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SPACES WITH A s-POINT-DISCRETE WEAK BASE

By

Chuan Liu, Shou Lin, and Lewis D. Ludwig

Abstract. In this paper s-point-discrete weak bases are considered.

Three necessary conditions that individually ensure that a space

with a s-point-discrete weak base has a s-compact-finite weak base

are given. We show that s-compact-finite weak bases are preserved

by closed sequence-covering maps. It is shown that a space X is

metrizable if and only if X o has a s-point-discrete weak base.

Conditions are given to ensure when a paratopological group with

s-point-discrete weak base is metrizable. Several open questions are

posed.

1. Introduction

Metrization theorems have played a key role in the study of general to-

pology. Many now classic metrization theorems involve the use of di¤erent types

of bases. For example,

Theorem 1.1. The following are equivalent for a regular space X :

(1) X is a metrizable space;

(2) X has a s-locally finite base [18] [23];

(3) X has a s-compact-finite base [2];

(4) X has a s-hereditarily closure-preserving base [3].

Besides these results, much more is known. For instance, there is a non-

metrizable space with a s-point-discrete base [3]. On the other hand, it was shown
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that a g-metrizable space (i.e., a regular space with a s-locally finite weak base) if

and only if it has a s-hereditarily closure-preserving weak base [11]. It is still an

open problem whether a regular space with a s-compact-finite weak base is g-

metrizable [17]. It was proved that a space has a s-compact-finite weak base if

and only if it is a k-space with a s-point-discrete weak base. It is still unknown

whether a separable space with a s-point-discrete weak base has a countable

weak base [12]. Thus some relations among special point-discrete families,

compact-finite families and locally finite families are interesting.

In this paper, we continue this work by considering spaces with s-point-

discrete weak bases. Spaces with s-compact-finite weak bases play an important

role in this study, so in Section 3 we give three necessary conditions that in-

dividually ensure that a space with a s-point-discrete weak base has a s-compact-

finite weak base (Theorem 3.1). In section 4, we show how s-point-discrete weak

bases behave under certain types of mappings. In particular, we show that

s-compact-finite weak bases are preserved by closed sequence-covering maps

(Theorem 4.1). We provide a characterization of metrizable spaces by s-point-

discrete weak bases (Theorem 5.4). In Section 6 we use s-point-discrete weak

bases to provide necessary conditions to ensure that certain paratopological

groups are metrizable. We close with several open questions in Section 7.

2. Necessary Preliminaries

We begin with some basic definitions. In this paper, all spaces are regular T1,

and all maps are continuous and onto. Readers may refer to Engelking [4] for

unstated definitions and terminology.

Definition 2.1. Let B ¼ fBa : a A Ig be a family of subsets of a space X .

(1) B is point-discrete (or weakly hereditarily closure-preserving [3]) if

fxa : a A Ig is closed discrete in X , whenever xa A Ba for each a A I .

(2) B is compact-finite if any compact subset of X meets at most finitely

many members of B.

It is easy to see that each compact-finite family is point-discrete in a k-space.

Definition 2.2. Let X be a topological space. For every x A X let Tx be a

family of subsets of X containing x. If the collection satisfies

(1) for every x A X the intersections of finitely many members of Tx belong

to Tx and
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(2) U HX is open in X if and only if x A U implies x A T HU for some

T A Tx

then it is called a weak base for X .

A topological space X is weakly first-countable if it has a weak base

fTx : x A Xg such that each Tx is countable. Each weakly first countable space is

a sequential space [22] and each sequential space is a k-space [4]. A space is said

to be a g-metrizable space if it has a s-locally finite weak base [22].

Definition 2.3. Let P be a family of subsets of a space X .

(1) P is called a network for X if for every x A X and any neighborhood U

of x there exists P A P such that x A PHU .

(2) P is called a cs-network for X [6] if whenever fxng is a sequence

converging to a point x A U with U open in X , then fxn : nbmgU
fxgHPHU for some m A N and some P A P.

(3) P is called a k-network for X [5] if whenever KHU with K compact and

U open in X , there exists P 0 of finitely many members of P such that

KH6P 0 HU .

If a space has a weak base, this also forms a cs-network for the space [22].

Each point-countable cs-network of a sequential space is a k-network [8]. A weak

base for a space need not form k-network [11].

Definition 2.4. The tightness of a point x in a space X is the smallest

cardinal number mbo with the property that if x A C, then there is C0 HC such

that jC0jam and x A C0; this cardinal number is denoted by tðx;X Þ. The

tightness of a space X is the supremum of all numbers tðx;XÞ for x A X ; this

cardinal number is denoted by tðXÞ [4].

Each sequential space has countable tightness.

3. Spaces with s-compact-finite Weak Bases

In this section we consider under what conditions a space with a s-point-

discrete weak base has a s-compact-finite weak base. Before we present the main

results of the section we recall the following two results [9].

Lemma 3.1. The following are equivalent for a space X :
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(1) X has a s-compact-finite weak base;

(2) X is a k-space with a s-point-discrete weak base;

(3) X is a weakly first countable space with a s-point-discrete weak base;

(4) X � S has a s-point-discrete weak base, here S is a non-trivial convergent

sequence.

Lemma 3.2. Let P be a point-discrete family of a space X. If P is a subset of

a weak base at some x A X and there is a non-trivial sequence converging to x in

X , then P is finite.

Theorem 3.1. Let X be a space with a s-point-discrete weak base. Then X

has a s-compact-finite weak base if one of the following conditions holds:

(1) (CH) tðX Þao;

(2) Each point of X is a Gd-set and tðX Þao;

(3) jX j < @o.

Proof. By Lemma 3.1, we only need to show that X is weakly first

countable. Let B ¼ 6fBxðnÞ : x A X ; n A Ng be a weak base for X . Here

6fBxðnÞ : x A Xg is point-discrete for each n A N and 6fBxðnÞ : n A Ng is a

weak base at x in X for each x A X . Fix a non-isolated point x0 A X .

(1) Assume CH and tðXÞao. Since x0 A Xnfx0g, there is a countable subset

BHXnfx0g with x0 A B. B is a separable subspace with a s-point-discrete weak

base, hence B is g-metrizable [12, Theorem 2.8] under CH. Therefore, there is a

non-trivial sequence in Bnfx0g converging to x0. By Lemma 3.2, Bx0ðnÞ is finite

for each n A N. Thus, X is weakly first countable at x0.

(2) Assume that each point of X is a Gd-set and tðXÞao. Let fUng be a

sequence of open neighborhoods of x0 in X with fx0g ¼ 7fUn : n A Ng and

each Unþ1 HUn. For each n A N and P A Bx0ðnÞ, since x is a non-isolated point

in X and P is a weak neighborhood of x, ðPnfx0gÞVUn 0q. Thus pick

xðP; nÞ A ðPnfx0gÞVUn. Let Y ¼ fx0gU fxðP; nÞ : P A Bx0ðnÞ; n A Ng. Then Y is a

closed subset of X and x0 is the unique non-isolated point of Y . So BjY is not

only is a weak base for Y , but also is a base for Y [11]. Hence Y has a s-point-

discrete base and tðYÞao, and Y is metrizable [14, Theorem 2.1]. Thus there is

a non-trivial sequence fxngHYnfx0g converging to x. By Lemma 3.2, Bx0ðnÞ is

finite for each n A N. Therefore, X is weakly first-countable at x0.

(3) Assume jX j < @o. Let Bx0 ¼ 6fBx0ðnÞ : n A Ng. We only need to show

that jBx0 ja@0.
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First, prove that jBx0 j < @o. Suppose not, jBx0 jb@o. We write Bx0ðnÞ ¼
fBaðnÞ : a A Ing with In well-order for each n A N. Choose xaðnÞ A BaðnÞ for each

n A N, a A In by inductive method as follows. First, take a point x0ð1Þ A B0ð1Þ.
Assume xaðnÞ A BaðnÞ have been selected for each n < k, a A In or n ¼ k, a < g,

where xaðnÞ0 xbðnÞ if a0 b; xaðiÞ0 xbð jÞ if i0 j; xaðnÞ0 x0 for a A In, n < k or

a A Ik, a < g. Let U ¼ Xnð6fxaðnÞ : n < k; a A IngU fxaðkÞ : a < ggÞ. Then U is

an open neighborhood of x0, and we can pick xgðkÞ A U VBgðkÞnfx0g. This

completes the inductive choice. Next, let A ¼ fxaðnÞ : n A N; a A Ing. Then jAj ¼
jBx0 jb@o. On the other hand, jAja jX j < @o, this is a contradiction. Hence

jBx0 j < @o.

Now we prove that jBx0 ja@0. Suppose jBx0 j ¼ @n for some n A N,

then jBx0ðmÞj ¼ @n for some m A N. We rewrite that Bx0ðmÞ ¼ fBa : a < @ng,
Bx0 ¼ fCa : a < @ng. Since x0 is a non-isolated point, Ba VCa 0 fx0g for each

Ba A Bx0ðmÞ and Ca A Bx0 . Thus pick xa A Ba VCanfx0g for each a < @n. Then

fxa : a < @ng is a closed discrete subset in X since Bx0ðmÞ is point-discrete. On

other other hand, x0 A fxa : a < @ng because Bx0 is a weak base at x0. This is a

contradiction. Hence X is weakly first-countable. r

We now improve part (3) of Lemma 3.1.

Theorem 3.2. A space X has a s-compact-finite weak base if and only if it is

a weakly first countable space with a s-point-discrete cs-network.

Proof. We only need to show su‰ciency. Let B ¼ 6fBn : n A Ng be a cs-

network for X . Here Bn is point-discrete for each n A N. Since X is sequential, we

may assume Bn HBnþ1 and each Bn is closed under finite intersection, in fact, if

Bn is point-discrete, then f7A : A A ½Bn�<og is point-discrete if X is sequential.

For each x A X , if x is an isolated point, then fxg A B. If x is not an isolated

point, let BnðxÞ ¼ fB A Bn : x A B; and B contains a non-trivial sequence con-

verging to xg. Then jBnðxÞj < o for n A N.

Suppose not, then consider an infinite subset fBk : k A NgHBnðxÞ. For each

m A N, let fxiðmÞgi HBm be a non-trivial sequence converging to x. There is

im A N such that fxiðmÞ : ib ikg only meets finitely many Bk’s. Otherwise, there is

a subsequence fxijgj of fxiðmÞgi such that each distinct xij belong to a distinct Bk.

Since BnðxÞ is point-discrete, fxij : j A Ng is closed discrete, hence X has a closed

copy of the sequential fan So, this is a contradiction since So is not weakly first

countable. Thus jBnðxÞj < o.
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Let Bx ¼ 6fBnðxÞ : n A Ng. Then Bx is a countable cs-network at x for

X . Since X is weakly first-countable, there is a subfamily Px HBx such that Px is

a weak base at x [8, Lemma 7(3)]. Hence 6fPx : x A X ; x is not an isolated

pointgU ffxg : x is an isolated pointgHB is a s-point-discrete weak base of X .

r

Example 3.1. There exists a weakly first countable space X with a s-point-

discrete k-network such that X has not any s-point-discrete cs-network.

Proof. A space X having the properties was constructed Burke, Engelking,

and Lutzer [3, Example 9.8]. Let Z be the topological sum of the closed unit

interval ½0; 1� ¼ I and the family fSðxÞ : x A Ig of 2o non-trivial convergent

sequence SðxÞ. Let X be the space obtained from Z by identifying the limit point

of SðxÞ with x A I for each x A I. Then X is a quotient and compact image of a

metric space, hence X is a weakly first countable space.

Next, a s-point-discrete k-network for X is given as follows. Assume

that SðxÞ ¼ fxgU fðx; 1=nÞ : n A Ng for each x A I, and denote X by

IU fðx; 1=nÞ : x A I; n A Ng. Let SnðxÞ ¼ fðx; 1=iÞ : ib ng for each x A X , n A N.

Let P1 be a countable base for I with respect to the usual topology, P2 ¼
ffxg : x A XnIg, and Pn ¼ fSn�2ðxÞ : x A Ig for each n > 2. Then 6fPn : n A Ng
is a s-point-discrete k-network for X .

It was shown that X has no point-countable weak base [8, Remark 14(2)].

Then X has no s-point-discrete cs-network by Theorem 3.2. r

4. Some Mapping Theorems

In this section we discuss some mapping properties of spaces with s-point-

discrete weak bases. It is known that spaces with a s-compact-finite weak base

are not preserved by perfect maps. For example, let S2 be the Arens’ space and

So the sequential fan. There is a perfect map f : S2 ! So, however S2 is a g-

metrizable space and So is not weakly first countable [24].

A map f : X ! Y is called a sequence-covering map if whenever fyng is

a convergent sequence in Y there is a convergent sequence fxng in X with

xn A f �1ðynÞ for each n A N [21]. f is called a compact-covering map if whenever

L is compact in Y there is a compact subset K in X such that f ðKÞ ¼ L [4].

Recently, the first author proved that closed, irreducible and sequence-covering

maps preserve s-compact-finite weak bases [11]. This result is sharpened by the

following.
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Theorem 4.1. s-compact-finite weak bases are preserved by closed sequence-

covering maps.

Proof. Let f : X ! Y be a closed sequence-covering map and X have a

s-compact-finite weak base. Since each image of a space with a point-countable

weak base under a closed and sequence-covering map is weakly first countable

[11, Lemma 3.1], Y is weakly first countable. It is easy to check that spaces with

a s-point-discrete cs-network are preserved by closed sequence-covering maps.

Hence Y is a space with a s-compact-finite weak base by Theorem 3.2. r

Theorem 4.2. Each closed map on a space with a s-point-discrete weak base

is compact-covering under CH.

Proof. Under CH, let f : X ! Y be a closed map and X have a s-point-

discrete weak base. Assume that L is a compact subset in Y . We first show that

L is metrizable. Since f is a closed map and X has a s-point-discrete network,

then Y also has a s-point-discrete network. Let P ¼ 6fPn : n A Ng be a

network for Y , where each Pn is point-discrete. For each n A N, put Dn ¼
fy A Y : Pn is not point finite at yg andFn ¼ fPnDn : P A PngU ffyg : y A Dng.
Then Fn is compact-finite in Y , and 6fFn : n A Ng is a network for Y by the

work of the first author [10, Proposition 2]. Thus L has a countable network and

L is metrizable [4].

Now, L is a compact metric space, so it is separable. Take DHL such that

jDjao and D ¼ L. For each y A D, pick xy A f �1ðyÞ. Let E ¼ fxy : y A Dg.
Then jEjao, and E is separable. By the work of the first author [12, Theorem

2.8], E has a countable weak base under CH, so E is a paracompact space. Since

f is a closed map, we have

f ðEÞ ¼ f ðEÞ ¼ D ¼ L:

It is well known that a closed map on a paracompact space is a compact-covering

[4], hence there exists a compact subset K with KHE such that f ðKÞ ¼ L.

r

Example 4.1. A closed map on spaces with a s-compact-finite cs-network

need not be compact-covering.

Proof. There is a closed map f from a space X onto the one-point

compactification of the discrete space of cardinality o1 such that each compact
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subset of X is finite. Then X has a s-compact-finite cs-network, but f is not

compact-covering [20, Example 1]. r

5. Metrization Theorems

In this section some metrization theorems are given for spaces with a s-point-

discrete base. A space X is called a k-Fréchet-Urysohn space if for every x A U

with U open in X there exists a sequence fxngHU converging to x in X [15].

Each Fréchet-Urysohn space is k-Fréchet-Urysohn. But a k-Fréchet-Urysohn

space need not be a k-space or a space with a countable tightness [15]. The next

result shows that a k-Fréchet-Urysohn space is metrizable if it has a s-point-

discrete weak base.

Theorem 5.1. A space X is metrizable if and only if it is a k-Fréchet-Urysohn

space with a s-point-discrete weak base.

Proof. Let X be a k-Fréchet-Urysohn space with a s-point-discrete

weak base. First, we prove that X is weakly first-countable. Let B ¼
6fBxðnÞ : x A X ; n A Ng be a s-point-discrete weak base as the proof of Theorem

3.1. Fix a non-isolated point x A X , then x A Xnfxg. Since X is k-Fréchet-

Urysohn, there is a sequence fxngHXnfxg converging to x. BxðnÞ is finite for

each n A N by Lemma 3.2. Thus 6fBxðnÞ : n A Ng is a countable weak base of x.

It is straightforward to prove that a k-Fréchet-Urysohn, weakly first-

countable space is first-countable [15]. Thus X is first-countable. By Lemma 3.1,

X has a s-compact-finite weak base. It is not di‰cult to show that a compact-

finite family in a first-countable space is locally-finite [2]. Thus X has a s-locally-

finite weak base. A first-countable space with a s-locally-finite weak base is

metrizable [22, Theorem 1.13]. r

We can prove the following by the similar method in Theorem 3.1(3).

Theorem 5.2. If X has a s-point-discrete base, then wðXÞ1 a jX j.

Theorem 5.3. Let X be a space with a s-point-discrete base. If for any non-

isolated point x A X , there is a subset AHX such that jAj < @o and x A Anfxg,
then X is metrizable.

1wðXÞ denotes the character of X .
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Proof. Considering the proof of Theorem 3.1(3), X is first-countable. Then

X is metrizable by Theorem 5.1. r

Corollary 5.1. Let X have a s-point-discrete base. Then X is metrizable if

tðXÞ < @o, in particular, jX j < @o.

Theorem 5.4. If X o has a s-point-discrete weak base, then X is metrizable.

Proof. We can assume that jX j > 1. X contains D ¼ f0; 1g as a closed

copy. Since X o � X o has a s-point-discrete weak base and X o � S is a closed

subset of X o � X o, where S is a non-trivial convergent sequence in Do, X o � S

has a s-point-discrete weak base. By Lemma 3.1, X o has a s-compact-finite weak

base, hence it is a sequential space. Since every point-countable weak base is a

point-countable k-network [8], X has a point-countable k-network and X o is a

sequential space, then X has a point-countable base [16, Theorem 3.8], hence X is

metrizable by Theorem 5.1. r

It is natural to ask the following question: If X n has a s-point-discrete weak

base for each n A N, is X metrizable? The answer is no.

Example 5.1. There exists a non-metrizable space X such that X n has a

s-point-discrete base for each n A N.

Proof. Burke, Engelking, and Lutzer created a space X which is non-

metrizable with a s-point-discrete base as follows [3, Eaxmple 9]. Let A be the set

of all ordinals having cardinality less than @o and let Z ¼ f0; 1gA. For each z A Z

and a < @o, put zðaÞ ¼ paðzÞ, here pa : Z ! f0; 1g is the projection onto the a-th

coordinate. Let X ¼ fsgU fz A Z : fa A A : zðaÞ ¼ 0g A A<og, here s A Z with

sðaÞ ¼ 0 for each a < @o. We now endow X with a topology. Let each point in

Xnfsg is isolated. The basic neighborhood of s is of form fBVX : B A Bg, where
B is a basic neighborhood base at s in the product space Z.

For each n A N, let

B1ðnÞ ¼ ffzg : z A Xnfsg; jfa A A : zðaÞ ¼ 0gj ¼ ng; and

B2ðnÞ ¼ fBVX : B A B;GðBÞH ½0;on�g;

where GðBÞ ¼ fa A A : paðBÞ ¼ f0gg:

It was shown that B 0 ¼ 6
n ANðB1ðnÞUB2ðnÞÞ is a s-point-discrete base for X [3].
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Fix k A N. We prove that f
Q

iak Bmð jiÞ : m ¼ 1; 2; ji A Ng is a s-point-

discrete base for X k. If p A Bnfpg for a subset BHX k, there exists ma k such

that pmðpÞ ¼ s. Since s A pmðBÞnfsg, then jpmðBÞj ¼ @o by Theorem 5.3. Note

that jB2ðnÞj < @o for each n A N, then
Q

iak Bmð jiÞ is a point-discrete family.

r

It is known that ðS2Þn has a countable weak base for each n A N.

6. Paratopological Groups with A s-point-discrete Weak Base

Next, an application for paratopological groups is given. We first recall some

compact-type properties. Let X be a Tychono¤ space. X is called Ohio complete

if in every Hausdor¤ compactification bX of X there exists a Gd-subset Z such

that X HZ and every y A ZnX is separated from X by a Gd-subset of Z. X is of

countable type if every compact subspace P of X is contained in a compact

subspace F HX that has a countable base of open neighborhoods of X . It is

known that locally compact spaces are p-spaces and p-spaces are Ohio complete

spaces [1, 4].

A paratopological group G is a group G with a topology such that the

product mapping of G � G into G is jointly continuous.

Theorem 6.1. Let G be a paratopological group with a s-point-discrete weak

base and bXnX be Ohio complete. Then G is a metrizable space.

Proof. If G is locally compact, then G has a s-compact-finite weak base by

Lemma 3.1, thus each compact subspace of G is metrizable. Hence G is first-

countable, and it is metrizable by Theorem 5.1.

If G is not locally compact, then G is nowhere locally compact because G is

homogeneous. It follows that the remainder, X ¼ bGnG, is dense in bG. Hence

bG is also a Hausdor¤ compactification of X . Since X is Ohio complete, there is

a Gd-subset Y of bG such that X HY and every y A YnX can be separated from

X by a Gd-subset of Y .

Case 1: X ¼ Y .

X is a Gd-set in bG. Then G is a s-compact subspace of bG, thus it is a

Lindelöf space with a s-point-discrete weak base. Thus G is weakly first-

countable [9, Corollary 2], hence it is first-countable [19]. So G is metrizable.

Case 2: YnX 0q.
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Fix y A YnX . There exists a Gd-subset P of Y such that y A PHYnX . Since

Y is a Gd-subset of bG, P is a Gd-subset of bG. There is a sequence fUng of open

subsets of bG with y A P ¼ 7
n AN Un. Thus, we can find a sequence fVng of open

subsets of bG such that y A Vn HUn and Vnþ1 HVn for each n A N because bG is

regular. Let K ¼ 7
n AN Vn. Then K is a compact Gd-subset in bG. Hence K is

metrizable, and fVngn AN is a neighborhood base of K in bG. So G is first-

countable at y [4, 3.1.E], thus G is metrizable. r

Corollary 6.1. Let G be a non-locally compact paratopological group with

a s-point-discrete weak base and bGnG be a p-space. Then G is a separable

metrizable space.

Proof. Since each p-space is Ohio complete [1], G is metrizable. G is

nowhere locally compact, and bG is a Hausdor¤ compactification of bGnG. Also,

a p-space is of countable type. G is Lindelöf by [7], hence G is a separable

metrizable space. r

Theorem 6.2. Let G be a paratopological group with a s-point-discrete weak

base. Then G is metrizable if Y ¼ bGnG is not pseudocompact.

Proof. If G is locally compact, then G is first-countable in view of the proof

of Theorem 6.1, hence G is metrizable.

If G is a non-locally compact paratopological group, then Y ¼ bGnG is dense

in bG. Since Y is not pseudocompact, there exists an infinite disjoint family

x ¼ fUn : n A Ng of non-empty open sets in Y such that x is discrete in Y .

For each n A N, find an open subset Vn of bG such that Un ¼ Vn VY . h ¼
fVn : n A Ng does not have limit points in Y since x is discrete and Vn ¼ Un for

n A N. Let K be the all limit points of the family h in bG. Then K is closed in bG

and KHG. Since bG is compact, K is a nonempty compact subset of bG. G has

a s-point-discrete weak base, K is metrizable. Fix x A K , K has a countable base

at x. Pick a decreasing family fWn : n A Ng of open neighborhood of x in bG

such that 7fWn : n A NgVK ¼ fxg. Since x A K , we may define an increasing

sequence of integers nk with xnk A Wn VVnk . Since bG is compact, fxnk : k A Ng
has a cluster point, clearly, x is the unique limit point of fxnk : k A Ng, hence

xnk ! x.

By Lemma 3.2, G is weakly first countable at x. Hence G is first countable

since G is a paratopological group, and G is metrizable by Theorem 5.1. r
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7. Questions

We close with several questions that are natural extensions of this work.

Question 7.1. Let X have a s-point-discrete (weak) base, is every point of

X a Gd-set?

Question 7.2. Let X be a pseudocompct (or ccc) space with a s-point-

discrete (weak) base, is X metrizable?

Remark: If the answer for Question 7.1 is positive, then a pseudocompact

space with a s-point-discrete weak base is metrizable.

Question 7.3. Let X have a s-point-discrete (weak) base, is X normal,

meta-Lindelöf ?

Question 7.4. Let G be a topological (or paratopological) group with a

s-point-discrete (weak) base, is G metrizable?

Question 7.5. Are spaces with a s-compact-finite weak base preserved by

open and closed maps?

Remark: If each point of the domain of the map is a Gd-set, then the

answer to the above question is positive.
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