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A lower bound on the essential dimension
of simple algebras

Alexander S. Merkurjev

Let p be a prime integer and F a field of characteristic different from p. We
prove that the essential p-dimension edp(CSA(p")) of the class CSA(p") of
central simple algebras of degree p” is at least (r — 1)p” + 1. The integer
ed, (CSA( p’)) measures complexity of the class of central simple algebras of
degree p” over field extensions of F'.

1. Introduction

The essential dimension of an algebraic structure is a numerical invariant that
measures its complexity. Informally, the essential dimension of an algebraic struc-
ture over a field F is the smallest number of algebraically independent parameters
required to define the structure over a field extension of F [Berhuy and Favi 2003;
Merkurjev 2009].

Let & : Fields/ F — Sets be a functor (an algebraic structure) from the category
Fields/ F of field extensions of F' and field homomorphisms over F to the category
of sets. Let K € Fields/F, a € #(K), and K be a subfield of K over F. We
say that « is defined over Ky (and K is called a field of definition of «) if there
exists an element ag € F(Ko) such that the image («g)gx of g under the map
F(Ky) = F(K) coincides with «. The essential dimension of «, denoted ed” (o),
is the least transcendence degree tr. deg(Kp) over all fields of definition Ky of «.
The essential dimension of the functor F is

ed(%F) = supfed” (@)},

where the supremum is taken over fields K € Fields/F and all « € F(K).

Let p be a prime integer and o € #(K). The essential p-dimension edf () of
is the minimum of ed” () over all finite field extensions K'/K of degree prime
to p. The essential p-dimension ed,(¥) of ¥ is the supremum of ed? (ov) over all
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fields K € Fields/F and all « € %(K) [Reichstein and Youssin 2000, §6]. Clearly,
ed” (@) > ed) () and ed(%) > ed,, (%) for all p.

Let CSA(n) be the functor taking a field extension K/F to the set of isomor-
phism classes CSAk (n) of central simple K -algebras of degree n. Let p be a prime
integer and let p” be the highest power of p dividing n. Then ed,(CSA(n)) =
edp(CSA(p’)) [Reichstein and Youssin 2000, Lemma 8.5.5]. Every central sim-
ple algebra of degree p is cyclic over a finite field extension of degree prime to
p. and hence ed,(CSA(p)) = 2 [Reichstein and Youssin 2000, Lemma 8.5.7].
It was proven in [Merkurjev 2010] that ed, (CSA(p?)) = p? + 1 and in general,
2p¥ 2 —p"+1>ed,(CSA(p")) > 2r for all r > 2 [Meyer and Reichstein 2009b,
Theorem 1; Reichstein and Youssin 2000, Theorem 8.6].

We improve the lower bound for ed, (CSA( pr)) as follows:

Theorem 6.1. Let F be a field and p a prime integer different from char(F). Then
ed,(CSA(p")) = (r—1)p" + 1.

Let G be an algebraic group over F. The essential dimension ed(G) (resp.
essential p-dimension ed,(G)) of G is the essential dimension (resp. essential p-
dimension) of the functor G- torsors taking a field K to the set of isomorphism
classes of all G-torsors (principal homogeneous G-spaces) over K.

If G = PGL(n) is the projective linear group over F, the functor G- torsors
is isomorphic to the functor CSA(n). Therefore, the theorem yields the following
lower bound for the essential dimension of PGL(p"):

ed(PGL(p")) > ed,(PGL(p")) = (r — )p" + 1.
2. Preliminaries
Characters. Let F be a field, let Fgep be a separable closure of F, and let
I' = Gal(Fyep/ F)

be the absolute Galois group of F. For a I'-module M, we write H"(F, M) for
the cohomology group H"(I", M).
The character group Ch(F) of F is defined as

Homeon(T', Q/Z) = H'(F, Q/Z) ~ H*(F, 7).

For a character y € Ch(F), set F(x) = (Fsep)Ker(X). Then F(x)/F is a cyclic field
extension of degree ord(yx). If ® C Ch(F) is a finite subgroup, we set

F(®) = (Fyep) "0,
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where the intersection is taken over all y € ®. The Galois group G =Gal(F (P)/F)
is abelian and @ is canonically isomorphic to the character group Hom(G, Q/Z)
of G.

If F C F is a subfield and x € Ch(F’), we write xr for the image of y under
the natural map Ch(F’) — Ch(F) and F(x) for F(xr). If ® C Ch(F) is a finite
subgroup, then the character x r(¢) is trivial if and only if x € ®.

Lemma 2.1. Let ®, ' C Ch(F) be two finite subgroups. Suppose that for a field
extension K /F, we have &g = @’ in Ch(K). Then there is a finite subextension
K'/F in K/F such that ®g = &', in Ch(K').

Proof. Choose a set of characters {x1, ..., X} generating ® and a set of characters
{X{s---, X} generating ®' such that (x;)x = (x/)x for all i. Let n; = x; — x/.
Since all n; vanish over K, the finite field extension K’ := F (1, ..., ) of F can
be viewed as a subextension in K/F. Now &g = &', since (x;))x' = (x)) k. O

Brauer groups. We write Br(F) for the Brauer group H*(F, Fgp) of a field F.
If a € Br(F) and K/F is a field extension, then we write ag for the image of a
under the natural homomorphism Br(F) — Br(K). We write Br(K/F) for the
relative Brauer group Ker(Br(F ) — Br(K )). We say that K is a splitting field of
aifag =0, that is, a € Br(K/F). The index ind(a) of a is the smallest degree of
a splitting field of a.

The cup product

Ch(F)® F* = H*(F,7) ® H*(F, F3,) > H*(F, F5,) = Br(F)

takes x ® a to the class x U (a) in Br(F) that is split by F(x).

For a finite subgroup ® C Ch(F), write BrdeC(F (®)/F ) for the subgroup of
decomposable elements in Br(F (®)/F ) generated by the elements x U (a) for all
x € ® and a € F*. The indecomposable relative Brauer group Brind(F(q))/F) is
the factor group Br(F(®)/F)/ Braec(F(®)/F).

Complete fields. Let E be a complete field with respect to a discrete valuation v,
and let K be its residue field.

Let p be a prime integer different from char(K). There is a natural injective ho-
momorphism Ch(K){p} — Ch(E){p} of the p-primary components of the charac-
ter groups that identifies Ch(K){p} with the character group of an unramified field
extension of E. For a character x € Ch(K){p}, we write x for the corresponding
character in Ch(E){p}.

By [Garibaldi et al. 2003, §7.9], there is an exact sequence

O—>Br(K){p}i>Br(E){p}iCh(K){p}—)O. (2-1)
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If a € Br(K){p}, we write a for the element i (a) in Br(E){p}. For example, if
a = x U (u) for some x € Ch(K){p} and a unit u € E, then a = x U (u).
Proposition 2.2 [Tignol 1978, Proposition 2.4; Jacob and Wadsworth 1990, Theo-
rem 5.15(a); Garibaldi et al. 2003, Proposition 8.2]. Let E be a complete field with
respect to a discrete valuation v, and let K be its residue field of characteristic
different from p. Then:

(1) ind(a) = ind(a) for any a € Br(K){p}.

(i1) Letb =&—|—()% U(x))foran element a € Br(K){p}, x e Ch(K){p}and x € E*.
Then 3,(b) = v(x)x. Also, if v(x) is not divisible by p, we have

ind(b) = ind(a () - ord(x).

(iii) Let E'/E be a finite field extension and v’ the discrete valuation on E' extend-
ing v with residue field K'. Then for any b € Br(E){p}, we have

Ay (b)) =e-3y(b)k,
where e is the ramification index of E'/ E.

The choice of a prime element 77 in E provides us with a splitting of the sequence
(2-1) by sending a character x to the class x U () in Br(E){p}. Thus, any b €
Br(E){p} can be written in the form

b=a+(xUm), (2-2)

for y = 9,(b) and a unique a € Br(K){p}.
The homomorphism

sz : Br(E){p} — Br(K){p},

defined by s, (b) = a, where a is given by (2-2), is called a specialization map.
For example, s, (a) = a for any a € Br(K){p} and s, (X U (x)) = x U (&), where
x € Ch(K){p}, x € EX and u is the unit in E such that x = um?®.

If v is trivial on a subfield F C E and ® C Ch(F){p} a finite subgroup, then

sz (Btaec (E(®)/E)) C Brgec(K (®)/K). (2-3)

We shall need the following technical lemma. For an abelian group A we write
pA for the subgroup of all elements in A of exponent dividing p.

Lemma 2.3. Let (E, v) be a complete discrete valued field with the residue field
K of characteristic different from p containing a primitive p>-th root of unity.
Let 1 € Ch(E) be a character of order p* such that p -y is unramified, that is,
p -1 =" for some v € Ch(K) of order p. Let x €,Ch(K) be a character linearly
independent from v. Let a € Br(K) and set b = a + ()2 U (x)) € Br(E), where
x € E* is an element such that v(x) is not divisible by p. Then:
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() If n is unramified, that is, n = [i for some u € Ch(K) of order p?, then
ind(bE(n)) =p- il’ld(aK(M,X)).

(ii) If n is ramified, then there exists a unit u € E* such that K (v) = K (i'/?) and
ind(bg(y) = ind(a — (x U (ﬁl/l’)))K(U).

Proof. (i) If n = [i for some p € Ch(K), then K () is the residue field of E (1)
and we have

bew = akw + (k@ U ().
Since x and v are linearly independent, the character x k() is nontrivial. The first
statement follows from Proposition 2.2(ii).

(i1) Since p - n is unramified, the ramification index of E(n)/E is equal to p, and
hence E(n) = E((uxp)l/pz) for some unit € E. Note that K (v) = K (i1'/?) is
the residue field of E(n). Since u!/Px is a pth power in E(n), the class

bem = akw) — (Rxw U @'/P) = ko) — (xxw U @r))

is unramified. It follows from Proposition 2.2(i) that the elements b ;) in Br(E (n))
and ag ) — (Xx ) U (@'/P)) in Br(K (v)) have the same indices. O

3. Brauer group and algebraic tori

Torsors. Let G be an algebraic group over F and let K/F be a field extension.
The set of isomorphism classes of G-torsors (principal homogeneous spaces) over
K is bijective to HY(K, G) [Serre 1997].

Example 3.1. Let A be a central simple F-algebra of degree n and G = Aut(A).
Then H'(K, G) is the set of isomorphism classes of central simple K -algebras
of degree n, or equivalently, the set of elements in Br(K) of index dividing n. If
A = M, (F) is the split algebra, then G = PGL(n).

Example 3.2. Let L be an étale F-algebra of dimension n. Consider the algebraic
torus U = Ry /r(Gy,1)/ Gy over F. The exact sequence

1— Gm e RL/F(Gm,L) — U — 1

and Hilbert Theorem 90 yield an isomorphism 6 : H'(F, U) = Br(L/F). Note
that if L is a subalgebra of a central simple F-algebra A of degree n, then U is a
maximal torus in the group Aut(A).

Let @ : G — GL(W) be a finite dimensional representation over F. Suppose
that o is generically free, that is, there is a nonempty open subset W' C W and a
G-torsor 8 : W — X for a variety X over F. The torsor B is versal, that is, every
G-torsor over a field extension K / F is the pull-back of 8 with respect to a K -point
of X. The generic fiber of B is called a generic G-torsor. It is a torsor over the
function field F (X) [Garibaldi et al. 2003; Reichstein 2000].
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Example 3.3. Let S be an algebraic torus over F'. We embed S into the quasitrivial
torus P = Ry (G, 1), where L is an étale F-algebra [Colliot-Thélene and Sansuc
1977]. Then S acts on the vector space L by multiplication, so that the action on
the open subset P is regular. If T is the factor torus P /S, then the S-torsor P — T
is versal.

The tori P®, S®, T®, U® and V®. Let F be a field, ® be a subgroup of » Ch(F)
of rank r, and L = F(®). Let G = Gal(L/F). Choose a basis xi, x2, ..., Xr
for ®. We can view each x; as a character of G, that is, as a homomorphism
xi :G—> Q/Z. Let 01, 02, ..., 0, be the dual basis for G, that is,

(o) = {(l/p)+z if i = j,
Y 0 otherwise.

Let R be the group ring Z[G]. Consider the surjective homomorphism of G-
modules k : R” — R taking the ith basis element e¢; of R” to o; — 1. The image
of k is the augmentation ideal I = Ker(¢) in R, where ¢ : R — Z is defined by
g(p)=1forall p € G.

Write N; =1 +0;+ 02 +---+0 ' € R.

Set N := Ker(k). Consider the following elements in N:

eij::(a,-—l)ej—(oj—l)ei and fi:N,-ei, i,jzl,...r.

Lemma 3.4. The G-module N is generated by e;; and f;.

Proof. Let R = Z[1,,...,t] be the polynomial ring. Acyclicity of the Koszul
complex for the homomorphism & : (R)” — R, taking the ith basis element ¢; to
t; — 1 [Matsumura 1980, Theorem 43] implies that Ker(lg) is generated by e;; :=
(li—l)éj—(lj—l)él‘. B

The kernel J of the surjective homomorphism R — R, taking ¢; to o;, is gener-
ated by tip —1.

Let x := ) x;e; € Ker(k). Lift every x; to a polynomial x; € R and consider
% :=)Y %;& € (R)". We have k(i) € J, and hence

k(@) =) (= Dx =Y (] = Dhi=) _(t: = HN;h;,

for some polynomials 4; € R, where N; = 1 +1, + tl.z + -4 tl.p ~! ¢ R. Hence
the element ) _(x; — hiN;)e belongs to the kernel of k and therefore is a linear
combination of e;;. It follows that x is a linear combination of e;; and N;é;, and
hence x is a linear combination of ¢;; and f;. ([

Let ¢; : R” — Z be the ith projection followed by the augmentation map e.
It follows from Lemma 3.4 that &;(N) = pZ for every i. Moreover, the G-
homomorphism

[:N—>Z", mw (ei(m)/p,...,&(m)/p)
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is surjective. Set M = Ker(/) and Q = R" /M.

Lemma 3.5. The G-module M is generated by e;;.

Proof. Let M’ be the submodule of N generated by e;;. Clearly, M’ C M. Note
also that (o; — 1) f; = Nje;; € M’, and hence I f; C M".

Suppose that m € M. By Lemma 3.4, modifying m by an element in M’, we can
assume that m = Zle x; f; for some x; € R. Since [(m) =0, we have ¢(x;) =0,
that is, x; € I for all i, and hence m € Y_ If; C M'. O

Let P®, S®, T®, U® and V® be the algebraic tori over F with the character
G-modules R", Q, M, I and N, respectively. The diagram of homomorphisms of
G-modules with exact columns and rows

L],

N—— R —>1

pod ]

Zrﬁ-QﬁI

yields the following diagram of homomorphisms of the tori:

U®c T G,, (3-2)
U®c P? v
T(D T@

Let K/F be a field extension. Set KL := K ®p L. The exact sequence of

G-modules
0—-1I—-R—>7Z—0 (3-3)

gives an exact sequence of the tori
11— Gu— Ryr(Gp) = U—1,
and then an exact sequence
0— H'(K,U®) — H*(K,G,) — H* (KL, Gy).

Hence
H'(K,U®) ~Br(KL/K). (3-4)

Lemma 3.6. The homomorphism (K*)" — H' (K, U®) ~Br(KL/K) induced by
the first row of the diagram (3-2) takes (x1, ..., x,) to Z;Zl ((X,-)K U (x,-)).
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Proof. Consider the composition
h:Homg(Z", Z) — Ext5(I,7) — Ext%(Z,Z7) = H*(G,Z) = Ch(G), (3-5)

where the first homomorphism is induced by the bottom row of the diagram (3-1),
and the second one by the exact sequence (3-3).

We claim that for any k, the image of the kth projection py : Z" — Z under the
composition (3-5) coincides with y;. Consider the G-homomorphism R" — Q,
taking e, to 1/p and e¢; to O for all i # k. By Lemma 3.5, this homomorphism
vanishes on M, and hence it factors through a map Q — @. Thus, we have a
commutative diagram

0— 7" —+Q—+1——>0

pkl | fkl (3-6)

0——>7Z—Q—Q/Z—0

for the map fj defined by fi(ox —1)=1/p+Z and fy(o; — 1) =0 for all i #k.

Let a be the image of the class of the top row of (3-6) under the map p; :
Exté(l, 7" — Exté(l, Z). Then h(py) is the image of o under the second map in
the composition (3-5). Hence i (py) is also the image of the class 8 of the sequence
(3-3) under the connecting map

HY (G, ) =ExtL(z, 1) - Ext%(Z,7) = H*(G, 7)

induced by the exact sequence representing the class «.
The diagram (3-6) yields a commutative diagram

HYG, 1) — HX(G,77)
f;‘l P;fl
H'(G,Q/7) = H*(G, 7)
As we have shown, p; (8 (,8)) = h(px). Therefore, it suffices to prove that f;*(8) =
xk- The cocycle B satisfies B(0;) =o0; — 1. It follows that f;*(8)(ox) = fi(ox—1) =

1/p+Z and f;(B)(0;) =0 for all i # k. This proves the claim.
Consider the commutative diagram

(K*)" =Homg(Z",7) ® K* — Ext5(I,7) KX — Ext%(Z,7) @ K *

| |

Ext( (I, KL>) Ext%(Z, KL),

(K*)" =Homg(Z", KL*)

where the vertical homomorphisms are given by the cup products. By the claim,
the image of the tuple (xi, ..., x,) under the diagonal composition is equal to
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Zf: | (( Xxi)k U (x,-)). On the other hand, the bottom composition coincides with
(K*)" - HY(K,U®) ~Br(KL/K). O
Corollary 3.7. The map H' (K, U®) — H'(K, §®) induces an isomorphism
HY(K, S®) ~Brina(KL/K).

It follows from Corollary 3.7 and the triviality of the group H!(K, P®) that we
have a commutative diagram

V®(K) — HY(K,U®) == Br(KL/K)
l l (3-7)
T®(K) — H'(K,S®) = Brina(KL/K)

with surjective homomorphisms.

3.1. The element a. Let a’ be the image of the generic point of V® over K =
F(V®) in Br(L(V®)/F(V®)) in the diagram (3-7). Choose also an element a €
Br(L(T‘D)/F(T(D)) corresponding to the generic point of 7% over F(T®). The
field F(T®) is a subfield of F(V®) and the classes ap(ye, and @’ are equal in
Bring(L(V®)/F(V®)). It follows that papye, = pa’ in Br F(V?).

The exact sequence of G-modules

0—L*®N— L(V®* - Div(V,?) - 0
induces an exact sequence
H'(G,Div(V")) - H*(G, L) ® H*(G, N) — H*(G, L(V®)).

Since DiV(VLq’ ) is a permutation G-module, the first term in the sequence is trivial.
Therefore, we get an injective homomorphism

¢:H*(G,N) — Br F(V®)/Br(F).
Then (3-1) and (3-3) yield
H*(G,N)~H"(G,)~H"G,2)=2/p"Z;
thus, H>(G, N) has a canonical generator & of order p’.

Lemma 3.8 [Merkurjev 2010, Lemma 2.4]. We have (&) = —a’ + Br(F).
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Proof. Consider the diagram
Homg(Z, 7)

Homg (I, I) ——— BExtL(Z, I)

|

Homg (N, N) —— Ext{. (I, N) —— Ext%(Z, N)

| |

Homg (N, L(V®)*) — Ext§ (I, L(V®)*) — Ext}(Z, L(V®)*)

By [Cartan and Eilenberg 1999, Chapter XIV], the images of 17 and —1; agree in
Ext%; (Z, 1), and the images of 1 and —1; agree in Exth(I , N). It follows from
[Cartan and Eilenberg 1999, Chapter V, Proposition 4.1] that the upper square is
anticommutative. The image of 17 is equal to ¢(§), and the image of 1y is equal
to @’ + Br(F) in the right bottom corner. O

Corollary 3.9. If r > 2, then the class p"~'a in Br F(T'®) does not belong to the
image of Br(F) — Br F(T®).

Proof. The image of p"~'a in Br F(V®) coincides with p"~'a’. Modulo the image
of the map Br(F) — Br F(V?®), the class prla s equal to —@(p"1€) and is
therefore nonzero, since ¢ is injective. U

4. Essential dimension of algebraic tori

Let S be an algebraic torus over F with the splitting group G. We assume that G is
a p-group of order p”. Let X be the G-module of characters of S. A p-presentation
of X is a G-homomorphism f : P — X with P a permutation G-module and finite
cokernel of order prime to p. A p-presentation with the smallest rank(P) is called
minimal.

Essential p-dimension of algebraic tori was determined in [Lotscher et al. 2009,
Theorem 1.4]:

Theorem 4.1. Let S be an algebraic torus over F with the (finite) splitting group
G, X the G-module of characters of S, and f : P — X a minimal p-presentation
of X. Then ed,(S) = rank(Ker(f)).

Corollary 4.2. Suppose that X admits a surjective minimal p-presentation f :
P — X. Then ed(S) = ed,(S) = rank(Ker(f)).

Proof. As explained in Example 3.3, a surjective G-homomorphism f yields a
generically free representation of S of dimension rank(P). In view of Section 3 of
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[Reichstein 2000], we have
ed,(S) <ed(S) <rank(P) —dim(S) = rank(Ker(f)). (]

In this section we derive from Theorem 4.1 an explicit formula for the essential
p-dimension of algebraic tori.

Define the group X := X/(pX + IX), where I is the augmentation ideal in
R = Z[G]. For any subgroup H C G, consider the composition X < X — X.
For every k, let Vi denote the image of the homomorphism

]_[XH—>}_(,

HCG

where the coproduct is taken over all subgroups H with [G : H] < p*. We have
the sequence of subgroups

0=V CcVyC---CV,=X. 4-1)

Theorem 4.3. The essential p-dimension of S is given by the explicit formula

-
ed,(S) =) (rank Vi —rank Vi) p* — dim(S).
k=0

Proof. Set by = rank(Vy). By Theorem 4.1, it suffices to prove that the smallest
rank of the G-module P in a p-presentation of X is equal to Y ;_(bx — bx_1) pr.

Let f: P — X be a p-presentation of X and A a G-invariant basis of P. The
set A is the disjoint union of the G-orbits A;, so that P is the direct sum of the
permutation G-modules Z[A].

The composition f : P — X — X is surjective. Since G acts trivially on X, the
rank of the group f(Z[Aj]) is at most 1 for all j and f(Z[Aj]) CViif|Aj] < p".
It follows that the group X/ V; is generated by the images under the composition

PLX XV,
of all Z[A;] with |A ;| > pk . Denote by ¢, the number of such orbits A, so that
cx > rank(X/Vy) = b, — by.

Set ¢;, = by — ¢, so that by > ¢, for all k and b, =c..

Since the number of orbits A; with |A ;| = pkis equal to ¢y — ¢k, we have
r r r—1

rank(P) = (ck1 —c)p* = (ch—cr_ D =cip"+ Y c(pF = p*
k=0 k=0 k=0

r—1

,
>bep’+ Y b (P = pH =) i —bi)pt.
k=0 k=0
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It remains to construct a p-presentation with P of rank > _,(bx —bx—1) p*. For
every k > 0, choose a subset X; in X of the preimage of V; under the canonical
map X — X, with the property that for any x € X; there is a subgroup H, C G
with x € X and [G : H,] = pk such that the composition

Xk — Vk — Vk/Vk_]

yields a bijection between X; and a basis of Vi/Vi_i. In particular, |X;| =
by — by_1. Consider the G-homomorphism

-
f:p=]]1]z6/H1- X,
k=0 xeXy
taking 1 in Z[G/H,] to x in X.

By construction, the composition of f with the canonical map X — X is surjec-
tive. Since G is a p-group, the ideal pR(,) + I of R,) is the Jacobson radical of
the ring R(,) := R® Z(;. By the Nakayama Lemma, f(,) is surjective. Hence the
cokernel of f is finite of order prime to p. The rank of the permutation G-module
P is equal to

r r r
o2 P =) IXdpt =) bk —be-npt O
k=0 k=0

k=0 xeXk

Remark 4.4. In the context of finite p-groups, Theorem 4.3 was proved in [Meyer
and Reichstein 2010, Theorem 1.2].

Example 4.5. Let F' be a field and ® be a subgroup of , Ch(F) of rank r, and let
L = F(®) and G = Gal(L/F). Consider the torus U ® with the character group
the augmentation ideal / defined in Section 3.

The middle row of (3-1) yields an exact sequence

N — (R) — I —0.

It follows from Lemma 3.4 that N C pR" + 1", and hence the first homomorphism
in the sequence is trivial. The middle group is isomorphic to (Z/pZ)", and hence
rank(]) = r.

For any subgroup H C G, the Tate cohomology group H'(H, )~ H '(H,7)
is trivial. It follows that the group I is generated by Nyx for all x € I, where
Ny =Y ey h €R. Since I is of period p with trivial G-action, the classes of the
elements Nyx in I are trivial if H is a nontrivial subgroup of G. It follows that the
maps 7 — I are trivial for all H # 1. In the notation of (4-1), Vo=---=V,_; =0
and V, = 1. By Theorem 4.3,

ed,(U®) =rp" —dim(U®) =rp" —p" +1=@—1p +1
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and the rank of the permutation module in a minimal p-presentation of [ is equal
to rp”. Therefore, k : R” — I is a minimal p-presentation of [ that appears to be
surjective. Therefore, by Corollary 4.2,

ed(U®) =ed,(U®) = (r —1)p" + 1. (4-2)

Let S® be the torus with the character group Q defined in Section 3. As in
(3-1), the homomorphism k factors through a surjective map R” — Q that is then
necessarily a minimal p-presentation of Q. By Theorem 4.3 and Corollary 4.2,

ed(5®) =ed,(S®) =rp" —dim(S®) = (r — 1)p" —r + 1. (4-3)

5. Degeneration

In this section we study the behavior of the essential p-dimension under degener-
ation, that is, we compare the essential p-dimension of an object over a complete
discrete valued field and its specialization over the residue field (Proposition 5.2).
The iterated degeneration (Corollary 5.4) connects a class in the Brauer group
degree p” over some (large) field and the elements of the indecomposable relative
Brauer group that are torsors for a certain torus.

A simple degeneration. Let F be a field, p a prime integer different from char(F),
and ® C ,Ch(F) a finite subgroup. For an integer k > 0 and a field extension
K/F,let

BY(K) = {a € Br(K){p} such that indags) < p*}.

Two elements a and @’ in B (K) are equivalent if a —a’ € Brgec (K (®)/K). Write
%,‘{D(K ) for the set of equivalence classes in %,?(K ). Abusing notation, we shall
write a for the equivalence class of an element a € BL (K) in FF (K).

We view B and F; as functors from Fields/F to Sets.

Example 5.1. (i) If ® is the zero subgroup, then F® = B® ~ CSA(p") =~
PGL(p")- torsors.

(ii) The set %8¢ (K) is naturally bijective to Br(K (®)/K) and
F5 (K) ~ Bring (K (®)/K).

By Corollary 3.7, the latter group is naturally isomorphic to H'(K, S®),
where S? is the torus defined in Section 3, and thus, @g’ ~ §®_ torsors.

Let ® C @ be a subgroup of index p and n € ® \ ®’; hence ® = (¥’, ).
Let E/F be a field extension such that ng ¢ ®; in Ch(E). Choose an element
a € BY(E), thatis, a € Br(E){p} and ind(ag)) < p~.
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Let E’ be a field extension of F that is complete with respect to a discrete
valuation v’ over F with residue field E, and set

d =a+ (g U (x)) € Br(E") (5-1)

for some x € E’* such that v/(x) is not divisible by p. By Proposition 2.2(ii),
ind(ag/(q)/)) = p-ind(ag@)) < p**!, and hence @’ € %I‘ZFI(E/).

Proposition 5.2. Suppose that for any finite field extension N /E of degree prime
to p and any character p € Ch(N) of order p? such that p-p € Oy \ oy, we have
inday(a ) > p*~". Then

G d’ G
ed,”' (a') > ed,* (a) + 1.
Proof. Let M/E’ be a finite field extension of degree prime to p, let My C M be a
subfield over F, and let a; € %,fil(Mo) be such that (aj)y = a), in 97,3; | and
T
tr.degp(Mo) =ed, ™ (a).

We have
ay — (ap)m € Braec (M () /M). (5-2)

It follows from (5-1) that
ayy = ay + (v U () (5-3)

and 9y (a’) =q-ng, where g = v'(x) is relatively prime to p. We extend the discrete
valuation v’ on E’ to a (unique) discrete valuation v on M. The ramification index
¢’ and inertia degree are both prime to p. Thus, the residue field N of v is a finite
extension of E of degree prime to p. By Proposition 2.2(iii),

dy(ay) =€ -0y )y =¢€q-nn. (5-4)

Let vy be the restriction of v to My and Nj its residue field. From (5-2), we have

d(ay) — 0y ((ag)m) € Py. (5-5)
Recall that ng ¢ ;. Since [N : E] is not divisible by p, it follows that
ny & Py (5-6)

By (5-4), (5-5) and (5-6), 8v((a6)M) # 0, that is, (a(’))M is ramified and therefore
vg 1s nontrivial, that is, vg is a discrete valuation on M.
Let ngp := 0y, (a(’)) € Ch(Ny){p}. By Proposition 2.2(iii),

3 ((ag)m) = e- (no)w (5-7
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where e is the ramification index of M /M, and hence (ng)y # 0. It follows from
(5-4), (5-5) and (5-7) that
¢'q-nn —e-(no)n € Py. (5-8)
Since €'q is relatively prime to p,
ny € (@, (mo)y) in  Ch(N). (5-9)

Let p’ (t > 1) be the order of (19) 5. It follows from (5-6) and (5-8) that v, (e) =1 —1

and
P o)y € Dy \ Dy (5-10)

Choose a prime element 7y in My and write
(ag) 53, = Go+ (Ao U (70)) (5-11)

in Br(ﬁo), where ag € Br(Ng){p}.
Applying the specialization homomorphism s, : Br(M){p} — Br(N){p} (for a
prime element 7 in M) to (5-2), (5-3) and (5-11), using (2-3) and (5-9), we get

an — (ao)n € Braec (N (D', 10)/N). (5-12)
It follows from (5-12) that
an(@',no) = (@) N (@’,ng) (5-13)

in Br(N(CD’, no)).
By (5-11), - -
(a0) i1y = (@0) ng(ary + ((10) @y U (710))-
Since no nontrivial multiple of (1) x belongs to @, by (5-10), the order of the
character (10) n,(a 18 at least p’. It follows from Proposition 2.2(ii) that

ind(ao) No(@. 5oy = nd(@)) g7,/ Ord(M0) nywry < P/ p" = P (5-14)

By (5-13) and (5-14),
ind(aN(qy’nO)) < pk_H—l. (5-15)
Suppose that ¢ > 2, and consider the character p = p’ —2. (no)n of order p2 in

Ch(N). We have p-p = p' ' (ng)y € ®y \ @y, by (5-10). Also, the degree of the
field extension N (@', ng)/N(®', p) is equal to p'~2. Hence, by (5-15),

k—t+1  t— 1

ind(aye',p)) < ind(ana,py)) - pr<p p'r=pt .

This contradicts the assumption. Therefore, ¢+ = 1, that is, ord(n9)y = p. Then
(e, p) =1 and it follows from (5-8) that (n9)y € (®'y, nn). Moreover,

(@, no)w = (@', n)n = Pu. (5-16)
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There is a finite subextension N;/Ny of N/Ny such that (@', no)n, = Pu,,
by Lemma 2.1. Replacing Ny by N; and ap by (ap)n,, we may assume that
(', no)n, = P, In particular, 1o is of order p in Ch(Ny).

Since ind(ao) vy (@) = ind(ao) ny(@'. ) < P* by (5-14), we have ag € BL (Ny).

It follows from (5-12) that

ay — (ao)n € Brgec(N(®)/N).

Hence the classes of ay and (ag) y are equal in @,?(N ). The class of ay in @E(N )
is then defined over Ny, and therefore

o P
ed§k+l(a/) = tr. degF(MO) Z tr. degF(N()) + 1 Z edik (a) + 1 ‘:’

5.1. Multiple degeneration. In this section we assume that the base field F' con-
tains a primitive p>-th root of unity.

Let x1, x2, ..., xr be linearly independent characters in , Ch(F), and let & =
(X1> X2, ---» xr). Let E/F be a field extension such that rank(®g) = r and let
a € Br(E){p} be an element that is split by E (D).

Let Eg=E, E, ..., E, befield extensions of F suchthatforanyk=1,2,...,r,
the field E; is complete with respect to a discrete valuation v; over F and Ej_
is its residue field. For any k = 1,2, ..., r, choose elements x; € EkX such that
vk (xx) is not divisible by p, and define the elements a; € Br(Ey){p} inductively
by ap = a and

ay = a1 + ((X/k\)Ek_l U (x0)).

Let ®; be the subgroup of ® generated by xx+1, ..., xr. Thus, ®g=®, &, =0
and rank(®;) =r — k. Note that the character (xx)g, ,(®,) is not trivial. It follows
from Proposition 2.2(ii) that

ind(ag) gy (o) = P - Ind(@r—1)E,_ (@)

forany k = 1,...,r. Since indagw) = 1, we have ind(ax) g, (o,) = pk for all
k=0,1,...,r. In particular, a; € %,?k(Ek).

The following lemma assures that under a certain restriction on the element
a, the conditions of Proposition 5.2 are satisfied for the fields Ej, the groups of
characters @y, and the elements a;.

Lemma 5.3. Suppose that agy) ¢ Im(Br F(¥) - Br E(\P)) for any proper sub-
group ¥ C . Then for every k =0,1,...,r — 1, and any finite field extension
N/E; of degree prime to p and any character p € Ch(N) of order p* such that
PP € (@N\ (Pit1)n, we have

ind(@) N (@100 > P (5-17)



A lower bound on the essential dimension of simple algebras 1071

Proof. Letk=0,1,...,r—1and N/E be a finite field extension of degree prlme
to p. We construct a new sequence of fields EO, E Ly - E such that each E 18
a finite extension of E; of degree prime to p as follows. We set E; ;= N. The
fields E ; with j < k are constructed by descending induction on j. If we have
constructed E ; as a finite extension of E; of degree prime to p, then we extend the
valuation v; to E ; and let E j—1 be its residue field. The fields E ; with j > k are
constructed by induction on j. If we have constructed E ; as a finite extension of
E; of degree prime to p, then let Ej+1 be an extension of E ;| of degree [Ej (Ej]
with residue field £ ;-

Replacing E; by E,- and a; by (ai)é,-’ we may assume that N = Ey. Let p €
Ch(E}) be a character of order p>. We prove the inequality (5-17) by induction
on r. The case r =1 is obvious. Suppose first that k < r — 1. Consider the fields

=F(x,), E'=E(x), E. = E;(x,), the sequence of characters x/ = (x;) ', and
the sequence of elements a; := (ai)E € Br(E)) fori =0,1,...,r — 1. Let &' =
{(X{» X3» -+ +» X,_;) and let ®; be the subgroup of ®" generated by ;. ..., X, _;-

Let W' C @' be a proper subgroup. Then W := W’ + (x,) is a proper subgroup
of ®. Since F(¥) = F/(¥') and E(¥) = E’'(V’), we have

agw) ¢ Im(Br F'(¥') — BrE'(¥)).
By induction, the inequality (5-17) holds for the term a; of the new sequence.
Since
(@) B (@100 = (@) Ee(@icr.0)»

the inequality (5-17) holds for the term ay.
Thus we can assume that k =r — 1.

Case 1. The character p is unramified with respect to v,_1, that is, p = fi for a
character € Ch(E,_,) of order p>. By Lemma 2.3(i),

ind(a,2)E, 5 (x,_1.p) = Id(@r—1)E,_(p)/ P = Ind(@r -1 E,_(@,.0)/P-  (5-18)

Consider the fields F' = F(x,—1), E' = E(xr—1), E! = E;(xr—1), the new sequence

of characters xi, ..., x,—2, x» and the elements a; € Br(E}) fori =0,1,...,r—1
defined by a] = (a;)g fori <r —2anda,_; =a, >+ (Xr U (xy—1)) over E|_,.
Let & = (x1,..., Xr—2, xr) and ¥’ C @’ be a proper subgroup. Then ¥ :=

W’ +{x,_1) is a proper subgroup of ®. Since F(¥) = F'(¥') and E(¥V) = E'(¥'),
we have ag/ (v ¢ Im(Br F'(¢)— Br E’(lIJ’)). By induction, the inequality (5-17)
holds for the term a;_z of the new sequence, the field N = E ;_2, and the character
U Since

(@ 2)El ) = (@r-2)E, 5410

the equality (5-18) shows that (5-17) holds for a,_;.
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Case 2. The character p is ramified. Note that p - p is a nonzero multiple of
(Xr)E,_,- Suppose the inequality (5-17) fails for a,_1, that is, we have

ind(a,—1)E,_1(0) <P~

By Lemma 2.3(ii), there exists a unit u € E,_; such that E,_»(x,) = E,_»(it'/?)

and
ind(a,—2 — Q-1 U @"")) = ind@—1)g, ) < '~

By descending induction on j = 0,1,...,r — 2, we show that there exist a
unit u; in E;;; and a subgroup ®; C @ of rank r — j — 1 such that x, € O},
-1
(XL X Xr—1) N O, =0, Ej(x,) = E;(@}'"), and

ind(a; — (-1 U (ﬁ}/ ) (5-19)

If j=r—2,wesetu;=uand ©; = (x,).

(j = j—1): The field E; (ﬁl/p) =E;(x,) 1s unramified over E;, and hence
v;j(u;) is divisible by p. Modlfymg uj by a p>-th power, we may assume that
uj= Uj-1X; "P for a unit uj_1 € E; and an integer m. Then

(a) = GV @™ 0, =b+ (U 0)) 1 0

— . — (. ~1/p : .
where n = x; —mx,— and b = (aj_1 — (x,—1 U (”j—l)))Ej,l(@j)' Since 7 is not

contained in ®;, the character NE;_1(©;) is not trivial. Set ®;_1 = (©;,n). It
follows from Proposition 2.2(ii) that

ind(be; 0, = ind(a; = -1V @;/")) g o,/P <P
Applying the inequality (5-19) in the case j = 0, we get
ap©y = (-1 V@) g,

for an element w € E* such that E(w!/?) = E(x,). Since the character x, is
defined over F, we may assume that w € F*, and therefore

ag(e) € Im(Br F(©0) — Br E(©p)).
The degree of the extension E(®)/E is equal to p"~!, and hence ® is a proper
subgroup of ®, a contradiction. Thus, we have shown that the inequality (5-17)

holds. U
By Example 5.1(ii), we can view a as an S®-torsor over E.

Corollary 5.4. Suppose that p"~'a ¢ Im(Br(F) — Br(E)). Then

engA(p’)(ar) > ediq’— torsors(a) +r
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Proof. By iterated application of Proposition 5.2 and Example 5.1,

(rd)rfl

edCA) (a,) = ed?" (@) = edy " (@) +12...
%;pl _ 95 0 _ S®- torsors
>ed,' (@)+@F—1)>ed, (ao)—i—r_edp (@)+r. O

6. Proof of the main theorem

Theorem 6.1. Let F be a field and p a prime integer different from char(F). Then
ed,(CSA(p")) = (r—Dp" +1.

Proof. Since edp(CSA( p" )) can only go down if we replace the base field F' by
any field extension [Merkurjev 2009, Proposition 1.5], we can replace F' by any
field extension. In particular, we may assume that F contains a primitive p’-th
root of unity and that there is a subgroup ® of , Ch(F) of rank r (replacing F by
the field of rational functions in r variables over F).

Let T be the algebraic torus constructed in Section 3 for the subgroup ®. Set
E = F(T?®), and let a € Br(EL/E) be the element defined in Section 3.1. Let
a, € Br(E,) be the element of index p” constructed in Section 5.1. By Corollary
3.9, the class p’_la in Br(E) does not belong to the image of Br(F) — Br(E). It
follows from Corollary 5.4 that

ed$AP) (q,) > edS 1 (a) + . (6-1)

The S®-torsor a is the generic fiber of the versal S®-torsor P® — T'® (see Example
3.3), and hence a is a generic torsor. By [Reichstein and Youssin 2000, §6] or
[Merkurjev 2009, Theorem 2.9],

edS” %0 (q) = ed,, (5%). (6-2)
The essential p-dimension of S ® was calculated in (4-3):
ed,(S®) =@ —1)p —r+1. (6-3)
Finally, it follows from (6-1), (6-2) and (6-3) that

ed,(CSA(p")) = ed5>A7)(a,) > edfj"- torsos Y+ r=@r—1p +1. O

7. Remarks

Let K/F be a field extension and G an elementary abelian group of order p’.
Consider the subset CSAk(G) of CSAk (p”) consisting of all classes admitting
a splitting Galois K-algebra E with Gal(E/K) >~ G. Equivalently, CSAk(G)
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consists of all classes represented by crossed product algebras with the group G
[Herstein 1994, §4.4].

Write Pairg (G) for the set of isomorphism classes of pairs (a, E), where a €
CSAk (G) and E is a Galois G-algebra splitting a.

Finally, fix a Galois field extension L/F with Gal(L/F) >~ G and consider the
subset CSAk (L/F) of CSAk(G) consisting of all classes split by the extension
KL/K. Thus, CSA(L/F) is a subfunctor of CSA(G) and there is the obvious
surjective morphism of functors Pair(G) — CSA(G).

Theorem 7.1. Let F be a field, p a prime integer different from char(F), G an
elementary abelian group of order p", r > 2, and L/F a Galois field extension
with Gal(L/F) >~ G. Let % be one of the three functors CSA(L/F), CSA(G),
Pair(G). Then

ed(F)=ed,(F)=(r—-Dp"+1.
Proof. The functor CSA(L/F) is isomorphic to U ®- torsors by (3-4), where & is
a subgroup of Ch(F) such that L = F(®). It follows from (4-2) that

ed(CSA(L/F)) =ed,(CSA(L/F)) = (r—1)p" +1.
Let a, be the element in Br(E,) in the proof of Theorem 6.1. It satisfies
ed$*A7 ) (a,) = (r = 1)p" + 1.

By construction, a, € CSAEg, (G). Since CSA(G) is a subfunctor of CSA(p"), we
have

ed,(CSA(G)) = ed$M D (a,) = edSA P (@) = (r — Dp” + 1.

The upper bound ed(CSA(G)) < (r—1)p" + 1 was proven in [Lorenz et al. 2003,
Corollary 3 10].

The split étale F-algebra E := Map(G, F) has the natural structure of a Galois
G-algebra over F. The group G acts on the split torus U := Rg/r(Gpu )/ Gp.
Let A be the split F-algebra Endr(E). The semidirect product H := U X G acts
naturally on A by F-algebra automorphisms. Moreover, by the Skolem—Noether
Theorem, H is precisely the automorphism group of the pair (A, E). It follows
that the functor Pairg (G) is isomorphic to H - torsors.

The character group of U is G-isomorphic to the ideal / in R = Z[G]. By
[Meyer and Reichstein 2009a, §3], the G-homomorphism & : R” — I constructed
in Section 3 yields a representation W of the group H of dimension rp”. Since
r > 2, by Lemma 3.4, G acts faithfully on the kernel N of k. By [Meyer and
Reichstein 2009a, Lemma 3.3], the action of H on W is generically free, and
hence

ed(Pair(G)) = ed(H) < dim(W) —dim(H) = (r — )p" + 1.
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Since Pair(G) surjects onto CSA(G), we have
ed(Pair(G)) > ed,(Pair(G)) = ed,(CSA(G)) = (r — )p" + 1. O

Remark 7.2. The generic G-crossed product algebra D constructed in [Amitsur
and Saltman 1978] is a generic element for the functor CSA(G) in the sense of
[Merkurjev 2009, §2], and hence

ed(D)=ed,(D)=(r—-1p"+1
for r > 2 by Theorem 7.1.
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