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A p-local compact group consists of a discrete p—toral group S, together with a
fusion system and a linking system over S which define a classifying space having
very nice homotopy properties. We prove here that if some finite regular cover of a
space Y is the classifying space of a p—local compact group, then so is Yp/‘. Together
with earlier results by Dwyer and Wilkerson and by the authors, this implies as a
special case that a finite loop space determines a p—local compact group at each
prime p.

55R35; 20D20, 20E22

The theory of p-local compact groups, developed by the authors in [9], is designed to
give a unified framework in which to study the p—local homotopy theory of classifying
spaces of compact Lie groups and p—compact groups, as well as some other families
of a similar nature. It also includes, and in many aspects generalizes, the earlier theory
of p-local finite groups.

A finite loop space is a pair of spaces (X, X), where X is a connected CW complex
and its loop space 2 X has the homotopy type of a finite CW complex. For example, for
any compact Lie group G, the pair (2BG, BG) is a finite loop space, where QBG >~ G .
A p—compact group, as defined by Dwyer and Wilkerson [12], is a p—local analog
of a finite loop space. For each finite loop space (2.X, X), the group of components
of QX is finite, the component of the constant map 29X has the homotopy type of
QX , where X is the universal cover of X, and thus (QX~ X ) is a connected finite
loop space. Hence for each prime p, p—completion in the sense of Bousfield and
Kan [4] yields a p—compact group (QX2, X ). Thus X ' is the classifying space of
a p-local compact group: an algebraic object modelled on compact Lie groups and
p—compact groups [9].

This motivated the following question: Let B be a space with a finite regular covering
E — B, such that F is the classifying space of a p—local compact group. Is B itself
the classifying space of a p—local compact group? Here, by a regular covering space,
we mean one whose group of deck transformations acts transitively on fibres.
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Once we know that a p—complete space X is the classifying space of a p-local
compact group, several properties of X then follow from our earlier work. For
example, X has a homotopy decomposition via classifying spaces of discrete p—
toral subgroups [9, Proposition 4.6], and the homotopy groups of the monoid of self
homotopy equivalences of X can be described in terms of automorphisms of the linking
system associated to X [9, Theorem 7.1]. The rational cohomology of X is described
in terms of the action of its “Weyl group” on the cohomology of its maximal torus
(see the authors [10]), by analogy to the case of compact Lie groups. Also, using this
linking system and results in Junod, the second author and Libman [15, Theorem A],
we can construct certain “unstable Adams operations”: self maps of X characterized
by their action on rational cohomology. It is these properties of the classifying spaces
which provide our main motivation for studying and searching for examples of p—local
compact groups.

Before stating our main theorem, we describe in a little more detail the objects of study.
Let Z/ p® denote the union of all Z/p™ under the obvious inclusions. A discrete
p—toral group is a group S containing a normal subgroup of the form (Z/p>)"
(r = 0) with p—power index. A (saturated) fusion system over S is a category whose
objects are the subgroups of S, and whose morphisms are monomorphisms of groups
which are required to satisfy certain axioms. We refer the reader to Section 1 (especially
Definition 1.4 and Corollary 1.8) for details.

Given a saturated fusion system JF over S, a centric linking system associated
to F is a category £ whose objects are those subgroups of S which are F—centric
(Definition 1.5), and whose morphism sets are, in an appropriate sense, extensions of
the corresponding morphism sets between the same objects in F. This extra structure
allows us to associate a “classifying space” to the fusion system in question. Thus a
p-local compact group is a triple (S, F, £), where S is a discrete p—toral group, F
is a saturated fusion system over S, and L is a centric linking system associated to F.
The classifying space of a p—local compact group is the p—completion of the geometric
realization of its linking system.

By [9, Theorem 10.7], the classifying space of each p—compact group is also the
classifying space of a p-local compact group. However, for a compact Lie group G,
BGI’,\ is always the classifying space of a p—local compact group [9, Theorem 9.10],
while the pair (G, BG;) isa p—compact group only when 774(G) is a p—group. Other
examples of groups which give rise to p—local compact groups (but not necessarily
p—compact groups) include semidirect products of p—completed tori by finite groups,
and “torsion linear groups” (subgroups of GL,(K) all of whose elements have finite
order, where char(K) # p) [9, Theorem 8.10].
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The main theorem in this paper says that if X is the classifying space of a p—local
compact group and 7 is a finite group, then from any “extension” Y of X by Bn
(ie Y — B is a fibration with fibre X', or X — Y is a regular cover with group of
deck transformations 7 ), we can extract extensions of fusion and linking systems, and
through that show that Yp’\ is the classifying space of a p—local compact group.

Theorem A Assume that f: X — Y is a finite regular covering space, where X is
homotopy equivalent to the classifying space of a p—local compact group. Then Yp/\ is
also homotopy equivalent to the classifying space of a p—local compact group.

The proof of Theorem A (restated as Theorem 7.3) goes roughly as follows. Algebraic
extensions of p—local finite groups were described and classified by the third author
in [16], and this construction is generalized here (in Section 5) to the p-local compact
case. In Section 6, we apply the theory of simplicial fibre bundles to construct an
equivalence between the data needed to define an extension of a centric linking system £
by a finite group G, and that needed to define a bundle over BG with fibre the geometric
realization |[C| of L. Finally, in Section 7, this equivalence is used to prove that any
finite regular covering, as in the hypotheses of the theorem, can be realized by an
extension of p—local compact groups as constructed in Section 5.

Special cases of Theorem A (those where the group of deck transformations is a p—
group or has order prime to p) are proven by Castellana, Grodal and the authors in [6].
But the arguments there cannot be applied to extensions by arbitrary finite groups, not
even in the p-local finite case.

Let p be a prime. A space Y is I, —finite if Hx(Y,IF,) is a finite dimensional F,—
vector space. In [12], Dwyer and Wilkerson define a p—compact group to be an
[F,—finite loop space 2X whose classifying space X (= B(2X)) is p—complete.
In [9], we show that every p—compact group 2.X gives rise to a p—local compact
group (S, F, £) whose classifying space has the homotopy type of X .

Theorem B Let X be any path connected space. Then for each prime p such that Q X
is IF, —finite, the space X, 1;\ has the homotopy type of the classifying space of a p—local
compact group. In particular, this holds for each prime p if QX has the homotopy
type of a finite complex.

Proof Fix a prime p such that QX is [F,—finite. In particular, Hy(2.X,IF,) is finite,
so m1(X) is a finite group, and hence X, I,A is p—complete by [4, Proposition 1.5.2
and Section VIL.5]. Note that if 7;(X) is not a p—group, then Q2(X 1;\) need not be
equivalent to (2.X)7, and need not be [F,finite.

Algebraic & Geometric Topology, Volume 14 (2014)



2918 Carles Broto, Ran Levi and Bob Oliver

Set 7 = m1(X), let X be the universal cover of X and consider the fibration
X > X > Br.

Then QX is a connected component of X, and hence is also [, —finite. Applying
fibrewise p—completion, we obtain a fibration

X 1;\ — X — B,
where X " is p—complete and QX . is [Fp—finite. Thus X . is the classifying space
of a p—compact group. By [9, Theorem 10.7], X 1;\ is the classifying space of a

p-local compact group. So by Theorem A, X, If\ ~ X pA is the classifying space of a
p-local compact group.

In particular, if X is a path connected space such that 2 X has the homotopy type of a
finite CW complex, then this holds for X at all primes. |

In the course of this work, we had to generalize several results already known for p—
local finite groups (or fusion systems over finite p—groups) to the p—local compact case.

e If F is a saturated fusion system over a discrete p—toral group S, then for
each Q < § and each K < Aut(Q) such that Q is “fully K-normalized,”
the normalizer N f (Q) is also a saturated fusion system (Definition 2.1 and
Theorem 2.3).

e If F is a fusion system over a discrete p—toral group which is saturated after
restriction to a certain family of subgroups H, and certain other conditions are
satisfied, then F is saturated (Theorem 4.2).

e A general theorem is shown for constructing extensions of p-local compact
groups by finite groups, analogous to that in [16] (Theorem 5.4).

e We state and prove basic properties of transporter systems over discrete p—toral
groups (Definition A.1) in the Appendix.

The proofs of these results have added considerably to the length of this paper, but we
hope that they will also be useful in other future developments of the theory of p—local
compact groups.

The paper is organized as follows. We start in Section 1 with the basic definitions and
general background on p—local compact groups. Sections 2—5 consist mostly of the
generalizations from the finite case to the p—local compact case just described. The
equivalence between extensions of £ by G and bundles over BG with fibre || is
shown in Section 6. All of this is then combined in Section 7 to prove Theorem A. We
end the paper with an Appendix where we collect the results we need on transporter
systems over discrete p—toral groups.

Algebraic & Geometric Topology, Volume 14 (2014)



An algebraic model for finite loop spaces 2919

Notation When G and H are groups, H < G always means that H is a proper
subgroup of G. Whenever F: C — D is a functor and ¢, ¢’ € Ob(C), we write F
for the restriction of F to Mor¢(c, ¢’), and write Fo = Fc .
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1 Background on fusion and linking systems over discrete p—
toral groups

In this section, we collect the definitions and some basic facts on p—local compact
groups which will be useful throughout the paper. We refer to [9] for more details on
many of the results described here.

Definition 1.1 A discrete p—torus is a group which is isomorphic to (Z/p°°)" for
some finite n. A discrete p—toral group is a group P with a normal subgroup Py < P
such that Py is a discrete p—torus and P/ Py is a finite p—group. The subgroup Py
will be called the identity component of P, and P will be called connected if P = Py.
Set mo(P) = P/ Py, and set tk(P) = n (the rank of P) if Py = (Z/p®>°)". The
order of P is the pair | P| := (tk(P), |mo(P)]|), regarded as an element of N? ordered
lexicographically.

Let Sub(.S) be the set of all subgroups of a (discrete p—toral) group S'. For any group G
and any H, K < G, Homg(H, K) € Hom(H, K) denotes the set of homomorphisms
induced by conjugation in G.

Definition 1.2 A fusion system JF over a discrete p—toral group S is a category
with Ob(F) = Sub(S), whose morphism sets Homz (P, Q) satisfy the following
conditions:

(a) Homg (P, Q) CHomz(P, Q) C Inj(P, Q) for all P, Q € Sub(S).

(b) Every morphism in F factors as an isomorphism in F followed by an inclusion.

With motivation from group theory, we make the following definition.
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Definition 1.3 Let F be a fusion system over a discrete p—toral group S. Two
subgroups P, Q € Sub(S) are F—conjugate if they are isomorphic as objects of the
category F. Let P/ denote the set of all subgroups of S which are F—conjugate
to P.

We are now ready to recall the definition of saturation of a fusion system.

Definition 1.4 Let F be a fusion system over a discrete p—toral group S'.

e A subgroup P < S is fully centralized in F if |Cs(P)| = |Cs(Q)| for all
Qe P”.

e A subgroup P < S is fully normalized in F if |[Ng(P)| > |[Ns(Q)| for all
Qe P”.

e We say F is a saturated fusion system if the following three conditions hold:

(I) For each P < S which is fully normalized in F, P is fully centralized
in F, Outz(P) is finite and Outg(P) € Syl ,(Outz(P)).

) If P <S and ¢ € Homx(P, S) are such that ¢(P) is fully centralized, and
if we set

Ny ={g € Ns(P) | %cg € Auts(p(P))},

then there is ¢ € Homz (N, S) such that ¢|p = ¢.

(III) If Py < P, < P3 <--- is an increasing sequence of subgroups of .S, with
Pso =UJ;=1 Pn. and if ¢ € Hom(Ps, S) is any homomorphism such that
¢|p, € Homz(Py, S) for all n, then ¢ € Homr (P, S).

We next define certain classes of subgroups which play an important role in generating
the morphisms in a fusion system.

Definition 1.5 Let F be a fusion system over a discrete p—toral group S'. A subgroup
P € Sub(S) is F—centric if C5(Q) = Z(Q) forall Q € P . A subgroup P € Sub(S)
is F-radical if Outr(P) := Autr(P)/Inn(P) is p-reduced, ie contains no nontrivial
normal p-subgroup. Let F¢ denote the full subcategory of F whose objects are the
F —centric subgroups of S.

In this paper it will be convenient to also use a different but equivalent definition of
saturation, based on that due to Roberts and Shpectorov [18] in the finite case. We
recall their definitions.
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Definition 1.6 Let F be a fusion system over a p—group S.

e A subgroup P <SS is fully automized in F if the index of Autg(P) in Autgr(P)
is finite and prime to p.

e A subgroup P < S is receptive in F if it has the following property: for each
O < S andeach ¢ €Isor(Q, P),if weset N, ={g € Ns(Q) | %4 € Autg(P)},
then there is ¢ € Homz (N, S) such that ¢|p = ¢.

In this terminology, axioms (I) and (II) in Definition 1.4 say that each fully normalized
subgroup is fully centralized and fully automized, and each fully centralized subgroup
is receptive.

By definition, if P is fully automized in F, then Autz(P) is an extension of a discrete
p—torus by a finite group. Hence it does contain maximal discrete p—toral subgroups,
unique up to conjugation, which we regard as its Sylow p—subgroups. As usual, we
let Syl, (Autz(P)) denote the set of its Sylow p-subgroups.

The next lemma describes the relation between these concepts and those already defined.

Lemma 1.7 The following hold for any fusion system F over a discrete p—toral
group S.

(a) Every receptive subgroup of S is fully centralized.
(b) If P <SS is fully automized and receptive in JF, then it is fully normalized.

(c) If P < is fully automized and receptive in F, and Q € P7, then there is a
morphism ¢ € Homz(Ng(Q), Ng(P)) such that p(Q) = P.

Proof The proofs are identical to those given in [18] and Aschbacher, Kessar and the
third author [2, Lemma 1.2.6] in the finite case. A generalization of these statements
will be proven in Lemma 2.2 below. |

The following is an immediate consequence of Lemma 1.7.
Corollary 1.8 A fusion system F over a discrete p—toral group S is saturated if and
only if:

e FEach subgroup of S is F —conjugate to one which is fully automized and recep-
tive in F .

» Axiom (IIl) holds for F: if Py < P, <--- are subgroupsof S, P =J;—; Pi,
and ¢ € Hom(P, S) is such that ¢|p, € Homz(P;, S) for each i, then ¢ €
Homgz(P, S).
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When G is a finite group and H is a set of subgroups of G, Ty(G) denotes the
H—transporter category for G: Ob(Ty(G)) = H, and for H, K € H,

Morr,, ) (H, K) ={g € G | *H = K}.

Definition 1.9 Let F be a fusion system over a discrete p—toral group S. Let H
be a set of subgroups of S which is closed under F—conjugacy and overgroups, and
includes all subgroups which are F—centric and F-radical. An H-linking system
associated to F is a category £ with object set H, together with a pair of functors

Toi(S)—> £ 55 F

such that each object is isomorphic (in £) to one which is fully centralized in F, and
such that the following conditions are satisfied.

(A) The functor § is the identity on objects, and 5 is the inclusion on objects. For
each P, Q € H such that P is fully centralized in F, Cg(P) acts freely on
Mor, (P, Q) via §p and right composition, and 7p ¢ induces a bijection

Morz(P, Q)/Cs(P) —> Homz(P, Q).

(B) Foreach P, Q € andeach g€ Ng(P, Q), np g sends §p o(g) €Mors (P, Q)
to ¢cg € Homz (P, Q).

(C) Forall y € Morz(P,Q) andall g€ P, Yodp(g) =8o(m(¥)(g))ov.

A centric linking system is an Ob(F¢)-linking system, ie a linking system whose
objects are the JF—centric subgroups of 5.

When P < Q, we set tp g = 8p,g(1). The morphisms tp o are regarded as the
inclusions in L.

Definition 1.10 A linking triple is a triple of the form (S, F, £), where S is a discrete
p—toral group, F is a saturated fusion system over S, and £ is an H-linking system
for some family H. A p-local compact group is a linking triple where L is a centric
linking system.

Definition 1.11 Let F be a fusion system over a discrete p—toral group S, and let
H C Sub(S) be a family of subgroups. Then H is closed in Sub(S) if for each

increasing sequence Py < P, < P3 <--- of subgroups in H, | J P; is alsoin H.
i=1
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Let H C Sub(S) be a closed family. Then:

(a) F is H—closed if for each sequence Py < P, <--- in H with P =J;_; Pi.
and each homomorphism ¢ € Hom(P, S) such that ¢|p, € Homz(P;, S) for
each i, ¢ € Homg(P, S).

(b) F is H—generated if every morphism in F is a composite of restrictions of
morphisms in F between subgroups in H.

(c) F is H—saturated if it is H—closed and if every subgroup of ‘H is F—conjugate
to a subgroup which is fully automized and receptive.

The following two results, both generalizations to discrete p—toral groups of well-
known properties of p—groups, will be useful.

Lemma 1.12 [9, Lemma 1.8] If P < Q are discrete p—toral groups, P < Ng(P).

Lemma 1.13 Let Q < P be discrete p—toral groups, where |P/Q| < co. Then the

group
{oz € Aut(P) ’ alp =1d,[a, P] < Q}

is discrete p—toral.

Proof Let A denote this group of automorphisms. For each « € 4 and each g € P,
a(g) = gx(g) for some x(g) € QO since [o, P] < Q, ¢g = cy(q) € Aut(Q) since

a|o =1d, and hence x(g) € Z(Q). Also, for a € Q, a(ga) = gx(g)a = (ga) x(g)
since a(a) = a and [a, x(g)] = 1, so x(ga) = x(g). Thus « is determined by

the map x: P/Q — Z(Q). The resulting injection A — Map(P/Q, Z(Q)) is a
homomorphism, and so A is discrete p—toral since Map(P/Q, Z(Q)) = Z(Q)!¥/2!
is so. O

2 Normalizer fusion subsystems
Let F be a fusion system over a discrete p—toral group S. For each Q < S and each
K < Aut(Q), define

AutX (0) = KN Autz(Q),
Aut§ (0) = K N Autg(0Q).
NS{((Q) ={x € Ns(Q)|cx € K} (the K—normalizer of Q in S).
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Definition 2.1 Let F be a fusion system over a discrete p—toral group S. Fix a
subgroup Q < S and a group of automorphisms K < Aut(Q). Then:

o Qs fully K-automized in F if Autk (Q) € Syl (Autk (0)).
e O is fully K-normalized in F if for each ¢ € Homz(Q, S),
INE(0)| = | NgK (9(0))
where YK = {pap™! |a € K} < Aut(p(Q)).
o N]{_((Q) C F is the fusion system over NSK(Q) where for P, R < NSK(Q),

’

HomN}((Q)(P, R) = {go € Homg(P, R) | there exists ¢ € Homr(PQ, RQ)
with ¢|p = ¢, (Q) = Q and §|g € K}.
NAWQ)

As special cases of the above definition, we set Nz(Q) = N (Q) and set
Cr(Q)=N ]{_-1}(Q): the normalizer and centralizer fusion systems, respectively, of Q.

The next lemma is a generalization of results in [18] to fusion systems over discrete
p—toral groups.

Lemma 2.2 Let F be a fusion system over a discrete p—toral group S, and let P be
an JF —conjugacy class of subgroups of S. Assume either that F is saturated, or (more
generally) that ‘P contains a subgroup which is fully automized and receptive in F .
Then the following hold for each P € P and each K < Aut(P).

(a) The subgroup P is tully centralized if and only if it is receptive.

(b) The subgroup P is fully K—normalized if and only if it is fully K—automized
and receptive. In this case, for each Q € P and each ¢ € Isor(Q, P), there are
x € AutX (P) and p € Homr(NE*(0)- 0. NE(P)- P) such that p|g = xo9.

Proof (a) For fusion systems over finite p—groups, this is shown in [18, Proposi-
tions 3.7 and 4.6] and in [2, Lemma 1.2.6(c)]. Those proofs carry over unchanged to
the discrete p—toral case.

(b) Assume that P is fully K—automized and receptive in F. Fix Q € P and
¢ €Isor(Q, P). Then “’Autf‘ﬂ (Q) is a discrete p—toral subgroup of Autg(P), and
since P is fully K-automized, there is x € Autf (P) such that X“’Autgw(Q) <
Autg(P). Note that K¢ = KX¢ since x € K.

Set ¥ = xo¢. Then '/’Autg l[/(Q) < Autg( (P), and since P is receptive, there is a
morphism

_ KV K

¥ €e Homzr(Ng (Q)-Q,Ng (P)-P)
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which extends . In particular, |N§W(Q)| = |N§W(Q)| < |N§(P)|. Since Q and ¢
were arbitrary, this proves that P is fully K—normalized in F.

Now assume P is fully K-—normalized. Fix R € P and ¢ € ISO]—‘(P R) such that R
is fully automized and receptive in F. Fix T" € Syl, (Autf (R)) such that T >
1”Auté( (P). Since R is fully automized, there is « € Aut ]:(R) such that *T" < Autg(R).
Set ¢ =a o yr. Then “’Aut§ (P) <°T < Autg(R), and since R is receptive, ¢ extends
to € Homz(NX(P)- P, Ng(R)), where Im(p) < NK(R).

Consider the commutative diagram

Il — Cs(P) —— NE(P) —— Aud(P) —— 1

Ll [«
I — Cs(R) —— NJK(R) —— AutF(R) — 1

where the rows are exact and all vertical maps are monomorphisms. Since P is
fully K-normalized, (p(NK(P)) = WK(R) and hence ¢(Cgs(P)) = Cs(R) and
“’Autg( (P) = Auth (R). Thus P is receptive by (a) (and since R is receptive).

Now, T € Syl, (Auth (R)) by assumption, so “T" € Syl (Aut (R)) Also, *T <
Autg(R), and hence T = Autg® (R). Thus Autf (P) € Syl,(Autf(P)), so P is
fully K—automized, and this finishes the proof of (b). a

The main result in this section is that normalizer fusion subsystems over discrete p—toral
groups are saturated. The proof given here is modelled on that of [2, Theorem I.5.5].

Theorem 2.3 Fix a saturated fusion system JF over a discrete p—toral group S.
Assume Q < S and K < Aut(Q) are such that Q is fully K-normalized in F. Then
N]{-((Q) is a saturated fusion system over Nb{((Q).

Proof Set Sy = Nb{{(Q) and F4 = NJ—{((Q) for short. For each P < S, set
Kp={acAut(PQ)|a(P)=P, a(Q)= 0, a|g € K}.
We need to show the following statements.

(a) Each subgroup of S+ is F4—conjugate to a subgroup P such that PQ is fully
K p-normalized in F.

(b) If P <S4 and PQ is fully Kp-—normalized in F, then P is fully automized
in Fy.

(¢) If P <S4 and PQ is fully Kp-normalized in F, then P is receptive in F.

(d) Axiom (III) holds for NV /5 (0).
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The theorem will then follow immediately from Corollary 1.8.

The proofs of (a), (b), and (c) are identical to the corresponding proofs in [2, Theo-
rem [.5.5] (which is stated for fusion systems over finite p—groups). It remains to
prove (d).

Fix subgroups Py < P, < P3 <--- < Sy, and set P = | J;2, P;. Assume ¢ €
Hom(P, S+ ) is such that ¢; := ¢|p, € Homz, (P;, S+) for each i.

For each i, set

X; = {y e Homz(P;Q.S) | ¥|p, = ¢i.¥(Q) = Q.V|g € K} # 2.

and let X; be the image of X; in Rep~(P; Q, S) (equivalently, the set of Css(P;)—conju-
gacy classes of morphisms in X; ). Since Repr(P; Q. S) is finite by [9, Lemma 2.5], so
is X;. There are natural restriction maps X —> )?,-_1 , and since the sets are finite and
nonempty, the inverse limit is nonempty. Fix an element ([1/;])72, in the inverse limit.
Thus ; € Homz(P; Q. S), ¥ilp, = ¢i, Yilo € K, and ¢g;_, oVi|p,_, 0 = ¥i—1 for
some g;j—1 € Cs(Pi—1).

Since S is Artinian (cf [9, Proposition 1.2]), there is N such that Cg(P;) = Cs(P)
for each i > N. For each i > N, set ¥/ = cgy oCgn 0 oCg_; o V. Then
VP, =¥{_,.and ¥]|p, = ¢;. Set ¥’ =J;2; ¥}. Then ' € Homz(PQ, S) by
axiom (II) for F, ¥'|p = ¢, ¥'|g = ¥n|g € K, and so ¢ € Homg, (P, S). O

The following is one easy application of Theorem 2.3.

Lemma 2.4 Let F be a saturated fusion system over a discrete p—toral group S.
Assume Q < P < S, where Q is F—centric. Let ¢, ¢’ € Homz(P, S) be such that
¢lo = ¢'|o. Then there is x € Z(Q) such that ¢’ = @ ocx.

Proof Since ¢ ocg = cy(q) o for each g € Q, it suffices to show that ¢’ = ¢y 0 ¢
for some y € Z(¢(Q)). Upon replacing P by ¢'(P), Q by ¢(Q) = ¢'(Q), and ¢
by ¢ o (¢’)~!, we can assume that ¢’ = inclf, and ¢|p = Idg. We must show that
@ = ¢y for some x € Z(Q).

Set K = Autp(Q). Since Q is F—centric, it is fully centralized. Since Autf(Q) =
Aut§ (Q) = K, Q is fully K—automized, and hence it is fully K—normalized by
Lemma 2.2(a,b). Hence by Theorem 2.3, the normalizer subsystem N j—{( (Q) over
Nf(Q) = P-Cg(Q) = P is saturated. Also, since ¢|g = Id, Aut,p)(Q) =
Autp(Q) = K. Thus ¢(P) < NX(Q), and ¢ € Mor(NX (Q)). Set Fo = NX(0)
for short.
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It thus suffices to prove that Fy = Fp(P). Assume otherwise: then by [9, Theorem 3.6],
there is R < P such that O, (Autr,(R)) = 1, and in particular, such that Autr,(R)
is not a p—group. By definition of F,, we can assume that R > Q. Hence there is
Id # o € Autr,(R) which has finite order prime to p. Since K is a discrete p—toral
group and a|g € K, a|]g = Idg. Hence for g € R, g and a(g) have the same
conjugation action on Q, and g~ 'a(g) € Cr(Q) < Q. Thus « induces the identity
on R/Q, so by [9, Lemma 1.7(a)], each a—orbit in R has p—power order. This
contradicts the assumption that « # Id has order prime to p, so Fo = Fp(P), and
this finishes the proof. O

We will need the following application of Lemma 2.4.

Lemma 2.5 Let F be a saturated fusion system over a discrete p—toral group S.
Then for each P < S, the set of S —conjugacy classes of fully normalized subgroups
JF —conjugate to P is finite of order prime to p.

Proof Since the conclusion depends only on the F—conjugacy class of P, we can
assume that P is fully normalized.

Let Repr(P, S)ic € Repr(P, S) be the subset consisting of all classes of homomor-
phisms whose image is fully centralized. Recall, Rep (P, S) is finite [9, Lemma 2.5].

Step 1 Assume first P is F—centric. We first prove Rep (P, S)ic = Repr(P, S)
has order prime to p in this case.

Recall from [9, Section 3] that there is a functor (P — P°®) from F to itself, with
the properties that P®* > P foreach P < §, (P°®)® = P°*, and the image F* of the
functor contains finitely many S —conjugacy classes. (We will be studying this functor
in more detail in the next section.)

Let P=Py< Py < Py<---< P, =8 besuch that P; = Ng(P;_1)® for each i.
The sequence is finite since there are only finitely many conjugacy classes in F* (and
since Ng(P;) > P; whenever P; < S by Lemma 1.12). Fix 0 <i < m, and consider
the restriction map

Res: Rep=(Ns(Pi), S) — Repr(P;, S).

This is injective by Lemma 2.4, and Outg(P;) = Ng(P;)/P; # 1 is a finite p—group
by [9, Proposition 1.5(c)]. Let Q/P; be the stabilizer subgroup of [¢] € Rep~(P;, S)
under the action of Ng(P;)/P;; then ¢ extends to an F—morphism on Q by axiom
(II) in Definition 1.4. Thus Im(Res) is the fixed subset for the Ng(P;)/P;—action, and
hence [Rep(P;. S)| = [Rep(Ns(P;). S)| (mod p).
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By [9, Proposition 3.3], each morphism ¥ € Homz(Ng(P;), S) extends to a unique
morphism ¥* € Homz(Ng(P;)®, S). Therefore, restriction defines a bijection from
Homz(Ng(P;)®, S) to Homzr(Ng(P;), S), and hence (after dividing out by the con-
jugation action of ) from Rep ~(Ns(P;)®, S) to Repr(Ns(P;), S). In other words,
[Reps(P;. S)| = [Reps(Pi+1. )| (mod p). Thus

[Rep (P, S)| = [Repz(Po. S)| = [Repr(Prm. S)| = |Outz(S)].
where |Outz(S)| is prime to p by axiom (I) in Definition 1.4.

Step 2 Now assume P < .S is not F—centric; we claim that |[Rep (P, S)x| is prime
to p. Set

I'={y € Auts(PCs(P)) | y|p =1dp} and T = Autcyp)(PCs(P)) <T.

Then I' = Autc,(p)(Cs(P)) and T = Inn(Cg(P)) via restriction to Cg(P), so
T € Syl ,(I).

Now I'/ T <Outr(PCs(P)) acts on Rep-(PCs(P), S) by right composition. If ¢ €
Homz(PCg(P),S) and y € I' are such that [p] =[poy] in Rep(PCs(P), S), then
there is g € S such that ¢ = cgopoy,so ¢ = @ oyP" for some n, hence |y| is a
power of p,and y € T. Thus the I'/ T —action on Rep~(PCg(P), S) is free. The
restriction map from Rep-(PCg(P), S) to Repr(P, S)i. is surjective by axiom (II),
and the inverse image of any [{/] € Rep (P, )¢ is one of the I'/ T —orbits. Thus
[Rep(P. S)ie| = [Reps(PCs(P). S)|/IT/T|. Since [Rep(PCs(P). )| is prime
to p by Step 1, |[Rep (P, )| is also prime to p.

Step 3 We are now ready to prove the lemma. Let Py be the set of S—conjugacy
classes of subgroups fully centralized in F and F—conjugate to P, and let Pr, € Pk
be the subset of classes of fully normalized subgroups. Let p: Rep (P, S)s. — Prc be
the map which sends the class of ¢ to the class of ¢(P).

Let N | |Outz(P)| be the largest divisor prime to p. For each Q € P such that

[0] € Pre, 1071 ((QD] = |Autz(Q)|/|Auts(Q)|. Thus p | [p~1(Q)| if Q is not
fully normalized, and |p~'(Q)| = N if Q is fully normalized. So |[p~'(Ps)| =

|IRep (P, S)tc| (mod p), hence is prime to p by Steps 1 and 2; and thus |[Pg,| =
lp~1(Psa)|/ N is also prime to p. O

3 The “bullet” construction

The bullet construction plays an important role in the theory of p—local compact groups,
and is studied at length in [9, Section 3]. However, in that paper, we always assumed
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that the ambient fusion system is saturated. In this one, we will need some of the
properties of this construction to prove saturation in certain situations, and hence must
know them in a more general setting. We start by recalling the definition.

Definition 3.1 Fix a discrete p—toral group S, set T = Sy, and let W < Aut(7") be
a subgroup which contains Autg(7"). Let m > 0 be such that exp(S/T) = p™.

e Foreach A <T, set
I(A) =Cr(Cw(A):={teT |w(t) =t forallw € Cp(A4)} = A.

e Foreach P <S,set PMl = (gP" | g € P), and set P* = P-I(PI™]),.

e Let P,Q < S and ¢ € Inj(P, Q) be such that ¢|pim = w|pwm for some
w € W. Then ¢*: P* — Q° denotes the unique map of sets, if it exists, such
that ¢*(gh) = ¢(g)w(h) for each g € P and h € I(PI™]),.

Note that the definition of P*® for P < S depends only on S and on the choice of
a subgroup W < Aut(Sy). For any fusion system F over S, we associate to F the
construction (P — P*®) with W = Autx(Sy), and set F* ={P*| P < S}.

We will show later that under certain additional conditions, the map ¢*® is defined and
a homomorphism for each morphism ¢.

Lemma 3.2 Let F be a fusion system over a discrete p—toral group S. Then we have
the following.

(a) P<Q <S8 implies P* < Q°.
(b) P < S implies (P®)®* = P® and Ng(P) < Ng(P*).

The following also hold if Autz(Sy) is finite.

(c) The set F* contains finitely many S —conjugacy classes.

(d) Assume Py < P, < --- are subgroups of S, and P = | JP;. Then there is
N > 0 such that P;* = P® foreachi > N . i=1

Proof By definition, the function P +— P*® depends only on Autr(Sy) (and on S).
Hence (a), (b) and (c) hold by exactly the same arguments as those used to prove them
in [9, Lemma 3.2]. The only exception is the last statement in (b) (not shown in [9]),
which follows since for g € Ng(P), g € Ng(P™), and hence g € Ng(I(PI™y).
Note that the assumption |Autz(Sg)| < oo is needed to prove (c).
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In the situation of (d), we have P;®* < P,® <--- by (a), and this sequence contains only
finitely many subgroups by (c). Thus there are N > 0 and Q < S such that P;* = Q
for each i > N . In particular, P = |J;—; Pi < Q,so P* < 0°® = Q by (a) and (b).
Since P;* < P* for each i by (a) again, this shows that P* = Q = P;* fori > N. O

While we do not assume here that fusion systems are saturated, we will, in most cases,
assume the following condition on a fusion system F:

(*) For each P<S, and each p€ Homx(P, Sp), ¢=w|p for some we Autr(Sy).

By [9, Lemma 2.4(b)], (*) always holds if F is saturated.

Lemma 3.3 Let F be a tusion system over a discrete p—toral group S such that F
satisfies (x). Then for each P < S and each ¢ € Homz(P*, S), ¢(P*)=¢@(P)® € F°.
In particular, F* is invariant under J —conjugacy.

Proof Let m be such that p" =exp(S/Sp), and set W = Autx(Sy). Set Q = ¢(P).
We must show that ¢(P°®) = Q°.

Set R=P*NSyN¢e~1(Sy). Thus R is the largest subgroup of P* such that R and
@(R) are both contained in Sy. By (), there is w € Autx(Sy) such that ¢|g = w|g.
In particular, w(P™) = Q™ so wCy (P"Hw=! = Cy (Q"™), and w sends
I(P")y = Cr (Cy (P™)) isomorphically to 7(Q™). Also, p(I(PI"™)g) < Sy since
it is connected, so I(P"™)y < R and ¢(I(P"™))o) = w(I(P™)y) = 1(0™),. So
p(P®) = Q°. O

Throughout the rest of the section, we need to consider the following condition on a
fusion system JF over a discrete p—toral group S':

For each P < S and each ¢ € Homz(P, Sp), there

(%) exists ¢ € Homz(P -Cg(P)g, So) such that ¢|p = ¢.

As will be seen in the next lemma, this is a stronger version of ().

Lemma 3.4 Fix a fusion system J over a discrete p—toral group S which satisfies
(). Then the following hold.

(a) The fusion system JF satisfies condition ().

(b) For each P,R < Sy such that P < R < P-I1(P)g, each w € W, and each
Y € Homg(R, S) such that ¥|p = w|p, Y (R) < Sy and ¥ = w|g.

(¢c) For each P,Q < S and each ¢ € Homx(P, Q), ¢°® is defined and ¢°® €
Hom(P*®, Q0°).

(d) Assume P < Q < P®, p € Homz(P, S), and p € Homz(Q, S) are such that
¢ =¢|p. Then ¢ = ¢*[g.
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Proof Set W = Autr(Sy). Let m be such that p™ = exp(S/Sp).
(a) Foreach P < S, and ¢ € Homxz(P, Sp), ¢ extends to w € Autr(Sgy) by (k).

(b) Let P<Sy, P<R=ZP-I(P)y, weW,and v € Homr(R, S) be as above. Set
Py =y (P)=w(P) and Ry = ¥ (R). Then Py < R, are abelian, so each element of
Autg, (So) < W acts via the identity on P, and hence via the identity on /(Px). In
other words, [I(Py), R«] = 1. By (x%), ¥~ ! € Isor(Rx, R) extends to a morphism
x € Homr(R«-1(Px)o, So).

Now, x(P«x) = P,and x|p, = ¢ |p, =w™lp,. Also, x|p..1(P.)o = UlP.-1(P.),
for some u € W by (a), u|p, = w™!|p,, and hence ulpp,) = w1 |7(p,) by definition
of I(=). Thus x|p,.1(P.), = w1 |P,-1(Py)o-> and 50 X(Px-I(Py)o) = P-I(P)o = R.
Since x is injective and x(Rx) = R, this implies that Ry < P«-I(Py)o < So and
¥ = (xIr.)"" = wlr.

(c) Fix a morphism ¢ € Homz (P, Q), and let w € W be such that ¢|pm1 = w| pim1.
Set R = Pl™. (P n1(P™)y). Then P™ < R < plml. (Plml), and (b) implies
©|r = w|g. Hence ¢*: P* — Q° is well defined as a map of sets by the formula
¢*(gh) = ¢(g)w(h) forall g € P and h € I(P™)),.

To prove that ¢* is a homomorphism, it remains to show, forall g€ P and he [ (P[m])o ,
that w(ghg™") = @(g)w(h)e(g)~!. Set u = c;(lg) owocg € W; we must show
that ull(P[rn])O = U)|I(P[m])0. But u|pim1 = w|pum since ¢|prm1 = W|pim1, and so
ulpptmy = w|y(pum1y by definition of 7(—).

(d) Fix P,O < S suchthat P < Q < P*. Assume ¢ € Homz(P,S) and ¢ €
Homz(Q, S) are such that ¢ = @|p. Set R = P and Q' = 0 N R-I(R)y. By
definition, ¢°*|g.7(R), = W|R-1(R), for any w € W such that ¢|g = w|g. By (b),
¢lor =w|g = ¢°*|g . Since

0=0nP" =QN(P-I(R)) = P-(QNR-I(R)) = PQ’
and ¢|p = ¢, this proves that ¢ = ¢°|g. O
Lemma 3.4(c) allows us to extend each ¢ € Homz (P, Q) to a homomorphism ¢°® €

Hom(P*®, 0°). In the next lemma, we add some more hypotheses, enough to ensure
that ¢* € Mor(F).

Lemma 3.5 Fix a fusion system F over a discrete p—toral group S. Let ‘H be a
family of subgroups of S invariant under F —conjugacy. Assume the following.

(1) Autr(Sp) is finite.
(i) F satisfies (x%).
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(iii) Forall PeH and P<Q < P*®, QeH.
(iv) F is H—generated and H —saturated.

Then the following hold.

(a) For each ¢ € Mor(F), ¢® € Mor(F).

(b) If, in addition, H D H is also invariant under F —conjugacy, and is such that
P € H implies P® € H, then F is H—saturated.

Proof (a) Fix ¢ € Homg(P, Q); we must show ¢°* € Homz(P*®, O°). It suffices
to do this when ¢ is an isomorphism. Since F is ‘H—generated, ¢ is a composite of
isomorphisms which are restrictions of J—isomorphisms between subgroups in H. So
it suffices to consider the case where ¢ extends to @ € Isoz(P, Q) for some P, Q € .
If ¢* € Mor(F), then ¢® € Mor(F) since it is a restriction of *. It thus suffices to
prove (a) when P and Q are in H.

By axiom (III), which holds by hypothesis for all subgroups in H, there is a subgroup
P’ < P*® containing P which is maximal among subgroups of P*® satisfying ¢’ :=
¢®|pr € Homz(P’, Q°®). Assume P’ < P®, and set Q' = ¢'(P’).

Since P,Q € H,and since P < P’ < P®* and Q < Q' < Q°, P/, Q' € H by (iii).
Since F is H—saturated, there are R’ < S and ¢’ € Isox(Q’, R’) such that R’ is
receptive in F. Set R = ¢'(Q) and ¢ = ¥'|g € Isor(Q, R). By Lemma 3.4(d),
V' =y° g, and ¥'¢’ = (Y¢)®|pr. We thus have isomorphisms of triples
(Pt = P> P) 0D (00> 0> 0) X (R > R 2 R).

Set P = Npe(P’) and Q" = Ng«(Q’). Since P*> P', P” > P’ and Q" > Q’
by Lemma 1.12. Also, Ny, > Q" and Ny, > P” since there are (abstract) homo-
morphisms which extend ¥’ to Q” and ¥/'¢’ to P”. Hence ¥’ and v¥'¢’ extend
to homomorphisms " € Homx(Q"”, S) and x” € Homz(P”, S), and " = ¢*| g~
and x” = (Y ¢)®|pr by Lemma 3.4(d) again. So " (Q") = x”"(P”) = Nge(R’), and
@®|pr = (¥")"1x” is a morphism in F, which contradicts the maximality of P’. We
now conclude that P’ = P*®, and hence that ¢°® € Isoz(P*, 0°).

(b) We are assuming F is H—saturated, and want to show it is H—saturated. Fix P
in H~#. Thus P* € H by assumption. Choose R which is F—conjugate to P*®,
and receptive and fully automized. Fix ¢ € Isor(P®, R) and set Q = ¢(P). By
Lemma 3.4(d), ¢ = (¢|p)®, and so Q® = R.

Set H={u0 € Autz(Q°) |a(Q) = Q}. Since Q°® = R is fully automized, Autg(Q°®) €
Syl, (Autz(Q°®)). Thus H acts by translation on Autz(Q®)/ Autg(Q®), a finite set
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of order prime to p, and there is 8 € Autz(Q®) such that the coset =1 Autg(Q®)
is in an H-orbit of order prime to p. In other words, the stabilizer subgroup
B~! Autg(Q®)B N H has index prime to p in H, and thus lies in Syl, (H).

By (a) (and the definition of H), restriction to Q sends BHB™! surjectively onto
Autr(B(Q)). Also, Autg(B(Q)) is the image of Autg(Q®) N BHB™! under this
surjection, and hence is a Sylow p—subgroup in Autr(8(Q)). Thus B(Q) is fully
automized. (Note that 8(Q)®* = 0°.)

For any R € PF = Q7 and any ¢ € Isor(R, Q), Ny < Npe: if pcgp™ ! =¢; €
Auts(Q), then ¢®cep®~! = ¢; € Autg(Q®) by Lemma 3.2(d). Hence Q and B(Q)

are both receptive in F since Q*® is. Thus the conjugacy class P contains a subgroup
which is receptive and fully automized.

Assume Po, = |J;—; P;i, where {P;} is an increasing sequence of subgroups in H.
Fix ¢ € Homr(Pyo, S) such that ¢|p, € Homz(P;, S) for each i. By Lemma 3.2(d),
for i large enough, P;* = P35 . By Lemma 3.4(d), ¢ is the restriction of (¢|p,)®,
which is in F by (a). So ¢ € Homr(Pso, S). a

4 Centric and radical subgroups determine saturation

The main result in this section is Theorem 4.2, which gives sufficient conditions for a
fusion system over a discrete p—toral group to be saturated.

We will frequently refer to the conditions () and () of Section 3, which we recall
here:

(%) Forall P < Sy and ¢ € Homg(P, Sy), ¢ = w|p for some w € Autx(Sp).
(**) Forall P < S and ¢ € Homg(P, Sy),

there exists ¢ € Homz(P - Cg(P)g, So) with ¢|p = ¢.
By Lemma 3.4(a), condition () implies ().
The following finiteness result will be needed.
Lemma 4.1 Let F be a fusion system over a discrete p—toral group S such that

Autz(Sy) is finite and (x) holds. Then for each P < S, there are only finitely many
S —conjugacy classes of subgroups of S which are F —conjugate to P .

Proof By (x), and since |Autz(Sy)| < oo, Pof is finite. By [9, Lemma 1.4(a)], for
each R € Pof , there are only finitely many Ng(R)/R—conjugacy classes of finite
subgroups of Ng(R)/R of any given order. (Compare [9, Lemma 2.5].) o
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The main result in this section is the following theorem. We refer to Definition 1.11
for the definitions of H—saturated and H—generated fusion systems.

Theorem 4.2 Fix a fusion system F over a discrete p—toral group S such that
Autr(Sy) is finite and condition (x*) holds. Let H be a family of subgroups of S
which satisfies the following:

(i) H is invariant under F —conjugacy.

(i) H is closed in Sub(S), and F is H—generated and H —saturated.
(iii) Forall PeH and P<Q < P*®, QeH.
(iv) If P € F* is F—centric and P & H, then there is Q € P7 such that

Op(Outx(Q)) N Outs (Q) # 1.

Then F is saturated.

Theorem 4.2 will be shown by following as closely as possible the proof of Castellana,
Grodal and the authors [5, Theorem 2.2]. The main difference is that since a discrete
p—toral group can have infinitely many subgroups, the induction arguments used in [5]
cannot be used here. But the beginning steps are mostly unchanged: they are based on
the concept of proper P—pairs for an F—conjugacy class P of subgroups of S'.

Definition 4.3 Let F be a fusion system over a discrete p—toral group S, and let P
be an F—conjugacy class of subgroups of S'.

e A proper P—pair is a pair of subgroups (Q, P) such that P < Q < Ng(P) and
PeP.

e Two proper P—pairs (Q, P) and (Q’, P’) are F—conjugate if there is an iso-
morphism ¢ € Isor(Q, Q') such that ¢(P) = P’. We let (Q, P)” denote the
set of proper P—pairs which are F—conjugate to (Q, P).

» A proper P—pair (Q, P) is fully normalized if |Ny¢(p)(Q)| = |Nns(pH(Q))]
for all (Q', P") € (Q, P)”.

Some basic properties of proper P—pairs are shown in the following lemma.
Lemma 4.4 Fix a fusion system JF over a discrete p—toral group S. Assume that
H C Sub(S) is closed, and invariant under JF —conjugacy. Assume also that F is

‘H —generated and ‘H —saturated. Let P be an F —conjugacy class of subgroups of S,
maximal among those not in ‘H .
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(a) If(Q, P) is a tully normalized proper P —pair, then Q is receptive in F and

Autyg(p)(Q) € Syl (Auty,(p)(Q)).

(b) For each proper P—pair (Q, P), and each (Q', P') € (Q, P)” which is fully
normalized, there is a morphism

¢ € Homz(Nyg(py(Q), Ns(P'))
such that ¢(P) = P’ and ¢(Q) = Q’.
(c) Assume that Autr(Sy) is finite, condition (*x*) holds, and P e H, P < Q < P*®

imply Q € H. Then for each P, P € P such that P is fully normahzed in F,
there is a morphism ¢ € Homx(Ng(P), NS(P)) such that (P) =

Proof (a) For each proper P—pair (Q, P), define
Kp ={p € Aut(Q) | ¢(P) = P} = Aut(Q).
Notice that
Autg? (Q) = Auts(Q) N Kp = Autyg(p)(Q),
Autz? (Q) = Autr(Q) N Kp = Auty,(p)(Q).
(4.2) NgT(Q) = Nug(p)(Q)-

Assume the pair (Q, P) is fully normalized. Fix Q' € 07 and « € Isox(Q, Q’), and
set P/ =a(P). Then (Q’, P’) € (Q, P)”, and

*Kp=Kp :={pcAu(Q) |p(P) =P}

.1

Hence by (4.2),

INEP(0)] = |Nng(p)(0)] = [ Nng(pr(Q)] = | N3P (01 = [NgEP (0],

and so Q is fully Kp-normalized in F. By Lemma 2.2(b) (and since Q € ‘H and F
is ‘H-—saturated), Q is receptive and fully K p—automized in F. So by (4.1),

Autyg(p)(Q) € Syl ,(Auty,(p)(Q)).

(b) Let (Q,P), and (Q, P') € (Q, P)”, be proper P—pairs such that (Q’, P’) is
fully normalized. Let Kp < Aut(Q) and K ps < Aut(Q’) be as in (a). Since (Q’, P’)
is fully normalized, Q’ is receptive and fully K ps—automized by (a).

Choose some ¥ € Isox(Q, Q') such that ¥ (P) = P’. By Lemma 2.2(b), there are
x € AutXr (0') and ¢ € Hom]:(Nb{(P(Q), NS{(P/(Q/)) such that ¢|g = xo1. Then
@(P) = x(P") =P/, 9(Q) = @', and NP (Q) = Nng(p)(Q) and NEP/(Q') =
Nng(p)(Q') by (4.2).

KP/
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(c) Fix subgroups P, P € P such that P is fully normalized in ]-" We will construct
a morphism in F from Ng(P) to NS(P) which sends P to P. In particular, P
will be fully centralized in F, since its centralizer contains an injective image of the
centralizer of any other subgroup in P.

Let 7 be the set of all sequences

(4.3) £=(P=Py.Q0.¢0: P1. 01.01;...: Pr—1, Op—1. 0k—1: P = P)

such thatforall 0 <i <k—1, (Q,, P;) is aproper P—pair, ¢; e Homzr(Q;, Ns(Pi+1)),
and @i (Pij) = Piy+q1.Let T C 7 be the subset of those sequences in which each ¢; is
maximal, in the sense that it cannot be extended in F to a subgroup of Ng(P;) which
properly contains Q;. We give T the partial ordering by inclusion (of sequences of the
same length with the same P;); then T is the set of maximal elements in 7. Since F
is H—saturated, axiom (III) ensures that each element of T is contained in an element

of T.

We first check that 7 # &. Choose any ¢ € Isor(P, 13). Since F is H-—generated,
there are subgroups P; < R; € H for 0 <i <k, and morphisms ¢; € Homz(R;, Rj 1)
for i <k—1,suchthat Pg= P, Py = P, ¢;(P;) = Piy1,and ¢ = ¢p_y|p,_, o--+o
o1lp, °Polp,- For each i, let P11 = ¢;(P;). Then Ng,(P;) > P; by Lemma 1.12
(and since R; > P;). Set Q; = Ng,(P;) and ¢; = ¢;|Q;. Then (Q;, P;) is a proper
P—pair, 9; € Homz(Qi, Ns(Pi+1)) and (Po, Qo.¢o: P1. Q1. 91:...: Pr) €T . Thus
T # @, and T # & since each element is contained in a maximal element.

Lemma 3.5(a) applies in this situation by the extra hypotheses which were assumed.
Hence for any £ € T as in (4.3), ¢; extends to ¢ € Homz(Q;*, Ng(P;+1)*®) for
each 7, and therefore to Q;® N Ng(P;). The maximality of ¢; implies that

4.4) Qi = 0;"NNs(P).
The same argument applied to ¢; I shows that
(4.5) ¢i(Qi) = ¢i(Qi)* N Ng(Pit1).

Let 7, € 7T be the subset of those & for which there is no 1 <i <k — 1 such that
Qi = Ns(P;) = ¢i—1(Qi-1). Let
R
T—7

be the “reduction” map, which for every 1 <i <k — 1 such that Q; = Ng(P;) =
©i—1(Q;i—1), removes from the sequence the triple (P;, Q;, ¢;), and replaces ¢;_; by
the composite ¢; o ;1. Since T # &, the existence of the reduction map R shows
that 7, # @.
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For each & € T, define

I§)=1{i=0,....k—1] Qi < Ns(P;) and ¢;(Q;) < Ns(Pi+1)}.
If £eT and I1(§) # @, define

ME) = min [10:°]) = (0. p)

Since Autr(Sp) is assumed to be finite, F* has finitely many F—conjugacy classes
by Lemma 3.2(c), so there are only a finite number of values that A(£¢) can take.

Assume there is a sequence & € 7, as in (4.3) such that I(§) = @. For each
0<i<k,if Q; < Ns(P;), then ¢;(Q;) = Ns(P;y1) since i &€ I(£), and hence
Qi+1 < Ng(Pi41) if i +1 <k — 1 since & is reduced. Thus |Ng(P;)| > |Qi| =
[INs(Pi+1)| > -+ > | Ns(Py)| in this case, which contradicts the assumption that
P, = P is fully normalized. Hence Q; = NS(P) foreach i <k, and @p_jo---0@g
lies in Homx(Ng(P), NS(P)) and sends P to P.

It remains to show that there exists £ € T, such that 1(§) = @. To see this, ﬁx £eT,
as in (4.3) such that 1(§) # @. We will construct "g‘ € T, such that either / (é) & or
k(é ) > A(§). Since A(£) can only take finitely many values, this will prove our claim.

Fixi e I(§), set Rj+1 =¢;(Q;), and choose a fully normalized proper P—pair (U;, V;)
which is F—conjugate to (Q;, P;) (hence also to (R;+1, Pi+1)). By (b), there are
morphisms

Vi € Homr(Nng(p)(Qi), Ns(Vi)) and 6; € Homzr(Nng(p;y ) (Ri+1), Ns(Vi))

such that ¥;(P;) = 0;(Pi+1) = Vi and ¥;(Q;) = 0;(R;+1) = U;. Upon replacing
(Pi, Qi, ¢i) by

(Pi. NNg(p) (). ¥i: Vi, 6i(NNg (P ) (Rix 1)), 67 1),

we get a new sequence & € T. Upon applying axiom (III) again, we get a sequence
& €T where (P, Q;, ¢;) has been replaced by

(Pi. i ¥rii Vio Rig1.6;71)

for some maximal extensions 1/7,~ of ¥; and 5, of 6;. Also, Q; < Ng(P;) and
Rit1 < Ng(Pij41) since i € I(§), so

0:i = Nngp)(0i) > Qi and Riy1 > Nng (o) (Rit1) > Rit,
and Q,-' > 0;* and ﬁi+1° > R;4+1° by (4.4) and (4.5). In particular, |Q,~'| > A(§)
and [R;11°%[ > A(§).

Algebraic & Geometric Topology, Volume 14 (2014)



2938 Carles Broto, Ran Levi and Bob Oliver

Upon repeating this procedure for all i € 1 (S ), we obtain a new element é’ € 7T such
that either I(&") =@ or A(&") > A(E). Set é R(&') € T, . Then either I(S) @ or
X(S ) > A(&). Since the function A can only take a finite number of possible values, it
follows by induction that there is & € 7, such that I(§) = &. a

Very roughly, Lemma 4.4 allows us to reduce the proof of Theorem 4.2 to showing
that the saturation properties hold for certain subgroups that are normal in the fusion
system. This case is handled by the following lemma.

Lemma 4.5 Let F be a fusion system over a discrete p—toral group S such that
Autr(Sy) is finite and condition () holds. Fix a subgroup Q < S,set H={P < S|
P > Q} and assume that:

@ 04F.

(i) F is H—generated and H —saturated.
(iii) Either Q is not F —centric, or Outs(Q) N O, (Outr(Q)) # 1.

Then Q is fully automized and receptive in F .

Proof When I' is a group containing a normal discrete p—torus P of finite index, we
let O, (I") be the inverse image in I' of the maximal normal p—subgroup O,(I'/P)
under the obvious projection. Equivalently, this is the largest normal discrete p—toral
subgroup of I'. Define

0 ={x €S |cx € Op(Autr(0))}.

Then Q <1 S by definition. We claim that Q is strongly closed in F. Assume
that x € Q is F—conjugate to y € S. Since Q is normal in F, there exists ¥ €

Homxz({x, Q), (y, Q)) which satisfies ¥ (Q) = Q and ¥(x) = y. In particular,
Vocyoy ™! =cy. It follows that y € Q, since cx € Op(Autz(Q)).

Note also that Q-Cs(Q) < @, and 0/ Q- Cs(Q) = Outs(Q) N O, (Outx(Q)). If Q
is F—centric, then thls last group is nontrivial by (111) and if not, then Q-Cs(Q) > Q

by definition. Thus Q > @ in either case, and so Q eH.

Consider the statement

4.6) each ¢ € Autr(Q) extends to some ¢ € Autf(Q).
We first prove that (4.6) implies the lemma, and then prove (4.6).

Point (4.6) implies the lemma Since Q isnormal in F and Q is strongly closed, each
of them is the only subgroup in its F—conjugacy class. So Q and Q are both fully
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centralized and fully normalized in . Also, Q is receptive and fully automized in F,
since F is H-saturated and Q7 = {Q} C H.

By (4.6), the restriction map from Autf(Q) to Autr(Q) is surjective, and so we
have Autg(Q) € Syl,(Autz(Q)) since Auts(Q) € Syl ,(Autz(Q)). Thus Q is fully
automized in F.

Next we prove that Q is receptive in F. Fix ¢ € Autz(Q). As usual, let N, be the
group of all g € Ng(Q) such that pcgp~! € Autg(Q). By (4.6), ¢ extends to some
¥ € Autr(Q). Consider the groups of automorphisms

K={ye AutS(Q) | X|@ = cx some x € Ny},
Ko = {x e Auz(0) | xlo =1dg} < Autz(Q).

By definition, for all x € N, we have (Y cx¥~!)|g = x| for some x € AutS(Q).
In other words, as subgroups of Aut(Q),

YK < Auts(0) - Ko.

Now, we have AutS(Q) € Syl, (AutS(Q)KO) since Q is fully automized, so there are
w e AutS(Q) and x € K such that “’X(‘/’K) < Autg(Q). Hence XYK < Autg(0).
Since Q is receptive in F, xy € Autf(Q) extends to a morphism ¢ defined on
Nyy = N§(Q) > Ny, and ¢|g = ¥|g = ¢ since x|g =1dg.

Proof of (4.6) Since F is H—generated, each ¢ € Autr(Q) is a composite of auto-
morphisms of @ which extend to strictly larger subgroups. So it suffices to show (4.6)
when ¢ itself extends to some P > Q.

Let & be the set of all subgroups P € H such that ¢ = ¢|g for some ¢ € Homz(P, S).
We are assuming that X' # &. We claim that

A.7) PeX = Ngp(P)eX.

Assume this, and fix Py € X. If |QP1 / P1| < o0, then by repeated apphcatlon of (4.7)
and Lemma 1.12, we get that Q € X. If not, then |Q/Q| 00, and QOQ/Q is a
nontrivial discrete p—torus. Set

P2 :NQ0P1(P1) and P3 ZPzﬂQ()Q.

Then P, € X by (4.7), Py < P, < Qo P, and P, > P if P, # Q¢ by Lemma 1.12.
So P3 > Q, and hence P; € X'. Now set Py = NQ(P3) so P4, € X by (4.7) again,
Py > QOQ since QO Q/ Q0 is abelian, hence [Q P4] < 00, and Q eX by earlier
remarks. Since Q € X, ¢ extends to some ¢ € Hom ]—'(Q S), and (p(Q) = Q since Q
is strongly closed in . This shows that (4.7) implies (4.6).
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It remains to prove (4.7). Fix P € X € H, and let ¢ € Isox(P, P,) be an extension
of ¢. Choose some P3 € P = P,” which is fully automized and receptive in F.
Notice that P3 > Q, since Q < F by (i). Let ¢ € Isox(P,, P3) be any isomorphism.
Upon replacing ¢ by ¥ o ¢, we can arrange that P, be fully automized and receptive.

Consider the groups of automorphisms

L ={x € Autz(P2) | xlg € Op(Autz(Q))}.
Lo ={x € Autr(P2) | xlg =1dg}.
Both L and L, are normal subgroups of Autr(P,). Also, L/Lg is a discrete p—
toral group, since there is a monomorphism L/Ly — O, (Aut]:(Pz)) Since P, is

fully automized, Autg(P,) € Syl,(Autz(P;)), and hence AutS (P2) € Syl ,(L) and
L= AutS (Pz)LO

Thus P, is fully L—automized in /. By Lemma 2.2(b), there are g € N L(Pz) =
NG (P3), x€Lo,and ¥ eHomp(NLE (P) P, NL(PZ)Pz) such that 1| p=(cgox)ow.
Also, NL (P)P = Ngp(P). Upon replacing ¥ by ¢, oy, we can assume that
g=1. Then Y|o =¢|g, and thus N5 P(P)EX o

The following lemma combines Lemmas 4.4 and 4.5.

Lemma 4.6 Let F be a fusion system over a discrete p—toral group S such that
Autr(S) is finite and condition (*x) holds. Fix a family H & Sub(S'), and a subgroup
P < S which is maximal in Sub(S)~7H . Assume that:

(i) M is invariant under F —conjugacy.

(i) H is closed in Sub(S), and F is H—generated and H —saturated.
(iii) Pe€H and P < Q < P°® imply Q € H.
(iv) Either P is not F—centric, or Outg(P) N Op(Outr(P)) # 1.

Then F is (H U P7)—saturated.

Proof By assumption, all overgroups of subgroups in P7 are in . Since P’
contains only finitely many S —conjugacy classes by Lemma 4.1, there is a subgroup
Q € P7 which is fully normalized in F. By Lemma 4. 4(0) for each Q € P7, there
is xo € Homz(Ng(Q), NS(Q)) such that xo(Q) = Q Let V' C H be the family
of all subgroups of NS(Q) which strictly contain Q. We claim that the normalizer
system Nz(Q) is N —saturated.
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For each Q € N, the pair (Q, Q) is a proper P7 —pair. Let (Q’, P’) be a proper
P7 —pair which is F—conjugate to (Q, Q) and fully normalized in /. Then Q =
xp(P) < Q"= xp(Q') < Ng(Q),s0 Q" € N, and (Q”, Q) is a proper P* —pair.
Furthermore, since (Q’, P’) is fully normalized, and since x p: is a monomorphism,
(0", 0) is also fully normalized in F. If a € Isox(Q, Q') is such that a(Q) =
then (xp’|g’)oa is a morphism in N#£(Q) which sends (Q, 0) onto (Q”, O). Hence
by Lemma 4.4(a), applied with P = P, the subgroup Q" is receptive in F (hence
in N]:(Q)), and is fully automized in N]:(Q). This shows that every Q € N is
N. ]:(Q)—conjugate to some Q” € N which is fully automized and receptive in the
normalizer fusion system. Axiom (IIT) holds for NV ]:(Q) with respect to the family N,
since NV is closed under overgroups, N’ C H, and F is H-saturated. Thus N. ;(Q) is
N —saturated.

Conjugation by (xp)|p € Isor(P, Q) sends Autr(P) isomorphically to Aut;(@)
and Autg(P) into Autg ( Q). Soif P and Q are not JF—centric, then point (iv) implies
that OutS(Q) N OP(Out;(Q)) # 1. Thus by Lemma 4.5, Q is receptive and fully
automized in N, ]—‘(Q). Hence Q is fully automized in F. It is receptive in F since
for each Q € P7, there is an F—morphism which sends Q onto Q and Ng(Q)
into NS(Q).

Axiom (IIT) holds for H U P since it holds for # and since no subgroup in P/
contains any subgroups in . Thus F is (% U P7)—saturated. O

We are now ready to prove Theorem 4.2. The inductive Lemma 4.6 would suffice to
prove the theorem for fusion systems over finite p—groups. But for fusion systems
over discrete p—toral groups, because our groups have infinite chains of subgroups,
the results of Section 3 are needed to allow an induction proof.

Proof of Theorem 4.2 Let R be the set of all closed families of subgroups X C Sub(.S)
such that:

e KOH.

e K is invariant under F—conjugacy.

e PeKand P<Q =< P*® implies Q € K.
e F is K—saturated.

We must show that Sub(S) € R.

Assume otherwise, and choose Ko € & for which g N JF*® contains the largest possible
number of F—conjugacy classes. Set K; = {P < S | P* € Ky}. Then Ky € & by
Lemma 3.5(b). If K1 & Sub(S), then F* & Ky; let P be maximal among subgroups
in € F*~Ky. Then P is maximal among subgroups in Sub(S)~K;, K; U P¥ € &
by Lemma 4.6, and this contradicts the maximality assumption on K. a
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S Extensions of p-local compact groups

The main result in this section is a version of [16, Theorem 9] which describes how to
extend a p-local compact group by a finite group. But before proving this, we need
to show some of the basic properties of linking systems over discrete p—toral groups.
All of the results in this section are generalizations of results in [16] or earlier papers
about linking systems over finite p—groups.

We first look at automorphisms of fusion and linking systems. The definitions are the
same as in the finite case (eg Andersen, the last author and Ventura [1, Definition 1.13]).

Definition 5.1 (a) For any fusion system over a discrete p—toral group S, an
automorphism « of S is fusion preserving if there is an automorphism & of F
which sends an object P to a(P) and sends a morphism ¢ to aga ™! (after re-
stricting « in the obvious way). Let Aut(.S, F) be the group of fusion preserving
automorphisms of S, and set Out(S, F) = Aut(S, F)/ Autz(S).

(b) For any linking system £ over a discrete p—toral group .S, an automorphism of
categories

w L—>L

is isotypical if for each P € Ob(L), a(dp(P)) =8¢ (p)(a(P)). Let Auttlyp([,) be

the group of isotypical automorphisms of £ which send inclusions to inclusions.

(¢) Each y € Autz(S) acts on the set Mor(L£) by composing on the left or right
with y and its restrictions. More precisely, for any ¢ € Mor. (P, Q), set

(5.1) Yo =v|o,x() () °¢ € Morz (P, (y)(Q)),
(5.2) @Y =@ oYl -1 (p).p € Morz(z(y)~' (P), 0).

(d) Foreach y € Autz(S), let ¢, € Auttlyp (£) be the automorphism which sends an
object P to m(y)(P), and a morphism ¢ to y¢y 1. Set

Outiyy(£) = Autl, (L) /{cy | ¥ € Autz(S)}.

The argument that AuttIyp (£) is a group in this situation is exactly the same as that used

in [1, Lemma 1.14] when S is finite.

Proposition 5.2 Let (S, F, L) be a linking triple, with structure functors

§
Ton(e)(S) — L > F.
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Fix o€ AutI p(£). Let B € Aut(S) be the restriction of o to S under the identification

~§55(S); thus a(8s(g)) =6s(B(g)) forall g € S. Then € Aut(S, F). Further-
more, T o = ,B o 7, where ,B € Aut(F) is the automorphism which sends P to B(P)
and ¢ to Bpp~L.

Proof Clearly, «(S) =S, and hence « sends §5(S) to itself. Thus B is well-defined.

For each P € Ob(£) and g € P, since o sends inclusions to inclusions, it sends

p—"" .5 a(P) —5
5P(g)l lgs (&) to a@p (g))l lﬁs(ﬂ(g))
P S la(P),S

a(P) ————— S.

The first square commutes by axiom (C) in Definition 1.9, so the second also commutes.
Since restrictions in £ are uniquely defined by Proposition A.4(d), this shows that

a(8p(g)) =385 (B(g)|a(p) = da(p)(B(g)). Hence
Sa(P)(B(P)) = a(8p(P)) = q(p)(a(P)),

where the second equality holds since « is isotypical. Thus a(P) = B(P) since Sy (p)
is injective.

Fix P,Q € Ob(£) and ¢ € Mor.(P, Q), and set ¢ = n(y¥) € Homx(P, Q). For
each g € P, o sends

P9 pp) = g(0)
5P(g)l lSQ(rp(g)) to 83(P>(ﬂ(g))l J‘SB(Q)(ﬂ(‘ﬂ(g)))
P20 B(P) " (0.

The first square commutes by axiom (C), so the second also commutes. By (C)

again, dg(0)(B(¢(g))) can be replaced by dg(g) (7 (a(¥))(B(g))), leaving the second
square commutative. Since dg(p) is a monomorphism, and since morphisms in £

are epimorphisms by Proposition A.4(g), it follows that B(¢(g)) = m(x(¥))(B(g)).
Therefore

(5.3) m(a(y)) = BB~ = Br(y)p~".

So BeB~! € Homz(B(P),B(Q)) for each P, Q € Ob(L) and ¢ € Homz(P, Q).
Since Ob(L) includes all subgroups which are F —centric and F -radical, all morphisms
in F are composites of restrictions of morphisms between objects of £ by Alperin’s

Algebraic & Geometric Topology, Volume 14 (2014)



2944 Carles Broto, Ran Levi and Bob Oliver

fusion theorem in the version of [9, Theorem 3.6]. Hence BpB~! € Mor(F) for all
@ € Mor(F), and 8 € Aut(S, F).

Thus there is a well-defined functor ,BA from F to itself which sends each P < §
to B(P) and sends each ¢ € Homz(P, Q) to BB~ '. This is an automorphism of the
category F by the same argument applied to ™!, and 7 oot = B o7 by (5.3). a

We are now ready to define the structures which will be needed to construct extensions
of linking systems.

Definition 5.3 Fix a linking triple (S, F, £) and a finite group G.

(a) An extension pair for L and G is a pair (f’, 7), where [ is an extension of
I' .= Autz(S) < T by G, and where 7: ' — Aut{yp(ﬁ) is a homomorphism
which makes both triangles in the following diagram commute:

r
incl‘
r

Fix an extension pair U = (f‘, 7) for £ and G. Let p: [ — G be the surjection with
kernel T.

nj
— > Aut!

typ ('C)

() <

(a—~>as)

®

T Au(D)

(b) Let Ly =L be the category with Ob(Ly) = Ob(L), and with

T.0)
Mor(Ly) = Mor(L) xp I' = (Mor(L) x ') /~,

where (¢,y) ~ (¢',y’) if and only if there is A € T" such that ¢’ = ¢A and
y' = A1y, Here, @A is as defined in (5.2). When ¢ € Morz(y(P), Q), the
equivalence class of (g, y) is denoted [¢, y] € Morg,, (P, Q). Composition
in Ly is defined by

[¥, nlele, vyl =¥ o () (), nyv].

Here, ©(n)(¢) € Morz(ny(P),n(Q)) when ¢ € Morz(y(P), Q) (where we
write n(P) = t(n)(P), etc.).

Thus when U = (f,r) is an extension pair for £ and G, [¢A,y] = [¢,Ay] in
Mor(Ly) for all ¢ € Mor(£), Ae€l',and y €T.
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To show composition in Ly is well defined, we note that for all ¥, ¢ € Mor(£L),
uw, A eI, and n,y € I' with appropriate domain and range,

[V nlelor. vl =[vpot(m(er), ny]
=[Yuot(m)(p). min~Hny]
=[yuorm@pn". uniyl
= [y ot(un(e). unry]l =[y. unlele, Ay].

The second equality follows from the commutativity of triangle (}) in Definition 5.3,
and the fourth from that of ().

We are now ready to state and prove the main result of this section. The following
theorem is a generalization to p—local compact groups of [16, Theorem 9] (which in
turn was a generalization of [6, Theorem 4.6]).

Theorem 5.4 [16, Theorem 9] Fix a linking triple (S, F, L). Set H = Ob(L), and
assume it is closed under overgroups. Let

5 — = _

T7(S)>LF
be the structure functors for L. Set T = Aut E(§ ), and regard S as a subgroup of T' via
the inclusion §: Ti(S) — L. Fix a finite group G and an extension pair U = (T, 7)
for £ and G, and choose S € Syl,(I"). Then there is a saturated fusion system F

over S containing F , and a transporter system T associated to F and containing L,
such that the following hold.

(a) We have Ob(T) = H :={P < S| PN S € #}, and this set contains all
subgroups of S which are F —centric and F —radical. Also, T contains Ly as a
full subcategory.

(b) The group I' can be identified with Aut7—(_§) in a way so that the inclusion of £
in T induces the inclusion of I' = Autz(S') in I.

(¢c) Foreachy el',cy, =1(y) € Autép(ﬁ_).

(d) The subcategory L is normal in T (cf Definition A.7).
(e) The space |Ly| is a deformation retract of |T|. The inclusion of geometric

realizations |L| C |Ly| (= |T|) is homotopy equivalent to a regular covering
space X — |T| with group of deck transformations G =~ T'/T".

Proof The categories 7 and F will be constructed in Step 2, after preliminary
constructions in Step 1. We show that T is a transporter system in Steps 3 and 4, and
prove that F is saturated in Step 5. Finally we prove (d) and (e) in Step 6.
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Note that S = OP(F) € Syl, (T'), since I'/S = AutE(S)/SS(S) has order prime to p
by Proposition A.4(e). For each y € ', let ¢, € Aut(S) denote conjugation by y on
S = Op (T) < T'. By the commutativity of triangle () in Definition 5.3(a), this is the
restriction to S of 7(y)z S € Aut(T"). Hence by Proposition 5.2, ¢, is fusion preserving
(induces an automorphism of the category F), and 7(y)(P) = cy(P) forall Pe H.
To simplify notation below, we write ¥ (P) = t(y)(P) to denote this action of y on H.

Step1 Set £; = Ly . Thus by Definition 5.3, Ob(£;) = Ob(£) = X, and
Mor(£;) = Mor(L) xg'={lp.vll¢e Mor(L),y € T}.

We claim that

5.4 all morphisms in £; are monomorphisms and epimorphisms.

For any [, y], [¢’, '], and [, n] with appropriate domain and range,

[v.nlole. vl =1v.nlel¢". ¥']

= [Y o). ny] =¥ ot (@), ny']
= there exists A € T, ny = A"y’ and ¥ o 1() (@) = ¥ o () (¢") o A

= y=@0"'"A~!y, andp = ¢ ot(n"")(X),

where the second equality in the last line holds since morphisms in £ are monomor-
phisms (Proposition A.4(g)). Also, t(n~!)(1) = n~!An by the commutativity of (),
so o, y] =1¢’, '], and hence [y, n] is a monomorphism. The proof that morphisms
are epimorphisms is similar.

Set Autp(S) = {cy € Aut(S) | y € T'}. Let F; be the smallest fusion system over S
which contains F and Autr(S). Define

- ﬁl —)./_"1

to be the identity on objects, while setting 7 ([¢, y]) = 7 (@) o ¢}, . The proof that this
is a functor (ie that it preserves composition) reduces to showing that the square

()
P—— 0

J 7 (z(¥) (@) l
y(P) — v(Q)

commutes for each ¢ € Morz(f, Q) and each y € I'. By the above remarks, c), €
Aut(S, F) is the restriction to S of 7(y)g. By the last statement in Proposition 5.2,
applied with @ = t(y) and B =¢,, To1(y) = ¢ o, where ¢}, € Aut(F) is such
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that ¢, (7 (p)) = cyn(go)c . Hence the square commutes. Since 7{(£1) contains
F |7 and Autg (S), and is closed under restrictions of morphisms to subgroups in #
(Proposition A.4(d)), then 7y maps onto Fi|z.

We regard L as a subcategory of £, by identifying each morphism ¢ € Morz(P, Q)
with [g, 1] € Morg, (P, Q). By construction, ¥ = my|z. For P < Q in H, the
inclusion morphism tp g = 8. p,o(1) for L is also considered as an inclusion morphism
in L. The existence of restricted morphisms in L (Proposition A.4(d)) carries over
easily to the existence of restricted morphisms in £;, and they are unique by (5.4).

Forall P,Q € H, define

(81)p,0: Ns(P, Q) —> Morg, (P, Q)

by setting (81) p,0(s) = [typs—1,0.5]- When s € Ng(P, Q), we have [ipe—1 o, 5] =
I8 P,0(s),1]; and thus (8;) p,p extends the monomorphlsm s p,o from Ng(P, Q) to
Morz(P, Q), under the identification of L as a subcategory of £;. To simplify the
notation, we write 6;(x) = (81) p,o(x) when P and Q are understood.

We claim that for all P, Q € H, Y € Morg, (P, Q),and x € P,
B (¥)(x) oY = ¥ o (81)p(x).
Set ¥ = [, y], where y € I' and ¢ € Morz(y(P), Q). Then
¥ o81(x) =g, ylo[dp, x] = [p, yx] = [9, ¢y (x)y] = [p o 8(cy (x)), 7]
=[B@ (@) ey () eg.¥] =i (W)(x)) 0. 7]
= [8Gr1 () (). o[, Y] = 81 (r1 (¥) (x)) 0 ¥,
where the fifth equality holds by axiom (C) for the linking system L.

We next show that morphisms in £; have the following extension property:

(5.5) Forall P,Q € H,¥ €lsoz,(P,Q)and P/, Q' < S
for which P <1 P/, Q < Q" and ¥8; (P))y ' <61(Q’),
there is a unique ' € Morz, (P’, Q'), where y¥'|p,g = V.

Set ¢ = [¢, y], where ¢ € Morz(y(P), Q). Forall x € P/,
[e. y1o[8(x), el ¥T™! =l t(r)E(x) e~ 1]
=[po8(cy () op™! 1] €81 (0.

where (y)(8(x)) = g(cy (x)) by the commutativity of (). Thus @8(y(P'))e~! <
§(Q'), so ¢ extends to ¢’ € Morz(y(P’), Q') by Proposition A.4(f). Set ¥' =
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[¢’, ¥]. Then ¥'|p,o = ¥ since t(y)(tp,p’) = Ly (pP),y(p) (ie T(y) sends inclusions
to inclusions), and this proves (5.5).

Step 2 Throughout the rest of the proof, for each P < S, weset P = PNS. We
next construct categories 7 and >, both of which have object sets H, and which
contain £; and the restriction of F; to H, respectively. Afterwards, we let F be the
fusion system over S generated by JF, and restrictions of morphisms.

Let 7 be the category with Ob(7) = H, and where for all P, Q € H,

(5.6) Morr(P, Q) ={y € Morg, (P, Q) |forall x € P, there exists y € O
such that ¥ o §1(x) =81 (p) o ¥ }.

If ¥ € Mor(T), then we denote the corresponding morphism in £; by ¥ . Let

§p,0: Ns(P,Q) —— Morr(P, Q)
C Ns(P. Q) C Morg, (P, Q)

be the restriction of (61) 5 g- Let F> be the category with Ob(F,) = H, and where

Morr, (P, Q) = {¢ € Hom(P, Q) | there exists € Morg, (P, 0),
where ¥ 081 (x) = 61(¢(x)) o, for all x € P}.

Define n: 7 — F, to be the identity on objects, and to send ¥ € Mory (P, Q) to
the homomorphism 7 (1)(x) = y whenever ¥ 031(x) = 81(y) o (uniquely defined
by (5.6) and (5.4)). This is clearly a functor: it is seen to preserve composition by
juxtaposing the commutative squares which define = on morphisms.

Let F be the fusion system over .S generated by J, and restriction of homomorphisms.
Since H = Ob(F>) is closed under overgroups, F is a full subcategory of F. Since £
is a full subcategory of 7, Homz, (P, Q) = Homg, (P, Q) for all P,Q € H. If
P, Q <S8 are any subgroups and ¢ € Homx(P, Q), then ¢ is a composite of restrictions
of morphisms in 5, and hence (since P € Ob(F,) = H implies PeH)a composite
of restrictions of morphisms in F, (equivalently F;) between subgroups in #. Thus
¢ € Homg, (P, Q); and we conclude that F is also a full subcategory of F.

Step 3 We next prove that

(5.7) each P € H is F—conjugate to some P’ € H
such that § 3, (Ns(P")) € Syl ,(Autr(P)).

Fix P € 1. Let P be the set of all S —conjugacy classes LQ] of subgroups O € pPr
(recall P = P N S) which are fully normalized in F. (If Q is fully normalized in F,
then so is every subgroup in [Q].) By Lemma 2.5, |P| is finite and prime to p.
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We claim that in general, for each y € I" and each O, R € H,
(5.8) Q and R F—conjugate <= y(Q) and y(R) F—conjugate,
(5.9) Q and R S—conjugate <= y(Q) and y(R) S—conjugate.

The first holds since y acts on £ and hence on F as a group of automorphisms
(Proposition 5.2), and the second since S < I'.

Let I C T be the subset of those y € I' such that )/(1_3) € P7 . Then for y; and y, in
IV, y1v2(P) € 1 (P)” by (5.8) and since y»(P) € P7, and hence y;y, € . By (5.9)
and since each y € T acts on S via the fusion preserving automorphism cy € Aut(S)
as shown above, y permutes the S'—conjugacy classes of subgroups which are fully
normalized in F. Thus each element of I permutes the set P.

Fix S’ € Syl ,(T"). Let n € T be such that " := nS’n~! < S. Since P has order
prime to p by Lemma 2.4, there is some [Q] € P fixed by S’. In other words, for
each y € S, y(0) is S—conjugate to 0. So by (5.9), for each s = nyn~!' € S”
(where y € §"), s(n(Q)) is S—conjugate to 7(Q). Set R = 1(Q). Then each coset in
S"/S contains some element s which normalizes R, ie the obvious homomorphism
Ns»(R) — S”/S is onto with kernel Ny (R). Since S and S have the same identity
component,

(5.10) |70 (N5 (R))| = |70(Ns# (R))| = |wo(N5(R))| - |S" /S|
= |7o(N5(Q))I-1S"/5].

Since T is the subgroup of elements of I" which send P to a subgroup in its F—
conjugacy class,

(5.11) |0 (Autr(R))| = |mo(Auty(P))| = |mo(Autz(P))|-|T’/T
= | (Autz(0))|- |T’/T.

Since Q is fully normalized in F, S’ € Syl ,(I), and S € Syl ,(I), (5.10) and (5.11)
imply that 6 5(Ns(R)) is a Sylow p—subgroup of Autr(R).

Choose any ¥ € Isor(P, R). Then 1//513(NS(}_’))1/f_1 is a p—subgroup of Autr(R).
Choose x € Auty(R) such that ()(tﬁ)(SP(NS(}_’))()(W)_1 < SR(NS(E)) By defi-
nition of the category T, x w extends to a morphism t € Mory (P, Ng (R)) Set
P’ = (¥)(P). Then P’ = R, P’ is F—conjugate to P, and P’ € H since P’ € H
(H is invariant under F—conjugacy). This finishes the proof of (5.7).

Step4 We are now ready to show that 7 is a transporter system. For each P € 7, set

E(P) = Ker[Aut(P) =5 Auty(P)].
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For each P, Q € Ob(T), E(P) acts on Mory(P, Q) by right composition and E(Q)
by left composition. Both actions are free since all morphisms in £; (hence in 7T")
are monomorphisms and epimorphisms by (5.4). We claim that 7p ¢ is the orbit map
of the action of E(P) on Mors (P, Q). Since every morphism in 7 (and also by
definition in F') factors uniquely as the composite of an isomorphism followed by an
inclusion, it suffices to prove this when P and Q are F—conjugate. It thus suffices to
prove it when P = @, and this holds by definition of E(P).

This proves axiom (A2). Axioms (A1) and (B) hold by construction, and (C) holds by
definition of the functor w: 7 — F. It remains to prove axioms (I)—(III).

Fix P € H such that SP(NS(P)) € Syl, (AutT(P)) By (5.7), every subgroup in H is
F—conjugate to some such P. Write G = Auty(P), T = 5P(NS(P)) and P'=85(P)
for short, where 65 is injective by construction. Thus P’ < T € Syl,(G). Fix
R € Sylp(Ng(P’)), and choose o € G such that a Re~! < T'. Then ozRoF1
Sylp(Ng(aP/a_l)), and so

aP'a” ' <aRe™' = Nr(@Pa™).

Set 0 =6= l(aP’ -1 SS;I(T) = Ng(P). Then Q is F—conjugate to P, Ng(Q) <
Ns(P), and o)

Nr(@P'e™") = Ny_ v (5 $5(2) = 85(Ns(Q)).
Ne@P'a™") = Ny, 5 (65(0) = Autr(Q).
Thus §g(Ns(Q)) € Syl ,(Aut7(Q)), and this proves axiom (I).

We next claim that

(5.12) PSP =S, 0<9Q <8, yelor(P. Q). ¥(6p(PNY ™' =80(0")
= there exists ¥’ € Mory(P’, Q) with ¥'|p,g = V.
Set = Vip, Q—[[(p v], where ¢ eIsoE(y(P) Q) and y €. By Proposition A. 40, ¢
extends in a unique way to y(P’). Therefore, w extends to some unique 1/f’
Mor, (P’, Q'). By definition of morphisms in 7 and the original hypothesis on v/, 1/f’

extends to a morphism v’ € Mor7(P’, Q") which extends v . This proves (5.12), and
thus proves axiom (II).

It remains to prove axiom (III). Fix Py < P, < P3 < --- in Ob(7) and ¢; €
Mor7(P;, S) such that for all i > 1,

Wi = 1/’i+1 °8Pi,P,'+1 (1)
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Set P= Ul_1 P;. Let g; € Mor(L) and y; € T' be such that v¥; = [[¢;, y;] for each

. Since |T'/T| < co, we can assume, after passing to a subsequence, that the y; all
he in the same coset I'y. If y; = v;y for some v; € T, then ¥; = [givi, y]; we
can thus assume y; = y for each i. But then ¢; = ¢;44 |p;,p;,, foreach i, soby
Proposition A.4(h) applied to £, there is ¢ € MorE(P S) such that ¢ ps =i for
each i. Set ¥ = [¢, y] € Mory(P, S); then ¢|P == w,|P for each i.

Fix g € P, and let i be such that g € P;. Set h = w(¥;)(g) € S. Then §g(h) o y; =
Vi o dp;(g) by axiom (C) for T, so (81)g(h) oy = ¥ o (61)p,(g) by (5.4) (the
morphisms are epimorphisms in £;). Hence by definition of 7, there is a unique
morphism ¥ € Mor7 (P, S) such that Y| = ¥ . By the uniqueness of extensions
again, ¥ |p, = v; for each i.

Step S We are now ready to show that F is saturated. By Theorem 4.2, it suffices to
prove the following statements.

(1) The group Autr(Sp) is finite.
(ii)) Forall P < S, Q < 8y, and ¢ € Homxz(P, Q), there exists a morphism
@ € Homz(P -Cg(P)g, So) such that ¢|p = ¢
(iii) We have H is closed in Sub(S), and F is ‘H—generated and H —saturated.
(iv) Forall PeH and P<Q <P°*, QeH.
(v) If P e F®is F—centric and P &, then there is Q € P7 such that

0, (Out#(Q)) NOuts(Q) # 1.

Point (i) holds by construction (and since F is saturated). By Step 4 and Proposition A.3,
we have F is H—saturated; ie it satisfies the saturation axioms for subgroups in H. It
is also ‘H—generated by definition: each morphism in F is a composite of restrictions
of morphisms between subgroups in H. Since # is closed under overgroups and
F—conjugacy, H is closed under overgroups and F—conjugacy by definition, and this
finishes the proofs of (iii) and (iv).

If P<S, Q<Sy,and ¢ e Homz(P, Q), then P < since S is strongly closed in F
(and So = Sp). By definition of F, ¢ = oy for some x € Autz(So) (x =m(¥)|s,
for some y € I' = AutT(S)) and some Y € Mor(F). Set P/ = y(P) < Sy, and
choose R € PF = P’ which is receptive in F. By [9, Lemma 2.4(a)], R < Sy, and
there is w € Autz(Sp) such that w(P’) = R. Since R is receptive, w o Y extends to
Ve Homz(P - Cg(P)o,Sp),s0 ¢ extends to xow™ " o . This proves (ii).

It remains to prove (v). Let K be the set of all P € F* such that the saturation axioms
hold for subgroups F—conjugate to P and all of their overgroups. Since H is closed
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under overgroups and F—conjugacy, K 2 H®. Set K' = F*~K, and let K’ be the set
ofall P=PnNS for P € K'. We will show that forall P < S,

(5.13) P € K or P maximal in X’ = (v) holds for P.

Having done that, we will prove that X' = &, so K 2 F*, and hence (using (5.13))
that (v) holds for all P € F°.

We first show that

(5.14) P €K or P maximal in K’
= there exists Q € P” such that Q is fully normalized in F.

If P is fully normalized, we are done, so assume otherwise. Let P’ be F—conjugate
to P and fully normalized in F. Since F is saturated, P’ is fully automized and
receptive, and so by Lemma 1.7(c), there is p € Homf(Ng(ﬁ), NE(F’)) such that
p(P) = P'. Clearly, P < S, so Ng(P) > P. If P is maximal in K’, then by
Lemma 3.5(b), the saturation axioms hold for all Q such that Q > P. So whether
P € K or P is maximal in ', the saturation axioms hold for N 3(13), N 5(13/ ) and
all subgroups of S which contain them.

Set R=Ng(P),andlet K ={a € Aut(R) |(P) = P}. Set R'=p(R) and K’ ="K .
Choose R” < S and t € Isox(R, R”) such that R” is fully °K —normalized in F, and
set P” = 1(P) and K” =K. Thus K’ and K" are the groups of automorphisms
of R’ and R”, respectively, which send P’ and P” to themselves. By Lemma 2.2(b),
there are automorphisms , x’ € Autf/(R’ "), and morphisms

T e Homz(NX(R), NY"(R")) and peHomz(NE'(R)), NK"(R"))
such that T|g = x7 and p|g = x'tp L.
We claim that
(5.15) INg(P)| < [INX'(R)| < INK'(R")| < [Ng(P")].
Since P is not fully normalized in F, R’ = p(Ng(ﬁ)) < Ng(ls’), and hence

K/
R < Ny (p)(R) = Ng (R))

by Lemma 1.12. This proves the first inequality in (5.15). The next one holds since p

sends
NE(R) im0 NE(R"),

and the last holds since all elements of N §K "(R") normalize P”. Hence P” is F—

conjugate to P and B _
|Ng(P")| > [Ng5(P)|.
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If P” is not fully normalized in F, then since P¥ contains finitely many S —conjugacy
classes (Lemma 4.1), we can repeat this procedure, until we find a subgroup Q which
satisfies (5.14).

We now prove (5.13). Assume P is F—centric and P §Z ‘H (otherwise the statement is
empty), and let Q be F—conjugate to P such that Q is fully F—normalized. Thus
P ¢ = Ob(L). Since by definition, a linking system must contain all centric and
radical subgroups with respect to the underlying fusion system, either P and Q are not
F—centric or they are not F—radical. If Q is not F—centric, then there is g € C E(Q)\ 0
(since Q is fully centralized). If Q is not F-radical, then Op(Aut=(Q)) > Inn(Q)
and is contained in the Sylow subgroup Autg(Q) (Q is fully normalized), and thus
there is g € Ng(Q)~Q such that ¢g € Op(Aut=(Q)). In either case,

g€ Q' :={g € N5(Q) | cg € Op(Autg(Q))} and g¢ 0,

and hence Q' > Q. Also, Q normalizes Q' and QQ' > Q, so Ngg/(Q) > O,
and there is x € @'~ Q such that x € Ng(Q). For any such x, ¢x & Inn(Q) since
Cs(Q) < Q (recall P is F—centric), and cx| is in Op(Aut]:(Q)) Also, since
xeS<S,[x.S]<S, and so ¢, induces the identity on Q/Q. Thus ¢y is in
the subgroup

U= {a € Autr(Q) ‘ oz|é € OI,(Aut]t-(Q)), o induces the identity on Q/Q}

< Autr(Q).

Since the group of all & € Aut(Q) which induce the identity on Q and on Q/Q is
discrete p—toral by Lemma 1.13, and is contained in U with p—power index, U is
a nontrivial normal discrete p—toral subgroup of Autr(Q), and U < Op(Autr(Q)).
Since x € Ng(Q)~ Q, cx represents a nontrivial element of Outs(Q) N Op(Outr(Q)),
so (v) holds for P, and the proof of (5.13) is complete.

We want to show that X' = &. Assume otherwise; then ' # @ since P € K’ implies
P € K. Choose Q to be maximal in K’, and choose P to be maximal among those
P e K’ such that P = Q. Then P is also maximal in K’. So by Lemma 3.5(b), P is
maximal among subgroups not satisfying the saturation axioms. By Lemma 4.6, this
maximality of P implies that (v) does not hold for P. Since this contradicts (5.13),
we now conclude that K’ = &, and hence (by (5.13)) that (v) holds for all P € F°.

Thus F is saturated. Also, (v) implies that 7{ contains all subgroups which are
F—centric and F-radical.

Step 6 By [9, Corollary 3.5], 7* contains all subgroups which are F—centric and
JF-radical, so they are all contained in H by point (v) in Step 5. Point (a) holds by
this together with the definition of £ = Ob(7). Point (b) holds by the definition
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of 7" in Step 2, and (c) holds by the definition of composition (of morphisms between
subgroups in ) in Step 1.

Condition (i) in Definition A.7 (for the inclusion LcC T) holds by (a), and since S is
strongly closed in F by construction. Condition (ii) (the Frattini condition) holds by
the construction in Step 1, and (iii) (invariance of £ under Aut7(S)-conjugacy) holds
by (c). Thus £ < T.

Let r: T — T be the retraction r(P) = P and r(p) = @ with image £;. There is a
natural transformation of functors » — Id7 which sends an object P to the inclusion
tp p- Hence |r| >~ Id7, and so [Ly| is a deformation retract of |7]. Also, the
inclusion of |£] into |Ly| is homotopy equivalent to a regular covering with group of
deck transformations G = I'/T by the last author and Ventura [17, Proposition A 4],
and this finishes the proof of (e). a

6 The category Auty,(L)

Fix a p-local compact group (S, F, £). Let Aut,(L) be the groupoid with object set
AuttIyp (£) and with morphisms the natural transformations. Since a natural transforma-
tion n: @ — B is determined by ng € Aut,(S) (since «(S) = B(S) = §), morphisms

can be described as
(6.1)  Morgur,(c) (@, B) = {x € Autz(S) | xae(p) = (@) x, all ¢ € Mor(L)}
={xcAuts(S)|B=cyoa}.

Thus x € Aut,(S) corresponds to a natural transformation n with x = ng. With this
notation, composition of morphisms takes the form

X 0]
o—— B —y
\_/

wox)

because y = ¢y o = Cp oCy o0 = Cyoy ot. Here, w o x is the composite of @ and x
in Aut,(S).

Composition in Aut! (L) gives Auty, (L) the structure of a discrete strict monoidal cat-

typ
egory, where @ - 8 = oo 8, and where
(6.2) (aL,B)-(a’Lﬂ’):(aoa'ﬂ(X—):X; ,30,3,)-
=xoa ()’

This structure makes the nerve N Autyy,(L£) into a simplicial group, and its geometric
realization |Auty,(L)| becomes a topological group. The projection from Autiy, (L)

Algebraic & Geometric Topology, Volume 14 (2014)



An algebraic model for finite loop spaces 2955

onto Outy,(£) induces a map of simplicial groups

N Autigy (L) = Outyyy (L),

where now Outy, (L), by abuse of language, denotes the discrete simplicial group with
vertex set Outy,(£). This projection is explicitly given by

pricog —> a1 —> - —>ap) =[ao] (=[] =+ = [on]),
and it sends 7o (| Autiyp(£)|) isomorphically onto Outy,(L).

The evaluation functor Autfyy,(£) x £ — L induces an action of the simplicial group
NAuty, (L) on the simplicial set NL as follows. In dimension 0, Ny Auty, (L) =
Aut{yp(ﬁ) acts on NyL = Ob(L) in the obvious way. For x € NjAuty,(L) and
(78S MOI‘L(P, Q) =N1£,

(63) (@2 B)(P > 0) = (a(P) 225 p(0)),
=Xx0°u(p)

and this extends naturally to higher dimensional sequences. The simplicial action
induces an action of the topological group |Auty,(L)| on the space |L].

Our aim is to describe maps BG — B|NAuty,(L)| via twisting functions (see, eg,
Curtis [11, Definition 3.14]). We need to show extensions of the type constructed
in Theorem 5.4 realize certain types of topological fibre bundles, and the relevant
obstruction theory is encoded in the simplicial equalities that characterize the twisting
functions.

For any (discrete) group G, let £(G) denote the category whose objects are the
elements of G, with a unique morphism between each pair of objects. Let B(G)
be the category with a single object e, and with G as the automorphism group of
that object. Then G acts on £(G) by translation, and the quotient category can be
identified with B(G). The geometric realizations of £(G) and B(G) are the universal
contractible free G—space EG, and the classifying space BG, respectively.

For a discrete group G, we will use the simplicial set N'B(G)? as a model for BG.
This allows us to conveniently denote simplices in AV, B(G)P by the usual bar notation

g 82 8gn
g =lgilgal - lgnli= (o S e B e By

where g; € G. We generally omit the superscript “op” from the notation. More generally,
for any small category C, we will consider the nerve of the opposite category C°P as a
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model for the nerve of C. Thus, for example, we consider face maps as

d0(00<£61<f—262---<f—ncn):(6‘1 (f—26‘2---<f—ncn),
fi f2 S fiof2 S
dl(co<—c1<—cz---<—cn)=(co<————c2---<—c,,),

etc.

To each simplicial group K, one associates a simplicial set W (K) (cf [11, Defini-
tion 3.20] or Goerss and Jardine [13, Section V.4]), by setting Wy(K) = *,

Wn(K)=Kp—1 X Ky_p x---x Koy forn>0,

and with face and degeneracy maps

(Kp—2,...,K9) if i =0,
64) di(kp—1,...,k0)= 3 (di—1kn—1,..., (dokn—i)kn—i—1,...,KQ) %f(‘)<i<n,
(dp—1Kkn—-1,....d1k1) if i=n,
Si(Kp—1,....k0)=(Si—1Kn—1++..,80kn—i, 1, kn—j—1,...,kg) all 0<i=<n,

for k; € K;. Then |W (K)| ~ B|K]|, and so we can take I/I_/(./\/Auttyp(ﬁ)) as a simplicial
model for classifying space of the topological group |Autiy,(L)].

A twisting function t from a simplicial set X to a simplicial group U is a collection
of maps #,: X, — U,—1 satisfying certain identities formulated in [11, Definition
3.14]. When X = NB(G) and U = NAut,y,(L), a twisting function ¢: NB(G) —
NAuty, (L) is a collection of maps

¢n: NuB(G) — n—IAuttyp(L) (aln=1)

satisfying the relations

$n—1(dig) = di—19n(g) for2<i <n,
©5) Gn—1(d18) = dopn(g) - Ppn—1(dog),
. Gn+1(5i8) = Si—16n(g) fori > 1,

Gn+1(s0g) =1,

for all n > 1 and for all g € NV,B(G). Here, 1 denotes the identity element in
Nn Auttyp (E) .

To a twisting function ¢ = {¢,},>1 as above, one associates the simplicial map

(6.6) @: NB(G) — W (N Auty,(L))
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where for each g =[g1]|---|gn] € NuB(G),

9(g) = (Pn(g). pn-1(dog).....$1(d} " 2))
= (¢n([g1| o lgn]). pn—1(g2l - 1gul)s - - .. P21 ([gn]))

It is not hard to see that the simplicial equalities (6.5) are designed so that ¢ is a
simplicial map. For example, ¢ commutes with the face maps by (6.5) together with

the face relations )
Jid dj_jdé if j <i,
0% =) Lj+1 e
d; if j >1i,
and formal manipulations.

The following lemma will be needed.

Lemma 6.1 Fix a linking triple (S, F, L), and an extension pair U = (f‘, T) for L
and G. Let p: [ — G be the surjection with kernel T := Aut(S), and let tyy: G — r
be a regular section of p (ie ty is a right inverse for p as a map of sets, and ty (1) = 1).
Define maps of sets

t:G— Auttlyp
(6.7) v: GXG — Inn(L)  suchthatt(g)t(h)=v(g, h)t(gh) forall g, heqG,
x: GXG — Autg(S) such that ty (g)ty (h)=x(g, h)ty(gh) for all g, heG.

Then the following hold.

(L) by settingt=t oty

(a) Foreach g,h € G, v(g,h) = cy.n €Inn(L).
(b) Foreachge G, x(1,g)=x(g,1)=1.
(c) Foreach g h.k € G, x(g h)x(gh k) =1t(g)(x(h.,k))x(g, hk).
Proof Part (a) follows by the commutativity of triangle () in Definition 5.3(a), and
(b) is immediate from the definition of x. It remains to prove (c).
By definition,
(tv (@t (W)t (k) = x(g, M x(gh. k) -ty (ghk),

() (tw(Wty (k) ="y (h, k) - x(g, hk) -ty (ghk)
= 1(g)(x(h, k) - x(g. hk) -ty (ghk),

where the last equality holds by the commutativity of triangle () in Definition 5.3(a).
The claim now follows by the associativity of multiplication in I". a
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We are now ready to show for given £ and G, there is a bijective correspondence
between twisting functions from N'B(G) to NAuty, (L) and extension pairs for £, G .

Proposition 6.2 Fix a linking triple (S, F, L) and a finite group G .

(a) Let U = (f‘, 7) be an extension pair for £ and G, and let ty: G — T be a
regular section. Then there is a unique twisting function ¢ = ¢y: NB(G) —
NAutiyp (L) such that

(i) forallg € G, toty(g) = ¢1([g)),
(ii) forall g,h € G, ty(ty(h) = p2([glhDtu(gh).

(b) Let ¢ ={¢n} be any tw1st1ng function from N'B(G) to N.Auttyp (£). There is an
extension pair U = (F 7), and a regular section ty: G — T, such that ou=9¢.

Proof (a) Let U = (f, 7) be an extension pair for £ and G, and fix a regular section
ty: G — T of the natural projection. Since a simplex in the nerve of a category is
determined by its 1—faces, there is at most one twisting function ¢ which satisfies (i)
and (ii). We will prove that such a twisting function exists.

We define 1: G —>Autt1yp([,), v:GxG —Inn(L) and x: GxG — Autg(S), asin (6.7).

For g =[gi| - |gn) and i < j, write g; j = gigi+1---gj. Define ¢ by setting
(6.8)  on(g1lg2l - Ign))

(z( D 282 (g =u(gr. g2) M (g1)

x(g1.82) "1 x(g1,82.3)

v — (g1 p—1)(g2.0—1) " =0(g1, g2.0—1) " 1(g1)

x(g1,82.0—1) "' x(g1,82.0) _ _
(g1t (gam)  =0(g1, 22.0) lz(go).

The equalities between the objects hold by (6.7) (the definition of v).

The first and third relations in (6.5) clearly hold for ¢. Also, ¢,([g1]---|gn]) is the
identity sequence if g = 1, which implies the fourth identity in (6.5). Thus we need
only check the second relation, namely that

(6.9) dopn((g1]---1gn]) - Pn—-1((g2] - 1gn]) = Pn—-1((g182183] - 1gn])

for each g1, ..., gn € G. Each side of (6.9) lies in N, Auty, (L), ie a sequence of
(n—1) objects and (n —2) morphisms. The objects on each side of (6.9) are the same,
since

[(gl,m)t(gZ,m)_l o t(gZ,m)t(g3,m)_1 = t(gl,m)t(g3,m)_1
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for all m > 2 (where we now set g3 » =1 and g5 » = g2 ). To show that the morphisms
in the sequences coincide, we must show that

(x(g1. &2.m) " x(g1. 2.m+1)) - (X(g2, &3.m) " x(22, E3.m+1))
= x(g1,2.83,m)x(g1,2- &3,m+1)

for all m > 2 (where again g3, = 1). By (6.2), the left-hand side of this equation
takes the form

(6.10)  (x(g1.82.m) " o x(&1.82.m+1)) © (€1t 1)1 (85 s 1)) (X(82.83,m) "
o x(&2: &3,m+1))
= x(g1.82.m) " x(&1. 82.m+1)
° Crer gamin @DX(€2.83.m) " x(82, 83,m+1)

= (g1, g2.m) " 1(g1)(x(g2, 83.m) "
o1(g1)(x(82: &3,m+1)) X(g1, &2,m+1)

= (x(21.82)x(8182. 83,m)) ' x(g1. 82)x(&1,2: §3.m+1)

= x(81,2-83.m) " X(81,2. 83.m+1)-

Here, the first equality in (6.10) follows from (6.7) and the definition of v, and the
third follows upon applying Lemma 6.1(c) twice. This finishes the proof that ¢ is a
twisting function.

By construction, ¢1([g]) =(g) = toty(g), and so ¢ satisfies (i). Upon setting n = 2
in (6.8), we may identify ¢, ([g|h]) with x(g, /), and so (ii) holds by Lemma 6.1.

(b) Fix a twisting function ¢, and define ¢t: G — Aut{yp(ﬁ) by 2(g) := ¢1([g]). Then
t(1)=1.

For each g, € G, the formulas in (6.5) for faces of ¢, ([g|h]) take the form
digy((glh]) =1(g) and  dogy((g|h]) = t(gh)-1(h)™".
So there is x(g, h) € N1 Autiyp(L) = Autz(S) such that

#2(0glh) = (1(2) L2 1(ghye (™).

By (6.1), 1(g) = ¢x(g,h) ot(gh)t(h)~!, and hence

6.11) 1(g)t(h) = cy(gn) - t(gh).

Also, by the degeneracy relations in (6.5), foreach g € G, x(g,1) =1= x(1, g).
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Similarly, for each g, h,k € G, ¢3([g|h|k]) has faces

dr¢3([glhlk]) = ¢2((g|h)),
(6.12) d1¢3((glhlk]) = ¢2((g|hk]),

dop3([g|hlK]) = da((gh|k]) - 2 ((hIKD ™
by (6.5). Hence ¢3([g|h|k]) takes the form

#3(glhk)) = (1) L€ 1(gmye(my L t(ghkye(hk) ™)

for some y; € Aut,(S). The second formula in (6.12) implies x(g, k)0 x1 = x(g, hk),
and hence x; = x(g./n)" ' x(g.hk). The third formula in (6.12) now implies

1 x(@m " x(g.hk)
“«—

t(ghk)t(hk)™ ) (t(h) t(hk)t(k) )
= (1(g my £ l(ghk)f(k) h).
Hence by definition of the monoidal structure on Autiy, (L) (see (6.2)),
x(gh.k) = x(g.h) "' x(g. hk)- (t(ghk)t(hk)™") (x(h. k)).
By (6.11), ¢y(g,nk) ot(ghk)t(hk)™! =t(g). Hence

(6.13) (& W) x(gh, k) = x(g, hk) - (€5 g piy o1 (@) (x(h, K))
=1(g)(x(h, k) x(g. hik).

(t(ght(h)~

Now define I' = Aut, (S) x G, with group multiplication
(a,g)-(b,h) = (a-1(g)(b)- x(g.h). gh)
for each g,h € G and each a,b € Aut,(S). Define t: [ - Auttyp
t(a,g) =cqot(g). Foreach g,h,k € G and each a, b, c € Aut,(S),
((a.g)-(b.h)-(c. k) = (a-1(g)(D)- x(g. 1) - t(gh)(c)- x(gh, k), ghk)
= (a-t(g)(B)-t()t(h)(c) - x(g. h) - x(gh. k), ghk)
= (a-1(g)(®)-t(g)t(h)(c) - 1(g)(x(h, k) - x(g, hk), ghk)
= (a,g)-(b-t(h)(c)- x(h, k), hk)
= (a,8) - ((b,h) - (c. k),

where the second and third equalities follow from (6.11) and (6.13) respectively. Thus
multiplication in I' is associative, and I'" is a group, with the obvious identity and

(£) by setting
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inverses. Similarly,

t((a.g)-(b.h)) =<(a-t(g)(b)- x(g.h).gh) = caoCi(g)®b) °Cx(g.h) ©1(gh)
= cqo1(g)cpt(8) ™" o Cygmt(gh) = caot(g)ept(g) " ot (g)t(h)
=1(a,g)t(b,h),

and so t is a homomorphism.

The triangle (1) in Definition 5.3)(a) commutes by definition of 7. Triangle (}) com-
mutes since

(@, 2)(b. (@, g)™" = (ar(g)(b)a™", 1) = (v(a,g)(h), 1) €T

for each (a, g) € [ and each b € Aut,(S). This shows that U := (f‘, T) is an extension
pair for £ and G.

Finally, for g € G, set ty(g) = (1,¢) € ['. Then ty is a regular section of the
obvious projection p: I' — G . By the definitions, t(ty(g)) = t(g) = ¢1([g]), while
for g,heG,

w@tyh)y=~1,g)-(1,h) = (x(g.h), gh) = (x(g.h), 1) - (1, gh).

Upon identifying (x(g,4),1) € T’ with ¢, ([g|h]), we obtain (i) and (ii). O

A twisting function ¢: N'B(G) — NAutyy,(L) determines a map
BG —> B|NAutyy(L))|

(see (6.6)), and hence determines a fibre bundle over BG with fibre |£| and structure
group |Autiyp(L£)|. This pullback bundle is the realization of a simplicial set E£(¢) =
|£| x4 BG: a twisted cartesian product which is described as follows (cf [11, (6.4)]).

Definition 6.3 For any twisting function ¢: NB(G) — NAuty, (L), let E(¢) be
the simplicial set with n—simplices E(¢), = N,L x NyB(G), and with face and
degeneracy maps

, _ [ (@n(g) - dok.dog) ifi=0,
d’(E’g)_{(dis,d,-g) ifi >0,
si(§.8) = (si&,5:8) for all 7,

for all £ € N,L£ and all g € N;,B(G). Let py: E(¢p) — NB(G) be the natural
projection which maps a pair (§,g) € E(¢) to g.

Algebraic & Geometric Topology, Volume 14 (2014)



2962 Carles Broto, Ran Levi and Bob Oliver

By [11, Section 6.4], in the situation of Definition 6.3, pg induces a fibre bundle
|pgl: |E(¢)| — BG

with fibre |£| and structure group |Autiy,(£)|. We want to identify the nerve of the
extension Ly of Definition 5.3 with E(¢) for the associated twisting function ¢.
Before we can do this, one more technical lemma is required.

Lemma 6.4 Let X be a simplicial set such that for each n > 2, the map

n—1
Dy = Xy S 4y x) € Xy x X [ doxs = (@) (x2) € Xo}

is a bijection. Then there is a category X with Ob(X) = X, and Mor(X) = X,
where f € Xy is a morphism from dy f to dy f and Idy = sox for x € X, in which
composition is defined as follows. If fi, f, € X are composable morphisms (ie
if dy fi = di f>), then their composite is defined by setting fi o f> = dx, where
x € X, is the unique element such that D,(x) = (f1, f2). In other words, fio f, =
dyo Dz_l (f1, f2). Furthermore, N X =~ X as simplicial sets.

Proof For each 0 <i < n, let e}': X, — X; be the “edge map” induced by the
morphism [1] — [#] in A with image {i,i 4 1}. Thus, for example, eg =d,, ef =d,
eq = (dy)"~ 1 for n > 2, etc.

For each n > 2, set
NaX ={(fo, -, fa—1) € (XD)" | do fi = dy fi+1 forall 0 <i <n—2}:
the set of n—tuples of composable morphisms. Set

Enz(eg,e;',... e )I Xn —>/\/nX§(X1)”

*“n—1

It is easy to check that £, = (Id x D) o (Id xD3)o---0 Dy, and so E, is a bijection
since the D; are. In particular, for each (f1, f>, f3) € N3X, there is a unique y € X3

such that E3(y) = (f1. f2. f3) = (d3y.dadoy.d}y) = (dad3y,dodsy. dody y) and
that

(f1ef2)ofs= didsy o f3 =didiy=diday= fi o didoy = fio(f20/3).
(=d2d1y) (=dod1y) (=d2d2y) (=dod2y)

The first equality follows since D,(d3y) = (dadsy, dodsy) = (f1, f2), and the fifth

since D,(dpy) = (dg v,dodoy) = (f2, f3), the second and fourth equalities hold by

definition of D5, and the third is a simplicial identity. This shows that composition

in X is associative, and hence that X’ is a category.

Set Eg =1dy,, E; =1dy, and E ={E,}: X — N X. By construction, E commutes
with face maps on X} for n <2. We claim that d; o E,, = E,—1 od; for n > 3 and
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0 <i < n. This is clear from the definition of E,, when i = 0 or i = n, since
in these two cases dg and d,, on N, X are restrictions of the obvious projections
Do, Pn: (X1)" = (X1)"~!. So assume 0 < i < n, and consider the map

n n n n
(e(),...,el-iz,z‘,eiJrl ..... en_

) , .
T: Xy (X)X Xy x (X",

where ¢ is induced by the morphism [2] — [n] with image {i — 1,i,i + 1}. Then
E, = (1d, (d3,dy),1d) o T, while E,_1 od; = (Id,d;,Id) o T. In other words, for
each x € X}, with E,(x) = (f1,..., fa), wehave E,_1(dix) = (f1,..., fi—1, fi o
Jitts o5 Jn) = di(En(x)).

This proves that E commutes with face maps, and it is easily seen (by the choice of
identity morphisms) to commute with degeneracies. Since all of the E; are bijections, £
is an isomorphism of simplicial sets. O

For any extension pair U = (f‘, 7) for £ and G, we let pr: Lyy — B(G) be the functor
defined by setting pr([e, v]) = p(y).

Proposition 6.5 Fix a linking triple (S, F, L), a finite group G, and an extension
pair U = (f‘, t) for £ and G with a regular section ty: G — [. Let ¢ = ¢y be
the associated twisting function, as in Proposition 6.2(a). Then NLy = E(¢), viaa
simplicial isomorphism which commutes with the projections to N'B(G). In particular,

lpry |

|Ly| —— BG

is a fibre bundle over BG with fibre |L| and structure group |Autiy,(L)|.

Proof We first claim, for each n > 2, that the map

Dy = (d}~ ', do): E(p)n
—>{(n1.12) € E(@)1 X E@)n—1 | don1 =d} 02 € E(¢p)o}

is a bijection. For & = (P <(p—1 Py << Py)and g =[g1]---|gnl],

Du(§.8) = ((Po <= Pi.[g1]). (n(g) ™" - do§ . [g2] -+ |ga)).
AN pu(g) ™ - dok.[ga] - gn]) = (1 (dy ' g) ™ - di dok, %)
= (¢1(Ig1) ™" P1. %) = do(Po Zp, [g1])-

For fixed g, D, restricts to a function from N, L to the set of pairs (§1,&,) €
N1L x Ny—1 L such that

(6.14) o1((g1) " (do&1) = d &,
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This function is in fact a bijection, since by (6.14), the last term of &, is the first
term of ¢ ([g1]) "' (do&1), and since ¢;([g;]) is invertible. Since g = [g1]---|gn] is
determined by [g1] and dog = [g2]|---|gn], it follows that D, is a bijection.

By Lemma 6.4, E(¢) = NE(¢), where E(¢) is the category with
Ob(E(¢)) = E(¢)o = Ob(L) x {x} and Mor(£(¢)) = E(¢)1 =Mor(L) x G,

with source and target defined by dy and d, respectively, with Id(p +) = so(P, *) =
(Idp, 1), and with composition defined by dy o D, . Let ¢ and yx be the functions
associated to U and ty via (6.7) (we do not use v here). For each ¢ € Morg(P, Q)
and g € G,

do(Q < P.Ig]) = (¢1 (gD (P). %) = (t(e) ' (P). %),

di(Q < P.lg]) = (0. %),
50 (¢, g) € Morg(g)(1(2) ' (P). %), (O, %)).
We next describe composition in £(¢). For each

n=(RE 0 & Plglhl) e E),
din = (poA,[gh]) and dan = (¢,[g]), while
don = (2(0g1h) " (0 < P).[g])

() ZE2 1 (emyeny™) " (0 £ P). [2))

= (1(9)"1(Q) L t(yr(gh)™\(P).[g])

where by formula (6.3) for the action of Mor(Auty,(£)) on Mor(L),

= (g™ 222 1(9)) -y = (@) (W) o x(g. ).
In other words, composition in £(¢) satisfies
(6.15) (0. 8) o (Y, h) = (pok,gh) = (pot(e)(¥)ex(g. h), gh).

It remains to show that £(¢) = Ly. By construction, each morphism in Ly has
the form [¢, ty(g)] for some unique ¢ and g. Define w: Ly — £(¢) by setting
w(P) = (P, *) and w(Jo,ty(2)]) = (¢, g). By (6.15), this preserves composition,
and hence is an isomorphism of categories. a
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7 The proof of Theorem A

Before proving Theorem A, we need one more result, which allows us to compare
fibrations with fibre | L]} and fibre bundles with fibre |L|.

Proposition 7.1 For each p-local compact group (S, F, L) and each finite group G,
there is a bijection ® from the set of equivalence classes of fibre bundles over BG with
fibre |L| and structure group |Autiy,(L)| to the set of equivalence classes of fibrations
over BG with fibre homotopy equivalent to |L]| 1/7\ : a bijection which sends the class of a
fibre bundle to the equivalence class of its fibrewise p—completion.

Proof For any space X, let Aut(X) denote the space of its self homotopy equivalences.
Let
Q: |Autyp(L)| — Aut(|£]) and  Q:|Autyy(L)] — Aut(|£|1/,\)

be the homomorphisms induced by the evaluation functor Auty,(£) x £ — L and by
p—completion.

By Barratt, Gugenheim and Moore [3, Theorem 5.6], equivalence classes of fibrations
over BG with fibre |L| ;,\ are in one-to-one correspondence with the set of homotopy
classes of pointed maps [BG, BAut(|L]})]x. Also, equivalence classes of |Auty,(L)|-
bundles over BG with fibre |£| are in one-to-one correspondence with the set of
homotopy classes of pointed maps [BG, B|Auty,(L)|]«.

If a map
/' BG — B|Auty,(L)|

classifies an | Autiy,(L£)|-bundle &¢ with fibre |£|, then BQo f classifies the fibrewise
p—completion &7 of §. So we must show that the map

~
o—

BQ
®: [BG, Bl Autyy(L)|], —— [BG. BAut(L]))],
is a bijection.

By [9, Theorem 7.1], Q induces a homotopy equivalence after (componentwise) p—
completion. Hence BAut(|L]}) is the fibrewise p—completion of B.Auty,(L) over
BOut(|L] ﬁ) = BOuty,(£), and there is a map of fibration sequences

K(Z,2) —— B|Autiyy(L)| —— BOutyy,(L)

b T

K(Z,2)y —— BAu(|L|})) — BOut(|£|}).
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Here, Z = Aut 44, (c)(Id), and by (6.1) in Section 6, it can be identified as a subgroup
of Z(S). (In fact, Z = Z(F): the center of the fusion system F.) Hence it is an
abelian discrete p—toral group of the form Z = (Z/p®°)" x A for some finite abelian
p—group A.

By [4, Proposition VI.5.1], K(Z/p®°,2), ~ K(Zp,3), K(Qp,2); ~ * and K(Zp,2)
is p—complete. Hence by the fibre completion lemma [4, Lemma 11.4.8], there is a
map of fibration sequences

K(Zp,2) — K(Qp,2) — K(Z/p*,2)

T

and so hofibre(k) >~ K(QP,Z) Thus K(Z, 2)2 ~ K((Zp)",3) x K(A,2), and the
homotopy fibre of B is equivalent to hofibre(k,) >~ K((Qp)",2).

Since G is finite, H (G; (Qp)")=0forall i > 1. Thus ® is a bijection by obstruction
theory. |

Remark 7.2 In particular, we have shown that each class of fibrations over BG with
fibre | L] 2 has a representative which is actually an | Auty,(£)|-bundle. In other words,
the structure group of a fibration can always be reduced to |Autiy,(L)|.

We are now ready to prove Theorem A, in the following slightly more precise form.

Theorem 7.3 Assume f: X — Y is a finite regular covering space with group of deck
transformations G, where X =~ L] 1/,\ is the classifying space of a p—local compact
group (S, F,L). Then Yp/\ is the classifying space of a p-local compact group
(S, F, L). Furthermore, there is a transporter system | associated to F and L such
that £ < T, and such that Aut(S)/ Autﬁ—(g) =G

Proof By Proposition 7.1, there is a fibre bundle |£| — E — BG with structure
group | Autyyp (L)| whose fibrewise p—completion is equivalent up to homotopy to the
fibration X — X xg EG — BG. This bundle is classified by a map ¢ from BG to
Bl Autyp(L)| = |WAuty,(L)|. Since WAuty,(L) is fibrant (cf [13, Corollary V.6.8]),
we can assume that ¢ is the realization of a simplicial map, and hence is determined
by a twisting function ¢.

By Proposmon 6.2(b), ¢ = ¢y for some extension pair U = (F 7) with regular section
ty: G — r. By Proposition 6.5, |Ly7| 2 E as bundles over BG. In particular, there is
amod p equivalence from |Ly| to X xg EG~Y .
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By Theorem 5.4, there is a saturated fusion system JF over a discrete p—toral group S,
and a transporter system 7~ associated to F, such that £ <17, Aut7(S)/ Aut E(§ =G,
and such that |7| contains |Ly7| as deformation retract. Hence |7 1/,\ ~ |Ly| 1/,\ -~ Yp/\.
Let 71 € T be the full subcategory whose objects are the objects of 7 which are F -
centric. Then Ob(77) is invariant under F—conjugacy, closed under overgroups, and
contains all subgroups which are F—centric and F-radical. Hence |7; ﬁ ~|T] 1’,\ by
Proposition A.9(a). By Proposition A.6, there is a linking system £; associated to 7y
and to F, with Ob(L;) = Ob(7), and such that |£4 |;,\ ~|Ti |1’,\. By Proposition A.12,
there is a centric linking system L associated to F which contains £; as a full
subcategory, and | L]}y ~ |L;| by Corollary A.10. So |£|; ~ Y;*, and this finishes
the proof of the theorem. |

Appendix: Transporter systems over discrete p—toral groups

Transporter systems are a generalization of linking systems, which were first defined
(over finite p—groups) in [17]. We need them here in order to state our main theorem
on extensions of fusion and linking systems (Theorem 5.4) in sufficient generality. In
the first half of this section, we define and prove the basic properties of transporter
systems over discrete p—toral groups; especially those properties needed to prove and
apply Theorem 5.4.

Afterwards, we give some conditions under which an inclusion of transporter or link-
ing systems (one a full subcategory of the other) induces an equivalence or mod p
equivalence of geometric realizations. We also prove that every linking system all of
whose objects are centric can be embedded in a centric linking system. When it is a
question of adding only finitely many conjugacy classes, these results can be proven
using arguments similar to those already used in [5; 17] for linking and transporter
systems over finite p—groups. What is new here (and makes the proofs harder) is the
necessity of handling infinitely many classes at a time.

Let G be a group, and let H be a family of subgroups of G which is invariant under
G —conjugacy and overgroups. The transporter system of G with respect to H is the
category T3(G) with object set , and which has morphism sets

Morr,,6)(P. Q) = Tg(P. Q) = {x € G | xPx~' < 0}

(the transporter set) for each pair of subgroups P, Q € H.

Definition A.1 Let F be a fusion system over a discrete p—toral group S. A trans-
porter system associated to a fusion system JF is a nonempty category 7 such that
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Ob(T) € Ob(F) is closed under F—conjugacy and overgroups, together with a pair of
functors

Ton() (S) —> T 2> F,

satisfying the following conditions.

(A)

(A2)

(B)

©)

@

ey

(II0)

The functor ¢ is the identity on objects and the functor p is the inclusion on
objects.

For each P, Q € Ob(7), the kernel
E(P) :=Ker[pp: Auty(P) —> Autr(P)]

acts freely on Mor7(P, Q) by right composition, and pp,g: Morr (P, Q) —
Homz (P, Q) is the orbit map for this action. Also, E(Q) acts freely on the set
Mory (P, Q) by left composition.

Foreach P, Q € Ob(T), ep,g: Ns(P, Q) — Mory (P, Q) is injective, and the
composite pp goep g sends g € Ng(P, Q) to ¢g € Homz(P, Q).

For all ¢ € Mory(P, Q) and all g € P, the diagram

8p(g)l lsg(p(w)(g))

commutes in 7.

Each F—conjugacy class of subgroups in Ob(7") contains a subgroup P such
that ep(Ng(P)) € Syl,(Autr(P)); ie such that [Auty(P) : ep(Ng(P))] is
finite and prime to p.

Let ¢ elsor (P, Q), P < P<S,and Q_S_Q < S be such that gogp(P)op™! <
£0(Q). Then there is some ¢ € Mory (P, Q) such that goep 5(1) =¢g Q(l)o(p.
Assume Py < Py < P3 <--- in Ob(7) and v; € Mory(P;, S) are such that
forall i > 1, ¥; = Yip106p, py,(1). Set P ={J;2; P;. Then there is
Y € Morr (P, S) such that Y oep, p(1) = y; foreachi.

When P < Q are both in Ob(7"), we write tp 9 = €p, (1), considered to be the
“inclusion” of P into Q. By axiom (B), p sends tp g9 € Mory(P, Q) to inclIQ, €
Homg( P, Q) (the inclusion in the usual sense).

Proposition A.2 The following hold for any transporter system T associated to a
fusion system JF over a discrete p—toral group S .
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(a) Fix morphisms ¢ € Homz(P, Q) and ¥ € Homz(Q, R), where P,Q, R €
Ob(T). Then for any pair of liftings

v €pg'r(W) and Yo € pplr(We).
there is a unique lifting § € p;lQ (@) such that 1/7 o = 1’/7&

(b) For every morphism i € Mory (P, Q), and every Py, O« € Ob(T) such that
Py < P, O« < Q, and p(Y)(Px) < Qx, there is a unique morphism {4 €
Mor7(Px, Q«) such that Y otp p, =10 0, ° Vx.

(¢) For each v € Mor(T), v is an isomorphism in T if and only if p(y) is an
isomorphism in F .

(d) All morphisms in T are monomorphisms and epimorphisms in the categorical
sense.

Proof Point (a) follows from [17, Lemma A.7(a)], and (b) is a special case of (a). All
morphisms in 7 are monomorphisms by [17, Lemma A.7(b)] and since morphisms
in F are monomorphisms.

If ¥ € Mory(P, Q) is such that p(y) € Isox(P, Q), then by (a), there are ¥’ €
Mor7(Q, P) and ¥" € Morr(P, Q) such that Yoy’ =Idgp and ¥'oy/” =Idp. Then
Y =YY’y =" is an isomorphism in 7 with v as inverse. This proves (c).

It remains to prove that all morphisms in 7 are epimorphisms. Fix ¢ € Mor (P, Q)
and @1, ¢, € Morp(Q, R) such that ¢ oy = @, o ¥ ; we must show that ¢; = ¢,.
Since ¥ is the composite of an isomorphism followed by an inclusion by (b) and (c),
it suffices to prove this when P < Q and ¥ = 1p ¢ is the inclusion.

Assume we can show that p(¢1) = p(¢;2). By axiom (A2), ¢ = @1 o @ for some
a € E(Q). Hence

Yroltolp,g =¢20lp,g =9¥1°LP,Q

so aotp g =1tpo by (a), and o = Idg since E(Q) acts freely on Mor7 (P, Q)
(axiom (A2)). Thus ¢1 = ¢;.

To complete the proof, we need to show that p(¢1) = p(¢2). Assume otherwise,
and let P < Q be the subgroup of all g € O such that p(¢1)(g) = p(¢2)(g). Then
P < Ng(P) by Lemma 1.12, and

P(‘P1)|NQ(F) a /0(902)|NQ(13)

by definition of P. So upon replacing P by P and Q by NQ(F), we can arrange
that P < Q.
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Set P’ = p(¢1)(P) = p(p2)(P). By (b), ¢10tp,0 = ¢20tp,g has a unique restriction
B =wi1lp.pr = @a2|p,p €Isor (P, P'). Fix x € Q, set y; = p(¢;)(x), and consider
the following two squares for each i =1, 2:

®i
0 —— R P—— P
eo(x) l l er(¥i) ep(x) l l epr(¥i)
0i B
Q — R P—— P

The first square commutes by axiom (C), and the second square is defined to be a
restriction of the first. Note that £p(x) sends P to itself because P <1 Q’. Note also
that ep(x) is the restriction of g/ (x) since ¢ is a functor (and since ty,y = ey, y (1)
forall U < V in Ob(7)). Hence the second square commutes by the uniqueness
of restriction morphisms (point (b)). Thus ep/(y;) = ep/(y2) = Boep(x)o fL.
Since ep- is injective (axiom (B)), this shows that y; = y,. Since this holds for all
x € Q, p(¢1) = p(p2), contradicting our assumption that they are distinct. a

In the situation of Proposition A.2(b), we write V¥« = ¥ |p, 0, € Morr(Px, Ox), and
regard it as the restriction of .

Proposition A.3 For any fusion system F over a discrete p—toral group S, and any
transporter system T associated to F, F is Ob(T)—saturated.

Proof Set H = Ob(T) for short. By axiom (I) for 7, each subgroup in H is F—
conjugate to some P such that ep(Ng(P)) € Syl ,(Auty(P)). Hence

(7.1) Auts(P) € Syl ,(Autz(P)) and ep(Cs(P)) € Syl,(E(P)),
where as usual, E(P)=Ker[Auty(P) L Aut F(P)]. In particular, P is fully automized
in F.

We claim that P is also receptive. Fix any QO € P¥ and ¢ € Isor(Q, P). By
axiom (A2), there is ¥ € Iso7(Q, P) such that pg p(¥) = ¢. Let N, < Ng(Q) be
the subgroup of all g € Ng(Q) such that pcgp~! € Autg(P). Then tﬂsQ(N(p)w_l <
ep(Ns(P))- E(P). Since ep(Cs(P)) € Syl,,(E(P)), we have that ep(Ns(P)) €
Syl,(ep(Ns(P))- E(P)). So there is x € E(P) such that

(xV)eo(Np)(xy) ™' <ep(Ns(P)).

Axiom (IT) now implies that there is ¥ € Mor7(Ny, S) such that 1/_/oLQ,Nw =ipsoxy,
and so p(¥) € Homz(Ny, S) is an extension of ¢ = p(¥) = p(xV).
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It remains to prove that axiom (III) (for a fusion system) holds for all subgroups in H.
Soassume Py < P, < P3<--- aresubgroupsin H, P=|J;_, Pi,and ¢ e Hom(P, S)
is such that ¢; := ¢|p, € Homz(P;, S) for each i. For each i, E(P;) contains a
discrete p—toral group with index prime to p, and thus is an extension of a discrete
p—torus by a finite group. Also, restriction defines a homomorphism from E(P;41) to
E(P;), and this is injective by Proposition A.2(d). We can thus regard the E(P;) as
a decreasing sequence of discrete— p—toral-by-finite groups, and any such sequence
becomes constant, since discrete p—toral groups are Artinian (see [9, Proposition 1.2]).
In other words, there is N such that for all j > 7 > N, the restriction of E(Pj) to
E(P;) is an isomorphism.

For each i < N, choose ¥; € Hom7(P;, S) such that ¢; = pp, s(¥]). Set Yy =¥}y
By (A2), for each i > N, there is x; € E(Py) such that ¥y = ¥/|py,s0 xi. We
just saw that there is x; € E(P;) such that );|py = xi. Soif we set ¥; = ¥/ o Xi,
then Vi|py,s = Vlpy,s © Xi = ¥n. Since morphisms in 7 are epimorphisms by
Proposition A.2(d), ¥;11|p,;,s = ¥; for each i > N, and by axiom (III) for 7, there
is ¥ € Mory (P, S) such that ¥|p, s = ; foreach i > N. Then p(y)|p;,s = ¢;i for
each 7, s0 ¢ = p(¥) € Homz(P, S). o

We next show that linking systems over saturated fusion systems are transporter systems
and characterize linking systems among transporter systems. This is a generalization
to linking systems over discrete p—toral groups of [16, Proposition 4]. We will first
list the properties of linking systems that we need as a separate proposition that might
be useful for future reference and then state the result as a corollary.

Proposition A.4 The following hold for any linking system L associated to a saturated
fusion system J over a discrete p—toral group S'.

(a) Foreach P, Q € Ob(L), the subgroup E(P) :=Ker[Autz(P) — Autr(P)] acts
freely on Mor. (P, Q) via right composition, and mp ¢ induces a bijection

Morz(P, Q)] E(P) —> Homx(P, Q).

(b) The functor § is injective on all morphism sets.
(c) The action of E(Q) on Homz (P, Q) via left composition is free.

(d) For every morphism ¥ € Morg (P, Q), and every Py, Q« € Ob(L) such that
Py <P, 0« =<0, and 7(V)(Px) < O, there is a unique morphism V' |p, o, €
Morz(Px«, Q«) (the “restriction” of v ) such that Y o1p,_p =g, 0°VI|P,,0.-

(e) If P € Ob(L) is fully normalized in F, then 6p(Ng(P)) € Syl ,(Autz(P)).
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(f) Lee PIP<S and Q < 0<S be objects in L. Let € Morz(P, Q) be such
that for each g € P, there is h € Q satistying

10,5V 28p(g) =5 5 oV
Then there is a unique morphism Y € Morz(P, Q) such that ¥|p,g = V.

(g) All morphisms in £ are monomorphisms and epimorphisms in the categorical
sense.

(h) Assume Py < P, < P3<--- in Ob(L) and v; € Mor.(P;, S) are such that for
alli > 1, ¥; = Yiy1|p,,s. Set P =\J;=, P;. Then there is € Mor.(P, S)
such that | p, s = V; foreachi.

Proof Points (a) and (b) are exactly the same as points (a) and (c), respectively,
in [16, Proposition 4], and the proofs go through unchanged. The proof of (c) is
contained in that of [16, Proposition 4(f)], again with no modification necessary. We
prove the remaining points.

(d) This is a special case of [9, Lemma 4.3(a)] (which is Proposition A.2(a) for linking
systems).

(e) Foreach P € Ob(L) which is fully centralized in F,
Autr(P) = Aut,(P)/6p(Cs(P)) and Autg(P) = Ng(P)/Cs(P).

Hence [Autz(P) : Autg(P)] = [Autg(P) : 6p(Ns(P))], since dp is injective. If
P € Ob(L) is fully normalized in F, then Autg(P) € Syl,(Autz(P)), and so
§p(Ns(P)) € Syl,(Autz(P)).

(f) The proof of existence of an extension v is identical in our case to the proof of
the corresponding statement [16, Propostion 4(e)]. It remains to prove uniqueness.

Assume V1, ¥, € Isoz (P, Q) are two extensions of 1. We must show that ¥/; = /5.
It suffices to do this when ¥ is an isomorphism, and also (after composing by an
isomorphism, if necessary) when P is fully centralized in F.

Fix x € P, set y; = n(¥;)(x), and consider the following two squares of morphisms
in L:

8 So(yi)

QI

Q) +— Qi

P
i) 8p(x) l
P

Q +——

¥
_—

¥
_—
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The first square commutes by axiom (C), and the second square is defined to be a
restriction of the first. Note that §p(x) is the restriction of é 5(x) since § is a functor
(and since (y,y = Sy,y(1) for all U < V in Ob(L)). Hence the second square
commutes by the uniqueness of restriction morphisms (point (d)). Thus dg(y1) =
Yoldp(x)oy !l = do(y2). Since 8¢ is injective by (b), this shows that y; = y,.
Since this holds for all x € P, n(¥;) = n(¥3).

By axiom (A) (and since P is fully centralized), Y5 =1/ o8 p(a) for some a € Cg (P).
Hence

to.g°V =Valpg=Wi°85a)lps="V1°8p p(a)
=Vilpgeodr(@) =ty 5oV odp(a),

s0 8p(a) = 1 since E(P) acts freely on Mor. (P, Q) by (a) (note that a € Cg(P)).
Then a = 1 since §p is injective by (b), and so Y| = 5.

(g) By [17, Lemma A.6], for each ¢ € Mor(L), ¢ is an isomorphism in £ if and only
if 7(¢) is an isomorphism in F. Hence by (d), each morphism in £ is the composite
of an isomorphism followed by an inclusion. So it suffices to prove that inclusions are
monomorphisms and epimorphisms. That they are monomorphisms follows from the
uniqueness of restrictions in (d).

By the uniqueness of extensions in (f), any inclusion tp ¢ for P <1 Q is an epimorphism.
Since a composite of epimorphisms is an epimorphism, this proves that (p ¢ is an
epimorphism if P < Q with finite index.

Assume this is not true in general. Then there are ¥, ¥, € Isoz(P, Q) and P, < P
such that ¥; # ¥, and ¥1|p, = ¥2|p,. Choose Py < P; < P which is minimal
among subgroups of P containing Py for which v{|p, # ¥2|p, (S is Artinian
by [9, Proposition 1.2]). There is no proper subgroup P, < P; of finite index which
contains Py (otherwise V1 |p, = ¥2|p, and the result follows from (f)), so P; is the
union of its proper subgroups which contain Py. In particular, 7w (y1)|p, = n(¥2)|p, .
The rest of the argument to show that ¥{|p, = ¥2|p, (thus giving a contradiction)
goes through exactly as in the last paragraph of the proof of (f). (Note that we can
easily arrange for P to be fully centralized.)

(h) Assume P; < P, < P3 <.-- in Ob(£) and ¢; € Mor.(P;, S) are such that for
eachi > 1, ¥; = Yiq1|p,.s. Set P =J;2, Pi, and set ¢; = 7(y;) € Homz(P;, S)
for each i. Then ¢;1|p; = ¢; for each i, so the union of the ¢; is a homomorphism
¢ € Hom(P, S). By axiom (III) in Definition 1.4, ¢ € Homz(P, S).

By Lemma 3.2(d), there is N such that P’ = P® foreachi > N . Let Oy € (Pn)” be
fully centralized in F, fix v € Isor(Pn, On), and set Q@ = v*(P). Thus E(Qpn) =
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Son(Cs(QnN)), each element of Cs(Q ) also centralizes O} by the uniqueness of
extensions to Q% so each element of E(Q ) extends to an element of E(Q), which
implies that each element of E(Py) extends to an element of E(P).

Choose ¢ € Morz (P, S) such that 7 (') = ¢. By axiom (A), there is xn € E(Pn)
such that ¥ = ¥'|py.s o xn. Let x € E(P) be such that x|p, = xn, and set
¥ =Y ox. Then ¥|py.s = V'|py,s o XN = YN, and ¥|p, s = ¥; for each i: via
composition with inclusions when i < N, and by (g) (morphisms in £ are epimor-
phisms) when i > N. O

We are now ready to show that all linking systems are transporter systems.

Corollary A.5 Fix a saturated fusion system JF over a discrete p—toral group S'.
Then each linking system L associated to F is also a transporter system. Conversely,
a transporter system T associated to F which contains all F—centric F —radical
subgroups as objects, and such that the kernel subgroups E(P) are all discrete p —toral
groups, is a linking system.

Proof Assume L is a linking system associated to F. Axiom (A2) in Definition A.1
follows from Proposition A.4(a),(c), (B) and (C) follow from the corresponding axioms
in Definition 1.9, and (I), (II), and (III) follow from points (e), (f), and (h), respectively,
in Proposition A.4. Thus £ is a transporter system.

Assume now that 7 is a transporter system associated to F such that Ob(7) contains
all F—centric F—radical subgroups of S'. By axiom (A2), pp, g sends Morr(P, Q)
surjectively onto Homz(P, Q) for each P, Q € Ob(T), so every object of T is
isomorphic in 7 to an object which is fully centralized. If P is fully centralized,
then ¢p sends Cg(P) injectively to a Sylow p—subgroup of E(P), and hence E(P)=
ep(Cg(P)) in that case since we are assuming that £ (P) is discrete p—toral. It follows
that 7 is a linking system associated to JF. |

Proposition A.6 Let F be a saturated fusion system over a discrete p—toral group S'.
Let T be a transporter system associated to F, all of whose objects are F —centric,
which contains all F —centric F -radical subgroups of S. Then for every P € Ob(T),
E(P) = Ey(P)x Z(P) tor some E¢(P) < E(P) which is finite of order prime to p
and normal in Auty(P). There is a linking system L associated to JF, defined by
setting Ob(L) = Ob(T) and

Mor (P, Q) = Morr (P, Q)/ Eo(P),

and the natural functor T —> L induces a mod p equivalence between the geometric
realizations and hence a homotopy equivalence |T |, ~ |L|} .
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Proof By axiom (C), for all P € Ob(T), E(P) commutes with ¢p(P) in the group
Autr(P). Hence ep(Z(P)) = ep(P) N E(P) is central in E(P), and it has finite-
index prime to p by axiom (I) and since P is F—centric. So E(P) = Z(P) x Ey(P)
for some unique Eo(P) < E(P) which is finite of order prime to p.

It is now straightforward to check that £, when defined as above, is a quotient category
of T (ie composition is well defined). Axioms (A1), (A2), (B) and (C) for a transporter
system imply that £ satisfies the corresponding axioms for a linking system, and thus
is a linking system associated to F. The induced map of spaces |7 | — |£| is a mod p
equivalence (and hence |7 ~ |£]}}) by the authors [7, Lemma 1.3]. O

We next define normal transporter subsystems. Recall that for any fusion system F
over a discrete p—toral group S, a normal subgroup S < S is weakly closed in F
if for each g € S, g7 € S. In other words, no element of S is F—conjugate to any
element of S~.S.

Definition A.7 Fix a pair of saturated fusion systems F C F over discrete p—toral
groups S .5, and let 7 € T be associated transporter systems. Then 7 is normal in

T (T Q7)if:

(i) S is strongly closed in F and Ob(7T) ={P NS | P € Ob(T)}.
(ii) Forall P, Q € Ob(T) and ¥ € Mor(P, Q), there are morphisms y € Aut(S)
and ¥« € Morz(y(P), Q) such that ¥ = Y« oy|py(p)-
(iii) Forall P,Q € Ob(T), ¥ € Mor#(P, Q), and y € Autr(S), Yo,y o Vo
YI5.(py is in Morz(y (P). y(Q)).

Here, in (ii) and (iii), we write y(P) = p(y)(P) and y(Q) = p(y)(Q) for short. In
this situation, we define

T/T = Autr(S)/ Aut(S).

Let 7 be a transporter system. A subgroup P € Ob(7) is defined to be T—radical
if Op(Autr(P)) =ep(P). When T is a linking system associated to F, then P is
T-radical if and only if it is F—centric and F-radical. If 7 = Tg(G) for a finite group
G and S €Syl (G), then P < S is T-radical if and only if it is a radical p-subgroup
of G in the usual sense.

Lemma A.8 Let F be a saturated fusion system over a discrete p—toral group S, and
let T be a transporter system associated to F. Let P € Ob(T) be a minimal object,
let P be the F —conjugacy class of P, and let Ty 7T the full subcategory with object
set Ob(T)~P. Assume that:

Algebraic & Geometric Topology, Volume 14 (2014)



2976 Carles Broto, Ran Levi and Bob Oliver

e P is fully normalized.
e Ng(P)/P is finite.

e P iseither not F —centric or not T—radical.
Then the inclusion of |Ty| into |7 | induces an isomorphism in mod p cohomology.

Proof Let ®: 7 op — Zp)—mod be the functor which sends objects in P to Fp
and other objects to 0, regarded as a subfunctor of the constant functor F,. By the
minimality of P, and since the quotient functor F,/® vanishes on P, it follows that

H*(T.Ep/®) = H*(To.Fp) = H*(|Tol.Fp).

where the second isomorphism holds because I, is constant on 7. Upon applying
H* (T, —) to the short exact sequence of functors associated to the inclusion of ® in F,
and using the above isomorphism, we conclude that H* (7, ®) = H*(|T|.|Tol|.Fp).

Let O(T) denote the orbit category associated to 7 : the category with the same objects
as 7, and with morphism sets Morp 1) (P, Q) = Morr (P, Q)/Q, where Q =9 (Q)
acts freely by left composition. The projection 7 — O(7) is target regular in the sense
of [17, Definition A.5(b)], so by [17, Proposition A.11], there is a spectral sequence

EY = H'(O(T): H (= ®(-))) = H'T (T ).

Since Ng(P)/P is finite, and [Aut7(P) : ep(Ng(P))] < co by axiom (I) (recall P is
fully normalized), Auty(P)/ep(P) is also finite. By [9, Proposition 5.4], and since
®(Q) =0 for Q €P,
H'(O(T): HY (= () = A’ (Autr(P)/ep(P): H! (P; ®(P)))
= A (Autr(P)/ep(P); HY (P:Fp))

for each 7 and j. If P is not F—centric (and since it is fully normalized), there
is g € Cg(P)~P, and the class of ep(g) # 1 in Auty(P)/ep(P) acts trivially on
H’(P;Fp). If P isnot T-radical, then O,(Autr(P)/ep(P)) # 1. In either case,

by Jackowski, McClure and the third author [14, Proposition 6.1(ii)], we have that
A'(Auty(P)/ep(P); H' (P;Fp)) =0 foreach i and j, so

H*(IT|. | Tol: Fp) = H*(T: ®) =0.

Thus the inclusion |7g| — |7| induces an isomorphism on mod p cohomology as
claimed. a
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Lemma A.8 gives us a tool for proving that under certain conditions, adding or subtract-
ing one conjugacy class in a transporter system does not change the (mod p) homotopy
type of its realization. However, more is needed when dealing with infinitely many
conjugacy classes. One problem when doing this is that the “bullet functor” P +> P*®
need not lift to a functor on a transporter system. This is why we need to assume the
existence of a normal linking subsystem in the following proposition.

Proposition A.9 Let F be a saturated fusion system over a discrete p —toral group S,
and let T be a transporter system associated to F . Let Ty €T be a full subcategory
which is a transporter subsystem associated to a full subcategory Fo C F. Assume
there is a normal linking subsystem £ <\'T over a subgroup S < S of finite index, and
let F € F be the corresponding fusion subsystem. Assume also that either:

(a) All objects in L are F—centric and Ob(Ty) 2 Ob(T) N Ob(F¢).
(b) Each object in Ob(T )~ Ob(7Ty) is F —centric and not T -radical.

Then the inclusion of |Ty| in | 7| is a mod p homology equivalence.

Proof For each P < S, we write P = PN S, and set PV = PP* (where (—)*
means the bullet construction for F). By Lemma 3.2(b), Ng(P) < Ng(P*), and since
P < P, it follows that P normalizes P' (so PV is a subgroup). Also, since P®* < S,
PV =P.P*=P* andso (PV)Y =

Foreach P, Q € Ob(7) and each ¥ € Mory(P, Q), let ¥ =v¥/| 5 P.0 Then ¥ extends to
¥ € Mory(P, Q) and to ¥* € Mor7(P°®, O°) (Lemma 3.5(a)), and hence by axiom (II)
to ¥V € Morr(PY, QV). By the uniqueness of these extensions, ¥V|p = ¥, and
thus (—)" defines an idempotent functor from 7 to itself.

Let 7V C T be the full subcategory whose objects are those P such that PV = P
(and use the same notation for the corresponding subcategory of any subtransporter
system of 7). For each P < §, PY/P* is a subgroup of order at most |S/S| in
Ng(P*®)/P*, and by [9, Lemma 1.4(a)], there are only finitely many conjugacy classes
of such subgroups. Since F* has finitely many S—conjugacy classes of objects, T~
also has finitely many S —conjugacy classes of objects.

Let $) be the set of all transporter subsystems 7’ € T such that:
- T2
e T’ is a full subcategory of T .

e The inclusion |Tg| € |7T”| is amod p homology equivalence in case (a), or a
homotopy equivalence in case (b).

We must show that 7 € 5.
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Assume otherwise, and choose 77 € $) for which Ob(77) NOb(7 V) contains the largest
possible number of F—conjugacy classes. Let 7, € T be the full subcategory with
Ob(73) = {P € Ob(T) | PV € Ob(Ty)}. By the above discussion, |7,Y| = |7,’| is a
strong deformation retract of 77| and of |7;|, so |T1| ~ | 72|, and T; € 9.

Since 7, & T by assumption, Ob(7) € Ob(73). Let P be maximal among objects
in 7Y not in 7. By definition of Ob(7;), P is maximal among all objects of 7 not
in 75. Let 73 € T be the full subcategory with Ob(73) = Ob(72) U P

Now, Ng(P)/PCg(P) = Outg(P) is finite by [9, Lemma 2.5]. In case (a), the group
PCg(P)/P is finite since P is F—centric and [S : S| < oo, while Cg(P) < P in
case (b). So |Ns(P)/P| < oo in either case.

By assumption, P is either not F —centric (case (a)) or not T—radical (case (b)). So by
Lemma A.8, the inclusion of |7,| into |73| is a mod p equivalence. Hence 73 € 9,
contradicting our maximality assumption on 7. a

Corollary A.10 Let (S, F, L) be a linking triple, and let Ly C L be a full subcategory
which is a linking subsystem associated to some Fo C F . Then the inclusion of | L]
into |L£| is a mod p homology equivalence.

Proof Since L is a linking system, a subgroup P < S is L-radical exactly when it
is F—centric and F-radical. So by definition, £ contains all £-radical subgroups.
Hence the lemma is a special case of Proposition A.9(b). a

It remains to look at the problem of constructing a centric linking system which contains
as full subcategory a linking system over a smaller set of objects. As usual, we first
check what happens when we add one conjugacy class of objects.

Lemma A.11 Let F be a saturated fusion system over a discrete p—toral group S,
and let ¢ be the full subcategory of F —centric objects. Let Fy € F; S F€ be full
subcategories such that Ob(Fy) and Ob(F;) are invariant under F —conjugacy and
closed under overgroups, Jy contains all F —centric F —radical subgroups of S, and
Ob(F7) = Ob(Fy) UP for some F—conjugacy class P. If Ly is a linking system
associated to Fy, then there is a linking system L associated to F; such that L is
isomorphic as a linking system to the full subcategory of £ with same set of objects
as Ly.

Proof This follows by the same proof as in [2, Proposition I11.4.8] (Steps 1-3), together
with Lemma 2.4.
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Alternatively, let ® be the functor ®(P) = Z(P) when P € P, and ®(P) = 0 when
P € Ob(Fy). For P € P, A*(Outg(P); ®(P)) = 0 by [14, Proposition 6.1(ii)] and
since O,(Outz(P)) # 1. Hence by [9, Proposition 5.4], H3(O(F;); ®) = 0. By
an argument similar to that used by the authors to prove [8, Proposition 3.1], the
obstruction to extending Lg to £; lies in H3(O(F;); ®), and hence £, does exist. I

This is now generalized as follows.

Proposition A.12 Let F be a saturated fusion system over a discrete p—toral group S,
and let F¢ be the tull subcategory of F —centric objects. Let Fo € F° be a full subcat-
egory such that Ob(Fy) is invariant under F —conjugacy and closed under overgroups,
and contains all F—centric JF —-radical subgroups of S. If Ly is a linking system
associated to Fy, then there is a centric linking system L associated to F (associated
to F¢) which contains L as a linking subsystem.

Proof Let ) be the set of all families of subgroups H € Ob(F°) such that:

e 1D O0Ob(Fy).
e H is invariant under F—conjugacy and closed under overgroups.

e There is a linking system with object set H which contains L as a linking
subsystem.

We must show that Ob(F€) € §).

Choose H; € $ for which H; N F* contains the largest possible number of F—
conjugacy classes. Set Hy = {P € Ob(F€) | P®* € H,}, and let F; € F, C F be the
full subcategories with Ob(F;) = H;. Let £, be the pullback of £; and F, via the
functors

ANy APy

Then L, is a linking system associated to JF, (recall that Z(P) = Z(P*®)), and hence
Hz €N.

Assume Ob((F€)*)~H; # @, and let P be maximal among subgroups in this set.
Then P is maximal among subgroups in Ob(F¢)~H,, and so H, U P7 € § by
Lemma A.11, and this contradicts the choice of H;. Hence Ob((F€)®) € Hy, and so
H, = Ob(F€) € 9. O
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