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Quasi-Galois theory
in symmetric monoidal categories

Bregje Pauwels

Given a ring object A in a symmetric monoidal category, we investigate what
it means for the extension 1 — A to be (quasi-)Galois. In particular, we define
splitting ring extensions and examine how they occur. Specializing to tensor-
triangulated categories, we study how extension-of-scalars along a quasi-Galois
ring object affects the Balmer spectrum. We define what it means for a separable
ring to have constant degree, which is a necessary and sufficient condition for the
existence of a quasi-Galois closure. Finally, we illustrate the above for separable
rings occurring in modular representation theory.
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Introduction

Classical Galois theory is the study of field extensions //k through the group of
automorphisms of / that fix k. If f is a polynomial over k, the splitting field of f
over k is the smallest extension over which f decomposes into linear factors. If
f €k[x]is moreover separable, its splitting field is the smallest extension / such that

MSC2010: primary 18BXX; secondary 16GXX, 18GXX.
Keywords: tensor triangulated category, separable, etale, Galois, ring-object, stable category.

1891


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2017.11-8
http://dx.doi.org/10.2140/ant.2017.11.1891

1892 Bregje Pauwels

1 @ k[x]/(f) = 1*9e(), The field extension [/ k is often called quasi-Galois' if |
is the splitting field of some polynomial in k[x]. Then, an algebraic field extension
is called Galois whenever it is quasi-Galois and separable.

The generalization of Galois extensions from fields to rings originated with Aus-
lander and Goldman [1960, Appendix]; see also Remark 5.6. Grothendieck [SGA 1
1971] took on an axiomatic viewpoint to Galois theory and revealed its relation with
the fundamental group. Janelidze [2001] adopted a purely categorical approach
which covered the above examples. More recently, Rognes [2008] introduced a
Galois theory up-to-homotopy. For more generalizations in various directions, see
[Chase and Sweedler 1969; Hess 2009; Kreimer 1967].

In this paper, we adapt some of these ideas to the context of ring objects in an
additive symmetric monoidal category (¥, ®, 1), with special emphasis on tensor-
triangulated categories. That is, our analogue of a field extension will be a monoid
n:1— A in ¥ with associative commutative multiplication u©: A ® A — A. We
call A a ring in X, and moreover assume that A is separable, which means p has
an (A, A)-bilinear right inverse A - A ® A.

Separable ring objects play an important (though at times invisible) role in
various areas of mathematics. In algebraic geometry, for instance, they appear as
étale extensions of quasicompact and quasiseparated schemes; see [Balmer 2016a;
Neeman 2015]. More precisely, given a separated étale morphism f : V — X,
the object A := Rf,(Oy) in DI°M(X) is a separable ring, and we can understand
DI (V) as the category of A-modules in D9°°P(X). In representation theory, we
can let 7 (G) be the (derived or stable) module category of a group G over a field k,
and consider a subgroup H < G of finite index. Balmer [2015] showed there
is a separable ring Ag in X(G) such that the category of Ag—modules in H(G)
coincides with K (H), and such that the restriction functor

Res$ : H(G) — H(H)

is just extension-of-scalars along Ag. In the same vein, extension-of-scalars along
a separable ring recovers restriction to a subgroup in equivariant stable homotopy
theory, in equivariant KK-theory and in equivariant derived categories; see [Balmer
et al. 2015]. For more examples of separable rings in stable homotopy categories,
we refer to [Baker and Richter 2008; Rognes 2008].

Thus motivated, we study how much Galois theory carries over. Recall that a
ring A in X is indecomposable if it does not decompose as a product of nonzero
rings. Separable ring objects have a well-behaved notion of degree [Balmer 2014]
and our first Galois-flavored result (Theorem 4.5) shows that the number of ring
endomorphisms of a separable indecomposable ring in ¥ is bounded by its degree.

lsee [Bourbaki 1981, V.9.3]. In the literature, a quasi-Galois extension is sometimes called normal
or Galois, probably because these notions coincide when //k is separable and finite.



Quasi-Galois theory in symmetric monoidal categories 1893

Definition. Let A and B be separable rings of finite degree in K. We say B splits A
if B® A = B> 92 a5 (left) B-algebras in #. We call an indecomposable ring B
a splitting ring of A if B splits A and any ring morphism C — B, where C is an
indecomposable ring splitting A, is an isomorphism.

Definition. If A is a ring in ¥ and I is a group of ring automorphisms of A, we
call A quasi-Galois in I with group T if the A-algebra homomorphism

MIARA— HA
yell

defined by pr, Ar = (1 ® y) is an isomorphism.

Under mild conditions on ¥, Corollary 6.10 shows an indecomposable ring B
is quasi-Galois in I for some group I' if and only if B is a splitting ring of some
separable ring A in J{. By Theorem 5.9, this happens exactly when B has deg(B)
distinct ring endomorphisms in ¥. Moreover, Proposition 6.9 shows that every
separable ring in J has (possibly multiple) splitting rings. In particular, [ is a
splitting field of a separable polynomial f over k if and only if [ is a splitting ring
of k[x]/(f) in the category k-mod; our terminology matches classical field theory.

If, in addition, we assume that ¥ is tensor-triangulated, we can say more about
the way splitting rings arise. Balmer [2005] introduced a topological space Spc(X)
associated to J{, in which every object x € I has a support supp(x) C Spc(¥). The
Balmer spectrum Spc(I) provides an algebro-geometric approach to the study of
triangulated categories, and a complete description of the spectrum is equivalent to
a classification of the thick ®-ideals in the category.

For the remainder of the introduction, we assume X is tensor-triangulated and
nice (say, Spc(¥) is noetherian or K satisfies Krull-Schmidt). If A is a separable
ring in K, the Eilenberg—Moore category A-Mody of A-modules in I admits a tri-
angulation such that extension-of-scalars X — A-Mody; is exact; see [Balmer 2011,
Corollary 4.3]. We can thus extend scalars along a separable ring without leaving the
tensor-triangulated world or descending to a model category. If A is quasi-Galois
with group I' in ¥, then I acts on A-Modsy; and on the spectrum Spc(A-Modsy,).
By Theorem 9.1, the I'-orbits of Spc(A-Mody;) are given by supp(A) C Spc(K).
In particular, we recover Spc(J) from Spc(A-Mody) if supp(A) = Spc(I), which
happens exactly when A® f =0 implies f is ®-nilpotent for every morphism f in ¥.

Recall that for a quasi-Galois field extension [/ k, any irreducible polynomial
f € k[x] with a root in [ splits in /; see [Bourbaki 1981, V.9.3]. Proposition 9.6
provides us with a tensor triangular analogue:

Proposition. Let A be a separable ring in K such that the spectrum Spc(A-Mods)
is connected, and suppose B is an A-algebra with supp(A) = supp(B). If B is
quasi-Galois in J{, then B splits A.
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Finally, Theorem 9.7 reveals which separable rings have a quasi-Galois closure
in X. Given & € Spc(X), we consider the local category Hg at P, the idempotent
completion of the Verdier quotient J{/%. We say a ring A has constant degree in K
if the degree of A as a ring in Kg is the same for every prime % € supp(A).

Theorem. If A has constant degree in J{ and the spectrum Spc(A-Mody) is con-
nected, then A has a unique splitting ring A*. Furthermore, supp(A) = supp(A*)
and A* is the quasi-Galois closure of A in K. That is, for any A-algebra B that is
quasi-Galois in K with supp(A) = supp(B), there exists a ring morphism A* —B.

We conclude this paper by computing degrees and splitting rings for the separable
rings Ag := k(G /H) mentioned above. Here, H < G are finite groups and K is a
field with characteristic p dividing |G|. The degree of Af] in D?(KG-mod) is simply
[G: H] and Ag is quasi-Galois if and only if H is normal in G. Accordingly, the
quasi-Galois closure of Ag in D?(kG-mod) is the ring AS, where N is the normal
core of H in G (see Corollary 10.11). On the other hand, Proposition 10.13 shows
the degree of Ag in KG-stab is the greatest 0 <n < [G : H] such that there exist
distinct [g1], ..., [g,] in H\G with p dividing |H8' N ... N H&"|. In that case, the

splitting rings of Ag are exactly the A¢

Hein..npe With g1, ..., g, as above.

1. The Eilenberg—Moore category

Definition 1.1. Let J{ be an additive category. We say ¥ is idempotent-complete
if for all x € 9, any morphism e : x — x with ¢ = e yields a decomposition
x = x; @ x, under which e becomes (). Every additive category X can be
embedded in an idempotent-complete category #" in such a way that I < H" is
fully faithful and every object in %' is a direct summand of some object in #. We
call #* the idempotent-completion of K, and [Balmer and Schlichting 2001] shows

that %" stays triangulated if J was.

Notation 1.2. Throughout, (¥, ®, 1) denotes an idempotent-complete symmetric
monoidal category. For objects x1, ..., x, in X and a permutation 7 € S,,, we also
write 7 : X1 ®. .. Q@ X, = X(1) ... ® X (y) to denote the isomorphism that permutes
the tensor factors.

Definition 1.3. A ring object A € ¥ isamonoid (A, u:ARA—>A, n:1—A)
with associative multiplication i and two-sided unit n. We call A commutative
if ©(12) = u. All ring objects in this paper will be commutative and we often
simply call A a ring in H. For rings A and B in X, a ring morphism f : A — B is
a morphism in J{ that is compatible with the ring structure.

A (left) A-module is a pair (x € ¥, o : A ® x — x), where the action g is
compatible with the ring structure in the usual way. Right A-modules as well as
(A, A)-bimodules are defined analogously.
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The Eilenberg—Moore category A-Mody has left A-modules as objects and
A-linear morphisms, which are defined in the usual way. See [Eilenberg and Moore
1965] or [Mac Lane 1998, Chapter VI] for more details. Every object x € J{ gives
rise to a free A-module F4(x) = A ® x with action given by

QZA®A®XL®1>A®X.

We call the functor Fy : X — A-Mody; the extension-of-scalars, and write Uy for
its forgetful right adjoint:

H

FAJ(—WUA
A -MOdgj{

A ring A in ¥ is separable if the multiplication map w has an (A, A)-bilinear
section o : A — A® A. That is, uo = 14 and the diagram

ARQRA

ARQAR®A ARQAR®A

AQA
commutes.

Remark 1.4. The module category A-Mody; is idempotent-complete whenever K
is idempotent-complete.

Example 1.5. Let R be a commutative ring and consider the category R-mod
of finitely generated R-modules. Let A be a commutative projective R-algebra
and suppose A is separable over R, that is A is projective as an A ® g A-module.
Then A is finitely generated as an R-module by [DeMeyer and Ingraham 1971,
Proposition 2.2.1], so A defines a separable ring object in R-mod. On the other
hand, we can think of A = A[0] as a separable ring object in DP*™(R), the homotopy
category of bounded complexes of finitely generated projective R-modules. Note
that the category of A-modules in DP*T(R) is equivalent to DP*"'(A) by [Balmer
2011, Theorem 6.5].

Notation 1.6. Let A and B be rings in J. The ring structure on A ® B is given
by (ua ® 1) (23) : (A® B)®?> — (A ® B). We write A¢ for the enveloping ring
A ® A®P, so that left A°-modules are just (A, A)-bimodules. We write A x B for
the ring A @ B with componentwise multiplication.



1896 Bregje Pauwels

Remark 1.7. If A and B are separable rings in ¥, then so are A°, AQ B and A x B.
Conversely, A and B are separable whenever A x B is separable.

Remark 1.8. Let A be a ring in . Note that every (left) A-linear endomorphism
A — A is in fact A®linear, by commutativity of A. What is more, any two A-linear
endomorphisms A — A commute.

Definition 1.9. We call a nonzero ring A in X indecomposable if the only idem-
potent A-linear endomorphisms A — A in J are the identity 14 and 0. In other
words, A is indecomposable if it does not decompose as a direct sum of nonzero
A¢-modules. By the following lemma, this is equivalent to saying A does not
decompose as a product of nonzero rings.

Lemma 1.10 [Balmer 2014, Lemma 2.2]. Let A be a ring in K. Suppose there is
an A°-linear isomorphism h : A => B & C for some A°-modules B, C in K. Then
B and C admit unique ring structures under which h becomes a ring isomorphism
h:A= BxC.

Let (A, i, n) be a separable ring in J{ with separability morphism o. In what
follows, we define a tensor structure ® 4 on A-Modsy under which extension-of-
scalars becomes monoidal. The following results all appear in [Balmer 2014, §1].
For detailed proofs, see [Pauwels 2015, §1.1]. Let (x, 0;) and (y, 02) be A-modules.
Here, we can write o to indicate both a left and right action of A on x, as A is
commutative. Seeing how the endomorphism v: x ® y — x ® y given by

1 1 o
x®y 2 x@ARy N xR AR ARy 22 xRy
is idempotent and X is idempotent-complete, we can define x ® 4 y as the direct
summand im(v) of x ® y. Note that x ®4 y is independent, up to canonical
isomorphism, of the choice of separability section o. We get a split coequalizer in ¥,

01®1
IQRA®Y ?x@y —» xQay,
Q2
and A acts on x ®4 y by

1
ARXR®ay — ARxXx®Yy ﬂ)x@y —» x4 Y.

Proposition 1.11. The tensor product ® 4 vields a symmetric monoidal structure
on A-Modsy; under which F4 becomes monoidal. We will write 14 = A for the unit
object in A-Mods;.

Notation 1.12. If A and B are rings in ¥ and 4 : A — B is a ring morphism, we
say that B is an A-algebra. As usual, we equip B with the A-module structure
given by

A®B 12 poB .y B,
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and we write B for the corresponding object in A-Mody, so that B = Us(B).

Remark 1.13. Let A be a separable ring in 3. There is a one-to-one correspondence
between A-algebras B in % and rings B in A-Mody;. More precisely, if (B, 1, 1)
is aringin % and 4 : A — B is a ring morphism, then (B, fi, 7 := h) defines a
ring in A-Mody, with u : B& B —» B®y4 B L B. Moreover, B is separable in K
if and only if B is separable in A-Mods.

Remark 1.14. Let A be a separable ring in K and suppose B is an A-algebra via
h: A — B. For every A-module x, we let B act on the left factor of Fj,(x) := B®ux
as usual. This defines a functor Fj, : A-Mody;, — B-Mody; and the following diagram

commutes up to isomorphism:
¥
Fy

A-Mody ————  B-Mody

Note also that Fy;, = Fy F}, for any ring morphism g : B — C.

Proposition 1.15. Let A be a separable ring in ¥ and suppose B is a separable
A-algebra, say B € ¥ := A-Modsy;. There is an equivalence B-Mody >~ B-Mody
of symmetric monoidal categories such that

g—" L

B |

B-Mods; — E-Modgg,

commutes up to isomorphism.

2. Separable rings

Proposition 2.1. Let A be a separable ring in X. If A= B x C for rings B, C in X,
then any indecomposable ring factor of A is a ring factor of B or C. In particular,
if A can be written as a product of indecomposable A-algebras A = A1 X --- X Ay,
this decomposition is unique up to isomorphism.

Proof. Suppose A; € ¥ is an indecomposable ring factor of A, say A = A| X Ay
for some ring A; in . The category A-Modsy; decomposes as

A-MOdf]{ = A]-MOdf]{ X Az—MOdg]{,

with 1, corresponding to (14,, 14,). Accordingly, the A-algebras B and C corre-
spond to (By, B) and (Cy, C») respectively, with B;, C; in A;-Mody; fori =1, 2,
such that B = By x B, and C = C; x C, in A-Mody;. Given that 14 = B x C, we
see 14, = By x C1, hence A1 = By or A} = Cj. O
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Lemma 2.2. Let A be a separable ring in ¥.

(a) For every ring morphism o : A — 1, there exists a unique idempotent A-linear
morphism e : A — A such that ae = o and ena = e.

(b) Suppose 1 is indecomposable. If a; : A — 1 are distinct ring morphisms for
1 <i < n, with corresponding idempotent morphisms e; : A — A as above,
then ejej = 5,‘J€,‘ and oje; = (S,',jOll‘.

Proof. Let o be a separability morphism for A. To show (a), consider the A-linear
mape:=(¢®1)o: A — A. We immediately see that ve = (¢ ® 1)o0 =auo =«.
Idempotence of e follows from the diagram

A—7 s AQA —8L 4

e |-

AQARA 2%, Ao A

lﬂ@l l/oz@l

A—% s AA —2® 4

in which the left square commutes by bilinearity of o. Seeing how

A o s 1 i s A

1o B

ARA —27 s AQAQA 2%, ApA

s [ [N

A— 7 s A4 —*% 134

commutes, we moreover get eno = e. Suppose ¢’ is also an A-linear morphism with
ae’ =« and e'na = €'. Then, e = ena = enae’ =ee’ =eé'e = e'nue =e'na =€’
by Remark 1.8. For (b), let 1 <i, j < n. From the commuting diagram

A % s 1 7 A

[1en I

1®e¢; .
A®A&>A®Aa’—®l>A

AR

A y A 1,

we see that o;e;na; = aje;. Hence, (ajejn)(aiejn) = a;ejejn = a;ejn, so the
morphism «;e;n : 1 — 1 is idempotent and equals O or 1;. In the first case,
ajej =ajejna; =0 and e;e; = ¢;na;e; =0, in particular i # j. On the other hand,
if ¢jejn =11 we get a;e; = ajejna; = o; and oje; = jejno; =, s0i = j. [
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Lemma 2.3. Let (A, s, n4) and (B, up, ng) be separable rings in K.

(a) Suppose f:A— Band g: B — A are ring morphisms such that gf = 14. We
equip A with the structure of B®-module via the morphism g. There exists a
B¢-linear morphism f : A — B such that g f = 1 4. In particular, A is a direct
summand of B as a B®-module.

(b) Suppose A is indecomposable. Let g; : B — A be distinct ring morphisms for
1 <i <n and suppose f : A — B is a ring morphism with g; f = 14. Then
A®" is a direct summand of B as a B°-module, with projections g; : B — A
forl1<i<n.

Proof. Considering the A-module structure on B given by f, wenotethat g: B — A
is A-linear:
aeB 2% BB s B

for e

ARA —— ARA 3 A

We can thus apply Lemma 2.2 to the ring morphlsm g:B — 1, in A-Mody and
find an idempotent B¢-linear morphism ¢ : B — B such that ge = g and & engg =e.
Forgetting the A-action, Us(e) := e : B — B is idempotent and B*linear, with
ge=gandefg =e. Let f ;= ef. We need to show that f is Blinear, where B¢
acts on A via g. Left B-linearity of f follows from the commuting diagram

BoA 22 Aga My A

1®f B®B —— B
o

¥ e®1 “B
B®B — B®B —— B
1®e H
B®B i s B

and right B-linearity follows similarly. Finally, g f=gef =gf =14.

For (b), let g; : B — A be distinct ring morphisms with g; f =14 for 1 <i <n.
As in part (a), we find idempotent B¢ linear morphisms ¢; : B — B and B*linear
morphisms f; :=e¢; f with g; f; = 14 and ¢; = f; g;. In fact, Lemma 2.2(b) shows the
e; are orthogonal. Seeing how A =im(e;), we conclude A®" is a direct summand
of B as a Bmodule, with projections g; : B — A for 1 <i <n. O

Corollary 2.4. Let A and B be separable rings in i and suppose B is an A-algebra.
The corresponding ring B in A-Mody is a ring factor of F4(B).
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Proof. Applying Lemma 2.3 to the ring morphisms f : B LGN ® B and g given

by the action of A on B, we see that B is a direct summand of A® B as (A ® B)°-
modules in J. In particular, B is a direct summand of F4(B) as F4(B)¢-modules
in A-Mody. By Lemma 1.10, B admits a ring structure under which B becomes a
ring factor of F,(B). This new ring structure on B is the original one, seeing how
the projection g : F4(B) — B is a ring morphism for both structures. ([

3. Degree of a separable ring

We recall Balmer’s definition [2014] of the degree of a separable ring in a tensor-
triangulated category, and show the definition works for any idempotent-complete
symmetric monoidal category .

Theorem 3.1. Let A and B be separable rings in K. Suppose f : A — B and
g : B — A are ring morphisms such that gf = 14. There exists a separable ring C
in ¥ and a ring isomorphism h : B = A x C such that pr; h = g. If we equip C
with the A-algebra structure coming from pry hf, it is unique up to isomorphism of
A-algebras.

Proof. This proposition is proved in [Balmer 2014, Theorem 2.4] when ¥ is
a tensor-triangulated category. In our case, Lemma 2.3 yields an isomorphism
h:B = A® C of B-~modules with pr; # = g. By Lemma 1.10, A and C admit
ring structures under which 4 becomes a ring isomorphism. This new ring structure
on A is the original one, seeing how

f

T, h
14a:AL 2o

B— A

is a ring morphism. The rest of the proof is identical to the proof in [loc. cit.]. [J

Definition 3.2 [Balmer 2014, Definition 3.1]. Let (A, u, n) be a separable ring
in K. Applying Theorem 3.1 to the ring morphisms f =1, ®n:A - A® A and
g=un:A®A— A, we find a separable A-algebra A’, unique up to isomorphism,
and a ring isomorphism 2 : A® A => A x A’ such that pr; h = p.

The splitting tower

1=A5 A=Al 5 AR o gl gl

is defined inductively by A"*+11 = (Al")| where we consider A"l as a ring in
Al"=11_Mods;. We say the degree of A is d, writing degy,(A) = d, if A1 #0 and
A+ = 0. We say A has infinite degree if A% =0 for all d > 0.

Remark 3.3. By construction, we have (A"l +1l = glntml o gln+m—1l_g]gebras
for all m > 0 and n > 1, where we regard Al ag a ring in Al"=11_Mods,. In other
words, degA[nfu_Modw(A[”]) =degy(A) —n+1forl <n <degy(A)+1.
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Example 3.4. Let R be a commutative ring and suppose A is a commutative
projective separable R-algebra. If Spec R is connected, then the degree of A as
aring in DP(R) (see Example 1.5) recovers its rank as an R-module. This will
follow from Proposition 7.9.

Proposition 3.5. Let A and B be separable rings in K.
(a) We have Fym(A) = LG x At g Al glgebras.

(b) Let F : X — L be an additive monoidal functor. For every n > 0, the rings
F (A" and F(A)" are isomorphic. In particular, deg,(F(A)) < degy(A).

(c) Suppose A is a B-algebra. Then degp Mody, (FB(A)) = degy (A).

Proof. The proofs for (a) and (b) in [op. cit., Theorems 3.7 and 3.9] still hold in our
(not necessarily triangulated) setting. To prove (c), note that A"l is a B-algebra
and hence a direct summand of Fz(A"™) = Fz(A)". This means Fz(A)" #0
when A"} £ 0 so that deg g ypoq, (F5(A)) > degy (A). O

Lemma 3.6 [Balmer 2014, Lemma 3.11]. Letn > 1 and A := 1*" € K. There is
an isomorphism A?1 = A= of A-algebras.

Proof. We prove there is an A-algebra isomorphism A : A® A = A x AX—D
with pr; & = ja. We write A=]/_) 1;, AQ A = [To<ij<n—11i®1;and A" =
]_[Z;(l) ?:_01 1, with 1 =1; = 14 for all i, k. Define A : A® A — A*" by mapping
the factor 1; ® 1; identically to 1;;_;), with indices in Z,. Then, A is an A-algebra
isomorphism and pr,_o A = 4. g

Corollary 3.7. Let n > 1. Then degy (1*") = n and (1*")[") = 17 jn .

Proof. Let A :=1>". The result is clear when n = 1, and we proceed by induction
on n. By Lemma 3.6, we know Al?! = 1§(”_1) in A-Mody,. Assuming the induction
hypothesis, deg A_Modw(A[z]) =n—1and

A[n] ~ (A[Z])[nfl] ~ 1;(}171)! ~ (1><n)><(n71)! ~ 1><n!‘ O

Lemma 3.8. Let A and B be separable rings of finite degree in K. Then,

(a) deg(A x B) < deg(A) +deg(B)

(b) deg(A x 1*") =deg(A) +n

(c) deg(A*") =deg(A)-r.
Proof. To prove (a), let n :=deg(A x B) and C := (A x B)". Writing A’ := F-(A)
and B’ := F¢(B), we know from Proposition 3.5(a) that

A'x B'=Fc(Ax B)= 1"

If we let D := (A")[9e(4"] and apply Fp to the isomorphism, we get

159540 x Fp(B)) =1}
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Similarly, putting E := (Fp(B’))!92Fp(BN] and applying Fg gives

13 de8(A) o 1% deg(Fp(B) = 1 xn,

This shows n = deg(A’) +deg(Fp(B’)) < deg(A) + deg(B) by Proposition 3.5(b).
For (b), let B := Aldee] Then, Fz(A x 1%") = 13 deg(A) 13" and we find

deg(A x 17™") > deg(Fp(A x 1*™")) = deg(A) +n.

To prove (c), we write B := Aldeg(A)] again and note that Fg(A*") = (1} deg(A)yxz,
Hence, deg(A*") > deg(Fp(A*")) = deg(A) - ¢. O

4. Counting ring morphisms

Lemma 4.1. Let A be a separable ring in ¥ and suppose 1 is indecomposable. If
there are n distinct ring morphisms A — 1, then A has 1*" as a ring factor. In
particular, there are at most deg A distinct ring morphisms A — 1.

Proof. Let o; : A — 1 be distinct ring morphisms for 1 <i <n. By Lemma 2.3(b),
we know that 1%" is a direct summand of A as an A°-module, with projections
o;: A— 1for 1 <i <n. Moreover, Lemma 1.10 shows that every such summand 1
admits a ring structure, under which 1*” becomes a ring factor of A and the
projections ¢; are ring morphisms. In fact, these new ring structures on 1 are the
original one, seeing how «;n4 = 11 is a ring morphism for every 1 <i < n. Finally,
Lemma 3.8(b) shows that deg(A) > n. U

Proposition 4.2. Let A and B be separable rings in X and suppose B is indecom-
posable. Let n > 1. The following are equivalent:

(1) There are (at least) n distinct ring morphisms A — B in K.
(ii) The ring 13" is a ring factor of Fg(A) in B-Mody;.
(iii) There is a ring morphism A" — B in .

Proof. Firstly, we claim there is a one-to-one correspondence between ring mor-
phisms « : A — B in J{ and ring morphisms 8 : Fg(A) — 1p in B-Modsy;. Indeed,
this correspondence sends « : A — B in X to the B-algebra morphism

B®A B®B—>B

and conversely, 8 : Fg(A) — 1p gets mapped to A —M—®—A—> B®QA ——> B in K.

To show (i) = (ii), note that n distinct ring morphisms A — B in J{ give n
distinct ring morphisms Fg(A) — 1p in B-Mody. By Lemma 4.1, 13" is a ring
factor of Fg(A). For (ii) = (i), suppose 13" is a ring factor of Fg(A) in B-Mody
and consider the projections pr; : Fg(A) — 1p with 1 <i <n. By the claim, there
are at least n distinct ring morphisms A — B in K.
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We show (ii) = (iii) by induction on n. The case n = 1 has already been proven.
Letn > 1 and suppose 11§(”+1) is aring factor of Fg(A). By the induction hypothesis,
there exists a ring morphism A"l — B. As usual, we write B for the separable ring
in A"l-Mody; corresponding to the A"l-algebra B in %. The diagram

Fm
% AN o Al Mods,

lFB I 4.3)

B-Mody, ——» E-MOdA[n]_MQd%

from Proposition 1.15 shows that Fp(A) is mapped to Fz(F4m(A)) under the
equivalence B-Mody ~ B-Mod Al Mody, - 1t follows that 12(”“) is a ring factor
of Fg(F4m(A)). On the other hand, by Proposition 3.5(a) we know that

Fg(Fam(A)) = Fg (L3 x ATy = 1% Fp(al ), (4.4)

Hence, 15 is a ring factor of Fz(A"*!!) by Proposition 2.1 and we conclude there
exists a ring morphism A"+ — B in Al"l-Mody;.

To show (iii) = (ii), suppose B is an A"l-algebra and write B for the corre-
sponding separable ring in A"J-Mody;. Using diagram (4.3) again, it is enough to
show that 111;” is a ring factor of Fgz(F4m(A)). This follows from (4.4). O

Theorem 4.5. Let A and B be separable rings in X, where A has finite degree and
B is indecomposable. There are at most deg(A) distinct ring morphisms from A
to B.

Proof. 1f there are n distinct ring morphisms from A to B, we know 13" is a
ring factor of Fg(A) by Proposition 4.2. So, n < degg \j0q4, (FB(A)) < degg (A) by
Proposition 3.5(b) and Lemma 3.8(b). [l

Remark 4.6. The assumption B is indecomposable is necessary in Theorem 4.5.
Indeed, deg(1*") = n but 1" has at least n! ring endomorphisms.

5. Quasi-Galois theory

Suppose (A, u, n) is a nonzero ring in I and I" is a finite set of ring endomorphisms
of A with 14 € I'. Consider the ring ]_[y or Ay, where we write A, = A for all
y € I' to keep track of the different copies of A. We define ring morphisms
p1:A— Hyer Aybypr,o1=1sand p2: A — Hyer Ay by pr, g2 =y for all
y € I'. Thus, ¢, renders the (standard) left A-module structure on ]_[y er Ay and
we introduce a right A-module structure on [, . A, via ¢s.
Definition 5.1. We will consider the following ring morphism:
Ar=A:AQA — ]_[Ay with pr, A = u(1®y).
yel
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Note that A(1®n) = ¢ and A(n ®@ 1) = ¢,

/A\ 5

A
AQA ———— HVGFA,,

so that A is an A®-algebra morphism.
Lemma 5.3. Suppose Ar : AQ A — ]_[Ver A, is an isomorphism.

(a) There is an A°-linear morphismo : A — A ® A such that n(1® y)o =48,
for every y € I'. In particular, A is separable.

(b) Let y €I'. If there exists a nonzero ring B in ¥ and ring morphism o : A — B
withay =, theny = 1.
(c) The separable ring A has degree |I'| in H.

Proof. To prove (a), consider the A°-linear morphism o := A lincl; : A > AQ A.
The following diagram shows that (1 ® y)o =6y :

A
[

For (b), suppose ¢y =a ando : A - A® A as in (a). We get

g

s ARA — s AgA " A

AV

Ay

vel yel

a=auo =pula@@a)o =pua@a)(1Q@y)o =au(l®@y)o =ad, .

Hence, either « = 0 or y = 1,4. Finally, given that F4(A) = 12'” in A-Mody,
Proposition 3.5(c) shows that deg(A) = |I|. [l

Definition 5.4. Suppose that A is a nonzero ring in ¥ and I' is a finite group of
ring automorphisms of A. We say that A is quasi-Galois in ¥ with group T if
Ar:A®A — [, cr Ay is an isomorphism. By the above lemma, it follows that A
is separable of degree |I"| in J{. We also call Fy : 5{ — A-Mody; a quasi-Galois
extension with group T.

Example 5.5. Let A :=1*" and consider the ring morphism y := (12 - - - n) which
permutes the factors. Then A is quasi-Galois with group I'={y? |0<i <n—1}=7Z,.
Indeed, the isomorphism A : A ® A — A*" constructed in the proof of Lemma 3.6
is exactly Ar. In particular, I" does not always contain all ring automorphisms of A.

Remark 5.6. The Galois theory of commutative rings was introduced by Auslander
and Goldman [1960, Appendix], and was further developed by Chase, Harrison
and Rosenberg [Chase et al. 1965] and many others. They considered commutative
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rings R C A such that A is separable and projective as an R-algebra. If I is a finite
group of ring automorphisms of A fixing R, then A is Galois over R with group I"
if the maps R < A" and

AgrA—[]A, x®@y— (- yM)yer
yell
are isomorphisms. In particular, A defines a ring object in the categories R—mod
and DP*f(R) (see Example 1.5), which is quasi-Galois with group I".

Lemma 5.7. Let A be quasi-Galois of degree d in X with group I and suppose
F : H — % is an additive monoidal functor. If F(A) # 0, then F(A) is quasi-
Galois of degree d in & with group F(I') = {F(y) | y € T'}. In particular, being
quasi-Galois is stable under extension-of-scalars.

Proof. We immediately see that

F(r): F(A)@ F(A) = F(A® A) > [ [ F(4)
yel

is an isomorphism in ¥, so it suffices to show I' = F(I') and F(Ar) = Ar). Now,
Ar is defined by pr, Ar = ua(la ® ), hence pr, F(r) =purwmy(dru @ F(y))
for every y € I'. In particular, the morphisms wra)(1ra) ® F(y)) with y € T" are
distinct. This shows the morphisms F'(y) with y € I are distinct, so that ' = F(I")
and F()»[‘) = )\F(F)- O

Proposition 5.8. Suppose A is quasi-Galois in K with group T.
(a) If B is a separable indecomposable A-algebra, then I acts freely and transi-

tively on the set of ring morphisms from A to B. In particular, there are exactly
deg(A) distinct ring morphisms from A to B in K.

(b) If A is indecomposable then T contains all ring endomorphisms of A.

Proof. Note that the set S of ring morphisms from A to B is nonempty and I" acts
on S by precomposition. The action is free by Lemma 5.3(b) and transitive because
|S| < deg A = |I'| by Theorem 4.5. In particular, if A is indecomposable, then A
has exactly deg A = |I'| ring endomorphisms in K. ([

By the above proposition, we can simply say an indecomposable ring A in X
is quasi-Galois, with the understanding that the Galois group I contains all ring
endomorphisms of A.

Theorem 5.9. Let A be a separable indecomposable ring of finite degree in ¥ and
write I for the set of ring endomorphisms of A. The following are equivalent:

(1) |T'| = deg(A).
(i) Fa(A)=1%"in A-Mody; for some t > 0.
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(1) Ar: AQ A — HyeF A, is an isomorphism.
(iv) T is a group and A is quasi-Galois in X with group T.

Proof. First note that d := deg(A) = deg(F4(A)) by Proposition 3.5(c). To show
(i) = (i1), recall that lﬁd is a ring factor of F4(A) if |I'| = d by Proposition 4.2.
By Lemma 3.8(b), we know Fj(A) = 1§d. For (ii) = (iii), we note that r = d and
consider an A-algebra isomorphism/: A® A > A% We define ring endomorphisms
wiA I ARA Ly oaxd PiyA iz d,
such that (14 @ o) =pr; (L@ 14)(14 ® n® 14) = pr; [ for every i. This shows
the o; are all distinct, so that I' = {o; | 1 <i < d} by Theorem 4.5 and [ = Ar. For
(iii) = (iv), we show that every y €I is an automorphism. By Lemma 5.3(a), we can
find an A®-linear morphismo : A — A®A such that u(1Qy)o =4, , forevery y €T".
Lety eT"andnote that y = u(y ® 1)(1® y)o sothat (1Q®y)og : A > AR A is
nonzero. Thus there exists ¥’ € I such that

pr,y Ar(1®y)o =u(1®@y)1®y)o =81,

is nonzero. This means 1 =’y and y'(yy’) = ¥’ so yy’ =1 by Lemma 5.3(b).
Finally, (iv) = (i) is the last part of Lemma 5.3. ([l

Corollary 5.10. Let A, B and C be separable rings in % with A = B x C, and
suppose B is indecomposable. If FA(A)=1%?, then B is quasi-Galois. In particular,
being quasi-Galois is stable under passing to indecomposable ring factors.

Proof. Consider the decomposition A-Mody; = B-Mody, x C-Mody;, under which
F4(A) corresponds to (Fg(B x C), Fc(B x C)) and 1§d corresponds to (lgd, léd).
Given that 1p is indecomposable and Fg(B) is a ring factor of lgd in B-Mody, we
know Fg(B) = 1;;’ for some 1 <t <d. The result now follows from Theorem 5.9.

O

6. Splitting rings

Definition 6.1. Let A and B be separable rings of finite degree in 3. We say B
splits A if Fg(A) = 15 deg(4) in B-Modsy. We call an indecomposable ring B a
splitting ring of A if B splits A and any ring morphism C — B, where C is an
indecomposable ring splitting A, is an isomorphism.

Remark 6.2. Let A be a separable ring in % with deg(A) = d. The ring Al in %
splits A by Proposition 3.5(a). Moreover, if B is a separable indecomposable ring
in 9, then B splits A if and only if B is an Al“l-algebra. This follows immediately
from Proposition 4.2.
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Remark 6.3. Let A be a separable ring in 9 with deg(A) = d. The ring Al in %
splits itself by Proposition 3.5(a), (b) and Corollary 3.7:

Far (A = (Fya (A = (158 )l = 1540,

Lemma 6.4. Let A be a separable ring in I that splits itself. If Ay and Ar
are indecomposable ring factors of A, then any ring morphism A} — A; is an
isomorphism.

Proof. Let A| and A, be indecomposable ring factors of A and suppose there is a
ring morphism f : A; — Ay. We know Fy, (A) = 1§]deg(A) because A splits itself.
Meanwhile, Fj4,(A2) is a ring factor of Fy,(A), so that F4, (A2) = 1;? for some
d > 0. In fact, d = deg(A,) > 1 by Proposition 3.5(c). Proposition 4.2 shows there
exists a ring morphism g : A — A;. Note that A; and A, are quasi-Galois by
Corollary 5.10, so that the ring morphisms gf : Ay — A; and fg: Ay — A, are
isomorphisms by Proposition 5.8(b). ]

Definition 6.5. We say I is nice if for every separable ring A of finite degree in X,
there are indecomposable rings Ay, ..., A, in X suchthat A= A} x --- X A,,.

Example 6.6. Let G be a group and K a field. The categories KG-mod, D? (kG-mod)
and KG-stab (see Section 10) are nice categories. More generally, ¥ is nice if it
satisfies Krull-Schmidt.

Example 6.7. Let X be a noetherian scheme and let DP'(X) be the derived category
of perfect complexes over X with left derived tensor product. By Example 7.4 and
Proposition 7.12, DPerf(X) is nice.

Lemma 6.8. Suppose K is nice and let A, B be separable rings of finite degree
in X. If B is indecomposable and there exists a ring morphism A — B in K, then
there exists a ring morphism C — B for some indecomposable ring factor C of A.

Proof. Since X is nice, we can write A = A X --- X A, with A; indecomposable
for 1 <i <n. If there exists a ring morphism A — B in ¥, Proposition 4.2 shows that
1p is aring factor of Fg(A) = Fg(A1) X---x Fg(A,). Since 1p is indecomposable,
it is a ring factor of some Fp(A;) with 1 <i < n by Proposition 2.1. O

Proposition 6.9. Suppose I is nice and let A be a separable ring of finite degree
in X. An indecomposable ring B in ¥ is a splitting ring of A if and only if B is a
ring factor of AW In particular, any separable ring in ¥ has a splitting ring
and at most finitely many.

Proof. Letd :=deg(A) and suppose B is a splitting ring of A. By Remark 6.2, B is an
Al algebra. Hence, there exists a ring morphism C — B for some indecomposable
ring factor C of Al by Lemma 6.8. Now, Al splits A, so C splits A and the ring
morphism C — B is an isomorphism. Conversely, suppose B is an indecomposable
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ring factor of Al so B splits A. Let C be an indecomposable separable ring
splitting A and suppose there is a ring morphism C — B. As before, C is an Al4l-
algebra and there exists a ring morphism B” — C for some indecomposable ring
factor B’ of A!“l. The composition B’ — C — B is an isomorphism by Remark 6.3
and Lemma 6.4. In other words, B is a ring factor of the indecomposable ring C,
so that C = B. (]

Corollary 6.10. Suppose X is nice and B is a separable indecomposable ring of
finite degree in . Then B is quasi-Galois in X if and only if there exists a nonzero
separable ring A of finite degree in I such that B is a splitting ring of A.

Proof. Suppose B is indecomposable and quasi-Galois of degree ¢, so B2 = 1 g(’ -D
as B-algebras. Then, B is a splitting ring for B because B is a ring factor of Bl

Bl = (BI2Nl—11 = (1% (=Dyli=1] o px(t=D!

Now suppose B is a splitting ring for some A in ¥, say with deg(A) =d > 0.
Seeing how Fp(B) is a ring factor of

Fp(Al9) = Fp(A)ld = (15l = 1%,

we know Fg(B) = 1}’ for some ¢ > 0. By Theorem 5.9, B is quasi-Galois. ]

7. Tensor triangular geometry

Definition 7.1. A #t-category ¥ is an essentially small, idempotent-complete tensor-
triangulated category. In particular, X comes equipped with a symmetric monoidal
structure (®, 1) such that x @ — : X — I is exact for all objects x in K. A tt-functor
H — &£ is an exact symmetric monoidal functor.

Throughout the rest of this paper, (¥, ®, 1) will denote a tt-category.

Remark 7.2. Balmer [2011] proved in that extension along a separable ring object
A preserves the triangulation: (A-Mody, ®4, 14) is a tt-category, extension-of-
scalars F4 becomes a tt-functor and Uy is exact.

Definition 7.3. We briefly recall some tt-geometry and refer the reader to [Balmer
2005] for precise statements and motivation. The spectrum Spc(J{) of a tt-category K
is the set of all prime thick ®-ideals % C K. The support of an object x in K is
supp(x) = {P € Spc(¥H) | x ¢ P} C Spc(¥K). The complements of these supports
U(x) := Spc(I) — supp(x) form an open basis for the Zariski topology on Spc(K).

Example 7.4. Let X be a noetherian scheme. Then (DPet(X), ®]@X) is a tt-category
with spectrum SpC(Dperf(X )) homeomorphic to X; see [op. cit., Theorem 6.3].
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Remark 7.5. The spectrum is functorial. In particular, every tt-functor F : X — &
induces a continuous map

Spc(F) : Spe(¥£) — Spc(K).
Moreover, for all x € ¥, we have
(Spe F) ™! (suppy;(x)) = suppy,(F (x)) C Spc &.
Let A be a separable ring in K. We will consider the continuous map
fa :=Spc(Fy) : Spc(A-Mody) — Spc(H)
induced by the extension-of-scalars Fj : 5 — A-Mody;.

Theorem 7.6 [Balmer 2016b, Theorem 3.14]. Let A be a separable ring of finite
degree in K. Then

h
Spc((A ® A)-Mody) ;; Spc(A-Modsy) i» suppy (A) (7.7)
2

is a coequalizer, where fi, f» are the maps induced by extension-of-scalars along
the morphisms 1@nand n®1: A — A ® A respectively. In particular, the image

of fa is suppy(A) C Spe(¥H).

Definition 7.8. We call a tt-category ¥ local if x ® y = 0 implies that x or y is
®-nilpotent for all x, y € H. The local category K at the prime P € Spc(¥) is the
idempotent completion of the Verdier quotient J{/%. We write gg for the canonical
tt-functor 5 — H/P — Hg.

Proposition 7.9 [Balmer 2014, Theorem 3.8]. Suppose A is a separable ring in K.
If the ring qo(A) has finite degree in Iy for every P € Spc(H), then A has finite
degree and

deg, (A) = deg; A)).
egy(A) ” ergl%o gy, (g (A))

Proposition 7.10 [Balmer 2014, Corollary 3.12]. Let K be a local tt-category
and suppose A, B are separable rings of finite degree in K. Then deg(A x B) =
deg(A) + deg(B).

Lemma 7.11 [Balmer 2014, Theorem 3.7]. Let A and B be separable rings in X
and suppose supp(A) C supp(B). Then degg \joq, (Fp(A)) = degy (A).

Proposition 7.12. Suppose the spectrum Spc(¥) of K is noetherian. Then X is
nice. That is, any separable ring A of finite degree in X has a decomposition
AZA; X...x A, where Ay, ..., A, are indecomposable rings in K.
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Proof. Let A be a separable ring of finite degree in J. We prove that any ring
decomposition of A in J{ has at most finitely many nonzero ring factors. Suppose
there is a sequence of nontrivial decompositions A = A} X By, By = A, X By, ...,
with B, = A, +1 X B,4+1 for n > 1. By Proposition 7.10, we know

deg(g»(B,)) > deg(gp (By+1))

for every P € Spc(). We note that deg(gs (B,;)) > i if and only if % € supp(B,Ei]),
so we get supp(B,[f]) D) supp(B,[l’L) for every i > 0. Since Spc(J{) is noetherian,
we can find k > 1 with supp(Blil) = supp(B,[l’L) for everyi > 0 and n > k. In
particular, deg(ga (Br)) = deg(ge (Bi+1)) for every P € Spc(H), so gp(Ag+1) =0

for all ¥ € Spc(¥). By Proposition 7.9, we conclude Ai4+; = 0, a contradiction. [

8. Rings of constant degree

Definition 8.1. We say a separable ring A in X has constant degree d € N if the
degree degy,, g9 (A) equals d for every % € supp(A) C Spc(¥).

Lemma 8.2. Let A be a separable ring of degree d in K. Then A has constant
degree if and only if supp(Al9l) = supp(A).

Proof. Note that supp(A?)) C supp(A) because A ® A = A x AP in . Hence
supp(A[d]) C supp(A). Now, let P € supp(A). Then go(A) has degree d if and
only if gp (A1) £ 0, in other words P € supp(A[d]). O

Lemma 8.3. Let A be a separable ring in ¥ and suppose F : K — £ is a tt-functor
with F(A) # 0. If A has constant degree d, then F(A) has constant degree d.
Conversely, if F(A) has constant degree d and supp(A) C im(Spc(F)), then A has
constant degree d.

Proof. We first note that deg(F (A)) < deg(A) by Proposition 3.5(b). Now, if A has
constant degree d, then

suppy (F (A1) = suppy (F (A1) = Spe(F) ™! (supp; (AL*))
= Spc(F)*l(suppg,{(A)) = suppy(F(A)) # 9,

which shows F(A) has constant degree d. Conversely, suppose F(A) has constant
degree d and supp(A) C im(Spc(F)). In particular, supp(Al*+!1)  im(Spc(F)),
o)

@ = supp(F (A1*1)) = Spc(F)~" (supp(A“*1)))
implies supp(Al“t!1) = &. Thus A has degree d. Moreover, seeing how
Spc(F) ™! (suppy (A1) = suppy (F (A)!))
= suppy(F(A)) = Spc(F) ™ (suppy; (A)),

we can conclude supps, (Al4)) = suppy,(A). ]
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Proposition 8.4. Let A be a separable ring in . Then A has constant degree d if
and only if there exists a separable ring B in ¥ with supp(A) C supp(B) and such
that Fg(A) = 1;;‘1. In particular, if A is quasi-Galois in ¥ with group T, then A
has constant degree |I'| in K.

Proof. If A has constant degree d, we can let B := A4l and use Proposition 3.5(a).
On the other hand, if A and B are separable rings in ¥ with supp(A) C supp(B),
then Theorem 7.6 and Lemma 8.3 show that A has constant degree d whenever
Fp(A) has constant degree d. U

Proposition 8.5. Let A be a separable ring of constant degree in X with connected
support supp(A) C Spc(K). If B and C are nonzero rings in ¥ such that A= B x C,
then B and C have constant degree and supp(A) = supp(B) = supp(C).

Proof. Given that A has constant degree d, we claim that for every 1 <n <d,
supp(A) = supp(B") Lisupp(C™~" 1),

Fix 1 <n <d and suppose P € supp(B") Nsupp(Cl¥="+1), s0 deg(qe(B)) > n
and deg(g»(C)) > d —n + 1. By Proposition 7.10, deg(gs(A)) > d + 1, which is a
contradiction. So far we’ve proven supp(A) D supp(B"!) Lsupp(Cl4—"+11). Now,
if P e supp(A) — supp(B"™), we get deg(gs(A)) = d and deg(gyp(B)) <n— 1. It
follows that deg(gy(C)) >d —n+1, so P € supp(C4~"*11) and the claim follows.

Assuming A has connected support, we note that for every 1 < n < d, either
supp(B"!) = supp(A) or supp(B") = @. In particular, taking n = deg(B) and
then n = 1 shows that supp(A) = supp(B!4e®) = supp(B). Similarly, we see
supp(A) = supp(Cl9O)) = supp(C) by letting n =d + 1 —deg(C) and then n = 1.
In other words, supp(A) = supp(B) = supp(C) and B, C have constant degree. [

9. Quasi-Galois theory and tensor triangular geometry

Let A be a separable ring in J and suppose I is a finite group of ring automorphisms
of A. Then, I' acts on A-Mody (see Remark 1.14) and therefore on the spectrum
Spc(A-Mody).

Theorem 9.1. Suppose A is quasi-Galois in I with group T'. Then,
supp(A) = Spc(A-Mody)/ T
Proof. Diagram (5.2) yields a diagram of topological spaces

Spc(A-Mody)
h &

f 81

Spc((A ® A)-Mody)

~| 1R

> Spc(nyeI‘ Ay'MOdfj{),
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where fi, f2, g1, g» and [ are the maps induced by extension-of-scalars along the
morphisms 1 ®n, n®1, ¢1, ¢2 and A respectively (in the notation of Definition 5.1).
That is, g1, g2 : |_|y er Spc(A, -Mody) — Spc(A-Mody;) are continuous maps such
that g; incl, is the identity and g incl, is the action of y on Spc(A-Mods;). Now,
the coequalizer (7.7) turns into

81

| |Spc(Ay—M0ds;{) 3 Spc(A-Mody) i» supp(A),
82

yell

which shows supp(A) = Spc(A-Mody)/ T O

Remark 9.2. Let A be a ring in . We call A nil-faithful if Fo(f) = 0 implies f
is ®-nilpotent for any morphism f in J{. By [Balmer 2016b, Proposition 3.15], A
is nil-faithful if and only if supp(A) = Spc(¥). If A is nil-faithful and quasi-Galois
in X with group I', Theorem 9.1 recovers Spc(J{) as the I™-orbits of Spc(A-Mods).

The following is a tensor-triangular version of Lemma 6.4.

Lemma 9.3. Let A be a separable ring in X that splits itself. If A| and A, are
indecomposable ring factors of A, then supp(A1) Nsupp(Az) = T or A| = A

Proof. Let A1 and A; be indecomposable ring factors of A and suppose A splits
itself. We know Fy, (A) = 1% %2 and hence Fy,(Az) = 1%! for some 7 > 0. In
fact, t = 0 only if supp(A; ® Ar) = supp(A1) Nsupp(Ay) = . If t > 0, we can
find a ring morphism A, — A; by Proposition 4.2. Now Lemma 6.4 shows this is
an isomorphism. ([l

Proposition 9.4. Suppose K is nice. Let A be a separable ring in ¥ with connected
support supp(A) and constant degree. Then the splitting ring A* of A is unique up
to isomorphism and supp(A) = supp(A*).

Proof. Let d := deg(A). Recall that by Proposition 6.9, the splitting rings of A
are exactly the indecomposable ring factors of AlYl. We now prove that any two
indecomposable ring factors, say A; and A,, of Al are isomorphic. Note that
supp(A) = supp(A!?l) is connected and A% has constant degree d! by Remark 6.3,
so that supp(A) = supp(A) = supp(Az) by Proposition 8.5. Now, Lemma 9.3
shows A and A, are isomorphic. O

Remark 9.5. In what follows, we consider a separable ring A in ¥ and assume
the spectrum Spc(A-Mody;) is connected, which implies that A is indecomposable.
Moreover, if the tt-category A-Mody is rigid, Spc(A-Mods) is connected if and
only if A is indecomposable, see [Balmer 2007, Theorem 2.11]. We note that many
tt-categories are rigid, including all examples given in this paper.

Proposition 9.6. Suppose X is nice. Let A be a separable ring in X and suppose
Spc(A-Mody) is connected. Let B be an A-algebra with supp(A) = supp(B). If B
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is quasi-Galois in ¥ with group T, then B splits A. In particular, the degree of A in
K is constant.

Proof. 1If B is quasi-Galois in ¥ for some group I', then all of its indecom-
posable ring factors are also quasi-Galois by Corollary 5.10. What is more,
supp(B) = fa(Spc(A-Modsy)) is connected, so the indecomposable ring factors
of B have support equal to supp(B) by Proposition 8.5. It thus suffices to prove
the proposition when B is indecomposable. Now, F4(B) is quasi-Galois by
Lemma 5.7 and supp(F4(B)) = fA_l (supp(B)) = Spc(A-Mody) is connected. By
Corollary 2.4, B is an indecomposable ring factor of F4(B), and all ring factors
of F4(B) have equal support by Proposition 8.5. In fact, Lemma 9.3 shows that
F4(B) = B*! for some ¢ > 1. Forgetting the A-action, we get A® B = B* in %
and Fp(A® B) = Fg(B*) = 1l§d’ in B-Mody;, where d := deg(B). On the other
hand, Fz(A® B) = Fp(A)®p 159 = (Fp(A))*“. It follows that Fp(A) = 1%, with
t = deg(A) by Lemma 7.11. ([

Theorem 9.7 (Quasi-Galois closure). Suppose X is nice. Let A be a separable ring
of constant degree in I and suppose Spc(A-Mods;) is connected. The splitting ring
A* is the quasi-Galois closure of A. That is, A* is quasi-Galois in I, supp(A) =
supp(A*) and for any A-algebra B that is quasi-Galois in ¥ with supp(A) =
supp(B), there exists a ring morphism A* — B.

Proof. Corollary 6.10 and Proposition 9.4 show that A* is quasi-Galois in J{ and
supp(A) =supp(A*). Suppose there is an A-algebra B as above. By Proposition 9.6,
B splits A, so there exists a ring morphism Al4eA] . B The result now follows
because Al9ee(] = A* x ... x A* by Proposition 9.4. O

Remark 9.8. By Proposition 9.6, the assumption that A has constant degree is
necessary for the existence of a quasi-Galois closure A* of A with supp(A4) =

supp(A*).

10. Some modular representation theory

Let G be a finite group and K a field with characteristic p > 0 dividing |G|. We write
kG-mod for the category of finitely generated left KG-modules. This category is
nice, idempotent-complete and symmetric monoidal: the tensor is ®k with diagonal
G-action, and the unit is the trivial representation 1 = k.

We will also work in the bounded derived category D’ (kG-mod) and stable cate-
gory KG-stab, which are nice tt-categories. The spectrum Spc(Db (kG-mod)) of the
derived category is homeomorphic to the homogeneous spectrum Spec” (H*(G, k))
of the graded-commutative cohomology ring H*(G, k). Accordingly, the spectrum
Spc(KG-stab) of the stable category is homeomorphic to the projective support
variety Vg (K) := Proj(H*(G, K)); see [Benson et al. 1997].
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Notation 10.1. Let H < G be a subgroup. The KG-module A, = Ag :=Kk(G/H)
is the free k-module with basis G/H and left G-action given by g - [x] = [gx] for
every [x] € G/H. The KG-linear map u : Ay Q@ Ay — Ay is given by

y ify=y/
0 ify#y/,
We define : 1 — Ay by sending 1 ek to Y .,y ¥ €K(G/H).

We will write %(G) to denote any of KG-mod, D?(kG-mod) or KG-stab and
consider the object Ay in each of these categories.

y®y/|—>{ forall y,y € G/H.

Proposition 10.2 [Balmer 2015, Proposition 3.16 and Theorem 4.4]. Let H < G
be a subgroup. Then,

(a) The triple (Ayg, i, ) is a commutative separable ring object in X(G).

(b) There is an equivalence of categories
W9 H(H) = Ay-Mody )
sending V € H(H) to KG Qg V € H(G) with Ag-action
0 :K(G/H) ®k (KG ®kn V) — KG ®kn V

gRv ifgey,

givenforyeG/H,geGandvGbey@g@ve{ i
0 ifg¢y.

(c) The following diagram commutes up to isomorphism:

H(G)

G
Res? Fay

v

H(H) = > AH—MOdj((G).

So, every subgroup H < G provides an indecomposable separable ring Ay
in X (G), along which extension-of-scalars becomes restriction to the subgroup.

Proposition 10.3. The ring Ay has degree [G : H] in KG-mod and D? (KG-mod).

Proof. Seeing how the fiber functor Res{Gl} is conservative, we get

degygmoa(Ar) = degy moa(Res(i) (An)) =[G : HI.
The degree of Ay in D”(KG-mod) is computed in [Balmer 2014, Corollary 4.5]. [J

Lemma 10.4. Let %(G) denote D”(KG-mod) or KG-stab and consider subgroups
K < H < G. Then supp(Ay) = supp(Ag) C Spc(K(G)) if and only if every
elementary abelian p-subgroup of H is conjugate in G to a subgroup of K.
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Proof. This follows from [Evens 1991, Theorem 9.1.3], seeing how supp(Ay) =
(Resg)*(SpC(i’Y{(H ))) can be written as a union of disjoint pieces coming from
conjugacy classes in G of elementary abelian p-subgroups of H. U

Notation 10.5. For any two subgroups H, K < G, we write g[g]x for the equiv-
alence class of g € G in H — G/K, just [g] if the context is clear. We will write
H? := g~ Hg for the conjugate subgroups of H.

Remark 10.6. Let H, K < G be subgroups and choose a complete set T C G of
representatives for H\G/K . Consider the Mackey isomorphism of G-sets,

[[G/(knHS G/K xG/H,
geT

sending [x]€e G/(KNH?&) to ([x]k, [xg_] 1#). The corresponding ring isomorphism

T:Ax Q@ Ay i) l_[ AxnHe
geT
in X(G) [Balmer 2016b, Construction 4.1] is given for g € T and x, y € G by

[xklgnms  if mlglk = nly~'xlk,

pr, 7 ([x1k ® [y1n) = { . otherwise,

with k € K such that y~'xkg~! € H. This yields an Ag-algebra structure on Axnpr
for every t € T, given by

1®n ~ pr;
Ay —> Ak @ Ap = l_[AlmHg — Agnur,
geT
which sends [x]x € G/K to
Z [xklxnH' € AknHt.
[kleK /KNH'

In the notation of Proposition 10.2(b), this just means Axng: = \Ilg (Agm g1) 1IN
Ag-Mody; ). In other words, T defines an isomorphism

Fpp(Ap) = ‘Ijg(l_[ Afnm)

geT
of rings in Ag-Modyg).

Lemma 10.7. Let H < G. Suppose x, g1, 82,...,8: € Gand 1 <i <n. Then
HlxX1anasn..nbe = Hl& lHNHS N-.NHe

if and only if glx]1= nlgil.
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Proof. It suffices to prove that for x, y € G, we have g[x]gy = g[y]g» if and only if
ulx]= gly]. This follows because for [x]=[y]in H — G/H”, there are h, ' € H
with x = hy(y~'h'y) = hh'y. O

Notation 10.8. We fix a subgroup H < G and a complete set S C G of representa-

tives for H — G/H. Likewise, if g1, g2, ..., g, € G we will write Sg, 4, . o CG

to denote some complete set of representatives for H — G/H N H8 N---N H&",
Recall that %(G) can denote KG-mod, D? (KG-mod) or kG-stab.

Lemma 10.9. Let 1 <n < [G : H]. There is an isomorphism of rings

[n+1] ~
AH = l_[ AHnHSN...NHE

in J(G), where the product runs over all g1 € S and g; € Sg,,.. 4, for2<i <n
with g[1], gle1], ..., ulgn] distinct in H\G.

Proof. By Remark 10.6, we know that

Ag @Ay = l_[ Apngs = A X l_[ AHnHS,

ges ges
ulgl#nll]
so Proposition 2.1 shows

AP = T] Auons  inH(G).

ges
ulgl#ulll

[I’l] ~
AH = 1_[ AHﬂHX]ﬂ...ﬂHgn—l
815--,8n—1

Now suppose

for some 1 <n < [G : H], where the product runs over all gy € S and g; € g, 4,
for2 <i <n—1with g[1], glg1], ..., glgn—1] distinct in H\G. Then

A[Hn] ® Ay = 1_[ Apnaain..nas-1 @ Ag = 1_[ l_[ AHNHS N-NHen
815581 81--s8n—1 gn€Sg . ann
again by Remark 10.6. We note that every g, € Sy, .. ¢, , With either y[g,] = y[1]
or ylgnl = mlgi]l for 1 <i <n —1 provides a copy of Az]. By Lemma 10.7, this
happens exactly n times. Hence,

Ay;] R Ay = (AE';])XI’I X HAHﬂHglﬂ...ﬂHgn,
81.:8n
where the product runs over all g1 € S and g; € Sg, .. o, for 2 <i <n with distinct
wl1], wlg1l, ..., Hlgn] in H\G. The lemma follows by Proposition 3.5(a). O

Corollary 10.10. Let d :=[G : H]. There is an isomorphism of rings

[d] ~ xk(G,H) _ d!
A = (Apomg) ,  where k(G, H) = G -nom0T’
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in KG-mod and D”(KG-mod). Here, normg = ﬂ ¢ ' Hg is the normal core of H
inG. geG

Proof. From the above lemma, we know

Ag] = l_[ AHgnHsN...NHE-1 ,

where the product runs over some g1, ... gs—1 € G with

{all], wlg1l, ..., vlga—11} = H —G.

This shows AZ” = Arfotrmg for some ¢t > 1. Now, deg(Anormg) =[G normg] and
deg(AE;”) =d! by Remark 6.3, sot =d!/[G : normg] by Lemma 3.8(c). O
Corollary 10.11. The ring Ay in D”(KG-mod) has constant degree [G : H] if and
only if normg contains every elementary abelian p-subgroup of H. In that case, its
quasi-Galois closure is Anormg. Furthermore, Ay is quasi-Galois in D?(kG-mod)

if and only if H is normal in G.

Proof. By Lemma 8.2, Ay has constant degree [G : H] in Db (kG-mod) if and
only if supp(A[d]) = supp(A) C Spc(Db (kG-mod)). Hence, the first statement
follows immediately from Lemma 10.4 and Corollary 10.10. By Proposition 6.9,
the splitting ring of Ay is Anormg , so the second statement is Theorem 9.7. Since
Ap is an indecomposable ring, it is quasi-Galois if and only if it is its own splitting
ring. Thus Ap is quasi-Galois if and only if Anorm¢ = Ap, which yields normg =H
by comparing degrees. ([
Remark 10.12. Let H < G be a subgroup. Recall that Ay = 0 in KG-stab if and
only if p does not divide |H|. On the other hand, Ay = K in kG-stab if and only
if H is strongly p-embedded in G, that is p divides |H| and p does not divide
|[HNHS|ifgeG—H.
Proposition 10.13. Let H < G and consider the ring Ay in KG-stab. Then,
(a) The degree of Ay is the greatest 0 <n < [G : H] such that there exist distinct
[g1], ..., [gn] in H\G with p dividing |H8" N---N H8"|.
(b) The ring Ay is quasi-Galois if and only if p divides |H| and p does not divide
|H N H8N HS"| whenever g € G — H and h € H — H.
(c) If Ay has degree n, the degree is constant if and only if there exist distinct
g1l ..., [gn] in H\G such that H8' N ---N H$" contains a G-conjugate of

every elementary abelian p-subgroup of H.
In that case, Ay has quasi-Galois closure given by Agsin...nHsn-

Proof. For (a), recall that deg(A g ) is the greatest n such that AESJ # 0, thus such that
there exist distinct y[1], glg1l, ..., glgn—1] with |[HNH8 N-.-N H8-!| divisible
by p.
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To show (b), recall that Fy, (Ay) = \IJS (ngs AgmHg) by Remark 10.6. It
follows that Fy,, (Ag) = 1 9°844) in Ap-Modkg-stab if and only if

ges

in KH-stab. So, Ay is quasi-Galois in KG-stab if and only if Ay # 0 and for every
g € G, either AZmHg =0or AZmHg =k in kH-stab. By Remark 10.12, this means
either p does not divide |H N H&|, or p divides |H N H¥| but does not divide
|[HNH8NH&"| whenh € H— H?. Equivalently, p does not divide |[HNHSNHE"
whenever g€ G — H and h € H — HS.

For (c), suppose Ay has constant degree n. By Proposition 9.4, any indecom-
posable ring factor of AZ’] is isomorphic to the splitting ring A%, so Lemma 10.9
shows that the quasi-Galois closure is given by A}, = Agsin..nps for any dis-
tinct glgil, ..., glg,] with |H8 N ---N H8"| divisible by p. Then, supp(Ay) =
supp(A};) =supp(Apein...nge) so H8'N---N HE" contains a G-conjugate of every
elementary abelian p-subgroup of H. On the other hand, if there exist distinct

[g1l, ..., [gn] in H\G such that H8 N---N H& contains a G-conjugate of every
elementary abelian p-subgroup of H, then supp(AZ’]) = supp(Agsin..nHa) =
supp(Ag), so the degree of Ay is constant. U

Example 10.14. Let p = 2 and suppose G = S3 is the symmetric group on 3
elements {1, 2, 3}. Consider the subgroup H :={(), (12)} = S, of permutations
fixing {3}. Its conjugate subgroups in G are the subgroups of permutations fixing
{1} and {2} respectively, so normg = {()}. Now, Ag is a ring of degree 3 in
D?(kG-mod), and we immediately see that supp(Ag) = Spc(Db (kG-mod)) because
p does not divide [G : H]. Seeing how supp(AE,]) C Spc(D” (KG-mod)) contains
only one point, the ring Ay does not have constant degree in D” (KG-mod). On the
other hand, the ring Ay considered in KG-stab is quasi-Galois of degree 1, since
H is strongly p-embedded in G.

Example 10.15. Let p = 2 and suppose G = S4 is the symmetric group on 4
elements {1, 2,3,4}. If H = S3 is the subgroup of permutations fixing {4}, the
ring Ay in KG-stab has constant degree 2. Indeed, the intersections H N H$
with g € G — H each fix two elements of {1, 2, 3, 4} pointwise, so p does not
divide [H : H N H&]; thus supp(Ag]) = supp(Ag). Furthermore, the intersections
HNHS'NH$ with [1], [g1], [g2] distinctin H\G are trivial, so Ag] =0in kG-stab.
The quasi-Galois closure of Ay in KG-stab is Ag,, with S, embedded in H.
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