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Rouquier blocks of the cyclotomic
Ariki—Koike algebras

Maria Chlouveraki

The definition of Rouquier for families of characters of Weyl groups in terms of
blocks of the associated Iwahori—Hecke algebra has made possible the general-
ization of this notion to the complex reflection groups. Here we give an algo-
rithm for the determination of the “Rouquier blocks” of the cyclotomic Ariki—
Koike algebras.

Introduction

The work of G. Lusztig [1984] on irreducible characters of reductive groups over
finite fields has displayed the important role of the families of characters of the
Weyl groups concerned. More recent results of Gyoja [1996] and Rouquier [1999]
have made possible the definition of a substitute for families of characters which
can be applied to all complex reflection groups. In particular, Rouquier has shown
that the families of characters of a Weyl group W are exactly the blocks of the
Iwahori—-Hecke algebra of W over a suitable coefficient ring; this is now called
the Rouquier ring. This definition generalizes without problem to the cyclotomic
Hecke algebras of all complex reflection groups. Ever since, we have been inter-
ested in the determination of the Rouquier blocks of the cyclotomic Hecke algebras
of complex reflection groups.

Broué and Kim [2002] presented an algorithm for the determination of the
Rouquier blocks for the cyclotomic Hecke algebras of the groups G(d, 1, r) and
G(d, d, r). Later Kim [2005] used the same algorithm to determine the Rouquier
blocks for the group G(de, e, r). The Rouquier blocks of the spetsial cyclotomic
Hecke algebra of many exceptional complex reflection groups have been deter-
mined in [Malle and Rouquier 2003]. Finally, in [Chlouveraki 2007], we deter-
mined the Rouquier blocks of the cyclotomic Hecke algebras of all exceptional
complex reflection groups.

MSC2000: 20C08.
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However, it was recently realized that the algorithm given in [Broué and Kim
2002] works only in the case where d is the power of a prime number. The aim of
this paper is to give a complete description of the Rouquier blocks of the cyclotomic
Ariki-Koike algebras of the group G(d, 1, r). In order to achieve that, we use the
theory of essential hyperplanes introduced in [Chlouveraki 2007]. According to
this theory, the Rouquier blocks of the cyclotomic Hecke algebras of any complex
reflection group depend on numerical data determined by the generic Hecke alge-
bra, the essential hyperplanes of the group. Thanks to Theorem 2.15, it suffices to
study the blocks of the generic Hecke algebra in a finite number of cases in order
to obtain the Rouquier blocks for all cyclotomic Hecke algebras.

An algorithm for the blocks of the Ariki—Koike algebras of G(d, 1, r) over any
field has been given in [Lyle and Mathas 2007]. This algorithm can be applied
to give us the Rouquier blocks of the cyclotomic Ariki—Koike algebras and we
use it to obtain a characterization in the combinatorial terms used in [Broué and
Kim 2002]. Our main result is Theorem 3.18, which determines completely the
Rouquier blocks of the cyclotomic Ariki—Koike algebras. The most important con-
sequence is that we can obtain the Rouquier blocks of a cyclotomic Ariki—Koike
algebra of G(d, 1, r) from the families of characters of the Weyl groups of type
B,, n <r, already determined by Lusztig. This result can also be deduced from
the Morita equivalences established in [Dipper and Mathas 2002]. Moreover, we
show that the Rouquier blocks in the important case of the spetsial cyclotomic
Hecke algebra are the ones given by the algorithm of [Broué and Kim 2002].

Finally, in the case of the Weyl groups, Lusztig attaches to every irreducible
character two integers, denoted by a and A, and shows [1987, 3.3 and 3.4] that
they are constant on the families. In an analogue way, we can define integers a
and A attached to every irreducible character of a cyclotomic Hecke algebra of a
complex reflection group. Proposition 3.21 completes the proof of the result in
[Broué and Kim 2002, 3.18] to the effect that the integers a and A are constant
on the Rouquier blocks of G(d, 1,r). The same result has been obtained by the
author for the exceptional complex reflection groups in [Chlouveraki 2008].

1. Blocks and symmetric algebras

For proofs of results not given in this section, see [Broué¢ and Kim 2002] or [Chlou-
veraki 2007, Chapter 2].

Generalities. Assume that O is a commutative integral domain with field of frac-
tions F and A is an O-algebra, free and finitely generated as an O-module. We
denote by ZA the center of A.

Definition 1.1. The block-idempotents, or simply blocks, of A are the primitive
idempotents of ZA.
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Let K be a field extension of F' and suppose the K -algebra KA := K ®¢ A is semi-
simple. By assumption, KA is isomorphic to a direct product of simple algebras:

KA ~ H M,,
y€lr(KA)

where Irr(K'A) denotes the set of irreducible characters of KA and M, is a simple
K -algebra.

For all y € Irr(KA), we denote by 7, : KA — M, the projection onto the
x-factor and by e, the element of KA such that:

Iy, ify=y/,
7TX/(€X) = [ z . ,
0 if y # x'.
The blocks of the algebra KA are related to those of A as follows.
Theorem 1.2. (1) We have 1 = erlrr(KA) e, and the set {e,}, cin(ka) is the set
of all the blocks of the algebra KA.
(2) There exists a unique partition B1(A) of Irr(KA) such that

(a) Forall B € BI(A), the idempotent eg := ZXGB e, is a block of A.
(b) We have 1 = 3" p g4y €p and for every central idempotent e of A, there
exists a subset BI(A, e) of BI(A) such that

e = Z €p.
BeBI(A,e)
In particular the set {ep}eBi(a) is the set of all the blocks of A.
If ¥ € B for some B € BI(A), we say that y belongs to the block ep.

Remark. For all B € BI(A), we have KAep >~ [[ M,.
xX€B

Assumptions 1.3. From now on, we make the following assumptions:

(int) The ring O is a Noetherian and integrally closed domain with field of fractions
F and A is an O-algebra which is free and finitely generated as an O-module.

(spD) The field K is a finite Galois extension of F' and the algebra KA is split (i.e.,
for every simple KA-module V, Endg4(V) >~ K) semisimple.

We denote by O the integral closure of O in K.

Blocks and integral closure. The Galois group Gal(K/F) acts on KA = K ®g A
(viewed as an F-algebra) as follows: if ¢ € Gal(K/F) and A ® a € KA, then
c(A®a):=0(1)®a.

If V is a K-vector space and ¢ € Gal(K/F), we denote by “V the K-vector
space defined on the additive group V with multiplication 1.0 := ¢ ~!(1)v for all
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AeKandoveV.If p: KA — Endg (V) is arepresentation of the K -algebra KA, its
composition with the action of ¢ ! is also a representation “ p : KA — Endg (° V):

-1
kA —2 KA — P+ Endg(V).

We denote by ? y the character of ? p and we define the action of Gal(K /F) on
Irr(KA) as follows: if 0 € Gal(K/F) and y € Irr(KA), then

o(y):="%=coyoc L.
This operation induces an action of Gal(K/F) on the set of blocks of KA:
o(e,)=es, forallo e Gal(K/F), y €lrr(KA).

Hence, the group Gal(K /F') acts on the set of idempotents of ZOxA and thus
on the set of blocks of OxA. Since F N Og = O, the idempotents of ZA are the
idempotents of ZOgA which are fixed by the action of Gal(K/F). As a conse-
quence, the primitive idempotents of ZA are sums of the elements of the orbits
of Gal(K/F) on the set of primitive idempotents of ZOxA. Thus, the blocks of
A are in bijection with the orbits of Gal(K/F) on the set of blocks of OxA. The
following proposition is just a reformulation of this result.

Proposition 1.4. (1) Let B be a block of A and B’ a block of OgA contained in
B. If Gal(K / F) g’ denotes the stabilizer of B’ in Gal(K / F), then

B = U o(B), thatis, ep= Z o(ep).
oeGal(K/F)/Gal(K/F) g oeGal(K/F)/Gal(K/F) g

(2) Two characters y, w € Irr(KA) are in the same block of A if and only if there
exists o € Gal(K / F) such that o (x) and y belong to the same block of OgA.

Remark. For all y € B’, we have Gal(K /F), € Gal(K/F)p'.

Part (2) of the proposition allows us to transfer the problem of the classification
of the blocks of A to that of the classification of the blocks of OxA.

Blocks and prime ideals. We denote by Spec(0) the set of prime ideals of 0. Since
0 is Noetherian and integrally closed, we have

o= () O,
peSpec(0)

where Oy := {x € F | (3a € 0 — p)(ax € 0)} is the localization of O at p.
Let p be a prime ideal of O and O,A := 0, ®¢ A. The blocks of O,A are the
p-blocks of A. If x,y € Irr(KA) belong to the same block of O,A, we write

X p Y.
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Proposition 1.5. Two characters y, y € Irr(KA) belong to the same block of A
if and only if there exist a finite sequence o, x1,---, xn € Itr(KA) and a finite
sequence Py, ..., P, € Spec(0) such that

X=X, Xn=V, and yj_1~yp xj forl<j=<n.

Blocks and residue blocks. Let p be a maximal ideal of O and set k, := O/p its
residue field. If Oy is the localization of O at p, then k, is also the residue field of
Op. The natural surjection 7y, : Op — ky extends to a morphism 7z, : OpA — kyA,
which in turn induces a morphism

my: Z0pA — ZkyA.
The following lemma will serve for the proof of Proposition 1.7.

Lemma 1.6. Let e be an idempotent of O, A whose image e in ky A is central. Then
e is central.

Proof. Set R :=0,A. Since e is central, we have ek, A(1—e) = (1—e)kpyAe = {0},
i.e.,eR(1—e) CpR and (1—e)Re CpR. Since e and (1 —e¢) are idempotents, we
get eR(1—e) C peR(1—e) and (1—e)Re C p(1 —e)Re. By Nakayama’s lemma,
¢R(1—e) = (1—e)Re = {0}. Thus, from

R=e¢Re®eR(1—e)®(1—e)Red(1—e)R(1—e)
we deduce that R = eRe® (1 —e) R(1 —e). Consequently, e is central. O

Proposition 1.7. If Oy, is a discrete valuation ring and K = F, then the morphism
Ty Z0pA — ZkyA
induces a bijection between the set of blocks of Oy A and the set of blocks of kpA.

Proof. From now on, the symbol ~ will stand for p-adic completion. Clearly 7,
sends a block of O, A to a sum of blocks of k, A. Now let e be a block of kyA. By
the idempotent lifting theorems [Thévenaz 1995, Theorem 3.2] and the preceding
lemma, e is lifted to a sum of central primitive idempotents in @pA. However, since
KA is split semisimple, the blocks of @pA belong to KA. But K N @p = 0, (see
[Nagata 1962, 18.4], for example) and O, AN Z@pA C ZO,A. Therefore, e is lifted
to a sum of blocks in Oy A and this provides the block bijection. O

Symmetric algebras. Let O be a ring and let A be an O-algebra. We still suppose
that the assumptions 1.3 are satisfied.

Definition 1.8. A frace function on A is an O-linear map ¢ : A — O such that
t(ab) =t(ba) forall a, b € A.
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Definition 1.9. We say that a trace function t : A — O is a symmetrizing form on
A or that A is a symmetric algebra if the morphism

f:A— Homg(A,0), ar (x — t(a)(x) :=t(ax))
is an isomorphism of A-modules-A.

Example 1.10. In the case where O = Z and A = Z[G] (G a finite group), we can
define the following symmetrizing (or canonical) form on A

t:7|G]l— Z, Zagg — aip,
geG
where a, € Z for all g € G.

If  : A — O is a linear form, we denote by 7" its inverse image by the isomor-
phism 7, i.e., 7V is the element of A such that

t(tVa)=1t(a) foralla € A.
Lemma 1.11 (see [Geck and Pfeiffer 2000, §7.1], for example).

(1) 7 is a trace function if and only if TV € Z A.

(2) Let (¢;)icr be a basis of A over O and (e}); 1 the dual basis with respect to t,
50 t(e,-ej’.) = 0jj. We have t7 = ; t(e})e; = >, t(e;)e; and more generally,
foralla € A, we have t¥a =7, t(ela)e; = ; t(e;ja)e;.

Schur elements. If A is a symmetric algebra with a symmetrizing form ¢, we ob-
tain a symmetrizing form X on KA by extension of scalars. Every irreducible
character y € Irr(KA) is a trace function on KA and thus we can define y¥ € ZKA.
Since KA is a split semisimple K-algebra, we have that KA = [], cixa) My
where M, is a matrix algebra isomorphic to Mat, (1)(K). The map 7, : KA — M,,
restricted to ZKA, defines a map w, : ZKA — K.

Definition 1.12. For all y € Irr(KA), the Schur element of y with respect to t,
denoted by s, is the element of K defined by
sy =, (7).
Schur elements lie in the integral closure:
Proposition 1.13 [Geck and Pfeiffer 2000, §7.2]. Forall y € Irr(KA), s, € Og™.

Example 1.14. Let O := Z, A := Z[G] (G a finite group) and ¢ the canonical
symmetrizing form. If K is an algebraically closed field of characteristic 0, then
KA is a split semisimple algebra and s, = |G|/ (1) for all y € Irr(KA). Because
of the integrality of the Schur elements, we must have |G|/y (1) € Z =7 NQ for
all y € Irr(KA). Thus, we have shown that y (1) divides |G|.
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The following properties of the Schur elements can be derived easily from the
above (see also [Broué 1991; Geck 1993; Geck and Pfeiffer 2000; Geck and Rou-
quier 1997; Broué et al. 1999]).

Proposition 1.15.
1
(1) t= > —x.
yelr(KA) Sx
(2) Forall y € Irr(KA), the central primitive idempotent associated with x is
1 \4
e, =—x".
17, X

2. Hecke algebras of complex reflection groups

Generic Hecke algebras. Let uo, be the group of all the roots of unity in C and
K a number field contained in Q(u~). We denote by u(K) the group of all the
roots of unity of K. For every integer d > 1, we set (; := exp(27i/d) and denote
by u4 the group of all the d-th roots of unity.

Let V be a K-vector space of finite dimension r. Let W be a finite subgroup of
GL(V) generated by (pseudo-)reflections acting irreducibly on V. Let us denote
by s the set of the reflecting hyperplanes of W. We set Ml:=CQV —|J, ., COH.
For xo € M, let P :=T1{(M, xo) and B :=I1;(JM/ W, xp). Then there exists a short
exact sequence (cf. [Broué et al. 1998], §2B):

{1}->P— B—> W —{l1}.
We denote by 7 the central element of P defined by the loop
[0,1]—> M, ¢+ expRmit)xg.

For every orbit € of W on o, we denote by e the common order of the sub-
groups Wy, where H is any element of € and Wy the subgroup formed by idy
and all the reflections fixing the hyperplane H.

We choose a set of indeterminates u = (us«, ;) (¢est/W)(0<j<ec—1) and we denote
by Z[u, u~"] the Laurent polynomial ring in all the indeterminates . We define the
generic Hecke algebra % of W to be the quotient of the group algebra Z[u, u~'1B
by the ideal generated by the elements of the form

(s —ugo)(s —ug) ... (5 —ugeq—1),

where € runs over the set s¢/ W and s runs over the set of monodromy generators
around the images in Jl/ W of the elements of the hyperplane orbit €.

Example 2.1. Let W := G4 = (s, |sts = tst,s> = > = 1). Then s and ¢ are
conjugate in W and their reflecting hyperplanes belong to the same orbit in s{/ W.
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The generic Hecke algebra of W has the presentation
H(Gs)=(S,T | STS=TST,
(S —uo)(S —u)(S —u2) =0, (T —uo)(T —u1)(T —uz) =0).
We make some assumptions for the algebra #. They have been verified for all

but a finite number of irreducible complex reflection groups; see [Broué et al. 1999,
remarks before 1.17 and §2] and [Geck et al. 2000].

Assumptions 2.2. The algebra ¥ is a free Z[u, u~']-module of rank |W|. More-
over, there exists a linear form ¢ : % — Z[u, u~'] with the following properties:
(1) t is a symmetrizing form for ¥.
(2) Via the specialization u¢ ; (ej;%, the form ¢ becomes the canonical sym-
metrizing form on the group algebra ZW.
(3) If we denote by a — a* the automorphism of Z[u, u~'] consisting of the
simultaneous inversion of the indeterminates, then for all b € B, we have
t(b7)
t(r)
We know from [Broué et al. 1999, 2.1] that the form ¢ is unique. From now on
we suppose that the assumptions 2.2 are satisfied.

Theorem 2.3 [Malle 1999, 5.2]. Let

t(b—l)* —

v = (v, ) (Gest/ W) (0= j<ec—1)

beasetof D ey /w €€ indeterminates such that z)(lé‘, E.K - Cog U, j for every € and

j. Then the K (v)-algebra K (v)¥ is split semisimple.

By the Tits deformation theorem (see [Broué et al. 1999, 7.2], for example),
it follows that the specialization v ; + 1 induces a bijection y +— y, from the
set Irr(K (v) ) of absolutely irreducible characters of K (v)¥ to the set Irr(W) of
absolutely irreducible characters of W, such that the following diagram is commu-

tative:
o # - Zglv, v

\ \
X ZKW —> ZK.

The following result concerning the form of the Schur elements associated with
the irreducible characters of K (v)# is proved using a case by case analysis.

Theorem 2.4 [Chlouveraki 2007, Theorem 3.2.5]. The Schur element s, (v) asso-
ciated with the character y, of K (v)¥ is an element of Zx [v, v™'] of the form

S)( (D) = ixN;( H \P)(,i(M;(,i)nX’i

iely
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where
o &, is an element of Zg,
e N, = H%,j vfgf’j" is a monomial in Zx[v, v_'] such that Zj;gl bg,j = 0 for
all¢e A/ W,
I, is an index set,

o (Wy.))ier, is a family of K-cyclotomic polynomials in one variable (i.e., min-
imal polynomials of the roots of unity over K),
. (MX,,-)I-QI is a family of monomials in Zk|v, v~ 11 and ifM, ;= H%’j vfg’f,
then gcd(ag, ;) = 1 and Zj‘ial ag,j =0forall ¢ e A/ W,
* (ny.i)ier, is a family of positive integers.
This factorization is unique in K [v, v~']. Moreover, the monomials (M yidie 1, are
unique up to inversion, whereas the coefficient £, is unique up to multiplication by
a root of unity.

Remark. The bijection Irr(K (v)#) <> Irr(W), y, — x implies that the special-
ization v ; > 1 sends s,, to |W|/x (1) (which is the Schur element of y in the
group algebra with respect to the canonical symmetrizing form).

Let A :=Zg[v, v'] and p be a prime ideal of Z.

Definition 2.5. Let M =[] ; v¢/ be a monomial in A such that ged(ac, ;) =

1. We say that M is p-essential for a character y € Irr(W), if there exists a K-
cyclotomic polynomial ¥ such that

W(M) divides s, (v) and YW(1)€p.
We say that M is p-essential for W, if there exists a character y € Irr(W) such that
M is p-essential for y.

The next result gives a characterization of p-essential monomials, which plays
an essential role in the proof of Theorem 2.15.

Proposition 2.6 [Chlouveraki 2007, Proposition 3.2.6]. Let M =[] vféf’/ be a
monomial in A such that gcd(asg, ;) = 1. We set qy := (M — 1)A+pA. Then

(1) The ideal qp; is a prime ideal of A.
(2) M is p-essential for y € Irr(W) if and only if s, (v) /&, € qu.
Cyclotomic Hecke algebras. Let y be an indeterminate. We set x := yl#(K)l,

Definition 2.7. A cyclotomic specialization of ¥ is a Zg-algebra morphism ¢ :
Zklv,v 1> Zkly, y‘l] with the following properties:

o ¢ v, ;> y"%/ where ng ;j € Z for all € and ;.
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e For all € € s1/ W, if 7 is another indeterminate, the element of Z [y, y~!

defined by

, 2]

eq—1

F(g(y’ Z) = H (Z - Cejr()yn{f)

j=0
is invariant under the action of Gal(K (y)/K (x)).
If ¢ is a cyclotomic specialization of ¥, the corresponding cyclotomic Hecke
algebraisthe Zg [y, y~']-algebra, denoted by ¥4, which is obtained as the special-

ization of the Zx [v, v~']-algebra % via the morphism ¢. It also has a symmetrizing
form 14 defined as the specialization of the canonical form 7.

Remark. Sometimes we describe the morphism ¢ by the formula
i, > L X"

If we now set g := ¢ x for some root of unity ¢ € u(K), then the cyclotomic spe-
cialization ¢ becomes a ¢ -cyclotomic specialization and 7€, can be also considered
over Zglq,q™'].

Example 2.8. The spetsial Hecke algebra 3 (W) is the 1-cyclotomic algebra ob-
tained by the specialization

ugo > g, g, j > ¢ for1 < j<eq—1, forall'6esd/W.

For example, if W := G4, then

¥, (W) = (S, T|STS=TST,(S—q)(S*+S+1)=(T —q)(T*+T+1)= 0).
Proposition 2.9 [Chlouveraki 2007, remarks following Theorem 3.3.3]. The alge-
bra K (y)dty is split semisimple.

When y specializes to 1, the algebra K (y)¥ specializes to the group algebra
KW (the form f4 becoming the canonical form on the group algebra). Thus, by
the Tits deformation theorem, the specialization v, ; — 1 defines the bijections

Irr(K (v)#) < Irr(K(y)#y) < Irr(W)
Av = A = X
The following result is an immediate consequence of Theorem 2.4.
Proposition 2.10. The Schur element s,,(y) associated with the irreducible char-
acter x4 of K(y)¥#y is a Laurent polynomial in 'y of the form
Se ) = vy gyt ] @)
(DECK

where y, 4 €Lk, a, 4 €2, n, s €Nand Cg is a set of K-cyclotomic polynomials.
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Rougquier blocks of the cyclotomic Hecke algebras.

Definition 2.11. The Rouquier ring of K , denoted by R (y), is the Z g -subalgebra
of K (y) given by
Rk () :=Zg[y, vy, 0" = D1,

Let ¢ : v¢,j > y"%/ be a cyclotomic specialization and ¥ the corresponding

cyclotomic Hecke algebra. The Rouquier blocks of 34 are the blocks of the algebra
Rk (v)9y.
Remark. Rouquier [1999] showed thatif W is a Weyl group and % is obtained via
the spetsial cyclotomic specialization (see Example 2.8), then its Rouquier blocks
coincide with the families of characters defined by Lusztig. Thus, the Rouquier
blocks play an essential role in the program Spets [Broué et al. 1999], whose
ambition is to give to complex reflection groups the role of Weyl groups of as
yet mysterious structures.

The Rouquier ring has the following interesting properties.
Proposition 2.12 [Chlouveraki 2007, Proposition 3.4.2].
(1) The group of units Rk (y)* of the Rouquier ring Rk (y) consists of the ele-

ments of the form
wy" [ @G,
DeCycl(K)
whereu € Zg, n,ny € Z, Cycl(K) is the set of K -cyclotomic polynomials and
ng =0 for all but a finite number of ®.
(2) The prime ideals of Rk (y) are
o the zero ideal {0},
o the ideals of the form pR (), where p is a prime ideal of Z g,
e the ideals of the form P(y)R g (y), where P(y) is an irreducible element
of Zky] of degree at least 1, prime to y and to ®(y) for all ® € Cycl(K).
(3) The Rougquier ring R () is a Dedekind ring.

Now recall the form of the Schur elements of the cyclotomic Hecke algebra 3,
given in Proposition 2.10. If x4 is an irreducible character of K (y)d(y, its Schur
element s, (y) is of the form

S ) =y [ @)
CDGC[(
where v, 4 €Zk,a, 4 €7Z,ny 4 €Nand Ck is a set of K-cyclotomic polynomials.

Definition 2.13. A prime ideal p of Zk lying over a prime number p is ¢-bad for
W, if there exists x4 € Irr(K (y)¥#y) with w, 4 € p. If p is ¢-bad for W, we say
that p is a ¢-bad prime number for W.
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Remark. If W is a Weyl group and ¢ is the spetsial cyclotomic specialization,
then the ¢-bad prime ideals are the ideals generated by the bad prime numbers (in
the usual sense) for W (see [Geck and Rouquier 1997, 5.2]).

Note that if p is ¢-bad for W, then p must divide the order of the group (since
57,(1) = W]/ (1)).

Denote by O the Rouquier ring. By Proposition 1.5, the Rouquier blocks of ¥4
are unions of the blocks of Oy ¥ for all prime ideals % of 0. However, in all of
the following cases, due to the form of the Schur elements, the blocks of Oy %4 are
singletons (i.e., e, = )((Z/s){q5 € Op9y for all yy € Irr(K (y)9y)):

o P is the zero ideal {0}.

o % is of the form P(y)0, where P(y) is an irreducible element of Zg[y] of
degree at least 1, prime to y and to ®(y) for all ® € Cycl(K).

» P is of the form pO, where p is a prime ideal of Zx which is not ¢-bad for W.
Therefore, applying Proposition 1.5, we obtain:

Proposition 2.14. Two characters y, v € Irr(W) are in the same Rouquier block
of #y if and only if there exists a finite sequence xo, x1, ..., xn € Itr(W) and a
finite sequence Py, ..., P, of ¢-bad prime ideals for W such that

s o=y and yn =y,
e forall j (1 <j <n), the characters yj_1 and y; belong to the same block of

The above proposition implies that if we know the blocks of the algebra Opgdty
for every ¢-bad prime ideal p for W, then we know the Rouquier blocks of #. To
determine the former, we can use this result:

Theorem 2.15 [Chlouveraki 2007, Theorem 3.2.17]. Let A := Zg[v, v"'] and p
be a prime ideal of Zx. Let My, ..., My be all the p-essential monomials for W
such that (M) =1 forall j =1,...,k. Set qo :=pA, q; :=pA+(M; — 1A
for j=1,...,kand 9 :={qo,q1, ..., qk}. Two irreducible characters y,y €
Irr(W) are in the same block of Opo¥y if and only if there exist a finite sequence
X0> X1 - -» Xn € Irt(W) and a finite sequence q,, . . ., q;, € 2 such that

s xo=xand yn =y,
e foralli (1 <i <n), the characters y;_| and y; are in the same block Oquji 7.

Let p be a prime ideal of Zx and ¢ : v ; = y"*/ a cyclotomic specialization.
IfM=1]], j v%(e’jj is a p-essential monomial for W, then

pM)=1 < D ag ng,;=0.
(65./
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Setm =2 ¢cu ,w €«¢- The hyperplane defined in C™ by the relation
Zaq;,jtqg’j =0,
©,j

where (#¢, j)«¢,; is a set of m indeterminates, is called a p-essential hyperplane for
W. A hyperplane in C" is called essential for W if it is p-essential for some prime
ideal p of Zg (Likewise, a monomial is called essential for W if it is p-essential
for some prime ideal p of Zg).

Let H be an essential hyperplane corresponding to the monomial M and let p
be a prime ideal of Zx . We denote by 9]3{,’ the partition of Irr(W) into blocks of
Ay, 9, where qy := (M —1)A+pA. Moreover, we denote by %? the partition of
Irr(W) into blocks of Ap, .

Definition 2.16. Let H be an essential hyperplane for W. By Rougquier blocks
associated with H we understand the partition B of Irr(W) generated by the
partition B, where p runs over the set of prime ideals of Zx . By Rougquier blocks
with no essential hyperplane we understand the partition % generated by 973? .

With the help of Proposition 2.14 and Theorem 2.15, we obtain the following
characterization for the Rouquier blocks of a cyclotomic Hecke algebra:

Proposition 2.17. Let ¢ : v j > y"%/ be a cyclotomic specialization. The Rou-
quier blocks of the cyclotomic Hecke algebra ¥y correspond to the partition of
Irr(W) generated by the partitions BY , where H runs over the set of all essential
hyperplanes the integers n_ ; belong to. If the n¢ ; belong to no essential hyper-
plane, then the Rouquier blocks of ¥y coincide with the partition R2.

Definition and Corollary 2.18. Let ¢ :v¢, j > y"“/ be a cyclotomic specialization
such that the integers n, ; belong to only one essential hyperplane H (resp. to no
essential hyperplane). We say that ¢ is a cyclotomic specialization associated with
the essential hyperplane H (resp. with no essential hyperplane). The Rouquier
blocks of 34 coincide with the partition RBH (resp. B?).

By taking cyclotomic specializations associated to each (or no) essential hyper-
plane and calculating the Rouquier blocks of the corresponding cyclotomic Hecke
algebras, we determined in [Chlouveraki 2007] the Rouquier blocks for all excep-
tional complex reflection groups. We will do the same for the group G(d, 1, r).

The functions a and A. Following the notations in [Broué et al. 1999, 6B], for
every element P(y) € C(y), we define

o the valuation val, P of P(y) at y as the order of P(y) at O (we have val, P <0
if 0 is a pole of P(y) and val, P > 0 if 0 is a zero of P(y)), and

o the degree deg, P of P(y) at y as the opposite of the valuation of P(1/y).



702 Maria Chlouveraki

val, P degyP
and deg, P := .
|1 (K) |1 (K)|

Moreover, if x := y“‘(K)‘, then val, P :=
x € Irr(W), we define

ay, = valy (sy,(y)) and Ay, :=deg,s,,(y).

Proposition 2.19 [Broué and Kim 2002, Proposition 2.9]. Let y, v € Irr(W). If
X¢ and yg belong to the same Rouquier block, then

ay, +AX¢ =ay, + AW»'

3. Rouquier blocks for the Ariki—Koike algebras

We will start this section by introducing some notations and results in combi-
natorics [Broué and Kim 2002, §3A] that will be useful for the description of
the Rouquier blocks of the cyclotomic Ariki—Koike algebras, i.e., the cyclotomic
Hecke algebras associated to the group G(d, 1, r).

Combinatorics. Let A = (A1, A2, ..., Ay) be a partition, i.e., a finite decreasing
sequence of positive integers: A1 > A1, > --- > A, > 1. The integer

Al :=A1+ A2+ -+ An

is called the size of 2. We also say that A is a partition of |A|. The integer h is
called the height of 2 and we set h; := h. To each partition A we associate its

ﬁ_number’ ,Bl = (ﬁh ﬁz; R ;Bh)’ defined by
Pri=h+21—1, poi=h+1—=2, ..., Ppp:=h+i,—h.

Multipartitions. Fix a positive integer d. Let A = (A©, 1M, 1@=D) be a d-
partition, i.e., a family of partitions indexed by the set {0, 1,...,d — 1}. Write

KD =hyw, B = pw;
then
2O =0, 250, L),

d—1
HEDN
a=0

is called the size of .. We also say that 1 is a d-partition of |1|.

The integer

Ordinary symbols. If f = (B1, b2, ..., Pr) is a sequence of positive integers such
that f; > f» > --- > [, and m is a positive integer, then the m-shift of £ is the
sequence of numbers defined by

Llml=P1+m, po+m, ..., fp+m, m—1,m—2, ..., 1, 0).
Let =9, 1M . 1@=D)bea d-partition. The d-height of / is the family
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(RO, pD . h@=D); we define the height of / to be the integer
hy :=max {(h|(0<a<d-—1)).
Definition 3.1. The ordinary standard symbol of 4 is the family of numbers given by
B, =B, BY,. .. B,
where, for alla (0 <a <d — 1), we have
B;@ = B [h;, — ],

An ordinary symbol of 1 is a symbol obtained from the ordinary standard symbol
by shifting all the rows by the same integer.

The ordinary standard symbol of a d-partition 4 is of the form

(0) (0) (0) (0)
B) = bl bz bhi

O M 1) 1)
B) = b b, bhi
d-1) _ ,d-1) ;d-1) d—1)
B; = b b, bh,l

The ordinary content of a d-partition of ordinary standard symbol B is the set

with repetition 0 1 d—1
COHtng,(L)UB,E)UUBJ(L -

or (with the notations above) the polynomial defined by

b

Cont) (x) := Zx i
a,i

Example 3.2. Take d =2 and A = ((2, 1), (3)). Then

3 4
Bi_(l 0)'

We have Cont; = {0, 1, 3,4} or Cont;(x) = 1 +x + x> + x*.
Charged symbols. From now on, we fix a weight system, i.e., a family of integers
m:=m®,m", . . ., m(d_l)).
Let A =A@, 1M . 1@=D) be a d-partition, and set
he© =@ — @ pe@ .= O D @D = pld=b _pyy@=D,

We define the (d, m)-charged height of ) as (h¢©@ he™, ..., he®™D), and the
m-charged height of 1 as the integer

he) :=max {h¢' @ | (0<a <d—1)}.
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Definition 3.3. The m-charged standard symbol of 1 is the family of numbers
defined by
Be), = (Bcﬁo), Bcgl), R Bcﬁd_l)),

where, for alla (0 <a <d — 1), we have
Bc/(l“) := B DThe; — he@].

An m-charged symbol of 4 is a symbol obtained from the m-charged standard
symbol by shifting all the rows by the same integer.
Remark. The ordinary symbols correspond to the weight system

m©® — D = @D

The m-charged standard symbol of 4 is a tableau of numbers arranged into d

rows indexed by the set {0, 1,...,d — 1} such that the a-th row has length equal
to hc; +m@. For all a O<a<d-1), weset [@ .= hc; +m@ and we denote
by

Bc/(la) = bcga) bcga) - bcl(ffg
the a-th row of the m-charged standard symbol.

The m-charged content of a d-partition of m-charged standard symbol Bc is the

set with repetition
Contc; = Bcflo) U Bcgl) U---u Bcﬁdﬁl)

or (with the above notations) the polynomial defined by

@
Contc, (x) := be‘i .
a,i

Example 3.4. Take d =2, 1 =((2, 1), (3)) and m = (—1, 2). Then

31
BC*=(732 1 o)

We have Contc; = {0, 1, 1,2, 3,3, 7} or Contc; (x) =14 2x +x2 +2x3 +x7.

Generic Ariki-Koike algebras. The group G(d, 1, r) is the group of all monomial
r X r matrices with entries in p,4. It is isomorphic to the wreath product u 4 &,
and its field of definition is Q(¢y).

The generic Ariki—Koike algebra of G(d, 1, r) [Ariki and Koike 1994; Broué
and Malle 1993] is the algebra ¥, , generated over the Laurent ring of polynomials
in d + 1 indeterminates

— -1 -1 -1 —1
@d-—z[uo,“o 9“13”1 ,"'5ud—1aud71,x,x ]

by the elements s, ¢1, ¢, . .., ¢, satisfying the relations
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o stisty =tstys, st; =t;s for j #1,
o titj 1t =ttt it =Lt for |i — j| > 1,
o (s—uo)(s—ul)...(s—ud_l)=(tj—x)(tj+1)=0.

For every d-partition A = (/1(0), AW /l(d_l)) of r, we consider the free 0;-
module which has as basis the family of standard tableaux of 1. We can give to
this module the structure of a ¥, -module [Ariki and Koike 1994; Ariki 1994;
Graham and Lehrer 1996] and thus obtain the Specht module Spl associated to A.

Set g = Q(ug, u1,...,uq—1,x) the field of fractions of O4. The H;, -
module ¥,;Sp”, obtained by extension of scalars, is absolutely irreducible and
every irreducible J;9¢; ,-module is isomorphic to a module of this type. Thus ¥,
is a splitting field for ¥, .. We denote by y; the (absolutely) irreducible character
of the ;% ,-module Spi.

Since the algebra J{;9(,; , is split semisimple, the Schur elements of its irre-
ducible characters belong to O,4. The following result by Mathas gives a description
of the Schur elements. The same result has been obtained independently by Geck,
Tancu and Malle in [Geck et al. 2000].

Proposition 3.5 [Mathas 2004, Corollary 6.5]. Let A be a d-partition of r with
ordinary standard symbol B; = (BEO), BEI), R Bid_l)). Fix L > h,, where h) is
the height of 1. We set B;. 1 := (B [L—h;], BV[L—h;), ..., BY " V[L—h;]) =
(B}, B),....BY ")y and B, = (0,6, ..., b)) Let

ap:=r(d-1)+ ) (5) and by:=dL(L—1)(2dL—d—3)/12.

Then the Schur element of the irreducible character x, is given by the formulae
§; = (—1)“beL (x =D ""(uouy...ug—1)""v,/0,, where

vi= ] @—-w* ] ] 1] &Fu—u)

O<s<t<d 0<s,t<d bSEBﬁ)L 1<k<by
and
() )
0, = H H (P uy — xPruy) H H (xbi uy —xb Us).
O<s<t<d (bs,bt)eB;(SiXBy)L O<s<d 1<i<j<L

We have already mentioned that the field of definition of G(d, 1,r) is K :=
Q(&q)- If we set

vjl.”(K)l = (d_juj(o <j<d—1)and #®l.= x,

then Theorem 2.3 implies that the algebra K (vg, v1, ..., 0g—1, 2) ¥4, is split semi-
simple. Proposition 3.5 implies that the essential monomials for G(d, 1, r) are of
the form
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. zkvsvflfor0§s <t<dand —r <k <r,

o 7.

Remark. The monomial z can be seen as a monomial of the form z()zl_l, if, in the
definition of the Ariki—Koike algebra, we replace the relation

(t —x)(tj+1)=0Dby (t; —x0)(tj +x1) =0

and we set

Ol WOl .

= xo and z; X1.

Cyclotomic Ariki—-Koike algebras. Let y be an indeterminate and let ¢ be a cyclo-
tomic specialization defined by

pj)=y" 0=j<d), ¢@)=)"

If we set ¢ := y!“®)I then ¢ can be described by
pu)=Ciq" O<j<d), ) =g"

The corresponding cyclotomic Hecke algebra (#,,,)4 can be considered either
over the ring Zg|y, y‘l] or over the ring Zk|q, q_l]. We define the Rouquier
blocks of (#4,,)¢ to be the blocks of (#4,,)4 defined over the Rouquier ring Rk (y)
in K(y). However, in other texts, as, for example, in [Broué and Kim 2002], the
Rouquier blocks are determined over the Rouquier ring R (¢) in K(g). Since
Rk (y) is the integral closure of Rk (q) in the splitting field K (y) for (g ,)g,
Proposition 1.4 establishes a relation between the blocks of Rk (y)(¥4,,)s and
those of Rk (q) (¥4, ). Moreover, in our case we can prove:

Proposition 3.6. The blocks of Rk (y)(¥a,r)s and the blocks of Rk (q)(¥a,r)p
coincide.

Proof. By Proposition 1.4, we know that the blocks of Rk (q)(9€4,,)¢ are unions of
the blocks of Rk (y)(#4,,)4. Now let e be a block-idempotent of Rk () (g, ).
Since J{; is a splitting field for 3¢, ., proposition 1.15 implies that e belongs to
K(q)(34,r)g. Thus

e € R (¥)(Ha,r)gp NK(q)(Har)g =Rk (q)(Ha,r)g,

since the ring Rx (¢) is integrally closed and Jix () is integral over it (y/*K)l — g4
vanishes). Thus, e is a sum of blocks of Rk (q) (¥4, ). O

Residue equivalence. Let ¢ be a cyclotomic specialization like above and set O :=
Rk (g). Following proposition 2.14, in order to obtain the Rouquier blocks of
(#a4,/)¢, we need to calculate the blocks of Opo (¥4, )4 for all ¢-bad prime ideals
pofZg.
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Let p be a prime ideal of Zx lying over a prime number p. By proposition
2.12 the ring O is a Dedekind ring and thus Oyg is a discrete valuation ring. If we
denote by ky, its residue field, the blocks of Opg(#,,,)4 coincide with the blocks of
kp(¥4,,)¢, by Proposition 1.7. We denote the natural surjective map by

Ty : Opo — k.
Definition 3.7. The diagram of a d-partition A is the set
[M)={G.j.a)|0<a<d—1D)1 <i <h®)(1 <)<}
A node is any ordered triple (i, j, a).
The p-residue of the node x = (i, j, a) with respect to ¢ is
7p(Ciqmq" ™) ifn #0,

resp ¢ (¥) = 1 (mp(j — ), (fq") if n=0and 7,((q™) # mp(C7q™) for a # b,
mp(&5q™) otherwise.

Let Resyp 4 := {resp 4(x) | x € [A] for some d-partition 4 of r} be the set of all
possible residues. For any d-partition A of r and f € Resy, 4, we define

Cr(A) =#{x € [A]|res(x) = f}.
Adapting Definition 2.10 of [Lyle and Mathas 2007], we obtain:

Definition 3.8. Let A and u be two d-partitions of r. We say that A and u are
p-residue equivalent with respect to ¢ if C (1) = Cy(u) for all f € Resy 4.

Then Theorem 2.13 of the same reference implies:

Theorem 3.9. Two irreducible characters (y,)4 and (x,)g are in the same block
of kp(#a,r)4 if and only if A and u are p-residue equivalent with respect to ¢.

The above result, in combination with Proposition 2.14 gives:

Corollary 3.10. Two irreducible characters (y;)y and (x.)4 are in the same Rou-
quier block of (34, ) if and only if there exists a finite sequence Ay, A1), - - - » A(m)
of d-partitions of r and a finite sequence p1, . . ., Py of ¢-bad prime ideals for W
such that

o loy=4and Ay = u,

e forall j (1 < j <m), the d-partitions L(j—1y and A(jy are p;-residue equiva-
lent with respect to ¢.
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Rougquier blocks and charged content. Theorem 3.13 in [Broué and Kim 2002]
gives a description of the Rouquier blocks of the cyclotomic Ariki—Koike algebras
when n # 0. However, in the proof it is supposed that 1 — ¢; always belongs to a
prime ideal of Z[¢,]. This is not correct, unless d is the power of a prime number.
Therefore, we will state here the part of the theorem that is correct and only for
the case n = 1.

Theorem 3.11. Let ¢ be a cyclotomic specialization such that ¢(x) = q. If two
irreducible characters (y;)y and ()4 are in the same Rouquier block of (#4,,) 4,
then Contc; = Contc, with respect to the weight system m = (mq, mi, ..., mq_1).
The converse holds when d is the power of a prime number.

Determination of the Rouquier blocks. In this section, we are going to determine
the Rouquier blocks for all cyclotomic Ariki—Koike algebras by determining the
Rouquier blocks associated with no and each essential hyperplane for G(d, 1, r).
Due to Corollary 2.18, it suffices to consider a cyclotomic specialization associated
with no and each essential hyperplane and calculate the Rouquier blocks of the cor-
responding cyclotomic Hecke algebra. Following the description of the essential
monomials in the section on generic Ariki—Koike algebras (page 706), we obtain
that the essential hyperplanes for G(d, 1, r) are of the form

e kN+M;,—M,=0forO<s <t<dand —r <k <r.
e N=0.

Case 1: No essential hyperplane. If ¢ is a cyclotomic specialization associated
with no essential hyperplane, then the description of the Schur elements by Propo-
sition 3.5 implies that there are no ¢-bad prime ideals for G(d, 1, r). Therefore,
every irreducible character is a block by itself.

Proposition 3.12. The Rouquier blocks associated with no essential hyperplane
are trivial.

Case 2: Essential hyperplane of the form kN + My — M, = 0. The following
result is an immediate consequence of the description of the Schur elements by
Proposition 3.5.

Proposition 3.13. Let s, t, k be three integers such that 0 < s <t <d and —r <
k < r. The hyperplane

H:kN+M;—M, =0
is essential for G(d, 1, r) if and only if there exists a prime ideal p of Z[(4] such
that {j — ) € p. Moreover, in this case, H is p-essential for G(d, 1, r).

Example 3.14. The hyperplane My = M is 2-essential for G(2, 1, r), whereas it
isn’t essential for G(6, 1, r), for all r > 0.
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From now on, we assume that kN + M; — M, = 0 is an essential hyperplane for
G(d, 1,r), i.e., that there exists a prime ideal p of Z[¢4] such that ¢; —¢) € p. Let ¢
be a cyclotomic specialization associated with this essential hyperplane, defined by

puj)=clg™ (0<j<d) and ¢(x)=q"

Our aim is the determination of the Rouquier blocks of (¥, ).
For the notations used in the following theorem, see pages 702—704.

Proposition 3.15. Let A, u be two d-partitions of r. The irreducible characters
(x2)¢ and (x.)¢ are in the same Rouquier block of (¥4 ,)e if and only if the
following conditions are satisfied:

(1) We have A9 = 1@ forall a ¢ {s, t}.

(2) If 2" = (A9, 20) and p*' = (1, u), then Contc;s = Contc,s with

respect to the weight system (mg, m;).

Proof. We can assume, without loss of generality, that n = 1. We can also assume
that my = 0 and m, = k.

Suppose that (x;)s and (y,)s belong to the same Rouquier block of (94, ,)4.
Due to Theorem 3.11, we have Contc; = Contc,, with respect to the weight system
m = (mg, my, ..., mg_1). Since the m,, a ¢ {s, t} could take any value (as long
as they don’t belong to another essential hyperplane), we must have that 1Y =
@ for all a ¢ {s,t}. Moreover, the equality Contc; = Contc,, implies that the
corresponding m-charged standard symbols Bc; and Bc,, have the same cardinality
and thus hc; = hc,,. Therefore, we obtain

Bl = B\ 1he;, — hel® = pOlhe, — he®@] = Be® for all a ¢ {s, 1).
Consequently, we have the following equality between sets with repetition:
Bcﬁs) U Bcﬁl) = Bcif) U Bc/(j).
We can assume that the m,, a ¢ {s, t} are sufficiently large so that
he; € (hel), hely and he,, € {he), he®).
In this case, if 2% := (A, 1©) and x* := (), u), then
Bcg(?,) = Bcff), Bc(]) Bcgl), Bc®) = BcY, B = Bc®
‘ H iz Iz Iz

and we obtain Contc;ss = Contc,s» with respect to the weight system (m;, m;).

Now suppose that the conditions 1 and 2 are satisfied. Set [/ := |A%’|. Due to the
first condition, we have |u*'| = 1. Let #,; be the generic Ariki—Koike algebra of
the group G(2, 1, 1) defined over the ring

7iu,, u7 UL Ut X, x 7.
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The group G(2, 1,1) is isomorphic to the cyclic group of order 2 for / = 1 and to
the Coxeter group B, for [ > 2. Let us consider the cyclotomic specialization

Y :Us> g™, U~ —qg™, X +—q.

Due to Theorem 3.11, condition 2 implies that the characters (y;s)y and (y )y
belong to the same Rouquier block of (3> ;)y. We conclude that kN +M;—M, =0
is a 2-essential hyperplane for G(2, 1,[) and that, due to Corollary 3.10, A*" and
w’' are 2-residue equivalent with respect to 9. In order to check whether A and
u are p-residue equivalent with respect to ¢, we only need to consider the nodes
with third entry s or ¢ (thanks to condition 1). The nodes of 4 (resp. of u) with
third entry s or ¢ are the nodes of 1" (resp. u*"). The p-residues of these nodes
with respect to ¢ can be obtained by replacing g™ by ;g™ and —g™ by (g™
into the 2-residues with respect to 1 of the nodes belonging to [A*"] and [x*].
Since A°" and p*' are 2-residue equivalent and ¢ — ¢; € p (when before we had
1—(—1) € (2)), we obtain that 4 and u are p-residue equivalent with respect to ¢.
Thus, by Corollary 3.10, (x;)s and (y,.)e belong to the same Rouquier block of
(%, )g- O

The following result is a corollary of the above proposition. However, it can also
be obtained independently using the Morita equivalences established by [Dipper
and Mathas 2002]:

Proposition 3.16. Let A, u be two d-partitions of r. The irreducible characters
(x1)¢ and (x.)s are in the same Rouquier block of (¥4 )y if and only if the
following conditions are satisfied:

(1) We have A9 = 1@ forall a ¢ {s, t}.

() If 25" := (A9 2O), 150 = (1, u®Y) and [ := | 15| = |u*"|, then the charac-
ters (y;st)9 and (y,st)y belong to the same Rouquier block of the cyclotomic
Ariki—Koike algebra of G(2, 1, 1) obtained via the specialization

V:Ust—> g™, U — —q™, X — q".

Proof. Following [Dipper and Mathas 2002, Theorem 1.1], we obtain that the
algebra (¥, )4 is Morita equivalent to the algebra

A= P Fon)y @W(Gn)y @ @H(Sn, )y,
ni,...,ng—1>0
ni+-tng_1=r

where ¢’ is the restriction of ¢ to Z[uy, u; ', u;, ut_l, x,x" '] and ¢” is the restric-

tion of ¢ to Z[x, x~ 1. Therefore, (#a4,r)¢ and A have the same blocks.



Rouquier blocks of the cyclotomic Ariki—Koike algebras 711

Since n # 0, the Rouquier blocks of #(S,,)¢, ..., #(S,,)s are trivial. Thus
we obtain that two irreducible characters (y;)g and (x, )y are in the same Rouquier
block of (94, ) if and only if the following conditions are satisfied:

(1) We have 1@ = 4@ for all a ¢ {s, t}.

() 2=, 29y, pst:=(u®, p®) and [ :=|15"| = ||, then the characters
(xas1)¢ and (ys)4 belong to the same block of (#5;)4 over the Rouquier
ring of Q(¢y).

Since the hyperplane kN + M; — M; = 0 is a p-essential hyperplane for G(d, 1, r),
Corollary 3.10 implies that the second condition is equivalent to saying that the
2-partitions A* and u*' are p-residue equivalent with respect to ¢’. By replacing
Ciq™ by g™ and ;g™ by —g™ into the p-residues with respect to ¢’ of the nodes
of [A*"] and [*'], we obtain their 2-residues with respect to ). Therefore, the 2-
partitions A*" and u*' are p-residue equivalent with respect to ¢’ if and only if they
are 2-residue equivalent with respect to ¥, i.e., the characters (y;s1)g and (y )

belong to the same Rouquier block of (%2 /). (]

Case 3: Essential hyperplane N =0. Let ¢ be a cyclotomic specialization associ-
ated with the essential hyperplane N = 0, defined by

Guj)=Clg" (0<j<d) and $x)=1.

Proposition 3.17. Let A, u be two d-partitions of r. The following assertions are
equivalent:

(i) The characters (x;) and (y )¢ are in the same Rouquier block of (34, ).
(i) A9 =|u@| foralla=0,1,...,d—1.
Proof. (i) = (ii) Thanks to Proposition 2.14, we can assume that there exists a
prime ideal p of Z[¢,] such that (y;)¢ and (), )s belong to the same block of ks
(where kj is the p-residue field of the Rouquier ring). Therefore, by Theorem 3.9,
they must be p-residue equivalent with respect to ¢». Due to the form of the p-
residue with respect to ¢ and the fact that the m, (0 < a < d) can take any value,
we must have
AOI=#G, j,a) | (1 =i = k") < j = 4)
=#G, o) | (1 <i <h@)(1 < j<u)=1u|
foralla=0,1,...,d—1.

(i) = (i) Letae{0,1,...,d —1}. Itis enough to show that (y;)s and (y,)s are
in the same Rouquier block, whenever 1 and u are two d-partitions of r such that
2@ =4 @] and A®) = 4 ® for all b # a,
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Set ] :=|A@| =|u@|. The generic Ariki-Koike algebra of the symmetric group
&, specializes to the group algebra Z[S,] when x specializes to 1 . For any finite
group, it is well known that 1 is the only block-idempotent of the group algebra
over Z (see also [Rouquier 1999], §3, Remark 1). Thus, all irreducible characters of
G, belong to the same Rouquier block of Z[&;]. Corollary 3.10 implies that there
exist a finite sequence of partitions of /, ), A(1), - .., A(n) and a finite sequence
of prime numbers of Z, p1, p2, ..., pm such that

. ﬂ,(()) = i(u) and l(m) = ,u(“),

e AG-1 and A are (p;)-residue equivalent with respect to the specialization
sending x to 1, foralli =1,...,m.

We define 4, ; to be the d-partition of r with
2 =2¢ and 291 =2® forall b #a.
Let p; be a prime ideal of Z[¢4] lying over the prime number p;. Then we have
e lgo=4Aand A4, = i,
* A4,i—1 and A4; are p;-residue equivalent with respectto ¢, foralli =1, ..., m.
Corollary 3.10 implies that (y;)s and (y,)e are in the same Rouquier block of
(%a,r)g- O

Conclusion. Let ¢ be a cyclotomic specialization for ¥, ,, defined by

puj)=¢lq" (0<j<d) and ¢(x)=g".

Let 4 and u be d-partitions of r. We write 4 ~g 4 u if there exist two integers s
and ¢t with 0 < s <t < d such that the following conditions are satisfied:

(1) We have 1@ = 4@ for all a ¢ {s, t}.

(2) If 250 := (A9, 20) and p*' := (@, u), then Contc;+ = Contc,s with
respect to the weight system (my, m;) (or, equivalently, the irreducible charac-
ters (y,st)9 and (y,s)y belong to the same Rouquier block of the cyclotomic
Ariki-Koike algebra of G(2, 1,1) obtained via the specialization ¥ : Uy >
g™, Ui —> —qg™, X — g").

(3) There exists a prime ideal p of Z[{y] such that {; — ¢ C’, € p.

Thanks to Propositions 3.12, 3.15 and 3.17, we have this consequence of Proposi-
tion 2.17:

Theorem 3.18. If n # 0, then two irreducible characters (x;)4 and (y )¢y are in
the same Rouquier block of (3y )y if and only if there exists a finite sequence
A©)s A(1)» - - - » A(m) Of d-partitions of r such that

o Aoy =4~and Ay = u,
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e foralli (1 <i <m), we have Ai_1) ~Rr.¢ AG)-
Ifn =0, then two irreducible characters (y;)g and (x,)4 are in the same Rouquier
block of (¥4,) if and only if there exists a finite sequence Aoy, A(1y - - - » Agm) Of
d-partitions of r such that
o doy=Aand Aoy =
e foralli (1 <i <m), we have Ai_1) ~Rr,4 AG) OF |/1(l 1)I = /lgla))l for all
a=0,1,...,d—1.

The spetsial case. In this section, we will show that the Rouquier blocks calcu-
lated by the algorithm of [Broué and Kim 2002] are correct, when ¢ is the spetsial
cyclotomic specialization (see Example 2.8). We are mostly interested in this case,
because, as we have already mentioned, the Rouquier blocks of the spetsial cyclo-
tomic Hecke algebra of a Weyl group coincide with its families of characters.

Let ¢ be a cyclotomic specialization for ¥, ,, defined by

$u) =" 0<j<d) and $(x)=¢
Let A and u be two d-partitions of r. We write 4 ~¢ 4 u if there exist two integers
s and t with 0 < s <t < d such that the following conditions are satisfied:
(1) We have 1@ = 4@ for all a ¢ {s, t}.

(2) If 250 := (A9, 20y and p*" := (@, u), then Contc; = Contcys with
respect to the weight system (m, m;).

Proposition 3.19. Let 1 and u be two d-partitions of r. We have that Contc; =
Contc,, with respect to the weight system (mo, my, ..., mq_1) if and only if there
exists a finite sequence Aoy, A1), - - - » A(m) of d-partitions of r such that

o /1(()) = Aand l(m) =AU
e foralli (1 <i <m), we have A;_1) ~c,¢ AG).

Proof. We first show that if A ~¢ 4 u, then Contc; = Contc,. Let s, be as in
the definition of the relation ~¢ 4. Since Contc;s = Contc,s» with respect to the

weight system (m;, m,), we have that hcjs = hcys. Moreover, hcf{’) = hc,(f) for
all a # s, t. Therefore,

hey = max{hes, (heyYazs) = max{heon, (he'®)azss) = hey.
Set h := hc) — hcyse = hey — heys. We have
BeS = BOhe; — b +mg] = BOlhess — B +mg +h] = BeQ[h].

Similarly, we obtain that

B = Bc{)h], B = Bc\[h] and Bl = Bellinl.
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Since
Bc/(l(? U Bc(? = Bc(q), U Bc(ly),,
we have
Be[h1U Be ) [h] = B Th1 U Bc! ) [h]
and thus,

Bc(f) U Bc/(f) = Bc(s) U Bc(t).

Since Bc( %) Bcff) for all a # s, t, we deduce that Contc, = Contc,,.

Now let 4 and u be two d-partitions of r such that Contc, = Contc,. Let p be
a prime number such that p > d. We consider the cyclotomic specialization ¢ for
¥ .., defined by

du))=glq"™ 0<j<d), ¢u)=¢q" d=<i<p), ¢x)=q,
where M > m; +r forall j (0 < j <d). We define the p-partition 2 of r by
20 =20 forall j(0<j <d)and A®) :=@ foralli(d <i < p).
Similarly, we define u by
i = puD forall j(0<j <d)and u© :=@ foralli(d<i < p).

We have hcg) = hcg) =—M foralli(d <i < p). Moreover, hcgj) > —M and
hcf-lj) > —M forall j (0 <j <d). Thus hc; = hc) = hc, = hcy. It is immediate,
that Contc; = Contcy with respect to the weight system

(mo,my,...,mqg_1, M, M, ..., M).

Since p is a prime number, Theorem 3.11 implies that the irreducible characters
x; and y; belong to the same Rouquier block of (¥, ) 4 Due to Theorem 3.18,
there exists a finite sequence /_1(0), /_1(1), e, Z(m) of p-partitions of r such that

L ;1(0) = ;1 and Z(m) = ,L_t,
o for all / (1 <l <m), we have /_1(1_1) ~R.$ /_1(1) (and thus ;1(1_1) ~c.é 2(1)).
Since 1 ~R.é /_1(1) and ¢(x) = g # 1, there exist two integers s and ¢ with

0 <s <t < psuch that 1 and /_1(1) belong to the same Rouquier block associated
with an essential hyperplane of the form

kN +M; —M; =0, where —r <k <r

and we have k +my; —m; = 0. Since M —m; > r for all j with 0 < j < d, we
can’thave s <d <t. If s > d, then /_1(1) is a p-partition of r if and only if 1(1) =.
Thus, we must have 7 < d and since 1) = & for all i withd <i < p, we also have
/1?1)) = & for all such i. Inductively, we obtain /18 =@ foralli suchthatd <i < p
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and all / such that 1 <[ < m. (The same result can be obtained from the fact that
the charged content of two p-partitions linked by ~ 5 is the same.)

Let/ €{0,1,...,m}. Define A to be the d-partition of r such that /12{)) = /_12{))
forall j (0 < j <d). Then

e Ay =4 and A¢y) = u, and
o forall/ (1 <l <m), wehave Ag_1) ~c,¢ Aq). O
Now assume that ¢ is the spetsial cyclotomic specialization, i.e.,

mo=1and my=---=my_; =0.

Proposition 3.20. Let ¢ be the spetsial cyclotomic specialization. Two irreducible
characters (x;)¢ and (x;)4 belong to the same Rouquier block of (#,,,)s if and
only if Contc,; = Contc,.

Proof. If (x;)¢ and (y,)4 belong to the same Rouquier block of (#,,,)4, then, by
Theorem 3.11, we have Contc; = Contc,,.

Now let 4 and u be two d-partitions of r such that Contc; = Contc,. Thanks
to Proposition 3.19, we can assume that 4 ~¢ 4 u. Then there exist two integers s
and ¢ with 0 < s <t < d such that

Contc;s = Contcys and 2@ = ,u(") forall a # s, t.

Let us suppose that d = p{' p5> ... p,", where p; are prime numbers such that

pi#pjfori#j. Fori=1,...,n, wesetc;:=d/p{". Then ged(c;) =1 and, by
Bézout’s theorem, there exist integers (b;);<;<, such that Z?:l b;c; = 1. We have
s—t=> " (s—1)b;ci. We setk; := (s —1)b;c; and we obtain thats —r = > "_, k;.
Foralli=1,...,n, the element 1 —¢; belongs to the prime ideal of Z[4] lying
over the prime number p;. Sois 1 — (C];".
Let I be a subset of {1, ..., n} minimal (with respect to inclusion) for the prop-
erty
s—t= Zki (mod d),
iel
ie.,,if J C I and
s—t= ij (mod d),
jedJ
then J = I. Without loss of generality, we can assume that / = {1, ..., n}. Now,
forall 1 <m <n, set

m
In =Y ki (modd) and Iy := 0.

i=1

Due to the minimality of 7, we have t 4+ [; # s (mod d) for all i < n.
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The group &, acts naturally on the set of d-partitions of r: Let

=00 O v(d_l))

be a d-partition of r. If © € G4, then

t(v) = (U(T(O))’ 1)(T(l))’ o, l)(T(d—l)))_

Fora,b € {0,...,d — 1}, we denote by (a, b) the corresponding transposition. If
a,b #0,thenv ~c 4 (a, b)v (since the ordinary content is stable under the action
of (a, b)).

Foriel,seto; :=(t+1;_1 (modd), t +1I; (modd)). We have that the element

i f i i
C£+ I_Ctti—H =C£+ 1(1_4.[1;)
belongs to the prime ideal of Z[¢4] lying over the prime number p;. Therefore, if
t+1i_1,t+1; #0 (modd) , then v ~¢ 4 o;(v) for any d-partition v of r.
Assume that 1 +/; #0 (modd) foralli <n. If ¢ :=(¢,t+1,—1 (modd)), then

0O =010020---00/,-200y,-100;y_20---00200].

Theorem 3.18 implies that (y;)4 and (x4 (1))e belong to the same Rouquier block
of (¥4, ). The same holds for ()4 and (x5 (u))4. Since A ~c 4 p (with respect to
s, 1), we have that o (1) ~¢ 4 o (1) (with respect to s, t +1,_ (mod d)). Moreover,
the element ; — ([;H"’l =00-¢ k") belongs to the prime ideal of Z[¢4] lying
over the prime number p, and thus, o (1) ~r ¢ o (). Consequently, (x;)s and
(xu)¢ belong to the same Rouquier block of (4 ;).

Now assume that there exists 1 < m < n such that
t+1; #0(modd) foralli <m and t +1,, =0 (mod d).

We will prove that (y;)s and (x,)4 belong to the same Rouquier block of (94, )
by induction on n — m.

Let m =n — 1. We have to distinguish two cases: If k,_; # k,, (mod d), then we
have that r +[,_» + k, # 0 (mod d) and we can rearrange the k; (exchanging k,_
and k,) so that t +/; # 0 (mod d) for all i < n. This case has been covered above.

If k,—1 =k, (mod d), we set

o = (t,l+ln_2 (modd)) =010020-:--00,_-300,-200;,_30-:-:-00200].
As above, (y,)¢ and (y,(1))s belong to the same Rouquier block of (34 ,)s. So
do (xu)¢ and (x4 (u))s- Since the element

[+ln72 S_knfl_kn

G-t =-g = 51—
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belongs to the prime ideal of Z[¢4] lying over the prime number p,, we obtain that
o (4) ~pr,¢ o(u) and thus (y;)s and (x,)s belong to the same Rouquier block of
(%d,r)¢-

Now assume that the result holds for integers greater than m. We will show that
it holds for m. Suppose that

t+1; #0(modd) foralli <m and ¢+, =0 (modd).

We again distinguish two cases: If there exists ig > m such that k;, Zk,, (mod d),
then we have that 41,1 +k;, #0 (mod d) and we can rearrange the k; (exchanging
ki and k;;) so that 1 41; #0 (mod d) for all i <m+1. Now, the induction hypothesis
and the case t +/; # 0 (mod d) for all i < n cover all possibilities. Thus, the result
is true.

If k; = k,,, (mod d), for all i > m, we set

o=, t+1,4 (modd)):0100'20-~-oom,zoam,loam,zon-00'200'1.

Again we have (y;)s and (ys(1))¢ in the same Rouquier block of (¥, )¢, and
likewise ()¢ and (yq(u))¢- Since the element

1 1+l ot ot o (i—m 1)k
" =l T =G " —1)

Ca—¢y ={

belongs to the prime ideal of Z[¢;] lying over the prime number p,,, we obtain that
0 (4) ~pr,¢ o(u) and thus (y;)s and (x,)s belong to the same Rouquier block of
). 0

The functions a and A. Let ¢ be a cyclotomic specialization for ¥, ,, given by

du)=clg™ 0<j<d), ¢x) =q"

If n #0, it follows from [Broué and Kim 2002, Proposition 3.18] that the functions
a and A (page 702) are constant on the Rouquier blocks of (94, ,)4. We will show
that this is also true for n = 0. The results in Theorem 3.18 reduce this to proving
the following:

Proposition 3.21. Let 1 and u be two d-partitions of r. Let ¢ be a cyclotomic
specialization associated with the essential hyperplane N = 0. If (x;)4 and () .)¢
belong to the same Rouquier block of (#4,,)¢, then

a((x)¢) = al(xu)g) and A((x2)¢) = A((xu)g)-

Proof. Thanks to Proposition 2.19, we have that

a((x2)g) +A((x)g) = a((xu)g) + A((xu)e)-

Thus, it is enough to show that A((x;:)s) = A((xx)¢)-
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Set L :=max{h,, h,}. Using the notations of Proposition 3.5, it is straightfor-
ward to check that, for x = 1, the term J; doesn’t depend on the d-partition A.
Consequently, we obtain that A((yx;)¢) = A((x.)¢) if and only if

deg,( TT T T (cia™ —cia™))

0<s,t<d bser)L 1<k<b,
—deg,( T T TT (cig™ =cia™))-

0<s,r<d beB!(i)L 1<k<b;

Set
L@= T1 11 II (ce™ —cia™)

0=s.1<d j, gl 1=k=bs

We have
f@= T1 T (ca™ —cig™)"™

0<s,t<d bserf)L

_ A2 by s A9+
= T @™ —cia™) > = T (™ )" 0.
0<s,t<d 0<s,t<d
Since (y;)4 and ()¢ belong to the same Rouquier block of (#4,,)4, by Propo-
sition 3.17, we have [2©®)] = [u®)| forall s =0, 1, ..., d — 1. Thus, £1(¢) = f.(q).
which implies that deg, f;(q) = deg, f,(q). Therefore A((x,)g) = A((xu)p)- U
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