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Left-orderable fundamental groups and
Dehn surgery on genus one 2-bridge knots

RYOTO HAKAMATA
MASAKAZU TERAGAITO

For any hyperbolic genus-one 2-bridge knot in the 3—sphere, such as any hyperbolic
twist knot, we show that the manifold resulting from r—surgery on the knot has
left-orderable fundamental group if the slope r lies in some range, which depends on
the knot.

57M25; 06F15

1 Introduction

A non-trivial group G is said to be left-orderable if it admits a strict total ordering that
is invariant under left-multiplication. Thus, if g </ then fg < fh forany f,g,heG.
Many groups that arise in topology, such as orientable surface groups, knot groups,
braid groups, are known to be left-orderable. In 3—manifold topology, it is natural to
ask which 3-manifolds have left-orderable fundamental groups. Toward this direction,
there is very recent evidence of connections between Heegaard Floer homology and
left-orderability of fundamental groups. More precisely, Boyer, Gordon and Watson [3]
conjecture that an irreducible rational homology 3—sphere is an L—space if and only
if its fundamental group is not left-orderable. An L—space is a rational homology
3—sphere Y whose Heegaard Floer homology group HF (Y) is a free abelian group
with rank equal to |H;(Y;Z)| (Ozsvath and Szabé [18]). Recently L—spaces have
become an object of interest, and it is an open problem to characterize L —spaces
without mentioning Heegaard Floer homology. An affirmative answer to the above
conjecture would give an algebraic characterization of L —spaces. Boyer, Gordon and
Watson confirmed the conjecture for several classes of 3—manifolds, including Seifert
fibered manifolds and Sol-manifolds. Also, they showed that if —4 < r < 4 then
r—surgery on the figure-eight knot yields a 3—manifold whose fundamental group is
left-orderable. Later, Clay, Lidman and Watson [6] confirmed the same conclusion
for r = 4. Since the figure-eight knot cannot yield L—spaces by non-trivial Dehn
surgery [18], these give supporting evidence of the conjecture. Other results toward
this direction appear in Clay and Teragaito [7], Li and Roberts [16] and Teragaito [22].
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For a knot K in the 3—sphere, we call a slope r left-orderable if the manifold K(r)
resulting from r—surgery on K has left-orderable fundamental group. In this paper, a
slope is sometimes identified with its standard parameter in QU{1/0} (see Rolfsen [21]).
In particular, the meridional slope corresponds to 1/0. It is known that any hyperbolic
2-bridge knot does not admit Dehn surgery yielding an L—space [18]. Hence any slope
but 1/0 is expected to be left-orderable for a hyperbolic 2-bridge knot, if we believe
the above conjecture. However, showing this seems beyond our reach at the moment.
The purpose of this paper is to give the ranges consisting of left-orderable slopes for
all hyperbolic genus-one 2-bridge knots. These include hyperbolic twist knots.

For non-zero integers m and n, let K(m,n) be the 2-bridge knot S(4mn + 1,2m)
in Schubert’s normal form as illustrated in Figure 1. Here, the twists in the vertical box
are left-handed (resp. right-handed) if m > 0 (resp. m < 0), but those in the horizontal
box are right-handed (resp. left-handed) if n > 0 (resp. n < 0). For example, K(1,—1)
is the right-handed trefoil, and K(1, 1) is the figure-eight knot. By symmetry, K(m, n)
and K(—n,—m) are isotopic. Since K(—m,—n) is the mirror image of K(m,n), we
may consider only m > 0. With the exception of the trefoil, K(m,n) is hyperbolic.
It is also well known that any genus-one 2-bridge knot is equivalent to K (i, n) for
some m,n (see Burde and Zieschang [5]).
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Figure 1: A genus-one 2-bridge knot K(m,n) and K(2,1)

Theorem 1.1 Let K = K(m,n) be a hyperbolic genus-one 2-bridge knot S(4mn +
1,2m) in the 3—sphere as illustrated in Figure 1. Let I be the interval defined by

(—4n,4m) ifn>0,
I = [0, max{4m,—4n}) ifm>1andn < -1,
[0, 4] otherwise.

Then any slope in I is left-orderable. That is, the fundamental group 1 (K(r)) of the
resulting manifold K(r) of r —surgery is left-orderable if r € I .
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In particular, K(1,n) and K(m, £1) are twist knots. As mentioned before, K(m, —1)
is isotopic to K(1,—m), and K(m, 1) is the mirror image of K(1,m).

Corollary 1.2 Let K(1,n) be the n—twist knot with n # —1. If n > 0, then any slope
in the interval (—4n, 4] is left-orderable. If n < —1, then any slope in the interval [0, 4]
is left-orderable.

A similar difference between positive and negative twist knots is also found in Dabkow-
ski, Przytycki and Togha [9], and Peters [19].

Remark 1.3 As mentioned before, the trefoil is the only non-hyperbolic knot among
genus-one 2-bridge knots. For the (right-handed) trefoil, it is known that r—surgery
yields an L—space if and only if » > 1. Since the resulting manifold under Dehn
surgery is either a Seifert fibered manifold or a connected sum of two lens spaces,
this is also equivalent to 77 (K(r)) being not left-orderable. See Boyer, Gordon and
Watson [3], and Clay and Watson [8].

Our argument works even for the figure-eight knot K(1, 1), and it is much simpler
than that in [3], which involves character varieties.

Finally, Tran [23] informed us that he obtained a result similar to Theorem 1.1.
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2 Knot groups and two sequences of polynomials

Let K = K(m,n) and let G = 7;(S? — K) be its knot group. We always assume that
m > 0 and n # 0, unless specified otherwise.
Proposition 2.1 The knot group G admits a presentation

G=(x,y|w'x=yw"),

where x and y are meridians and w = (xy~')"(x~!y)™. Furthermore, the longitude
L is given as £ = ww", where wyx = (yx~1)™(y~'x)™ is obtained from w by
reversing the order of letters.
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This is slightly different from that in Hoste and Shanahan [14, Proposition 1], but both
are isomorphic.

Proof We use a surgery diagram of K as illustrated in Figure 2, where 1/m—surgery

and —1/n-surgery are performed along the second and third components, respectively.
Let 41; and A; be the meridian and longitude of the i component.

C(:)
8

Figure 2: A surgery diagram of K

First, y = u;lx,u3, z = u;ly,uz, Ay =x"1y and A3 = yz~!. 1/m-surgery on

the second component yields a relation A7 s =1, so pp = A;™. Similarly, —1/n—
surgery on the third component gives p3 = A%. We remark that the knot group G is
generated by x and y. This fact can be seen by eliminating z, @, and us.

Thus
Ay =y vy e = Ay T =y (T )y T T )™ = (D)™ (T )™
Set

(1) we = Ay = (yx~ )" (70"
Then the relations y = ;L;lx,u3 and u3 = A5 give yAJ" = A7"x. This gives
) ATy Gy = [T )™M (™™

Set w = (xy~H™(x~1y)™. Since [(x~'y)"(xy~H)"" = (x"Iy)"w(x"y)T™,

(2) changes to y(x~!p)"w" (x~1y)™ = (x "' p)"w"(x~'y)™x. By y(x"1y)" =
x~H™My we have (yx D" pw(x~1y)™™ = (x "1 y)"w™(x~1y)™x. Thus,

(v y y y y y y

T S R S e I (O

= w" ey T )T ) T ) = w0 (e e (e )™

=w"x.
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The longitude is £ = M3,U«2M3_1M;1 = wﬁuzw;”ugl. We have
pow "yt = () T T T M T T )

= )T ) ey T T )

= [y ™" )" ="
Thus £ =wlw". ml
To describe the Riley polynomial of K in Section 3, we prepare two sequences of
polynomials with a single variable s.
For non-negative integer m, let f,, € Z[s] be defined by the recursion
(3) Jm+2 = +2) fmi1 + fm =0

with initial conditions fo =1 and f; = s+ 1. Also, let g, € Z[s] be defined by the
same recursion

4) gm+2— (S +2)gmr1+8&m =0

with slightly different initial conditions go = 1 and g = s + 2. We remark that g,,
is equivalent to the Chebyshev polynomial of the second kind. For convenience, set
foi=1and g_; =0.

Lemma 2.2 Let m > 0. The closed formulas for f,, and g,, are

m . m .
m—+i\ ; m+1+i\ ;
fm:.EO(m_i)S, gm:EO( m_l )S.
1= 1=

In particular,

(1) all the coefficients of f,, and g, are positive integers,
(2) the degree of f,, and gy, is m,

(3) fm and g, are monic.
Proof By induction on m; apply the recursive formulas. a

Lemma 2.3 For m > 0, the polynomials f,, gm satisty the following relations.

(1 fm+gm—l =E&m
2) fmtsgm= fm—H
3) S = 5&m&m—1+ 1
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Proof These are easily proved by induction on m. We prove only (3). It holds when
m = 0. Assume fn% = Sgm&m—1 + 1. From (1), (2) and the recursive formula for g,,,
1 = (S +35gm) = fin +25fmgm + 5785,
= (sgm8m—1 + 1) + 25 /mgm + 585,
= (58m&m—1+ 1) +25(&m — gm—1)8m + 5723,
= (s +25)gm — 5m&m—1 + 1 = 5((s + 2)&m — Em-1)gm + |
=S5gm+18m + 1. O

Lemma 2.4 If a positive real number is substituted to s, then sgp,—1 <4 fm.

Proof Since sg;,—1 = fin — fm—1 by Lemma 2.3, the claim immediately follows
from 3/, + fm—1 > 0. a

3 Riley polynomials

We will construct a family of representations of the knot group G into SL;(R). Let F
be a free group generated by x and y. Let s and ¢ be positive real numbers. Define a
homomorphism p: F — SL;(R) by

(V1 RN/
o= (3 V) e = (0 )

Recall that w = (xy~ )™ (x~1y)™. If p(w"x) = p(yw"), then p induces a repre-
sentation of G into SL,(R). Although this relation yields four equations, Riley [20]
shows that the four equations reduce to a single one. Let W = p(w) and z; ; be the
(i, j)—entry of W”. Then p induces a non-abelian representation of G if s and ¢ are
a pair of solutions of Riley’s equation ¢g (s,¢) = 0. The Riley polynomial of K is
given by ¢ (s,1) =z1,1 + (1 —1)z1 2. (See also Dubois, Huynh and Yamaguchi [10].)

To calculate the Riley polynomial of K, we need to diagonalize the matrix W'.

Assumption 3.1 In this section, we assume that n # —1 and that positive real numbers

s and ¢ are chosen to satisfy the inequality s +2 <t + 1/t <542 +4/(sg,31_1).

Proposition 3.2 For W = p(w), we have

_ f;%_Stg,Zn_l Jm—18m—1 _—fmgtmil
W= "2 S 52 :
Sfm&m—1—Stfm—18m—1 m—1 " 18&m—1
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Proof We prove by induction on m. (For the knot K(m,n), we assume m # 0.
However, this proposition holds even for m = 0.)

If m =0, then w =1, so W is the identity matrix. It is easy to check that the claim
holds.

Assume the conclusion for m. Note that

p(xy_l):(s—i-l 1)’ p(x_ly)z(s+1 —l/z)'

s 1 —st 1

Calculate the product

(s +1 1) fra—stg? Sm—18m—1— f'”gt’””_l (S +1 —l/t) ‘

s 1 Sfm&m—1— St fm—18m—1 ,5_1 _%grzn_l —st 1

By using Lemma 2.3, each entry is identified as desired. For example, the (1, 1)—entry
is given by

2 2 Jm&m—
(S +1 1) ( Jm —S8ig, 1 fm—légm—l - gt 1) (s + 1) .

Sfm&m—1—Stfm—18m—1 'z g2 —st
Then the (1, 1)—entry is
(s +D?fia+25(+ 1) fingm—1 +5°gp1)
—st((s + D2gp_y +206+ D) fno18m—1+ fru_y)
= (5 + D fm+5gm-1)> =5 (fm-1 + 5 + Dgm-1)*.
This can be changed further:

(fm +s(fm + gm—l))2 —st((fm—1+5gm—1) + gm—l)2
= (/fm +ng)2 —8t(fm +gm—1)2 = rr21+1 —Stg,zn a

To calculate W” for |n| > 1, we need to diagonalize W . Let A4 € C be the eigenvalues
of W. Since detW =1, AyA_=1.

Lemma3.3 A #A_

Proof If A4 =A_,then Ay =A_ ==£1. Then tr W = £2.

On the other hand, tr W = f;2 —I—fn%_l —s(t+ 1/t)gr2n_1 =s(s+2—1— l/z)gi_1 +2
by Proposition 3.2 and Lemma 2.3. Since g,,—; # 0 (recall m # 0), s > 0 and
s+2<t+ 1/t by Assumption 3.1, we have tr W < 2. If tr W = —2, then

s(t+ 1/t—s—2)g,2n_1 =4,
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sot+1/t=s5s+2+ 4/(sg£1_1). But this is impossible by Assumption 3.1 again.
Hence A4 # A_. o

o i) — _ wi,2 Wi,2
Let w; ; be the (i, j)—entry of W, and let P (M__wl’l )»——wl,l)'

Lemma 34 w;; #0

Proof Assume w;, = 0. By Proposition 3.2, wi» = fm—18m—1 — fm&m-1/t.
Hence f;,; = tfu—1. From the recursion (3), tfm—1 — (s + 2) fu—1 + fm—2 = 0.
Since f;—1 # 0, wehave t =5+ 2— f,,—2/fm—1. Thus ¢t < s + 2, contradicting
Assumption 3.1. o

The next result will be used in Section 5.
Lemma 3.5 w;; = —stw; . Hence wy; # 0.
Proof This immediately follows from Proposition 3.2 and Lemma 3.4. |

By Lemmas 3.3 and 3.4, det P = —w; »(A+ —A_) # 0. A direct calculation gives

Ay O
-1 _ +
pwr= ().

For any integer k, set 15, = ()\]_‘|r —2k) /(A4 —A_). Since 1 is symmetric in Ay and
A_, it can be expressed as a polynomial of tr W = A4 +A_. Also, 7_; = —7%, and a
recursion 1541 — (tr W)tx + tx—1 = 0 holds for any integer k.

Lemma 3.6 For W" = p(w"), we have

wh — (wl,lfn —Tn—1 W1,2Tn )
W2, 1Tn Tn+1 —W1,1Tn

Proof When n = 1, it is easy to see the conclusion. Let || > 1. The conclusion
follows from the matrix calculation of

n
W"=p (AO+ ;31) P

We check only the (2, 1)—entry here. A direct calculation gives

T,
1nz (At —wi,1)(A-—wq,1)

w
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for the (2, 1)—entry. Byusing tr W =A 4 +A_=wj 1+war anddet W =w; jwy o —
wipWwa, =1,

Tn
- Ay —wi,)(A-—wy 1)
1,2
=———A-W)w1+wi)=———10-wi,1wz)
w1,2 Wi,2
Tn
=- (—wipw2,1) = wy 1 Ty O
wi,2

Proposition 3.7 The Riley polynomial of K is
Pk (s,0) = (tnt1 =) + (s +2—1=1/1) fin—18m—17n-
Proof By [20] (see also [10, page 309]), the Riley polynomial is

ok (s.t) =z1,1+ (1 —=1)z1,2,

where z; ; is the (i, j)—entry of W”". From Lemma 3.6 and the recursive formula
for 7z,

Pk (s,1) = (W1,1Tn — Tu—1) + (1 =D w1 274
=Typ1 — (W)t + (w1 + (1 =Dwy 2)Ty
=(tpr1—w)+ Wi+ =Dwi s+ 1—-tr W)z,
Recall that by Proposition 3.2, tr W = f;2 + fn%_l —s(t+ l/l)g,i_1 . Thus we have
wip+0=Dwip+1-tcW
=(1=1)fm—18m-1— %fmgm—l +1-fa + ?g,i_l
=Q—t—1/t) fn—18m—1+ 1= fip_ +5g5_,
from Lemma 2.3(2). Lemma 2.3(1) and (3) give

1— n%—l +Sg72n_1 =—5gm—-18m—2 + Sgi_l
= 5gm—1(&m—1—8&m—2) = 5&m—1m—-1-
Thus we obtain ¢g (s,¢) = (tpr1— ) + (S +2—1—1/1) fru—18€m—1Tn- O

For convenience, we introduce a variable 7 = ¢ + 1/¢. Then the Riley polynomial of
K is expressed as ¢g (s, 7) = (ty+1— ) + (S +2—T) fru—18m—1Tn -

We remark that the Riley polynomial of K is also described by Morifuji and Tran [17]
in a different form.
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Example 3.8 If n =1, then

¢k (s, T)=(2—1)+(+2-T) fm—18m—171
=WwW-D+6+2-T)fm—18m-1
=55 +2=T)gp_y + 1+ +2=T) fn-18m—1
=6+2-T)gm-108m-1+ fm—1) + 1 =(+2=T)gm-1fm + 1.
Thus Riley’s equation ¢ (s, T) = 0 has the unique solution 7" =5 +2+1/(fm&m—1)
for any s > 0. Then T > s + 2 > 2, because f;; > 0 and g,,—1 > 0. Hence

we have a real solution 1 = (T + VT2 —4)/2 > 1. By Lemma 2.4, we also have
s+2<T <s+2+ 4/(sgr2n_1). Thus s and ¢ satisfy Assumption 3.1.

Remark 3.9 Formally, the conclusions of Lemma 3.6 and Proposition 3.7 are true
even for n = —1. Then ¢g (s, T) =14+ (T —s5 —2) fru—18m—1. Hence the equation
¢k (s, T) = 0 has the unique solution 7" =5 4+ 2 —1/( fu—1&m—1), which is smaller
than s + 2. The requirement 7" > s 4+ 2 plays a crucial role in Proposition 5.2 and
Section 6. This is the reason why the case n = —1 should be excluded.

4 Solutions of Riley’s equation

In this section, we examine whether Riley’s equation ¢x(s,7) = 0 has a pair of
real solutions (s, T') satisfying Assumption 3.1. In fact, we can choose T satisfying
s +2+c/(sg51_1) <T<s+2+ d/(sg}zn_l), where ¢ and d are constants depending
only 7, for any s > 0, unless n = +1. The case where n =1 is covered in Example 3.8.
Let k be a positive integer. For z = ¢? (0 <0 <), set Ti(z) = k=1 4 k=3 4
oo 237k 217K 0 2 £ 41 then Ti(2) = (2F —27%)/(z — z71). Define 7o =0
and T_x(2) = —Tx(z). Since Tx(z) is symmetric for z and z~!, it can be expanded
as a polynomial of z + z~!. Furthermore, a recursive relation

Tes1(2) =+ 2 DTi(2) + Tie1(2) =0
holds. Also, 7z(1) = k and T;(—1) = (—1)*~'k for any integer k.

Lemma 4.1 (1) Let k > 1. Then 776(82"7:‘1i) = 77€+1(€2"]3"1i). This value is
positive.

3r RE A
(2) Letk >2. Then Ty (eZ+1") = Ty 11 (e2x+1"). This value is negative.

Proof (1) Let z = ¢! Then z¥ . zk+1 = —1. Hence
k —k —k—1 k+1
" —z -z +z
Ti(z) = — = — = Tie+1(2).
z—z z—z
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A direct calculation shows

. s kn
2 Im(z* sin
Ti(z) = m(z )-l == 2k7;|-1 > 0.
2Im(z)i sin 575
(2) Similarly, set z = eZFT | Then z3% . 23%+1 — _1_ Hence we have Ti(z) =
Ti+1(z) again, and
. 3km
sin
Te(z) = —2L <o o
2k+1

Now, fix an s > 0. We introduce a function ®: [s +2,5 + 2 +4/(sg,2n_1)] — R by
&) O(T) = (Tut12) = Tu(@) + (s +2=T) frn-18m—-1Tn(2),

where z = (t +ivV4—12)/2 with t = s(s+2—T)g,%1_1 + 2. Note that —2 <t < 2.
We will seek a solution 7" for ®(7") = 0 satistying s +2 <7 <s+2+ 4/(sg,31_1).
For a solution 7', t = tr W (see the proof of Lemma 3.3) and z gives an eigenvalue of
W . Hence Tj(z) = 13, and so we have a pair of solutions (s, T") for Riley’s equation
¢k (s, T) = 0 satisfying Assumption 3.1.

Proposition 4.2 Suppose n # 1. For any s > 0, Riley’s equation ¢ (s, T) = 0 has
a solution T satisfying s +2 + c/(sg;_l) <T<s+2+ d/(sg,i_l), where ¢ and d
are constants in (0,4) depending only on n. In particular, ¢ (s,t) = 0 has a solution
t > 0 for any s > 0 satisfying Assumption 3.1.

Proof Suppose n > 1. By Lemma 4.1,
Ta1 (1) = To(e517), Topy(eH1) =Ty (e H17).
Let ¢ =2 —2c0s 5,75 and ¢/ =2 —2cos 2211 . Then ¢,¢’ € (0,4) and ¢ < ¢’.
If T =s+2+c/(sg,2n_1) (resp. s+2+c’/(sg,2n_1)) then T =2 —c¢ (resp. 2—¢').

Thus
¢G+2+ ; ):‘qﬁ”nwﬁﬂx
/ /
o424 ) = Iy et

By Lemma 4.1, these values have distinct signs. We remark that ®(7") is a polynomial
function of T, so it is continuous. Thus if # > 1, we have a solution T for ®(7) =0,
satisfying s + 2 + c/(sgrzn_l) <T <s+2+ c’/(sgfn_l), from the intermediate
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value theorem. Since 7" > 2, t + 1/t = T has a real solution for . If we choose

t=(T+~T?*—4)/2,then > 1.

Suppose n<-—1.Set/=|n|. If [ > 2, then set d =2 —2cos 5/=7 and d' =
2—2co0s 5775 . Then d,d’ € (0,4) and d < d’. As before,

ﬁ_l(em”) =TT, Tioy(edTh) = Ti(e T,
by Lemma 4.1. Thus

d
CI>(S—|—2+ > ) Jm- 17'(321 Tt
SEm—1 ng 1
d’ d
<I>(s+2+ . ) fm L7 (e2i =Ty,
SEm—1 m 1

Since these values have distinct signs, we have a solution 7 with s +2+d /(s grzn _P<
T <s+2+d'/(sg2_,),if [ > 2, as before.

When / = 2, we have
1 _ 2
<I>(s+2—|— : ): St >0, <I>(s—|—2—|— - ):—1.

Sgm_1 S&m—1 S8 m—1

Therefore there exists a solution 7" with s +2+1/(sg2_ ) <T <s+2+2/(sg2_,).
O

By Proposition 4.2, we have a representation p: G — SL;(R) for any s > 0.

5 Longitudes

For any s > 0, we choose ¢ so that ¢g(s,z) = 0. Let ps: G — SLy(R) be the
representation defined by the correspondence

t—s—1 -1

Vioo V-1 (I——
(6) ps(x) = ( o L] ps(y) = v s+1—7
NG —s ﬁ_%[

t

t—1 1
For Q = 0 \/;_%[ ,
t

ﬁ 1
Q_lps(X)Q:(o Q 07 (10 = (—sﬁ

4o
N—

t
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Therefore, ps is conjugate with p defined in the previous section. This implies that if
s and ¢ satisfy Riley’s equation ¢ (s,¢) = 0 then pg gives a representation of G, as
well as p. Hence we need to assume 7 # —1. In this section, we examine the image
of the longitude £ of G under p;.

Throughout the section, let U = pg(w) and u; ; beits (i, j)—entry, and let v; ; be the
entries of U". Also, set

S(Vi- 5’
(Vi-d)=s

o =

Lemma 5.1 For wY, we have

V11 V2.1

ny __ 5 o

w,) = .
ps (W) (U1,20 v2’2)
Proof By a direct calculation,

t=1tst  sy/i (=ldst s
—1 _ —1 t—1
ps(xy )= 51 | s TX)= o],
ﬁ t—1 S\/? r—1

. t—l;s __s 1 t—1—s s/t
ps(x~1y) = ’S_ t e psxTh =1 L L)
—1

Vi -l

Thus we see that the (1, 2)—entry of ps(y~!x) is the (2, 1)—entry of pg(xy~1) divided
by o, the (2, 1)—entry of ps(y~'x) is the (1,2)—entry of py(xy~!) multiplied by
o, and the others of p;(y~!x) coincide with those of pg(xy~!). The same relation
between entries holds for ps(x~!y) and pg(yx~1).

In general, such a relation is preserved under the matrix multiplication;
+d
r = a £ _ [ ar+ br %
qo s ) \bo d (aq +bs)o cq+ds
Thus we can confirm that the same relation holds for ps(w”) and pg(w?). a

Proposition 5.2 For the longitude £ of G, the matrix ps(L) is diagonal, and the
(1, 1)—entry of ps(L) is a positive real number.

Proof The first assertion follows from the facts that for a meridian x, pg(x) is diagonal
but ps(x) # =1 and that x and £ commute.
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Since £ = w}w", Lemma 5.1 implies that

ps(L) = ps(wh)ps(w™) = ( V1,1 vi_l) (Ul,l Ul,z)

V1,20 V32 Uz,1 V2.2

2
2 V2.1 V2,1V2,2
= vl,l + o U1,101,2 + o .
2 2
V1,1V1,20 + V2,1V2,2 U1,20' + 1)2,2

Since det pg(w") =1, at least one of v; ; and v,,; is non-zero. Hence the (1, 1)—entry
is v? | +v? | /o, which s positive, because s > 0 and (v/7—1/+/)2?—s =T —5-2>0
by Proposition 4.2 and Example 3.8. O

Remark 5.3 Since pg(L) is diagonal, we also obtain an equation
V1,1V1,20 + V2,102, =0

from the (2, 1)—entry of pg(L). This will be used in the proof of Lemma 5.6.
For W = p(w) in Section 3, recall that the entries are denoted w;, ;.

Lemma 54 For U = ps(w),

wa Wi,1 NG W21
Ui, =wi+ —— u1,2=\/;(w1,2——)+—(w2, ——),

=1’ =1/ -1 t—1
uo | = 221 Uo o = Wo 5 — 221
2,1 N 2,2 227
Proof This immediately follows by calculating the product U = QWQ~!. a

By Lemma 3.6, we have

wh — (wl,lfn —Tn—1 W1,2Tn )
W21 Tn Tn+1 —W1,1Tn

Lemma 5.5 For U" = pg(w"), we have

Vi,1 =U1,1Thn — Ty—1, V1,2 =U1,2Tp, V2,1 =U2,1Tn, V2,2 =Tp4+1 —U1,1Th-

Proof Calculate the product U” = QW”Q~!. Then

vi,1 = (Wi +wa, 1 /(= 1))t — Tyt = U1,1Tn — Tn—1
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by Lemma 5.4. For vy 3, we have

Vi

(t——l)z((t Dy = —Dwytn + (- 1)211)1,2‘[”

+ (= Dtpg1 — (= Dwy 1T — w21 Tn).

Vi,2 =

Recall that the Riley polynomial is ¢ g (s,7) = (w1,1Tn — Ty—1) + (1 —t)w; 274. (See
the proof of Proposition 3.7.) Since ¢g(s,1) =0, 1p—1 = Wi, 1Tn + (1 —)wy 274.
Hence

U1,2 = %((l‘ - I)Tn-l-l - (wZ,l + (l — 1)w1’1)rn)
= G_Ltl)z(((f —Dwy o — w2,1)rn — (- l)r,,_l)
N (T 1 N [ o)

by using the recursion 7,41 — (w1 + W2,2)Ty + Tp—1 = 0. By Lemma 5.4,

t—1 w11
Urp = (ul,z - ﬁ(wl,z - —))

Jt t—1
After substituting this and ¢g (s, ¢) = 0, we have
Jt
Vi, =U12Th + t__l(wl,lfn —Tue1 + (L= Dwy 2Ty) = U127y,
It is straightforward to check vy ; and vy >. We omit them. m|

Let Bs be the (1, 1)—entry of the matrix ps(L). By the proof of Proposition 5.2,
By = vf’l + v%sl/a.

Lemma 5.6 Bs = —uy1/(u;,20)

Proof As noted in Remark 5.3, vy V1,20 +v3,1v2,2 =0. Since det U”" = vy jv32 —
Vi,2V2,1 = 1, we have

2
U1’2U2’1

v
2 2 2,1
v1,2Bs =vi jv12+ 201,1U1,2+T(U1,1U2,2—1)

2 V1,1 V2,1 V2,1
=i V12 + ——(—v1,10120) — == = ———.
’ o o o

Assume vy > =0. Then vy ; =0. By Lemmas 5.4 and 5.5, v 1 =u3 174, = wz,lrn/«/f.
Since w1 # 0 by Lemma 3.5, we have 7, = 0. Recall that

¢k (s.1) = (1 — ) + (s +2—1—1/1) frn—18m—17n

Algebraic & Geometric Topology, Volume 14 (2014)



2140 Ryoto Hakamata and Masakazu Teragaito

is zero. Thus 7,41 = 0. Then the recursive formula for tz implies t,—; = 0. In turn, all
7, =0. But this is impossible, because 7; = 1. Hence v; » #0, 50 By =—v3,1/(v1,20).

By Lemma 5.5, vy = u1 27, and v2 1 = u2,17,. Thus we have shown that By =
—u3,1/(u1,20). a

Proposition 5.7 For the longitude L, the (1, 1)—entry Bs of ps(L) is given as

— tfm—
(7) Bs= fm+fm1‘
_fm—l + tfm
Proof From Lemma 5.6, By = —u3 1/(u1,20). Then Lemma 5.4 and Proposition 3.2
give
N ) 5., (t—1)% +s¢
U2 =" (fm—l = fm + (51— ;)gm—1) - mgm—l(fm —1fm-1),

s X :
Uzl = Egm—l(fm —tfm—1)-
For the first term of u 5, Lemma 2.3 implies

2=t (51 =2)gRs = Ut = o) et + o) + (1= 5 ) s
= —sgm1 et + f) + (1= 1 )583,
= S8m—1 (_fm—l - fm + (f — l)gm—l)
=ng—1(_fm—l_fm+( )fm Jm— 1)

t N

12— 1—st 2| +st
= 5gm—1 (—fm - fm— 1)

st St

Thus, dividing uq > by sgm—1/+/t gives

t (1> —1—st —1+sz (t—1)% + st
(= - et ) = = then),

The coefficient of f,, is t/o, and that of f,,_; is —1/0. Hence we have

— tf—
Bs:—uz’l _ fm‘l‘fml' -

U120 _fm—l +lfm
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6 Limits

Let r = p/q be a rational number, and let K(r) denote the resulting manifold by
r—surgery on K. In other words, K(r) is obtained by attaching a solid torus V to the
knot exterior E(K) along their boundaries so that a loop of slope r bounds a meridian
disk of V.

Our representation ps: G — SL;(RR) induces a homomorphism 71 (K(r)) — SL,(R)
if and only if ps(x)? ps(L£)? = I. Since both of ps(x) and ps(L) are diagonal (see
(6) and Proposition 5.2), this is equivalent to the single equation

(8) APBI =1,

where Ag and Bj are the (1, 1)—entries of ps(x) and ps(L), respectively. We remark
that Ay = +/t (> 1) is a positive real number, as is B by Proposition 5.2. Hence the
equation (8) is furthermore equivalent to the equation

log B
9) _0858s _ P .
logAs ¢
Let g: (0,00) — R be a function defined by
log By
g(s) = log 4,
We will examine the image of g.
. 00 itn # £1
Lemma 6.1 (1) sl—lﬂot = zm+1;:l/m P
2) lmt=00
§—>00
(3) lim (t—s5)=2
@) 1lim L=1
500 §

Proof (1) If n =1,then T =5+ 2+ 1/(fmgm—1) is the unique solution for
¢k (s, T) = 0 (see Example 3.8). From Lemma 2.2, we have limg_, 1o f;, = 1 and
limg— 40 gm—1 = m. Hence limg_, ¢ T =2+ 1/m. Since t = (T + VT?—-4)/2,
limg, 4ot =0C2m+1+/4m+1)/(2m).

Assume n # +£1. From Proposition 4.2, we have s + 2 + c/(sg,i_l) < T, where c is
a positive constant. Hence limg_ 4o 7' = limg_, 4o ¢ = 00.

2) AsT >s5+2, limg00 T =limg_yo0t = 00.

(3) Since s+2<t+1/t<s —|—2—|—4/(sgr2n_1), (2) implies limg_, o0 (t —5) = 2.
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4) Froms+2<T <s+2+ 4/(Sg31_1) again, we have limg_, oo 7'/s = 1, which
implies limg_o0 /5 = 1. o

Let Fj = t*=Y(— fi +tfx_,) for any integer k > 0.
Lemma 6.2 If 0 <k <m, then limg_ o Fj, = 1.

Proof First, Fi = —f1 +tfo =t—s—1. Hence limg_o F; = 1 by Lemma 6.1(3).

Let n # +1. By Proposition 4.2, we have

10) s+24

3 <t+l<s+2+ 3 ,
ng—l ! ng—l

where ¢ and d are constants depending on only 7. Multiplying by t¥~! f;_; in (10)
gives

k—1 k—1
ct - : : . dt _
(S+2)fk—1lk_l+# <t fioa+5 72 froy < (542) S 1F 1+%,
m—1 ng—l
Since (s +2) fx—1 = fr + frx—> by the recursion,
k—1
- — et fr—1 _
(5 fyn 1" 2 fi—) + —5—— <tk fro =t
SEm—1
— - di* =1 fio
< (7 froa =T fio) + —5
S&m—1
Then we have
k—1 k—1
ct — dt _
(11) Fooa+ Lot g gy O S
ng—l ng—l

The degree of f;_; is k —1, but that of g,,,—; is m — 1. Hence Lemma 6.1(4) implies

et Ny A T iy
lim ———— = lim ————=0

§—>00 ng—l §—>00 ng—l
as long as kK <m. Thus limg—,oo F = 1 will follow from limg_o0 Ff—_; = 1.

Suppose n = 1. Riley’s equation has the unique solution
1

1
(12) t+—=s5s+24+——
t Jm&m—1

(see Example 3.8).
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Multiplying by %=1 f;,_; in (12) gives

k—1
- 1, T fr—
* fe + 157 fior = 64 fioa T
Jm&m—1
Since (s +2) fk—1 = Jx + fk—2,
k—1
_ _ _ 1“7 fr—1
t* foo =t S =5 oy =R i
Jm&m—1
That is, Fx = Fi—1 + %! fi—1/(fin€m—1). Hence the fact that limg_ o0 F_; = 1
and limg— oo [k_lfk—l/(fmgm—l) =0 imply limg—oo Fi = 1. a

Lemma 6.3 (1) lim By=1
s—>—+0

(2) lim Byt =1
§—>00

Proof (1) By Proposition 5.7,
— _fm + tfm—l

_fm—l + me
By Lemma 2.2, limg—, 4o fim = limg—4+¢ fru—1 = 1. Thus Lemma 6.1(1) implies
llms_)+0 Bs = 1.
(2) We decompose Bt?™ as

By

lm+1 tm-i—l
_ =F, — .
_fm—l +tfm " _fm—l +tfm

Since the degree of fj is k and f, is monic,

Bst?™ = 1" (= fon + tfon-1) -

Iim ——— =1
§—>00 _fm—l + me
Then we have limg_,oo Byt?™ =1 by combined with Lemma 6.2. O

Proposition 6.4 The image of g contains an open interval (0, 4m).

Proof By Lemma 6.3(1), lims_4¢ log By = 0. Hence

. . log By . log By
lim g(s) =— lim =— lim =
s—>-+0 s—+0 log Ag s—>+0 log v/t

Also, we have limg_, o (log Bs 4+ 2mlogt) = 0 by Lemma 6.3(2). Thus

: . log By . 2log By
lim g(s) =— lim = — lim =
§—>00 s—o0 log A s—>oo logt
Hence the image of g contains an interval (0, 4m). a
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7 Universal covering group

We briefly review the description of the universal covering group of SL,(R). See
Bargmann [1] and Khoi [15].

SU(L. 1) = {(% g) [~ 2 = 1}

be the special unitary group over C of signature (1, 1). It is well known that SU(1, 1)
is conjugate to SL;(R) in GL,(C). The correspondence is given by y: SL,(R) —
SU(1, 1), sending 4 — JAJ ™!, where

1 —i
(1),
a b a+d+(b—c)i a—d—(b+c)i
Y S aed b+ T
c d a +2(b+c)z a+d 2(b ¢)i
There is a parametrization of SU(1, 1) by (y,w), where ¥y = 8/« and w = arga are
defined mod 2x. Thus SU(1,1) = {(y,w) | |y| < 1,—7 < w < 7}. Topologically,

SU(1, 1) is an open solid torus A x S, where A = {y € C | |y| < 1}. The group
operation is given by (y,w)(y’, ') = (y”, »”), where

Let

Thus

(13) yr o Yy
1+ y;/e—ziw”
1 1+y17/e—2ia)/
14 "= "+ —log ——F——.
(14) w w+ow +2i og Ty

These equations come from the matrix operation. Here, the logarithm function is

defined by its principal value and " is defined mod 27 . The identity element is (0, 0),

and the correspondence between ( % g) and (y,w) gives an isomorphism.

Now, the universal covering group SL,(R) of SU(1, 1) can be described as
SLy(R) ={(y, o) | |y| <1,—00 < < 00}.

Thus S/I_JZ\/(RQ is homeomorphic to A x R. The group operation is given by (13) and
(14) again, but @” is not given mod 27 anymore.

Let x: SL,(R) — SL,(R) be the covering projection. Then ker y ={(0,2jm) | j € Z}.

Lemma 7.1 The subset (—1, 1)x{0} of SL,(R) forms a subgroup, where (—1,1) CA.
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Proof From (13) and (14), it is straightforward to see that (—1, 1) x {0} is closed
under the group operation. For (y, 0) € (—1, 1) x {0}, its inverse is (—y,0). a

For the representation ps: G — SL,(R) defined by (6),

1 —
(15) ¥ (ps(x)) = i (ZJ_F; ;JJ) e SU(L, 1).

Thus ¥ (ps(x)) corresponds to (yx,0), where yx = (t —1)/( +1). Since ¢t > 1,
Vx € (_1’ 1)'

Also, for the longitude £, by Proposition 5.2,

1 (Bs+ 5 Bs—5
L) == s s 1, Bg>0.
Thus ¥ (ps(£)) corresponds to (y.,0), where y, = (B2 —1)/(B? + 1). Clearly,
ye € (=1 1).

8 Proof of Theorem 1.1

Since the knot exterior E(K) of K satisfies H2(E(K);Z) =0, any ps: G — SL,(R)
lifts to a representation pg: G — SL,(R) (Ghys [12]). Moreover, any two lifts pg and
P, are related as

0y (g) = h(g)ps(g)

for some homomorphism /: G — ker y C SL,(R). Since ker x ={(0,2jm)|j € Z} is
isomorphic to Z, the homomorphism / factors through H;(E(K)), so it is determined
only by the value /(x) of a meridian x (see [15]).

The following result is the key in [3], which is originally claimed in [15], for the figure
eight knot. Our proof is essentially that of [3], but it is much simpler, because the
values of ¥ (ps(x)) and ¥ (ps(L)) are calculated explicitly in Section 7. For simplicity,
we identify SL,(R) with SU(1, 1) under 1, and omit the symbol . The fact that our
knot has genus one is crucial in the proof of the next lemma.

Lemma 8.1 Let ps: G — SLa(R) be alift of ps. Then replacing ps by a represen-
tation p, = h - ps for some h: G — SL,(R), we can suppose that ps(1(0E(K))) is
contained in the subgroup (—1, 1) x {0} of SL,(R).
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Proof Since x(ps(£)) = (y£,0), ps(L) = (y,2jm) for some j. On the other hand,
L is a commutator, because our knot has genus one. Therefore the inequality (5.5) of
Wood [24] implies —37/2 < 2jm < 3w /2. Thus we have ps(L) = (yr,0).

Similarly, ps(x) = (yx,2[x) for some /. Let us choose 4: G — SL,(R) so that
h(x)=(0,—2lx). Set p}; = h-ps. Then a direct calculation shows that g, (x) = (yx, 0)
and py (L) = (y£,0). Since x and £ generate the peripheral subgroup 7 (0E(K)),
the conclusion follows from these. O

Proof of Theorem 1.1 Suppose n # —1. Let r = p/q € (0,4m). By Proposition 6.4,
we can find s so that g(s) = r. Choose a lift gy of ps so that pg(w1(0E(K))) C
(—1,1) x {0} (Lemma 8.1). Then pg(x?L?) =1, s0 x(ps(x?L?)) = I. This means
that ps(x?L?) lies in ker y = {(0,2jm) | j € Z}. Hence ps(xPL?) = (0,0). Then
ps can induce a homomorphism

71 (K(r)) = SLy(R)

with non-abelian image. Recall that SL,(R) is left-orderable (Bergman [2]) and
any (non-trivial) subgroup of a left-orderable group is left-orderable. Since K(r) is
irreducible (Hatcher and Thurston [13]), 7r1 (K (7)) is left-orderable by Boyer, Rolfsen
and Wiest [4, Theorem 1.1]. For r = 0, K(0) is irreducible (Gabai [11]) and has
positive Betti number. Hence w1 (K(0)) is left-orderable by [4, Corollary 3.4]. Thus
we have shown that any slope in [0, 4m) is left-orderable for K = K(m, n).

Suppose n > 0. If we apply the above argument for K(n,m), then any slope in [0, 4n)
is shown to be left-orderable. Since K(n,m) is equivalent to the mirror image of
K(m,n), any slope in (—4n, 0] is left-orderable for K(m,n). Thus we can conclude
that (—4n,4m) consists of left-orderable slopes for K = K(m, n) with n > 0.

Suppose m > 1 and n < —1. Since K(m, n) is equivalent to K(—n, —m), the argument
in the first paragraph shows that any slope in [0, —4n) is left-orderable. In this case,
we obtain [0, max{4m, —4n}) consisting of left-orderable slopes.

Finally, consider the remaining cases. They are K(1,n) with n < —1 and K(m,—1)
with m > 1. Since K(m,—1) is isotopic to K(1,—m), two cases coincide. We
obtain [0, 4) consisting of left-orderable slopes by the argument in the first paragraph.
Furthermore, since these knots are twist knots, the slope 4 is also left-orderable by [22].

O

Proof of Corollary 1.2 If n > 0, Theorem 1.1 gives the interval (—4n, 4). The slope

4 is left-orderable as in the proof of Theorem 1.1 [6; 22]. The claim for the case where
n < —1 is just a repetition of Theorem 1.1. a
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