromy groups of [-adic representations of Gal(Q/Q)
SHIANG TANG

Weyl bound for p-power twist of GL(2) L-functions
RITABRATA MUNSHI and SAURABH KUMAR SINGH

Examples of hypergeometric twistor -modules

ALBERTO CASTANO DOMINGUEZ, THOMAS REICHELT and CHRISTIAN SEVENHECK

Ulrich bundles on K3 surfaces
DANIELE FAENZI

Unlikely intersections in semiabelian surfaces
DANIEL BERTRAND and HARRY SCHMIDT

Congruences of parahoric group schemes
RADHIKA GANAPATHY

An improved bound for the lengths of matrix algebras
YAROSLAV SHITOV

1243

1281

1299

1327

1353

1395

1415

1443

1455

1475

1501


http://dx.doi.org/10.2140/ant.2019.13.1243
http://dx.doi.org/10.2140/ant.2019.13.1281
http://dx.doi.org/10.2140/ant.2019.13.1299
http://dx.doi.org/10.2140/ant.2019.13.1327
http://dx.doi.org/10.2140/ant.2019.13.1353
http://dx.doi.org/10.2140/ant.2019.13.1395
http://dx.doi.org/10.2140/ant.2019.13.1415
http://dx.doi.org/10.2140/ant.2019.13.1443
http://dx.doi.org/10.2140/ant.2019.13.1455
http://dx.doi.org/10.2140/ant.2019.13.1475
http://dx.doi.org/10.2140/ant.2019.13.1501

	1. Introduction
	2. Some review
	2.A. Deligne's theory
	2.B. The main theorem of Chai–Yu
	2.C. Structure of quasisplit groups
	2.C.1. Root subgroups Ua, a (G, S)
	2.C.2. On the splitting extension of the root
	2.C.3. Valuations

	2.D. Parahoric group schemes: quasisplit descent
	2.D.1. Affine root system and the associated Weyl groups
	2.D.2. The associated root subgroup schemes
	2.D.3. Construction of parahoric group schemes over F

	2.E. Parahoric group schemes: étale descent

	3. Quasisplit forms over close local fields
	3.A. Quasisplit forms

	4. Congruences of parahoric group schemes: quasisplit descent
	4.A. Apartment over close local fields
	4.A.1. Compatibility of Chevalley–Steinberg systems

	4.B. Congruences of parahoric group schemes: strictly Henselian case
	4.B.1. Proof of 0=theorem.471=Theorem 4.5

	4.C. Congruences of parahoric group schemes: descending from G Fun"0362Fun to GF

	5. Inner forms of quasisplit groups over close local fields
	5.A. Congruence data for inner forms: a comparison of cocycles

	6. Congruences of parahoric group schemes: étale descent
	Acknowledgments
	References
	
	

