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A characterization of quaternionic Kleinian groups
in dimension 2 with complex trace fields

SUNGWOON KIM
JOONHYUNG Kim

Let G' be a nonelementary discrete subgroup of Sp(2, 1). We show that if the sum of
diagonal entries of each element of G is a complex number, then G is conjugate to a
subgroup of U(2,1).

22EA40, 30F40, 57530

1 Introduction

Given a Kleinian group G of PSL(2, C), its trace field, denoted by Q(tr G), is defined
as the field generated by the traces of its elements. Trace fields have played an impor-
tant role in studying arithmetic aspects of Kleinian groups. Neumann and Reid [10]
studied the trace fields of arithmetic lattices in PSL(2, C). They showed that if G is a
nonuniform arithmetic lattice, it is conjugate to a subgroup of PSL(2, Q(tr G)).

Even though the notion of trace field was first defined for Kleinian groups in PSL(2, C),
it is possible to extend the notion to complex and quaternionic Kleinian groups. Indeed,
there have been a few studies concerning the trace fields of complex and quaternionic
Kleinian groups. Most of studies on the trace fields of complex Kleinian groups have
focused on extending the results in the case of PSL(2, C) to SU(n, 1). McReynolds [9]
showed that the trace fields of complex Kleinian groups are commensurability invariants
as for real Kleinian groups. Cunha and Gusevskii [1] and Genzmer [3] studied whether
a discrete subgroup of SU(2, 1) can be realized over its trace field.

A central theme in studying the trace fields of complex Kleinian groups is to characterize
complex Kleinian groups with real trace fields. It turns out that any nonelementary
complex Kleinian group with real trace field preserves a totally geodesic submanifold
of constant negative sectional curvature in complex hyperbolic space. Cunha and
Gusevskii [1] and Fu, Li and Wang [2] proved this for Kleinian groups in SU(2, 1), and
then J Kim and S Kim [7] extended it to SU(3, 1). Recently Kim and Kim [8] extended
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this result to SU(#n, 1) in general. Furthermore, they showed that any nonelementary
quaternionic Kleinian group with real trace field is also conjugate to a subgroup of
either SO(n, 1) or SU(1, 1).

For quaternionic Kleinian groups, Kim [6] proved that if a nonelementary quaternionic
Kleinian group G in Sp(3, 1) has a loxodromic element fixing 0 and oo, and the sum
of diagonal entries of each element of G is real, then G preserves a totally geodesic
submanifold of constant negative sectional curvature in the quaternionic hyperbolic
space. Then the result is extended to the general Sp(n, 1) case by Kim and Kim [8].

The studies so far have focused on characterizing nonelementary discrete groups with
real trace fields. It is very natural to ask what if the “real” is replaced with “complex”.
In this article, we give the answer for this question in the case of Sp(2, 1). The main
theorem is the following.

Theorem 1.1 Let G < Sp(2,1) be a nonelementary quaternionic Kleinian group
containing a loxodromic element fixing 0 and oco. If the sum of diagonal entries of
each element of G is in a maximal abelian subfield of Hl, then G preserves a totally
geodesic submanifold of Hﬁ that is isometric to Hé . In other words, G is conjugate
to a subgroup of U(2,1).

In particular, the field C of complex numbers is one of the maximal abelian subfields
of H. Hence Theorem 1.1 answers the motivating question.

2 Quaternionic hyperbolic space
The materials of this chapter are borrowed from [6]. For basic notions, we refer the
reader to [6], and for more information, see [5].

Let H?'! be a quaternionic vector space of dimension 3 with a Hermitian form of
signature (2, 1). Anelement of H?! is a column vector p = (p1, p2, p3)’. Throughout
the paper, we choose the second Hermitian form on H?'! given by the matrix

Thus
(p.q)=q"Ip=q"IJp=q1p3 + Q2p2 + T3 1.

where p = (p1, p2, p3)', ¢ = (41,92, 93)" € HEL
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One model of a quaternionic hyperbolic 2—space H]}z][, which matches this Hermitian
form, is the Siegel domain G. It is defined by identifying points of & with their
horospherical coordinates p = (¢, v,u) € H x Im(H) x R . The boundary of & is
given by H x Im(H) x {0} U {oo}, where oo is a distinguished point at infinity. Define
amap ¥: & — PH?! by

—CPP—u+v 1
v (C v, u) > V2¢ for (¢,v,u) € E—{oo}, and Y:oor |0
1 0

Then ¥ maps & homeomorphically to the set of points p in PH?! with (p, p) <0,
and maps & homeomorphically to the set of points p in PH?! with (p, p) = 0.
There is a metric on & called the Bergman metric, and the isometry group of HI?]I with

respect to this metric is

Sp(2,1) = {4 € GLB3.H) : (p, p') = (Ap. Ap'), p.p' e H>'}
—{AeGLB,H): J = A*JA},

where 4: H>! — H?!, xH > (Ax)H for x € H*! and 4 € Sp(2,1). As in [4],
we adopt the convention that Sp(2, 1) acts on H]é on the left and the projectivization
of Sp(2, 1) acts on the right. If we write

ab c
A=|d e f|eSp2,1),
g hl
A~ is written as
I f¢
A'=|h e b|eSp2,l).
gda

Then, from AA~! = A7 4 = I, we get the following identities:

(3) ac+|b|*+ca=0,
dc+eb+ fa=0,
gc+hb+la=1,

(1) al+bh+cg=1, () af+be+cd=0,
4) di+eh+ fg=0, (5) df +le|>+ fd=1, (6)
(1) gl+|h>+1g=0, () gf+he+1d=0. (9)

(10) la+ fd+cg=1,
(13) ha+ed +bg =0,
(16) ga+|d|* +ag =0,

(11) Ib+ fe+ch=0,
(14) hb + |e|* +bh =1,
(17) gb+de+ah =0,
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(18) ge+df+al =1.
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Remark 2.1 If ¢ =0, then /' =0 by (12), and hence 4 fixes 0 = [0, 0, 1]’. Similarly,
if g =0, then d = 0 by (16), and hence A4 fixes oo =[1,0, 0]".

Note that totally geodesic submanifolds of quaternionic hyperbolic 2—space are isomet-
ric to one of H]I-III’ H(I: , Hé , and Hlé. The following proposition is essential in the
proof of the main theorem.

Proposition 2.2 For two nonzero quaternions a and b, if ab and ba are complex
numbers, then a and b satisty one of the following:

(1) a,beC.

(i) a=axj and b = by« j for some ax, by € C.

(iii) b =ra for some r € R —{0}.

Proof First observe that ab = a(ba)a~". In other words, two quaternions ab and ba
are similar. It is well known that two quaternions are similar if and only if they have
the same norm and real part. By the assumption that ab and ba are complex numbers,
it follows that

IIm(ab)| = V|ab|* —Re(ab)* = V|ba|* —Re(ba)* = [Im(ba)|.
Then one of the following holds:
(1) Im(ab) =Im(ba) =0,

(i) Im(ab) =Im(ba) # 0,

(iii)) Im(ab) = —Im(ba) # 0.
If Im(ab) = Im(ba) = 0, ie ab and ba are real numbers, it easily follows that
b=|b/ala.
If Im(ab) = Im(ba) # 0, then ab = ba, and thus

ab = a(ba)a™" = a(ab)a™".

Since a commutes with ab, which is a complex number with nonzero imaginary part,
a must commute with i . Hence a € C. Furthermore, b € C since b = a~!(ab).

Lastly, if Im(ab) = —Im(ba) # 0, then ab = ba, and thus
ab = a(ba)a™' = a(ab)a™".

This implies that ¢ anticommutes with i . Hence a = ax j for some a4 € C. Applying
the same argument to ba = b(ab)b~! = b(ba)b™!, it follows that b = by j for some
b« € C. This completes the proof. a
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The next lemma is quite elementary and the proof is easy.

Lemma 2.3 Let g be a quaternion. If gig € C, then either ¢ € C or ¢q is of the form
q = qx«j forsome g4 € C.

Proof We may assume that ¢ # 0. Note that gig = q(|q|%i)q"

, and hence giq
is a complex number similar to |¢|?i € C. By a similar argument as the proof of
Proposition 2.2, ¢ either commutes or anticommutes with 7 . This leads to either g € C

or g = g« j for some g4 € C. a

3 Proof of Theorem 1.1

Let F be a maximal abelian subfield of H. Then F = R & uR for some nonreal
quaternion u# € H. Suppose that the sum of diagonal entries of each element of G is
in F. Since any quaternion is similar to a complex number, there exists a nonzero unit
quaternion ¢ with qug™! € C. Then the sum of the diagonal entries of each element
of Dy GDq_1 lies in C, where Dy GDq_1 is the group obtained by conjugating each
element of G by D, = Diag(q. ¢.¢q). Hence it is sufficient to prove Theorem 1.1 in
the case that F = C.

We now suppose that G is a nonelementary discrete subgroup of Sp(2, 1) in which the
sum of the diagonal entries of each element of G is a complex number. Let A be a
loxodromic element of G fixing 0 and oo, and let B be an arbitrary element of G. In
terms of matrices, we write A and B as

A0 0 ab c
(19) A= 0 v 0 |, B=|de f|,
0 0 u/A ghl

where 1, v € Sp(1) and A > 1. For more details, see [4] or [5].

Lemma 3.1 The matrix A of G fixing 0 and oo is an element of U(2,1). In other
words, u,v € U(1).

Proof For a matrix X', we denote by tr(X) the sum of the diagonal entries of X . Let
W= o+ p1i + pmoj + sk and v = vy + vyi + vy j 4+ v3k for s, v € R, where
t=0,1,2,3. Then

tr(A4) = (A +1/4) (no + p1i + paj + pu3k) + (vo +vii +v2j +v3k) € C,
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and hence

(20) A+1/Mpr+ve =0 fort=2,3.
Furthermore, considering

tr(4%) = A2 +1/2%)u? + 12

= (W + /W) (g — 1§ — 13 — 13 + 2peopri + 2ptopaj + 2popsk)
+ (vg — v12 - v% — v§ + 2vovii 4 2vgvaJ + 2vgv3k) € C,

we have that for r =2, 3,
(1) (A% + 1/A) o sts + vove = pwe[(W2+1/2%) o — (A+1/1)v] = 0.

If up, = 3 =0, (20) implies that v, = v3 =0. Then u,v € C, and so u,v € U(1).
From now on, we assume that i, 7% 0 or w3 # 0. By (21),

(22) A2 +1/A%) o — (A +1/M)vy =0,
and we can write
At . 1 :
V= m#o +vii — ()» + x)(#z] + p3k).

Now let us consider A*. Then

1
tr(A4) = (k4 + —)\4),u4 +v?
1 . .
= (K“ + F)(“O i+ paj + psk)®
A +1 . 1 : 4
+ (muo + v — ()L + X)(,UQ] +/L3k)) eC.
Since pu,v € Sp(1), we get

A1

2 1 2
pe+ui+ui+pi=1 and |V|2=(mﬂo) +V12+()~+x)(/t§+ﬂ§)=1-

Using these identities and calculating the j—part of tr(4#), we have that

o202 = DG - DEZE— G2+ 1Y)
A+(A2 + 1)2

Since A>1and 0 < u(z) <1, it follows that pou, = 0. By repeating the same argument
for the k—part of tr(A4*), one gets pous = 0. Since p, # 0 or w3 # 0, we have
Mo = 0 and hence vy = 0 by (22). That is,  and v are purely imaginary, and so
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t=—p and v = —v. Since || = |v| =1, we know that 3 = —p and v3 = —v. If
we write v =v1i — (A 4+ 1/A)(u2j + usk) as before, since

tr(A)—(A3 A3)M3+u3 (m A3) _vecC,

the j—part of tr(43) is zero; ie

3, 1 1 B 1 1\2
~(Rs)mat () me == (i 1) (- 7) =0
Since A > 1, we have p, = 0. Similarly, considering the k—part of tr(43), we also
get w3 = 0. This contradicts to the assumption that @, # 0 or u3 # 0. Therefore,
U2 = 3 =0 and thus u,v € Sp(1) N C = U(1). O

According to Lemma 3.1, A4 is written as

ret? 0 0
A= 0 el® 0 , where A>1and6,¢ €]0,2n).
0 0 (1/r)e'?

Lemma 3.2 For any element B € G, every diagonal entry of B is a complex number.

Proof Let B be the matrix
ab c

B=|d e f
g hl

Since the sum of the diagonal entries of every element of G is in C, we have that
tr(B)=a+e+1€C,

tr(AB) = ke’9a+e’¢e+ 7 le(C

tr(A"!B) = Ta+e “iPe 4 re ] eC.

Solving for a, e, and /, we conclude that a, e,/ € C. This shows that every element
of G has complex diagonal entries. |

Lemma 3.3 Let A, By and B, be elements of G of the form

ret? 0 0 ap by a by ¢
A=| 0 ¢¢ 0 ., Bi=|di et fi|. Ba=|dy es f>
0 0 (1/r)et? g1 h I g2 hy I

Algebraic & Geometric Topology, Volume 18 (2018)



964 Sungwoon Kim and Joonhyung Kim

for some A > 1 and 6, ¢ €[0,27). Then bid,, c1g2, diba, fiha, g1¢p and hy f> are
all complex numbers. Furthermore, biid, and hi f, are complex numbers provided ¢
is not an integer multiple of w, and ciig,, diib,, fiih, and giic, are complex
numbers provided 0 is not an integer multiple of 7.

Proof Since B; and B, are in G, we know that aq, e¢1, /1, ay, e and [, are all
complex numbers by Lemma 3.2. Consider the elements By AB;, By A’B,, B A®B,,
B, A*B, in G and also their respective (1, 1)—entries:
keiealaz +b1e'%d, + k_lcleiegz,
kzezmalaz +be*?d, + X_cheZiogz,
223 ay + bie3d, + k_3c1e3i0g2,
k4e4i9a1a2 +bre*?d, + A_4cle4i0g2.
These are also all complex numbers by Lemma 3.2. Since a;,a; € C, the following
are all complex numbers as well:
Acosg(bydy) + Asing(byidy) +cosO(c1g2) +sinb(c1igr) = 21,
A2 cos2¢(bydy) + A2 sin 2 (byidy) + cos 20(c1 g2) + sin20(c1igs) = za,
A3 cos 3¢ (byda) 4+ A3 sin 3¢ (byidy) + cos 30(c1g2) +sin30(c1igy) = z3.
A cosdp(bidy) + A*sind(biidy) + cos46(cig2) + sin4b(ciigy) = za.

One can easily show that the determinant of the associated 4 x 4 matrix to the system
of linear equations above is

A3 sin ¢ sin O(A2 — 2 cos(¢p — O)A + 1)(A2 —2cos(¢p + O)A + 1).

Hence we have that byd,, b1id,, c1g, and c¢1ig, are all complex numbers if both ¢
and 6 are not integer multiples of 7. It can be easily checked that b1d, and ¢ g, are
still complex numbers even if either ¢ or 0 is an integer multiple of . Therefore,
bi1d, and ¢y g, are complex numbers. Furthermore, if ¢ is not an integer multiple
of 7, then byid, is a complex number. If 6 is not an integer multiple of 7, then c1ig,
is a complex number. Similarly, from the other diagonal entries of B1AB,, Bj A’B,,
B1A®B,, B{A*B, in G, the lemma is proved. a

Applying Lemma3.3to Bj=B,=Band By=B,B,=B !(or B,=B,B;=B""),
we immediately have:
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Corollary 3.4 Let B be the matrices written in (19). Then
() bd,db, fh,hf,cg, gc,bh, fd,cg, hb,df,gceC.
(i) bid, hif, bih,dif € C unless ¢ =0 (mod 7).
(i) cig, dib, fih, gic,cig, dif, gic, hib e C unless =0 (mod 7).

Let B be an arbitrary element of G (written as in (19)) that does not fix both 0 and co.
Suppose that cg = 0. Then B fixes either 0 or co; see Remark 2.1. This means that
A and B have a common fixed point. However this is impossible since G is discrete.
Hence cg # 0.

3.1 The bd # 0 case

We will first deal with the case that there exists an element B of G with bd # 0, which
we assume throughout this section. As seen in Corollary 3.4, both bd and db are
complex numbers. Applying Proposition 2.2 for » and d, one of the following holds:

(1) b,deC.
(2) b and d are of the form b = b, j and d = dx«j, where by, dy € C.
(3) d =rb for some r € R — {0}.

We will consider these cases separately as follows.

Case 1 Suppose that b, d € C. Since bh, hb € C and b is nonzero, h € C. Similarly,
since f'd,d f € C and d is nonzero, f € C. Then, from (2) and (13), it can be seen
that ¢ and g are also complex numbers. Thus every entry of B is a complex number,
and hence B € U(2,1).

Let B’ be any other element of G that does not fix both 0 and oo, and write
a b
B/ — d/ e/ f/
g/ h/ l/
Then by Lemma 3.2, we know that a’, ¢/, I’ € C. Furthermore, by Lemma 3.3, we have
bd',db' ,bi', f'd,cg’ g’ € C.

Since b and d are nonzero complex numbers, it follows that ', d’, h’, f' € C. More-
over, from (2) and (13), it follows that ¢’, g’ € C. Thus every entry of B’ is a complex
number; ie B’ € U(2, 1). Therefore, G is a subgroup of U(2, 1), which preserves a
copy of Hé in Hﬁ.
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Case 2 Now we suppose that b = b, j and d = dyj for some by, dx € C. Since
bh,hb € C by Corollary 3.4 and b is nonzero, h = hy j for some hy € C. In the same
way, since fd,d f € C and d is nonzero, f = fyj for some fy € C. Furthermore,
by (2), we have that

af +be+cd =—afsj+bsje—cdyj.
Since e is a complex number, je = ej. Hence

Since d« # 0, we conclude that ¢ is a complex number. Similarly, from (13), it can
be derived that g € C. To summarize, a,e,/,c,g € C,and b, d, f and h are of the
form g« j where g, € C. Then for z;,z, € C,

z1 ret?z, zy
Alzj | =] ez |~ z]
1 (1/1)et? 1
for some 2, z}, € C and
Z [ a byj ¢ Z azy +bsjzrj +c
Blzyj|=|dsj e foj| |22 |=|dxjz1tezaj+ fu]
[ az;—biir+c z{
= | (ds21 +em+ fu)j | ~ | 23]

for some z{, z) € C. Note that [zl ZJ 1] = [zl Jjis 1] for zy,z, € C. Hence A
and B leave invariant a copy of Hé of polar vectors [21 jzs l]t, where zq,z, € C.

Let B’ be any other element of G that does not fix both 0 and co. Let
a b
Bl — d/ e/ f/
g/ h/ l/
Then o', ¢’, !’ € C by Lemma 3.2. Applying Lemma 3.3 to B and B’, one can conclude
that bd’,d’b,b’d, db’ € C. Then, by Proposition 2.2, b’ and d’ are of the form ¢ j
where ¢4« € C since b and d have the same form. By a similar argument, one can show

that f” and /" are of the same form ¢ j . Moreover, ¢/, g’ € C because cg’, g¢’ € C
by Lemma 3.3 and cg # 0. Therefore, B’ is of the same form as B, and we conclude
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that every element of G preserves a copy of Hé consisting of [21 Jjz2 1]t, where
Z1,2p € C.

Case 3 Lastly, suppose that d = r1b for some r; € R — {0}. Then consider AB
written as
reifa  ret?h et
AB=| e'%d eife et f
)L—leng )L—leieh )\_leiel

The element A B falls into the bd # 0 case. In addition, if ¢ + 6 #£ 0 (mod ), then
AB can never fall into Case 3 and thus it must fall into either Case 1 or 2, and we
are done. Hence, from now on, we assume that ¢ + 6 = 0 (mod 7). Moreover, in
order to avoid repetition, assume that b and d are neither complex numbers nor of the
form b = by j and d = dyj for b, dx € C. Under these hypotheses, we claim that
¢ =0 (mod x). If not, bid = rybib € C holds by Corollary 3.4. Lemma 2.3 implies
either b € C or b = by j for by € C, which contradicts our hypothesis. Therefore,
¢ =0 (mod ), and thus 6 = 0 (mod ) since ¢ + 6 =0 (mod 7).

By Corollary 3.4, we have that fd, df, bh, hb € C. Applying Proposition 2.2 to f, d
and b,  respectively, it can be easily seen that f = rjd = ririb =ryb and h = r3b
for some r,,r3 € R —{0}. From (5) and (14),

2r1ra|b|* = 2r31b)* = 1—|e]?,

and thus,
1—le|?
2|b|?

F3 =r1ry = and h =ryrb.

Moreover, using (2), (4), (11), (13), we have the following equations:
raab +ricb +be =0, rilb+r,gb+rirbe=0,
r1r2h +1b +rbe =0,  riraab 4+ gb +ribe = 0.
These equations are written as
—rir,be = rlrzzab + rlzrzcb =r1lb+rygb,
—rirybe = rlerEb +rlb = rlrzzﬁb +rygbh.
Since b # 0, these equations simplify to

r1r22a + rlzrzc =rl +rg,

rlrzza —rlzrzc =rl—rg.
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2

i since

Hence we finally get that r1r22a =ry/ and rlzrzc =ryg;iel = r22a and g =r
ri,72 7 0. Now B is written as

a b ¢
(23) B=|rb e rb|, where a,ecCandry,r, e R—{0}.
2

, 2
ric rirab rya

Since cg = rlzc2 € C by Corollary 3.4, either ¢ € C or ¢ is purely imaginary.

Case3.1 ¢ e€C From (11), (r,a+ ric)b+ be =0, and thus we have that
beb™! = —rya—ryc.

By hypothesis, a,c € C and rq,r, € R —{0}. Hence the above identity implies that
beb~! is also a complex number. We have two complex numbers e and beb~! which
are similar. Therefore, we have one of the following:

(i) Im(e) =Im(beb™!)=0.
(i) Im(e) =Im(beb ') #£0and b C
(iii) Im(e) = —Im(beb™ ') # 0 and b = by j with b, € C.
Since we are now assuming that neither of the last two cases holds, the first case holds;
ie e € R.

Since ¢, 0 = 0 (mod r) as mentioned before, ei¢,ei0 € R. Therefore, for any
z1,22,23 € C,

z1 ret? 0 0 z1 z
Albz, | =] 0 ei? 0 bzy | = | bz,
3 0 0 (1/0)et] | z; z}
for some 2, 2}, zj € C. In addition,
z1 a b ¢ z azy + |b|?zy + cz3 z{
Blbzy |=|rb e rbl||bzm|= b(riz1 +ezy +ryz3) = | bzf
Z3 ric rirb rja Z3 riczy 4+ rira|b|?zy + rjaz; z3

for some z”, z”

"
12 %2573 eC.

Let B’ be any other element of G that does not fix both 0 and co. By applying
Lemma 3.3 to B and B’ as in the previous case, one can check that B’ has the same
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form as B;ie

a b’ ¢’

B ' =|rb e ryb |, whered,c’eC, e €Randrs,rg € R—{0}.
r2c’ ryrgb’ ¥ 2 !
3

Then, considering the diagonal entries of B’ B, it follows that
da+rbb+ rlzc/c eC, rbb +ee + r2r3r4l;b’ eC.

Since a,d’,c,c’ € C, e,e¢’ € R and ry,r,r3,74 # 0, we have that b'b € C and
bb' € C. Applying Proposition 2.2 for b and b, we have b’ = rb for some r € R
since b is neither a complex number nor of the form b = b, j for some by € C. Hence

a’ rb ¢!
B = |rirb e r4rb
2.

. 2
ryc r3rarb rya

.. - t

Then it is easy to see that B’ also preserves a copy of Hé of polar vectors [21 bz, 23] .

- t

Therefore, we conclude that G preserves a copy of Hé of polar vectors [zl bz, 23] ,
where zq,z,,2z3 € C.

Case 3.2 ¢ is purely imaginary Now we suppose that the previous case does not
happen for any element of G. Hence assume that ¢ is not a complex number.

Claim rp, = —1.

Proof of claim From (3) and ¢ = —c, we have
Re(at + |b|* 4 ca) = 2Re(at) + |b|? = —2Re(ac) + |b|* =

Also since ac and ca are similar, we have 2 Re(ca) = 2Re(ac) = |b|?. In addition,
once we prove that the (1,3)—entry of B?, namely ac + r,|b|> + rzzca, is purely
imaginary, then we have that

0 = 2Re(ac +ra|b|* +rica) = |b|* 4+ 2r2|b|* + r3|b|* = (r2 + 1)?|b|*.

Since b # 0, it follows that r, = —1. For this reason, we only need to show that the
(1, 3)—entry of B? is purely imaginary. This follows if both the (1,2)—entry and the
(2, 1)—entry of B? are nonzero since it is assumed that the previous case does not
happen for any element of G.
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Putting @ = ag+a;i and ¢ = ¢;i +c5j + c3k, the identity ac + |b|? + ca = 0 of (3)
implies that
|b|?> 4+ 2ay¢; = 0.

By a straight computation, the (1, 2)—entry of B? is
ab + be + rirych.

From (11), we have that be = —ryab — ricb = —ryab + ricb. The last equation
follows from the assumption that ¢ is purely imaginary. Then the (1,2)—entry of B>
is written as

ab +be + rirach = (a—rya+ri(r, + 1)c)b.

Note that @ is a complex number, ¢ is purely imaginary and not a complex number, and
b # 0. Hence, if 1, # —1, the (1,2)—entry of B? can never be zero. In a similar way,
the (2, 1)—entry of B? is also nonzero if r, # —1. Hence if r, # —1, the (1, 3)—entry
of B? must be purely imaginary, and then 7, = —1 as mentioned above. This makes a
contradiction. Therefore, 7, = —1. a

Now B is written as

a b c

(24) B=|rnb e —b|, whereaecCandr €R—{0}.

2¢c —rb a

"

‘We look at the matrix BA:

a b ¢ ret? 0 0 Aafie be'® cgia/k
BA=|rb e —b 0 ¢'® 0 = | Aribel®  eei® —beig/k
ric —rib a 0 0 (1/r)e'? ArZeet —ribel® ael® /i

Since e'?, ¢! 0 ¢ R, the (1, 2)—-entry of BA is neither a complex number nor of the form
gxj for g« € C. Hence BA is of the same form as B in (24). Then the modulus of
the (1,2)—entry of BA should equal to the modulus of the (2, 3)—entry of BA. Hence,
we have that

7,6 b
bTe) and |b|=|)L—|, andso A = 1.

However, this contradicts the assumption that A > 1. Therefore, the case that ¢ is

|be—2i9| :‘

purely imaginary and not a complex number can never happen.
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3.2 The bd = 0 case

So far, we have looked at the case that there exists an element B of G with bd # 0.
From now on, we consider the remaining case that every element of G satisfies bd = 0.
If bhd = 0, by considering B~!, we also have f/ = 0. Then, using the identities
(1)—(18), it can be easily checked that b =d = f = h = 0. For example, if b= f =0,
then by (6), d = 0 because ¢ # 0. Then by (15), # = 0. Therefore, every element
of G is of the form

a0c
0e 0|, wherea,eleC.
g0

Applying Proposition 2.2 for ¢ and g, since ¢, g # 0, one of the following holds:
i) c,geC.
(ii) ¢ and g are of the form ¢ = ¢4 j and g = g«j where c4, g« € C.
(iii) g = rc for some r € R —{0}.
First, if ¢, g € C, then B € U(2, 1). For any other element
a 0 ¢
(25) B'=|0¢ 0|eG, whered, el eC,
g/ 0 l/
we have ¢/, g’ € C since cg’,g¢’ € C by Lemma 3.3. Hence B’ € U(2,1). This
implies that G is a subgroup of U(2, 1).

Second, if ¢ and g are of the form ¢ = c«j and g = g« j, where c«, g« € C, then for
Z1, 22,23 € C, we have

Tz [ret? 0 0 zZ1J retfzy j ZJj

Al zp | = 0 ei? 0 Zy | = €i¢22 = Z; ,
Lz Lo o0 (1/0ef?] [ z (1/1)e'0z; z
21/ [a 0c][z1) azyj +czsy Zfj

Bz |=10¢e0 Z; | = ez = Z;’ ,
lz3 | |g 0! Z3 gz1) +1z3 z3y

for some z{,z5,25,z{,z), 2] € C. Hence, A and B leave invariant a copy of Hé of

X t
polar vectors [21] Zs 23] , where z1,2,,23 € C.

For any other element B’ € G of the form (25), since cg’, g¢’ € C by Lemma 3.3,
¢’ and g’ are also of the form ¢’ = ¢ j, g’ = gl j for ¢, g, € C. Therefore,
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. t
every element of G preserves a copy of Hé of polar vectors [21 Jj z2 23] , where
z1,22,23 € C.

Lastly, in the case that g = r¢ for some r € R — {0}, we assume that ¢ ¢ C and that ¢
is not of the form ¢ = ¢4 j for ¢4 € C to avoid repetition. From (1), we have that
al +rc? =1, and so ¢2 € C. Then ¢ should be purely imaginary because ¢ ¢ C. By
(3), we have Re(ca) =0, s0 a € R. Then for z{,z,,2z3 € C,

czq a 0c|[ecz clazy + z3) cz
B V%) . 0 e V%) = €zy = 2/2
z3 rc 01/ z3 rle|?zy 4123 z;
for some z/,z.,z. € C.
1°%20 %3
Claim 60 =0 (mod ).

Proof of claim The (1, 1)—entry of BAB is a complex number; ie
reelfc

A

Since Aef?a? € C, we have ce'?c=|c|2 cos 0 —(cic)sinf € C. Soif § #0 (mod ),
cic € C. Then by Lemma 2.3, either ¢ € C or ¢ = c4«j for cx € C. This contradicts

retfa? + eC.

our assumption. Thus 6 =0 (mod 7). O

Due to the claim above, A4 is written as

+A 0 0
A= 0 €% 0
0 0 =+£I1/A
Then, for zy,2z;,2z3 € C,
czq +chzy ¢z
Al zo | =| €%z, =| z,
Z3 +(1/1)z3 z;

for some 2/, z3,

7 eC.

Thus A and B leave invariant a copy of H(é of polar vectors [czl Z 23]t, where
Z1,22,z3 € C. For any other element B’ € G of the form (25), by Lemma 3.3, cg’ € C
and g’c € C. Since c is purely imaginary, Proposition 2.2 implies that g’ = r’c for
some 1’ € R —{0} and g’ is purely imaginary. Since ¢’g’, g’¢’ € C by Corollary 3.4,
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¢ =r"g’ for some r” € R — {0} by Proposition 2.2. Also, by a similar argument as
above, we have @’ € R using (3). Therefore, B’ is written as
a 0 r'r’c
B=|0¢ 0 ,
r'e 0 I
where ¢/, € C, a’ € R, r',r” € R —{0}, and ¢ is purely imaginary. Then, for
Z1,22,23 € C,

czq a 0 r'r’e [ezy cld'zy +1'r"z3) cz)
B|lz|=|l02¢ 0 z | = e'zy =| z
Z3 r'e 0 I Z3 —r'|c|?zy +1'z3 z;

for some z{,z}, 2} € C. Therefore, every element of G preserves a copy of Hé of

10 <2
t
polar vectors [czl zZy 23] , Where z1,z,,23 € C. a
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