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THE AUTOMORPHISM GROUP OF A CYCLIC

p-GONAL CURVE

By

Naonori Ishii and Katsuaki Yoshida

Abstract. Let M be a cyclic p-gonal curve with a positive prime

number p, and let V be the automorphism of order p satisfying

M=hViFP1. It is well-known that finite subgroups H of AutðP1Þ
are classified into five types. In this paper, we determine the defining

equation of M with HHAutðM=hViÞ for each type of H, and we

make a list of hyperelliptic curves of genus 2 and cyclic trigonal

curves of genus 5, 7, 9 with H ¼ AutðM=hViÞ.

1 Introduction

Let M be a compact Riemann surface defined by

yp � ðx� a1Þr1 � � � ðx� asÞrs ¼ 0; ð1Þ

where p is a positive prime integer, ai’s are distinct complex numbers, and

ri’s are integers satisfying 1a ri < p ði ¼ 1; . . . ; sÞ. Put S :¼ fa1; . . . ; asg (resp.

fa1; . . . ; as; asþ1 ¼ yg) when
Ps

i¼1 ri 1 0 ðmod pÞ (resp.
Ps

i¼1 ri D 0 ðmod pÞ).
Then the genus g of M is

ðaS�2Þðp�1Þ
2 . Let CðMÞ denote the function field Cðx; yÞ

of M. For an automorphism s A AutðMÞ, s� represents the action on CðMÞ
induced by s. Let V be the automorphism on M defined by

V �x ¼ x and V �y ¼ zpy

with the primitive p-th root zp ¼ exp 2pi=p of unity. The inclusion CðxÞHCðMÞ
corresponds to the cyclic normal covering x : M ! P1ðxÞ of degree p, and its

covering group is hVi. Then x is (totally) ramified over a point a A P1ðxÞ if and

only if a A S.
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In general, a compact Riemann surface of genus g is called a n-gonal curve

when M has a meromorphic function of degree n and does not have any non-

trivial meromorphic functions whose degree is smaller than n. It is known that M

becomes a p-gonal curve provided ðp� 1Þðp� 2Þ < g with a prime number p [10].

From now on, we always assume that M is a compact Riemann surface

defined by ð1Þ. From the fact mentioned above, M becomes a p-gonal curve

when 2p� 2 <aS.

Let g1
d denote a linear system of degree d and dimension 1, then the linear

system jðxÞyj is g1
p . Here ðxÞy is the pole divisor of x on M. We also assume that

jðxÞyj is unique as g1
p . In fact the uniqueness of g1

p is satisfied when ðp� 1Þ2 < g,

i.e., 2p <aS [10]. The uniqueness of g1
p on a cyclic p-gonal curve M implies that

hVi is normal in AutðMÞ. Moreover we will see that V is in the center of

AutðMÞ. Therefore, for a subgroup G of AutðMÞ containing V , we have an exact

sequence

1 ! hVi ! G !p H ! 1; ð*Þ
where H ¼ G=hVi.

On the other hand, it is well known that a finite subgroup H of AutðP1Þ is

isomorphic to cyclic Cn, dihedral D2n, tetrahedral A4, octahedral S4 or icosa-

hedral A5. Then it can be said that the group G above is obtained as an extension

of these five groups by a cyclic group hVi of order p. Consequently there exist

special relations among a1; . . . ; as of (1) depending on H.

First we will give a necessary and su‰cient condition that the sequence (*) is

split.

Next, by applying the concrete representations of finite subgroup H of

AutðP1ðxÞÞ given by Klein, we determine a defining equation of M which satisfies

the condition HHAutðMÞ=hVi for a given H.

Finally, as applications, we give a classification of hyperelliptic curves M

of genus 2 and cyclic tigonal curves of genus g ¼ 5; 7; 9 based on the types of H

contained in AutðMÞ=hVi.

2 A Necessary and Su‰cient Condition in Which the Exact Sequence (*)

is Split

Let M be a cyclic p-gonal curve defined by the equation (1), and the linear

system jðxÞyj is assumed to be unique as g1
p . The symbols G, H, S etc. are same

as in the previous section. We prepare more notations.

Notation 1. Let denote ~TT the element of H ¼ G=hViHAutðP1ðxÞÞ induced
by some element T A G. Let FPðHÞ (resp. FPðGÞ) denote the set of points on
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M=hViFP1ðxÞ (resp. M ) fixed by a non-trivial element of H (resp. G), and let

FGðaÞ denote the set of automorphisms of P1ðxÞ which fixes a point a A P1ðxÞ.
By corresponding A ¼

�
a b
g d

�
A SLð2;CÞ to AðxÞ :¼ axþb

gxþd
, we have an isomorphism

SLð2;CÞ=fG1gFAutðP1ðxÞÞ. We use the same symbol ‘‘A’’ for both a matrix and

an element of AutðP1ðxÞÞ. Let hAia denote the orbit of a A P1ðxÞ by the subgroup

hAi generated by A A SLð2;CÞ.

For a A FPðHÞ, FGðaÞ is a cyclic group and FPðFGðaÞÞ consists of two

points a and a 0 with a0 a 0. If FGðaÞ is generated by an element A of order

n, then, by changing the coordinate x suitably, we may assume AðxÞ ¼ znx and

FPðhAiÞ ¼ f0;yg, where zn ¼ exp 2pi
n

� �
.

We start with the following lemma.

Lemma 2.1. (i) The group H acts on S.

(ii) Let ai and aj be in S. If there exists an element T A G satisfying
~TTai ¼ aj, then we have ri ¼ rj. Here we define rsþ1 by rsþ1 1

�
Ps

i¼1 ri ðmod pÞ and 0 < rsþ1 < p when
Ps

i¼1 ri D 0 ðmod pÞ.
(iii) The automorphism V is contained in the center of G.

Proof. (i) Let T be an arbitrary automorphism on M. From the uniqueness

of g1
p , we have a diagram

M ���!x M=hViFP1ðxÞ

T

???yo

???yo ~TT

M ���!
x

M=hViFP1ðxÞ;

and this implies that ~TT acts on S.

(ii) Refer to [6], [11].

(iii) Suppose ord ~TT ¼ n. Then we may assume that ~TT is defined by ~TT �x ¼ znx,

and then FPðhTiÞ ¼ f0;yg. For a A M=hViFP1ðxÞ with a B f0;yg, the orbit

h ~TTia is fa; zna; . . . ; zp�1
n ag. The set S is decomposed into orbits of h ~TTi

depending on the order aSV f0;yg.

(a) afSV f0;ygg ¼ 2 S ¼ f0gU fygUh ~TTib1 U � � �Uh ~TTibt,

(b) afSV f0;ygg ¼ 1 (we may assume SV f0;yg ¼ f0g), S ¼ f0gU
h ~TTib1 U � � �Uh ~TTibt,

(c) afSV f0;ygg ¼ 0 S ¼ h ~TTib1 U � � �Uh ~TTibt,
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where b1; . . . ; bt are non-zero elements in S with bi 0y and h ~TTibi Vh ~TTibj ¼ q

for i0 j.

In case (a), from (i) of this lemma, M is defined by

yp ¼ xðxn � bn
1 Þ

u1 � � � ðxn � bn
t Þ

ut ; ð2Þ

with n
P t

i¼1 ui þ 21 0 ðmod pÞ. In case (b), M is also defined by (2) with

n
P t

i¼1 ui þ 11 0 ðmod pÞ. In both cases (a) and (b), by acting T � on (2), we

have

ðT �yÞp ¼ ~TT �ðxÞð ~TT �ðxÞn � bn
1 Þ

u1 � � � ð ~TT �ðxÞn � bn
t Þ

ut ¼ zny
p:

Then T is defined by T �x ¼ znx and T �y ¼ ey, where e satisfies ep ¼ zn. Since

V �x ¼ x and V �y ¼ zpy, we have V �T � ¼ T �V �.

In case (c), we can also prove as above. r

Lemma 2.1 (i) and (ii) imply the following.

Lemma 2.2. Assume S dy. Let S ¼ 6u

i¼1
Hb

ð1Þ
i (disjoint) be the decom-

position of S into orbits Hb
ð1Þ
i ¼ fbð1Þi ; . . . ; b

ðsiÞ
i gðHCÞ. Then the equation (1) is

transformed into

yp ¼
Yu
i¼1

fðx� b
ð1Þ
i Þ � � � ðx� b

ðsiÞ
i Þg ri ð3Þ

with 1a ri < p and
Pu

i¼1 siri 1 0 ðmod pÞ.

Let ~pp : P1ðxÞ ! P1ðuÞ be a normal covering defined by u ¼ f1ðxÞ=f0ðxÞ with

a Galois group H, where f0ðxÞ and f1ðxÞ are polynomials relatively prime to each

other. We write ðb0 : b1Þ for a point of u-plane P1ðuÞ with u ¼ b1

b0
. Then we have

the following theorem.

Theorem 2.1. Let M be defined by the equation (1). Then the exact sequence

ð*Þ is split if and only if

(A) FPðHÞVS ¼ q, or

(B) for a A FPðHÞVS, aFGðaÞ is not divisible by p.

Proof. Put aH ¼ n. Then aG ¼ pn. We may assume S dy. Then M is

defined by (3) in Lemma 2.2. We regard M=G as a u-plane P1ðuÞ, and consider

the normal covering
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M=hViFP1ðxÞ !~pp M=GFP1ðuÞ;

whose covering group is H. We assume u ¼ f1ðxÞ=f0ðxÞ. We can also assume that

the image ~ppðSÞ does not contain yðA P1ðuÞÞ.
Now we assume that ð*Þ is split. Then G ¼ hVi�H. We have a com-

mutative diagram and canonical isomorphisms

ð\Þ

M ���!x M=hVi

p

???y
???y~pp

M=H ���!
u

M=G;

GalðpÞFGalð~ppÞFH

GalðxÞFGalðuÞF hVi

CðMÞFCðM=HÞ n
CðuÞ

CðxÞ;

8>><
>>:

where GalðcÞ means the covering group of a given normal covering c : M1 ! M2

of compact Riemann surfaces Mi. Put ~ppðSÞ ¼ fð1 : b1Þ; . . . ; ð1 : buÞg, where

bi ði ¼ 1 � � � uÞ are distinct complex numbers. Then we may assume that M=H is

defined by

yp ¼ ðu� b1Þ t1 � � � ðu� buÞ tu with
Xu
i¼1

ti 1 0 and 0 < ti < p: ð4Þ

The isomorphism CðMÞFCðM=HÞ n
CðuÞ

CðxÞ implies that x and y have a re-

lation

yp ¼ f1ðxÞ
f0ðxÞ

� b1

� �t1
� � � f1ðxÞ

f0ðxÞ
� bu

� �tu
: ð5Þ

By replacing f
ðT u

i¼1tiÞ=p
0 y with y, we have

yp ¼ ð f1ðxÞ � b1 f0ðxÞÞ t1 � � � ð f1ðxÞ � bu f0ðxÞÞ tu ; ð6Þ

and this equation defines M. Let Si ¼ fbð1Þi ; . . . ; b
ðsiÞ
i g ði ¼ 1; . . . ; uÞ be the set of

points b in P1ðxÞ satisfying ~ppðbÞ ¼ bi. Then, by the assumptions y B S and

y B ~ppðSÞ, we have factorizations

f1ðxÞ � bi f0ðxÞ ¼ Cifðx� b
ð1Þ
i Þ � � � ðx� b

ðsiÞ
i Þgmi with n ¼ misi and Ci 0 0:

The positive integers mi are ramification indices of ~pp over ð1 : biÞ and

mi ¼aFGðbðkÞi Þ. So the equation (6) may assume to be transformed into

yp ¼
Yu
i¼1

fðx� b
ð1Þ
i Þ � � � ðx� b

ðsiÞ
i Þgmiti ; ð7Þ

and we have SH6 t

i¼1
Si. If some mi is divisible by p, we can omit the term

fðx� b
ð1Þ
i Þ � � � ðx� b

ðsiÞ
i Þgmiti of (7) by replacing y with y=f

Qsi
k¼1ðx� b

ðkÞ
i Þgmiti=p.
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Further we can delete the term ðu� biÞ ti from the equation (4). Finally we can

get the equation (4) satisfying S ¼ 6 t

i¼1
Si and ðmi; pÞ ¼ 1.

Conversely assume that (A) or (B) is satisfied and M is be defined by the

equation (3) in Lemma 2.2. Put bi ¼ ~ppðbð1Þi Þ ði ¼ 1; . . . ; uÞ. Then, for each bi, we

have f1ðxÞ � bi f0ðxÞ ¼ Cifðx� b
ð1Þ
i Þ � � � ðx� b

ðsiÞ
i Þgmi again. The assumption (A)

or (B) implies ðmi; pÞ ¼ 1. Then, from ðri; pÞ ¼ 1 and ðmi; pÞ ¼ 1, there exists an

integer si satisfying 0 < si < p and siri 1mi ðmod pÞ for each i. Put s ¼
Qu

i¼1 si.

Then there exist two integers ui and Mi satisfying sri ¼ uimi þMip. Raising both

sides of (3) to s-th power and replacing ys=f
Qu

i¼1fðx� b
ð1Þ
i Þ � � � ðx� b

ðsiÞ
i ÞgMig

with y again, we have

yp ¼
Yu
i¼1

fðx� b
ð1Þ
i Þ � � � ðx� b

ðsiÞ
i Þguimi ¼ C

Yu
i¼1

ð f1ðxÞ � bi f0ðxÞÞui ;

where C is a non-zero constant. Therefore we may assume that M is defined by

yp ¼
Qu

i¼1ð f1ðxÞ � bi f0ðxÞÞui , and then CðMÞ ¼ CðM=HÞ n
CðuÞ

CðxÞ. r

3 Defining Equations of p-gonal Curves M with an Exact Sequence (*)

In this section, we give defining equations of M and representations of G

according to each type of finite subgroups H of AutðP1Þ classified by Klein [8].

Let A ¼
�
a b
g d

�
A SLð2;CÞ. As in the previous section, we also write A for the

element fGAg in SLð2;CÞ=fG1gFAutðP1ðxÞÞ as long as there is no confusion.

Although there are p distinct elements of G which induce A A H, we also use

the symbol A abusively for an element of G which induces A A H. In order to

determine the action of A� on the function field Cðx; yÞ, it is su‰cient to in-

vestigate A�y.

Let ~pp : P1ðxÞ ! P1ðuÞ be a finite normal covering defined by a rational

function u ¼ f1ðxÞ
f0ðxÞ

with ð f0; f1Þ ¼ 1, and let H be is its covering group. Put

aH ¼ s. Take ðb0 : b1Þ A P1ðuÞ. Let mb 1 be the ramification index of ~pp over

ðb0 : b1Þ. Then there are three types of factorizations of the polynomial

~PPðbo:b1Þ :¼ b0 f1ðxÞ � b1 f0ðxÞ:

That is:

~PPðbo:b1Þ ¼
ðiÞ C

Q t
i¼1ðx� aiÞm with tb 1 and mt ¼ s;

ðiiÞ C
Q t�1

i¼1 ðx� aiÞm with t� 1b 1 and mt ¼ s;

ðiiiÞ C;

8><
>:
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where C is a non-zero constant. Type (i) (resp. (ii)) happens when ~ppðyÞ0 ðb0 : b1Þ
(resp. ~ppðyÞ ¼ ðb0 : b1Þ and m < s). Type (iii) happens when ~ppðyÞ ¼ ðb0 : b1Þ and

m ¼ s. Then H must be a cyclic group.

Define a polynomial Pðb0:b1Þ and a positive integer dðb0:b1Þ as follows.

(i) Pðb0:b1ÞðxÞ ¼
Q t

i¼1ðx� aiÞ, dðb0:b1Þ ¼ t if ~PPðbo:b1Þ is of type (i),

(ii) Pðb0:b1ÞðxÞ ¼
Q t�1

i¼1 ðx� aiÞ, dðb0:b1Þ ¼ t if ~PPðbo:b1Þ is of type (ii),

(iii) Pðb0:b1ÞðxÞ ¼ 1, dðb0:b1Þ ¼ s if ~PPðbo:b1Þ is of type (iii).

The following lemma comes form the consideration similar to that of the previous

section.

Lemma 3.1. Let M be a cyclic p-gonal curve defined by (1) with aS > 2p

(therefore M has a unique g1
p ). Assume AutðMÞ=hVi contains the finite subgroup

H above. Then there exists a finite set fðb0; i : b1; iÞ j 1a ia rg of distinct points in

P1ðuÞ, and M can be defined by

yp ¼
Yr
i¼1

Pui
ðb0; i :b1; iÞ; 1a ui a p� 1; ð8Þ

Xr
i¼1

uidðb0; i :b1; iÞ 1 0 ðmod pÞ; aS ¼
Xr
i¼1

dðb0; i :b1; iÞ > 2p:

Moreover the number of Pðb0; i ;b1; iÞ of type (i) among Pðb0; i ;b1; iÞ ð1a ia rÞ is at least
ðr� 1Þ. If there is a Pðb0; i ;b1; iÞ of type (iii), H is a cyclic group.

Next we introduce the results from F. Klein.

Lemma 3.2 ([8], [4]). Let ~pp : P1ðxÞ ! P1ðuÞ be a finite normal covering

defined by a rational function u ¼ f1ðxÞ
f0ðxÞ . Then the covering group H of ~pp is cyclic,

dihedral, tetrahedral, octahedral or icosahedral. And, by choosing coordinates x and

u suitably, u ¼ f1ðxÞ
f0ðxÞ and the generators of H can be represented as in Table 1 of

Appendix.

Proposition 3.1. Let H be one of the groups in Table 1. Then the poly-

nomials Pðb0:b1Þ in each type of H are given in Table 2 of Appendix.

Proof. For example, when H ¼ A4 and u ¼ ðx4�2
ffiffi
3

p
ix2þ1Þ3

ðx4þ2
ffiffi
3

p
ix2þ1Þ3 ,

~PPð1:1ÞðxÞ ¼ ðx4 � 2
ffiffiffi
3

p
ix2 þ 1Þ3 � ðx4 þ 2

ffiffiffi
3

p
ix2 þ 1Þ3 ¼ fxðx4 � 1Þg2
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and 0, G1, Gi and y are points over ð1 : 1Þ with ramification index 2. Then

Pð1:1ÞðxÞ ¼ xðx4 � 1Þ is of type (ii).

When H ¼ A5 and u ¼ f1ðxÞ
f0ðxÞ

¼ f�x20�1þ228ðx15�x5Þ�494x10g3

1728x5ðx10þ11x5�1Þ5 , we have

~PPð1:1Þ ¼ f�x20 � 1 þ 228ðx15 � x5Þ � 494x10Þg3 � f1728x5ðx10 þ 11x5 � 1Þg5

¼ �ðx30 þ 522x25 � 10005x20 � 10005x10 � 522x5 þ 1Þ2;

and Pð1:1Þ ¼ x30 þ 522x25 � 10005x20 � 10005x10 � 522x5 þ 1 is of type (i). In any

other cases, we can calculate by the same way as above. r

By this proposition and Lemma 3.1, we can get defining equations of M with H

of Table 1, and they are written in Theorem 3.1.

We can get the representation A�y for the generators A of H in Table 1, by

letting A act on both sides of the defining equations of M directly. But, before

practicing the calculation, we will make closer observations on the action of

A.

Definition 1. For A ¼
�
a b
g d

�
A SLð2;CÞ. Define jðA; xÞ :¼ gxþ d with a

variable x on C . When Ay ¼ y (i.e., g ¼ 0), define jðA;yÞ :¼ jðDAD�1; 0Þ ¼ a,

where D ¼
�

0 �1
1 0

�
. And when Ay0y, define jðA;yÞ :¼ 1. Of course an

automorphism of P1ðxÞ induced by a matrix A is also induced by �A, and

jð�A; xÞ ¼ �jðA; xÞ for a variable x.

First we will write down several properties of jðA; xÞ.

Lemma 3.3. Let A ¼
�
a b
g d

�
and B be in SLð2;CÞ, and let x be a variable

on C . Then

(i) jðAB; xÞ ¼ jðA;BxÞ jðB; xÞ.
(ii) a� gAðxÞ ¼ jðA; xÞ�1.

(iii) jðA; xÞ jðA�1;AðxÞÞ ¼ 1.

(iv) Assume that the order of A A AutðP1Þ is l (i.e., l is the least positive

integer satisfying Al ¼G
�

1 0
0 1

�
). Take a A P1ðxÞ such that a B FPðhAiÞ.

(a) Assume y B hAia. Then

Yl
i¼1

jðA�1;AiðaÞÞ ¼ jðAl ; xÞ ¼
1 if Al ¼

�
1 0
0 1

�
;

�1 if Al ¼ �
�

1 0
0 1

�
:

8<
:

(b) Assume a ¼ y. Then jðA�1;AðaÞÞ ¼ 0 and
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Yl
i¼2

jðA�1;AiðaÞÞ ¼ �jðAl ; xÞ ¼
�1 if Al ¼

�
1 0
0 1

�
;

1 if Al ¼ �
�

1 0
0 1

�
:

8<
:

(v) For a A FPðhAiÞ, jðA; aÞ ¼ jðBAB�1;BðaÞÞ.
(vi) Let FPðhAiÞ ¼ fa1; a2g. Then jðA; a1Þ and jðA; a2Þ are primitive l (resp.

2l)-th roots of 1 if Al ¼
�

1 0
0 1

�
(resp. �

�
1 0
0 1

�
). And jðA; a1Þ jðA; a2Þ ¼ 1.

Proof. We can prove (i), (ii) and (iii) by simple calculations.

(iv) We will prove only (b). Assume a ¼ y. As g0 0 and AðaÞ ¼ a
g
, we have

jðA�2;AðaÞÞ ¼ �1 and jðA�1;AðaÞÞ ¼ 0. Since jðA�1;AiðaÞÞ ¼ jðAi�2;AðaÞÞ=
jðAi�1;AðaÞÞ ð2a ia l � 1Þ and jðA�1;AlðaÞÞ ¼ jðA�1;yÞ ¼ 1 by the definition,

we have

Yl
i¼2

jðA�1;AiðaÞÞ ¼
Yl�1

i¼2

jðAi�2;AðaÞÞ
jðAi�1;AðaÞÞ ¼

1

jðAl�2;AðaÞÞ

¼ 1

jðAl ;A�2AðaÞÞ jðA�2;AðaÞÞ ¼ � 1

jðAl ;A�2ðaÞÞ ¼ �jðAl ; xÞ:

(v) Since AðaÞ ¼ a, the assertion comes from (i), (iii) and jðA;yÞ ¼ a.

(vi) By (v), we may assume a1 ¼ 0, a2 ¼ y and A ¼
�
e 0
0 e�1

�
where e is a

primitive l or 2l-th root of 1. Then jðA; 0Þ ¼ e�1 and jðA;yÞ ¼ e. r

Let A ¼
�
a b
g d

�
A H. First we observe the action of A� on polynomials Pðb0:b1Þ.

Lemma 3.4. Assume that A A AutðP1ðxÞÞ has an order l. Let Pðb0:b1Þ be a

polynomial of type (i) or (ii) above. Put U :¼ fa1; . . . ; atg (resp. fa1; . . . ; at�1;yg)

when Pðb0:b1Þ is of type (i) (resp. (ii)). Then A� acts on Pðb0:b1Þ in the following

manner.

(I) If UVFPðhAiÞ ¼ q, then t1 0 ðmod lÞ and

A�ðPðb0:b1ÞðxÞÞ ¼ Pðb0:b1ÞðAðxÞÞ ¼ jðA; xÞ�t
jðAl ; xÞ t=lPðb0:b1ÞðxÞ:

(II) If UVFPðhAiÞ consists of one fixed point c A P1ðxÞ of A, then

t� 11 0 ðmod lÞ and

A�ðPðb0:b1ÞðxÞÞ ¼ jðA�1; cÞ jðA; xÞ�t
jðAl ; xÞðt�1Þ=l

Pðb0:b1ÞðxÞ:

(III) If UVFPðhAiÞ consists of two points c, c 0 of A, then t� 21 0 ðmod lÞ,
and
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A�ðPðb0:b1ÞðxÞÞ ¼ jðA; xÞ�t
jðAl ; xÞðt�2Þ=l

Pðb0:b1ÞðxÞ:

These representations are independent from the choice of matrix A or �A.

Proof. (I) Assume U C y (i.e., Pðb0:b1Þ is of type (ii)). Let

U ¼ fy;AðyÞ; . . . ;Al�1ðyÞgU ð6r

k¼2
hAickÞ

be the decomposition of U into the orbits of hAi. Then lr ¼ t, g0 0 and

Pðb0:b1ÞðxÞ ¼
Yl�1

i¼1

ðx� AiðyÞÞ
Yr
k¼2

Yl
i¼1

ðx� AiðckÞÞ:

By acting A� on both sides of this equation, we have

A�ðPðb0:b1ÞðxÞÞ ¼
Yl�1

i¼1

axþ b

gxþ d
� AiðyÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðAÞ

Yr
k¼2

Yl
i¼1

axþ b

gxþ d
� AiðckÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðBÞ

:

Since AðyÞ ¼ a
g

and �gAðyÞ þ a ¼ 0,

the term ðAÞ ¼ jðA; xÞ�ðl�1ÞYl�1

i¼1

fð�gAiðyÞ þ aÞx� ðdAiðyÞ � bÞg

¼ jðA; xÞ�ðl�1Þ �d
a

g
þ b

� �Yl�1

i¼2

fð�gAiðyÞ þ aÞx� ðdAiðyÞ � bÞg

¼ jðA; xÞ�ðl�1Þ �d
a

g
þ b

� �Yl
i¼2

jðA�1;AiðyÞÞ

�
Yl�1

i¼2

x� ðdAiðyÞ � bÞ
ð�gAiðyÞ þ aÞ

� 	

¼ jðA; xÞ�ðl�1Þ �d
a

g
þ b

� �
ð�jðAl ; xÞÞ

Yl�1

i¼2

fx� Ai�1ðyÞg: ð?Þ

The last equality comes from Lemma 3.1 iv) (b). On the other hand, by Lemma

3.1 iv) (a),

the term ðBÞ ¼ jðA; xÞ�lðr�1Þ
jðAl ; xÞðr�1ÞYr

k¼2

Yl
i¼1

ðx� Ai�1ðckÞÞ: ð??Þ
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By multiplying ð?Þ and ð??Þ, we have

A�ðPðb0:b1ÞðxÞÞ ¼ jðA; xÞ�ðt�1Þ �d
a

g
þ b

� �
ð�jðAl ; xÞrÞ

�
Yl�1

i¼2

ðx� Ai�1ðyÞÞ
Yr
k¼2

Yl
i¼1

ðx� Ai�1ðckÞÞ:

Moreover, by ad� bg ¼ 1 and ðx� Al�1ðyÞÞ�1 ¼ gjðA; xÞ�1, we have

A�ðPðb0:b1ÞðxÞÞ ¼ jðA; xÞ�ðt�1Þ �d
a

g
þ b

� �
ð�jðAl ; xÞrÞðx� Al�1ðyÞÞ�1

�
Yl
i¼2

ðx� Ai�1ðyÞÞ
Yr
k¼2

Yl
i¼1

ðx� Ai�1ðckÞÞ

¼ jðA; xÞ�t
jðAl ; xÞrPðb0:b1Þ:

In case y B U, the calculation is much easier than the case above.

(II) Let U ¼ fcgU ð6r

k¼1
hAickÞðt ¼ lrþ 1Þ be the decomposition of U into

the orbits of hAi. There are three cases

i) c0y and ck 0y ðk ¼ 1; . . . ; rÞ, ii) c ¼ y, iii) ck ¼ y for some k, to

be considered respectively. But the calculations can be carried out by the same

way as in (I), and then we omit the details.

(III) Let U ¼ fcgU fc 0gU ð6r

k¼1
hAickÞðt ¼ lrþ 2Þ be the decomposition of

U into the orbits of hAi. And we have

A�ðPðb0:b1ÞðxÞÞ ¼ jðA�1; cÞ jðA�1; c 0Þ jðA; xÞ�t
jðAl ; xÞðt�2Þ=l

Pðb0:b1ÞðxÞ:

By Lemma 3.1 (vi), we have the equality of III. r

The following theorem is from these lemmas above. In this theorem we use the

symbols
Qm�1

i¼m and
Pm�1

i¼m as

Ym�1

i¼m

� :¼ 1 and
Xm�1

i¼m

� :¼ 0 for an positive integer m:

Theorem 3.1. Let H be one of the groups in Table 1. Let M be a cyclic

p-gonal curve with aS > 2p. Assume AutðMÞ=hVi contains H. Then the de-

fining equation of M and A�y for the generators A A H of Table 1 are given as

follows.
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(Case H ¼ Cn). M is defined by

yp ¼ Pu1

ð0:1ÞP
u2

ð1:0Þ

Yd
i¼3

Pui
ð1:biÞ ¼ xu2

Yd
i¼3

ðxn � biÞui ; ð9Þ

aS ¼ e1 þ e2 þ n
Xd
i¼3

1; u1 þ u2 þ n
Xd
i¼3

ui 1 0 ðmod pÞ;

where 0a u1; u2 < p, 0 < ui < p ðib 3Þ, bi 0 0, and put ek ¼ 1 (resp. ek ¼ 0) if

uk > 0 (resp. uk ¼ 0) ðk ¼ 1; 2Þ. In this case db 3 since aS > 2pb 4.

For the generator Sn of Cn,

� S �
n y ¼ hSn

y, where ðhSn
Þp ¼ zu2

n .

(Case H ¼ D2n). M is defined by

yp ¼ Pu1

ð1:2ÞP
u2

ð1:�2ÞP
u3

ð0:1Þ

Yd
i¼4

Pui
ð1:biÞ

¼ ðxn � 1Þu1ðxn þ 1Þu2xu3

Yd
i¼4

ðx2n � bix
n þ 1Þui ; ð10Þ

aS ¼ ne1 þ ne2 þ 2e3 þ 2n
Xd
i¼4

1; nu1 þ nu2 þ 2u3 þ 2n
Xd
i¼4

ui 1 0 ðmod pÞ;

where db 3 (according to the notation above), 0a u1; u2; u3 < p, and

0 < ui < p ðib 4Þ, bi 0G2, and put ek ¼ 1 (resp. ek ¼ 0) if uk > 0 (resp. uk ¼ 0)

ðk ¼ 1; 2; 3Þ.
For the generators Sn and T of D2n,

� S �
n y ¼ hSn

y where ðhSn
Þp ¼ zu3

n

� T �y ¼ hTx
�ðnu1þnu2þ2u3þ2nT

d

i¼4uiÞ=py, where ðhT Þ
p ¼ ð�1Þu1

(Case H ¼ A4). M is defined by

yp ¼ Pu1

ð1:0ÞP
u2

ð1:1ÞP
u3

ð0:1Þ

Yd
i¼4

Pui
ð1:biÞ

¼ ðx4 � 2
ffiffiffi
3

p
ix2 þ 1Þu1fxðx4 � 1Þgu2ðx4 þ 2

ffiffiffi
3

p
ix2 þ 1Þu3

�
Yd
i¼4

1

1 � bi
fðx4 � 2

ffiffiffi
3

p
ix2 þ 1Þ3 � biðx4 þ 2

ffiffiffi
3

p
ix2 þ 1Þ3gui ; ð11Þ

aS ¼ 4e1 þ 6e2 þ 4e3 þ 12
Xd
i¼4

1; 4u1 þ 6u2 þ 4u3 þ 12
Xd
i¼4

ui 1 0 ðmod pÞ;
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where db 3, 0a u1; u2; u3 < p, 0 < ui < p ðib 4Þ, bi 0 0; 1, and put ek ¼ 1 (resp.

ek ¼ 0) if uk > 0 (resp. uk ¼ 0) ðk ¼ 1; 2; 3Þ.
For the generators U , W of A4,

� U �y ¼ hU
1�i

2 ðxþ 1Þ

 �ð�4u1�6u2�4u3�12T

d

i¼4uiÞ=py,

where ðhUÞ
p ¼ ð�1Þu2þu3 exp 1

3 pi
� �u2 exp 5

3 pi
� �u3 .

� W �y ¼ hW
1þi

2 ðxþ iÞ

 �ð�4u1�6u2�4u3�12T

d

i¼4uiÞ=py,

where ðhW Þp ¼ exp 2
3 pi
� �u2 exp 4

3 pi
� �u3 .

(Case H ¼ S4). M is defined by

yp ¼ Pu1

ð1:0ÞP
u2

ð1:1ÞP
u3

ð0:1Þ

Yd
i¼4

Pui
ð1:biÞ

¼ ðx8 þ 14x4 þ 1Þu1ðx12 � 33x8 � 33x4 þ 1Þu2fxðx4 � 1Þgu3

�
Yd
i¼4

fðx8 þ 14x4 þ 1Þ3 � 108biðx4ðx4 � 1Þ4Þgui ; ð12Þ

aS ¼ 8e1 þ 12e2 þ 6e3 þ 24
Xd
i¼4

1; 8u1 þ 12u2 þ 6u3 þ 24
Xd
i¼4

ui 1 0 ðmod pÞ;

where db 3, 0a u1; u2; u3 < p, 0 < ui < p ðib 4Þ, bi 0 0; 1 and put ek ¼ 1 (resp.

ek ¼ 0) if uk > 0 (resp. uk ¼ 0) ðk ¼ 1; 2; 3Þ.
For the generators W , R of S4,

� W �y ¼ hW
1þi

2


 �ð�8u1�12u2�6u3�24T
n

i¼4uiÞ=pðxþ iÞð�8u1�12u2�6u3�24T
n

i¼4uiÞ=py,

where ðhW Þp ¼ 1.
� R�y ¼ hRx

�ð8u1þ12u2þ6u3þ24T
n

i¼4uiÞ=py, where ðhRÞ
p ¼ i u3 .

(Case H ¼ A5). M is defined by

yp ¼ Pu1

ð1:0ÞP
u2

ð1:1ÞP
u3

ð0:1Þ

Yd
i¼4

Pui
ð1:biÞ

¼ fx20 þ 1 � 228ðx15 � x5Þ þ 494x10gu1

� fx30 þ 522x25 � 10005x20 � 10005x10 � 522x5 þ 1gu2fxðx10 þ 11x5 � 1Þgu3

�
Yt
i¼4

½fx20 þ 1 � 228ðx15 � x5Þ þ 494x10g3

þ 1728bix
5ðx10 þ 11x5 � 1Þ5�ui ; ð13Þ

13The automorphism group of a cyclic p-gonal curve



aS ¼ 20e1 þ 30e2 þ 12e3 þ 60
Xd
i¼4

1; 20u1 þ 30u2 þ 12u3 þ 60
Xt

i¼4

ui10 ðmod pÞ;

where db 3, 0a u1; u2; u3 < p, 0 < ui < p ðib 4Þ, bi 0 0; 1, and put ek ¼ 1 (resp.

ek ¼ 0) if uk > 0 (resp. uk ¼ 0) ðk ¼ 1; 2; 3Þ.
For the generators K , Z of A5,

� K �y ¼ hK
1ffiffi
5

p fð1 � z2
5Þxþ ðz5 � z2

5Þg
h ið�20u1�30u2�12u3�60T

n

i¼4uiÞ=p
y

where ðhKÞ
p ¼ 1.

� Z �y ¼ hZy, where ðhZÞ
p ¼ zu3

5 .

Proof. Here we only deal with several cases as examples.

Case H ¼ A4. Let M be defined by yp ¼ Pu1

ð1:0ÞP
u2

ð1:1ÞP
u3

ð0:1Þ
Qd

i¼4 P
ui
ð1:biÞ, where

Pðb0:b1Þ are as in Table 2. Let A be U ¼ 1�i
2

�
i �i
1 1

�
(resp. W ¼ 1þi

2

��1 i
1 i

�
). Then

A3 ¼
��1 0

0 �1

�
ðresp:

�
1 0
0 1

�
Þ; jðA3; xÞ ¼ �1 ðresp: 1Þ;

jðA; xÞ ¼ 1�i
2 ðxþ 1Þ ðresp: 1þi

2 ðxþ iÞÞ:

8<
:

Two fixed points a1, a2 of A ¼ U (resp. W ) are

ð\Þ

a1 ¼ ð�1þ
ffiffi
3

p
Þð1�iÞ

2 ðresp:
ð�1�

ffiffi
3

p
Þð1þiÞ

2 Þ; jðA�1; a1Þ ¼ exp 1
3 pi
� �

ðresp: exp 2
3 pi
� �

Þ;

a2 ¼ ð�1�
ffiffi
3

p
Þð1�iÞ

2 ðresp:
ð�1þ

ffiffi
3

p
Þð1þiÞ

2 Þ; jðA�1; a2Þ ¼ exp 5
3 pi
� �

ðresp: exp 4
3 pi
� �

Þ:

8>>>>>>><
>>>>>>>:

and we have Pð1:0Þða1Þ ¼ 0 and Pð0:1Þða2Þ ¼ 0.

In case A ¼ U , by Lemma 3.2, we have

U �Pð1:0Þ ¼ jðU�1; a1Þ jðU ; xÞ�4
jðU 3; xÞPð1:0Þ

¼ exp
1

3
pi

� �
1 � i

2
ðxþ 1Þ

� 	�4

ð�1ÞPð1:0Þ;

U �Pð1:1Þ ¼ jðU ; xÞ�6
jðU�3; xÞ2

Pð1:1Þ ¼
1 � i

2
ðxþ 1Þ

� 	�6

ð�1Þ2
Pð1:1Þ;

U �Pð0:1Þ ¼ jðU�1; a2Þ jðU ; xÞ�4
jðU 3; xÞPð0:1Þ

¼ exp
5

3
pi

� �
1 � i

2
ðxþ 1Þ

� 	�4

ð�1ÞPð0:1Þ;

U �Pð1:biÞ ¼ jðU ; xÞ�12
jðU 3; xÞ4

Pð1:biÞ

¼ 1 � i

2
ðxþ 1Þ

� 	�12

ð�1Þ4
Pð1:biÞ ðbi 0 0; 1Þ:

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:
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Then

U �yp ¼ ð�1Þu1þu3 exp
1

3
pi

� �u1

exp
5

3
pi

� �u3

� 1 � i

2
ðxþ 1Þ

� 	ð�4u1�6u2�4u3�12T
n

i¼4uiÞ
y; ð14Þ

and

U �y ¼ h
1 � i

2
ðxþ 1Þ

� 	ð�4u1�6u2�4u3�12T
n

i¼4uiÞ=p
y;

where h satisfies hp ¼ ð�1Þu1þu3 exp 1
3 pi
� �u1 exp 5

3 pi
� �u3 .

We can calculate W �y by the same way as above.

Case H ¼ S4. H is generated by W and R. The fixed points
ð�1G

ffiffi
3

p
Þð1þiÞ

2 of W

are zeros of Pð1:0Þ. Then, by Lemma 3.2 (III), we get the representation of W �y.

Case H ¼ A5. We may assume that M is defined by yp ¼
Pu1

ð1:0ÞP
u2

ð1:1ÞP
n3

ð0:1Þ
Qd

i¼4 P
ui
ð1:biÞ, 20u1 þ 30u2 þ 12u3 þ 60

Pd
i¼2 ui 1 0 ðmod pÞ. Assume

A ¼ K . Then K 3 ¼
��1 0

0 �1

�
and jðK 3; xÞ ¼ �1. Let a1 and a2 be fixed points of

K . As deg Pð1:0Þ ¼ 201 2 ðmod 3Þ, a1 and a2 are roots of Pð1:0Þ. Then we can

apply Lemma 3.2 (III) to Pð1:0Þ, and we have

K �yp ¼ jðK ; xÞð�20u1�30u2�12u3�60T
n

i¼4uiÞjðK 3; xÞð6u1þ10u2þ4u3þ20T
n

i¼4uiÞyp

¼ 1ffiffiffi
5

p ðð1 � z2
5Þxþ ðz5 � z2

5ÞÞ
� 	ð�20u1�30u2�12u3�60T

n

i¼4uiÞ
yp: r

Here we give several examples of defining equations of cyclic p-gonal curves

having a split exact sequence ð*Þ.

Corollary 3.1.1. Let M be a p-gonal curve defined by

yp ¼ ðxn � 1Þu1ðxn þ 1Þu2xu3

Yd
i¼4

ðx2n � bix
n þ 1Þui ;

nu1 þ nu2 þ 2u3 þ 2n
Xd
i¼4

ui 1 0 ðmod pÞ;

where db 3 and 0a ui < p ð1a ia 3; bi 0G2Þ. Then AutðMÞ=hVi contains

H ¼ D2n. Moreover the exact sequence ð*Þ is split if and only if the prime number

p is taken according to the following way. That is; take a prime number p such that

ðp; 2Þ ¼ 1 in case u3 0 0, ðp; nÞ ¼ 1 in case u1 0 0 or u2 0 0 and any prime p in

case u1 ¼ u2 ¼ u3 ¼ 0. And a map i : H ! G defined by
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Sn 7! fS �
n x ¼ znx;S

�
n y ¼ zru3

n yg;

T 7! fT �x ¼ 1=x;T �y ¼ ð�1Þu1x�ðnu1þnu2þ2u3þ2nT
d

i¼4uiÞ=pyg

gives a section of ð*Þ, where r is an integer satisfying rp1 1 ðmod nÞ.

Proof. The first half of our assertion is from Theorem 3.1 and Theorem

2.1.

Here we only check that the given map i : H ! G is a section in case

ð2p; nÞ ¼ 1 and u1u2u3 0 0. In Theorem 3.1 (Case H ¼ D2n), put hT ¼ ð�1Þu1 and

hSn
¼ zru3

n with an integer r satisfying rp1 1 ðmod nÞ. Then ðhSn
Þp ¼ ðznÞu3 ,

ðhT Þ
p ¼ ð�1Þu1 . Meanwhile D2n is defined by relations Sn

n ¼ 1, T 2 ¼ 1 and

TSnT ¼ S�1
n . But ðS �

n Þ
n
y ¼ hn

Sn
y ¼ y and ðT �Þ2

y ¼ h2
Ty ¼ y hold. Therefore if

T �S �
n T

�y ¼ S �
n
�1y holds, then i is a group homomorphism. In fact, by the

definiton of i,

T �S �
n T

�y ¼ T �S �
n ðhTx�ðnu1þnu2þ2u3þ2nT

d

i¼4uiÞ=pyÞ

¼ T �ðhThSn
ðznxÞ�ðnu1þnu2þ2u3þ2nT

d

i¼4uiÞ=pyÞ

¼ ðhTÞ
2hSn

ðznÞ�ðnu1þnu2þ2u3þ2nT
d

i¼4uiÞ=py

¼ ðð�1Þu1Þ2zru3
n ðznÞf�ðnu1þnu2þ2u3þ2nT

d

i¼4uiÞ=pgpry

¼ z�ru3
n y:

Then T �S �
n T

�y ¼ S �
n
�1y holds. The equation p � i ¼ idH is trivial from the

definiton. r

Corollary 3.1.2. (1) The compact Riemann surface M defined by the fol-

lowing equations (14) or (15) has AutðMÞ isomorphic to A5 � hVi.

yp ¼ x20 þ 1 � 228ðx15 � x5Þ þ 494x10 ðp ¼ 2; 5Þ: ð15Þ

yp ¼ xðx10 þ 11x5 � 1Þ ðp ¼ 2; 3Þ: ð16Þ

(2) The compact Riemann surface M defined by

yp ¼ x30 þ 522x25 � 10005x20 � 10005x10 � 522x5 þ 1 ðp ¼ 2; 3; 5Þ; ð17Þ

satisfies AutðMÞ=hViFA5. Moreover AutðMÞFA5 � hVi provided p ¼ 3; 5.

But when p ¼ 2, the exact sequence ð*Þ is not split.
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Proof. The right hand side of (14) is Pð1:0Þ of A5 in Table 2. Then, by

Theorem 3.1, AutðMÞ=hViFA5 if 201 0 ðmod pÞ. So p ¼ 2 or 5. Moreover if

a is a root of Pð1:0Þ ¼ 0, then aFGðaÞ ¼ 3. Therefore the exact sequence ð*Þ is

split by Theorem 2.1. The remains of the assertion can be proved by the same

manner. r

4 Hyperelliptic Curves of Genus 2 with an Exact Sequence (*)

In this section, we assume that M is a hyperelliptic curve (i.e., p ¼ 2) of

genus g ¼ 2. By applying the results in the previous sections, we will determine all

possible types of AutðMÞ=hVi and their standard defining equations of M. We

start with the following proposition.

Proposition 4.1. Let M be a hyperelliptic curve of genus g ¼ 2. Let H be a

subgroup of AutðMÞ=hVi, and we consider the exact sequence (*):

Then H is isomorphic to Cn ðn ¼ 2; 3; 4; 5; 6Þ, D2n ðn ¼ 2; 3; 4; 6Þ, A4 or S4.

And according to each type of H, we can get a standard defining equation of M as

in the following list.

H ¼ hgeneratorsi defining equation of M

(*) is split ðSÞ
or not split ðNSÞ

C2 ¼ hS2i y2 ¼ ðx2 � 1Þðx2 � a2Þðx2 � b2Þ S

C2 ¼ hS2i y2 ¼ xðx2 � 1Þðx2 � a2Þ NS

D4 ¼ hS2;Ti y2 ¼ xðx2 � 1Þðx2 � a2Þ NS

C3 ¼ hS3i y2 ¼ ðx3 � 1Þðx3 � a3Þ S

D6 ¼ hS3;Ti y2 ¼ ðx3 � 1Þðx3 � a3Þ S

C4 ¼ hS4i y2 ¼ xðx4 � 1Þ NS

D8 ¼ hS4;Ti y2 ¼ xðx4 � 1Þ NS

A4 ¼ hU ;Wi y2 ¼ xðx4 � 1Þ NS

S4 ¼ hW ;Ri y2 ¼ xðx4 � 1Þ NS

C5 ¼ hS5i y2 ¼ xðx5 � 1Þ @
birational

y2 ¼ x5 � 1 S

C6 ¼ hS6i y2 ¼ ðx6 � 1Þ S

D12 ¼ hS6;Ti y2 ¼ ðx6 � 1Þ NS

where the symbols Sn, T , U , W and R are defined in Appendix, and T is defined

by TðxÞ ¼ a

x
.
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In particular

C4 HAutðMÞ=hVi if and only if S4 ¼ AutðMÞ=hVi;

C6 HAutðMÞ=hVi if and only if D12 ¼ AutðMÞ=hVi;

C3 HAutðMÞ=hVi if and only if D6 HAutðMÞ=hVi;

and
C2 HAutðMÞ=hVi

and ð*Þ is NS

�
if and only if D4 HAutðMÞ=hVi:

Proof. H is isomorphic to Cn, D2n, A4, S4 or A5. But, for g ¼ 2, M

is defined by y2 ¼ ðx� a1Þ � � � ðx� asÞ with s ¼ 5 or 6, and then H ¼
S4;A4;D2n;Cn ðna 6Þ are the only groups which are possibly contained in

AutðMÞ=hVi.

Assume AutðMÞ=hViIH ¼ Cn with na 6. We may assume that Cn is gen-

erated by the automorphism Sn defined by S �
n x ¼ znx and the set S defined in §1

contains 1. For example, assume AutðMÞ=hViIC2. Then the decomposition of

S into orbits by C2 may assume to be S ¼ fG1gU fGagU fGbg or S ¼ fygU
f0gU fG1gU fGag. Therefore M is defined by y2 ¼ ðx2 � 1Þðx2 � a2Þðx2 � b2Þ or

y2 ¼ xðx2 � 1Þðx2 � a2Þ, where a, b, 0, G1 are distinct. For n > 2, by the same

manner as above, we find that M can be defined by one of the following

equations when AutðMÞ=hVi contains H ¼ Cn.

(a) H ¼ C2, y2 ¼ ðx2 � 1Þðx2 � a2Þðx2 � b2Þ (0, 1, a2, b2 are distinct).

(b) H ¼ C2, y2 ¼ xðx2 � 1Þðx2 � a2Þ (a2 0 0; 1).

(c) H ¼ C3, y2 ¼ ðx3 � 1Þðx3 � a3Þ (a3 0 0; 1).

(d) H ¼ C4, y2 ¼ xðx4 � 1Þ.
(e) H ¼ C5, y2 ¼ xðx5 � 1Þ.
(f ) H ¼ C6, y2 ¼ ðx6 � 1Þ.
Assume that M is defined by (f ). We can see that M has an automorphism T

defined by T �x ¼ 1=x and T �y ¼ ix3y. Then T and S6 generate D12. Moreover

since D12 QA4 and D12 QS4, we have AutðMÞ=hVi ¼ D12. As G1 A P1ðxÞ are

fixed points of T and the order of T is 2, the exact sequence (*) with H ¼
AutðMÞ=hVi ¼ D12 is not split by Theorem 2.1.

Assume M is defined by (e). Among four types of groups S4, A4, D2n,

Cn ðna 6Þ, C5 and D10 are the only groups which contain C5. Therefore

AutðMÞ=hVi is isomorphic to C5 or D10. On the other hand the exponent u1

(resp. u3) of ðx5 � 1Þ (resp. x) in (e) is equal to 1, and 5u1 þ 2u3 ¼ 7D 0 ðmod 2Þ.
Then, from Theorem 3.1, AutðMÞ=hVi does not contain D10 and AutðMÞ=hVi

¼ C5. As SVFPðhS5iÞ ¼ f0g and ð5; 2Þ ¼ 1, (*) is split from Theorem 2.1.

Assume M is defined by (d), then, from (13) in Theorem 3.1, AutðMÞ=hVi
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¼ S4 and H ¼ C4;D8;A4 or S4. Moreover the exact sequence (*) is not split since

H contains S2 of order 2 and FPðhS2iÞVS ¼ f0;yg.

Assume M is defined by (c). Then M has an automorphism T defined by

T �x ¼ a=x and T �y ¼ a�3=2x3y, and the group H1 ¼ hS;Ti is isomorphic to

D6. So we can say that AutðMÞ=hVi contains a subgroup D6 if and only if

AutðMÞ=hVi contains C3. Since FPðH1ÞVS ¼ q, (*) is split with H ¼ hS;Ti.

Assume M is defined by (b). Then M also has an automorphism T defined

by T �x ¼ a=x and T �y ¼ a�3=2x3y. Therefore D4 HAutðMÞ=hVi if and only if

C2 HAutðMÞ=hVi. Since FPðhS2iÞVS ¼ f0;yg and the order of S2 is 2, (*)

is not split by Theorem 2.1. r

By this proposition, we can get the list of AutðMÞ=hVi as follows.

Theorem 4.1. Let M be a hyperelliptic curve of genus g ¼ 2. Assume that

AutðMÞ=hVi is non-trivial. Then AutðMÞ=hVi is isomorphic to C2, C5, D4, D6,

D12 or S4. And according to each type of AutðMÞ=hVi, we can get a standard

equation of M as follows.

Case AutðMÞ=hViFS4.

M is defined by y2 ¼ xðx4 � 1Þ: ð18Þ

Case AutðMÞ=hViFC5. M : y2 ¼ xðx5 � 1Þ @
birational

y2 ¼ x5 � 1: ð19Þ

Case AutðMÞ=hViFD12. M : y2 ¼ ðx6 � 1Þ: ð20Þ

Case AutðMÞ=hViFD4. M : y2 ¼ xðx2 � 1Þðx2 � a2Þ with a2 0 0;G1: ð21Þ

a-1). The curve (21) has AutðMÞ=hViFS4 if and only if a2 ¼ �1.

Case AutðMÞ=hViFD6. M : y2 ¼ ðx3 � 1Þðx3 � a3Þ ð22Þ

with a3 0G1 and a3 0 1G
ffiffi
3

p

1H
ffiffi
3

p
� 
3

:

a-2). The curve (22) has AutðMÞ=hViFD12 if and only if a3 ¼ �1.

a-3). AutðMÞ=hViFS4 if and if a3 ¼ 1G
ffiffi
3

p

1H
ffiffi
3

p
� 
3

.

In fact we can give a birational map F from M : y2 ¼ ðx3 � 1Þðx3 � a3Þ to

M 0 : y2 ¼ xðx4 � 1Þ

by the following way.
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Let a1 ¼ ð1þiÞð�1�
ffiffi
3

p
Þ

2 and a2 ¼ ð1þiÞð�1þ
ffiffi
3

p
Þ

2 be fixed points of W ¼ 1þi
2

��1 i
1 i

�
.

If a3 ¼ a1

a2

� 
3

¼ 1þ
ffiffi
3

p

1�
ffiffi
3

p
� 
3

(resp. a3 ¼ a2

a1

� 
3

¼ 1�
ffiffi
3

p

1þ
ffiffi
3

p
� 
3

Þ, the equalities

F �x ¼ a2x� a1

x� 1
; F �y ¼ fa2ða4

2 � 1Þg1=2 y

ðx� 1Þ3
ð23Þ

ðresp: F �x ¼ a1x� a2

x� 1
;F �y ¼ fa1ða4

1 � 1Þg1=2 y

ðx� 1Þ3
Þ

define a birational map F from M to M 0.

Consequently any birational map from M to M 0 has a form F � f ¼ c � F
with some f A AutðMÞ, c A AutðM 0Þ.

Case AutðMÞ=hViFC2. M : y2 ¼ ðx2 � 1Þðx2 � a2Þðx2 � b2Þ; ð24Þ

where a and b satisfy the following three conditions (I), (II) and (III).

(I) For each fi; j; kg ¼ f�1; 0; 1g, there is no pair ða; hÞ which satisfies

a2 ¼
ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� �2i� ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� �2k

;

b2 ¼
ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� �2j � ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� �2k

and h4 ¼ 1:

ð25Þ

(II) For each fi; j; kg ¼ f0; 1; 2g, there is no pair ða; hÞ which satisfies

a2 ¼
ffiffiffi
a

p
� z i3hffiffiffi

a
p

þ z i3h

 !2� ffiffiffi
a

p
� zk3 hffiffiffi

a
p

þ zk3 h

 !2

;

b2 ¼
ffiffiffi
a

p
� z

j
3hffiffiffi

a
p

þ z
j
3h

 !2� ffiffiffi
a

p
� zk3 hffiffiffi

a
p

þ zk3 h

 !2

and h6 ¼ 1:

ð26Þ

(III) f1; a2; b2g0 f1; z3; z
2
3g.

a-4). Assume there exists a and h which satisfy (25) for some fi; j; kg ¼
f�1; 0; 1g. Then a2 0 0; 1, and the equalities

F �x ¼ h
ffiffiffi
a

p
ðxþ dÞ

�xþ d
; F �y ¼ ðh

ffiffiffi
a

p
Þ3=2ða� h2Þ y

ðx� dÞ3
ð27Þ

with d2 ¼
ffiffi
a

p
þhffiffi
a

p
�h

� 
�2k

define a birational map F from M to

M 0 : y2 ¼ xðx2 � 1Þðx2 � a2Þ:
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Therefore, under the existence of ða; hÞ satisfying (25),

a-4-i) AutðMÞ=hViFD4 if and only if a2 0�1,

a-4-ii) AutðMÞ=hViFS4 if and only if a2 ¼ �1.

a-5). Assume there exists a which satisfies (26) for some fi; j; kg ¼ f0; 1; 2g.

Then a3 0 0; 1, and the equalities

F �x ¼ h
ffiffiffi
a

p
ðxþ dÞ

�xþ d
; F �y ¼ ðh

ffiffiffi
a

p
Þ3=2ðh3 þ

ffiffiffi
a

p 3Þ y

ðx� dÞ3
ð28Þ

with d2 ¼
ffiffi
a

p
�hz k3ffiffi

a
p

þhz k3

� ��2

define a birational map F from M to

M 0 : y2 ¼ ðx3 � 1Þðx3 � a3Þ:

Therefore, under the existence of a satisfying (26),

a-5-i) AutðMÞ=hViFD6 if and only if a3 0�1 and a3 0
ð1G

ffiffi
3

p
Þ3

ð1H
ffiffi
3

p
Þ3 ,

a-5-ii) AutðMÞ=hViFD12 if and only if a3 ¼ �1,

a-5-iii) AutðMÞ=hViFS4 if and only if a3 ¼ ð1G
ffiffi
3

p
Þ3

ð1H
ffiffi
3

p
Þ3 .

a-6). If f1; a2; b2g ¼ f1; z3; z
2
3g, then AutðMÞ=hViFD12.

Proof. Let A denote AutðMÞ=hVi.

Cases AFS4;C5 and D12. The equations (18), (19), (20) come from Propo-

sition 4.1.

Case AFD4. By Proposition 4.1, a curve

M : y2 ¼ xðx2 � 1Þðx2 � a2Þ ða2 0 0; 1Þ

satisfies D4 ¼ hS2;TiHA, where T �x ¼ a=x.

If D4 YA, then, also by Proposition 4.1, A must be isomorphic to S4. Now

take an element D A A of order 4. Then D acts on S ¼ f0;y;G1;Gag and has

two fixed points in S.

First assume DðaÞ ¼ a and Dð�aÞ ¼ �a. Put J ¼
�

1 �a
1 a

�
. Then JDJ�1

fixes x ¼ 0 and y, we have ðJDJ�1Þ�x ¼G
ffiffiffiffiffiffiffi
�1

p
x. As JDJ�1 acts on

Jðf0;y;þ1;�1gÞ ¼ G1; 1�a
1þa

; 1�a
1þa

� 
�1
� 	

, we have
ffiffiffiffiffiffiffi
�1

p
¼ 1�a

1þa
or 1�a

1þa

� 
�1

and

a2 ¼ �1. Therefore y2 ¼ xðx2 � 1Þðx2 � a2Þ coincides with (18).

Next assume Dð0Þ ¼ 0 and Dð1Þ ¼ 1. Put J ¼
�

1 0
1 �1

�
. Then ðJDJ�1Þ�x ¼

G
ffiffiffiffiffiffiffi
�1

p
x and JDJ�1 acts on Jðfy;�1; a;�agÞ ¼ 1; 1

2 ;
a

a�1 ;
a

aþ1

n o
. This does not

happen.
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By checking any other possibilities of fixed points of D in S, we can see that

A ¼ S4 if and only if a2 ¼ �1.

Case AFD6. From Proposition 4.1, the curve

M : y2 ¼ ðx3 � 1Þðx3 � a3Þ ða3 0 0; 1Þ

satisfies D6 ¼ hS3;TiHA. If D6 YA, then AFD12 or AFS4.

Assume AFD12. By the structure of D12 there exists an element S 0 of

order 6 in A such that S 02 coincides with the element S3 A A. For S �
3 x ¼ z3x,

S 0�x ¼ hx with h2 ¼ z3. As S 0 acts on S ¼ f1; z3; z
2
3 ; a; z3a; z

2
3ag, a must be a

primitive 6-th root of unity and S ¼ f1; h; . . . ; h5g. So we arrive at a-2).

Assume AFS4. Then there is a birational map F from M to

M 0 : y2 ¼ xðx4 � 1Þ:

Let ~FF : M=hVi ! M 0=hVi be the morphism induced by F . Put D ¼ ~FF � S3 �
~FF�1 A AutðM 0Þ=hVi. From the structure of S4, there are 8 elements of order 3

in S4, and they are represented by matrices RtW sR�t ðs ¼ 1; 2; t ¼ 0; 1; 2; 3Þ in

AutðM 0Þ=hVi (see Table 1). Assume D ¼ RtW sR�t. Then D fixes a1 � i t, and

a2 � i t with a1 ¼ ð1þiÞð�1�
ffiffi
3

p
Þ

2 and a2 ¼ ð1þiÞð�1þ
ffiffi
3

p
Þ

2 . As ~FF sends fixed points of S3

to those of D, we have ~FF ðf0;ygÞ ¼ fa1 � i t; a2 � i tg and then F �x ¼ Ax with a

matrix A ¼
�
a2�i t d�a1�i t

1 d

�
or
�
a1�i t d�a2�i t

1 d

�
(d is a suitable number).

First we assume F �x ¼ Ax ¼ i t�a2xþdi t�a1

xþd
. From y2 ¼ xðx4 � 1Þ, we have

ðF �yÞ2 ¼ F �xððF �xÞ4 � 1Þ. By further calculations, we have

F �xððF �xÞ4 � 1Þ ¼ i ta2ða4
2 � 1Þðxþ dÞ�6

� xþ d
a1

a2

� �
xþ d

a1 � 1

a2 � 1

� �
xþ d

a1 � i

a2 � i

� �� 	

� ðxþ dÞ xþ d
a1 þ 1

a2 þ 1

� �
xþ d

a1 þ i

a2 þ i

� �� 	
:

On the other hand, by direct calculations, we have

a1 � 1

a2 � 1
¼ a1

a2
z2

3 ;
a1 þ 1

a2 þ 1
¼ z2

3 ;
a1 � i

a2 � i
¼ a1

a2
z3;

a1 þ i

a2 þ i
¼ z3:

Thus the equation ðF �yÞ2 ¼ F �xððF �xÞ4 � 1Þ is transformed into

fCðxþ dÞ3ðF �yÞg2 ¼ ðx3 þ d3Þ x3 þ d3 � a1

a2

� �3
 !

; ð29Þ

where C2 ¼ ½ði ta2Þfða2Þ4 � 1g��1.
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Put Y :¼ Cðxþ dÞ3ðF �yÞ, X :¼ x. Then X ;Y A CðMÞ and (29) becomes

Y 2 ¼ ðX 3 þ d3Þ X 3 þ d3 a1

a2

� �3
 !

: ð30Þ

Since S ¼ f1; z3; z
2
3 ; a; az3; az

2
3g consists of branch points of the function X ¼

x A CðMÞ, (30) implies

S ¼ �d;�dz3;�dz2
3 ;�d

a1

a2

� �
;�d

a1

a2

� �
z3;�d

a1

a2

� �
z2

3

� 	
:

Then ‘‘d3 ¼ �1 and d3 a1

a2

� 
3

¼ �a3’’ or ‘‘d3 ¼ �a3 and d3 a1

a2

� 
3

¼ �1’’. Therefore

a3 ¼ 1G
ffiffi
3

p

1H
ffiffi
3

p
� 
3

. Using
�
a1�i t d�a2�i t

1 d

�
for A, we can get the same result. There-

fore AFD6 implies a3 0 1G
ffiffi
3

p

1H
ffiffi
3

p
� 
3

.

Conversely, by the same argument as above, we can also see that (23) define

a birational morphism when a3 ¼ 1G
ffiffi
3

p

1H
ffiffi
3

p
� 
3

. Thus we get a-3).

AFC2. From Proposition 4.1, the curve

M : y2 ¼ ðx2 � 1Þðx2 � a2Þðx2 � b2Þ ð31Þ

satisfies AI hS2iFC2. If C2 YA, then A ¼ D4;D6;D12 or S4.

Assume AFD4 I hS2i. There is a birational morphism F from M to

M 0 : y2 ¼ xðx2 � 1Þðx2 � a2Þ ða2 0 0;G1Þ:

By Proposition 4.1, AutðM 0Þ=hVi ¼ hS2;Ti with T �x ¼ a=x. Let ~FF : M=hVi !
M 0=hVi be the morphism induced by F . Put J :¼ ~FF � S2 � ~FF�1ðA AutðM 0Þ=hViÞ.
Then ~FFðSÞ ¼ f0;y;G1;Gag ðS ¼ fG1;Ga;GbgÞ, and ~FF sends a fixed point

of S2 (on M=hVi) to a fixed point of J (on M 0=hVi). From the fact that S2

(on M=hVi) has no fixed point in S but S2 (on M 0=hVi) fixes 0 and y in
~FF ðSÞ, we can see J0S2 (on M 0=hVi). Therefore J �x ¼Ga=x, and ~FF ðf0;ygÞ ¼
fG

ffiffiffi
a

p
g (resp. fG

ffiffiffiffiffiffiffi
�1

p ffiffiffi
a

p
g) provided J �x ¼ a=x (resp. J �x ¼ �a=x). So

F �x ¼ AðxÞ ¼ h
ffiffiffi
a

p
xþ dh

ffiffiffi
a

p

�xþ d
; A :¼ h

ffiffiffi
a

p
dh

ffiffiffi
a

p

�1 d

� �
;

with suitable numbers d and h satisfying h4 ¼ 1.

The equation ðF �yÞ2 ¼ F �xððF �xÞ2 � 1ÞððF �xÞ2 � a2Þ is transformed as

follows.
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ðF �yÞ2 ¼ AðxÞðAðxÞ2 � 1ÞðAðxÞ2 � a2Þ

¼ ðh
ffiffiffi
a

p
Þ3ða� h2Þ2ðx� dÞ�6ðx� dÞðxþ dÞ

� xþ d
h
ffiffiffi
a

p
þ 1

h
ffiffiffi
a

p
� 1

� �� �
xþ d

h
ffiffiffi
a

p
� 1

h
ffiffiffi
a

p
þ 1

� �� �

� x� d

ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� �� �
x� d

ffiffiffi
a

p
� hffiffiffi

a
p

þ h

� �� �

¼ ðh
ffiffiffi
a

p
Þ3ða� h2Þ2ðx� dÞ�6ðx2 � d2Þ

� x2 � d2

ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� �2
 !

x2 � d2

ffiffiffi
a

p
� hffiffiffi

a
p

þ h

� �2
 !

:

As S consists of the branch points of x, we have

f1; a2; b2g ¼ d2; d2

ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� �2

; d2

ffiffiffi
a

p
þ hffiffiffi

a
p

� h

� ��2
( )

;

and the pair ða; hÞ satisfies (25). Thus AVD4 implies the condition (I).

Conversely assume that there is a pair ða; hÞ satisfies (25). Since a2, b2, 1 are

distinct, we can see a2 0 0; 1. And (27) gives a birational morphism from M to

M 0 even if a2 ¼ �1. So we get a-4) from (21) and a-1).

Assume AFD6. There is a birational map F from M to

M 0 : y2 ¼ ðx3 � 1Þðx3 � a3Þ; a3 0�1;
1G

ffiffiffi
3

p

1H
ffiffiffi
3

p
 !3

0
@

1
A:

Let ~FF be as before. Put J :¼ ~FF � S2 � ~FF�1. On the other hand, as AutðM 0Þ=hVi

¼ hS3;Ti, J �x ¼ zs3a=x for some 0a sa 2. Since the fixed points of J are

Gz2s
3

ffiffiffi
a

p
, we have ~FF ðf0;ygÞ ¼ fz2s

3

ffiffiffi
a

p
;�z2s

3

ffiffiffi
a

p
g and

F �x ¼ BðxÞ ¼ h
ffiffiffi
a

p
xþ dh

ffiffiffi
a

p

�xþ d
; B :¼ h

ffiffiffi
a

p
dh

ffiffiffi
a

p

�1 d

� �
;

where h ¼Gz2s
3 .

The equation ðF �yÞ2 ¼ ððF �xÞ3 � 1ÞððF �xÞ3 � a3Þ is transformed as follows.

ðF �yÞ2 ¼ ð�xþ dÞ�6h3
ffiffiffi
a

p 3f
ffiffiffi
a

p 3ðxþ dÞ3 � h3ð�xþ dÞ3g

� fðh3ðxþ dÞ3 �
ffiffiffi
a

p 3ð�xþ dÞ3g
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¼ ð�xþ dÞ�6h3
ffiffiffi
a

p 3

�
Y2

t¼0

f
ffiffiffi
a

p
ðxþ dÞ � z t3hð�xþ dÞg

Y2

t¼0

f�
ffiffiffi
a

p
ð�xþ dÞ þ z t3hðxþ dÞg

¼ ð�xþ dÞ�6h3
ffiffiffi
a

p 3

�
Y2

t¼0

ð
ffiffiffi
a

p
þ z t3hÞ xþ d

ffiffiffi
a

p
� z t3hffiffiffi

a
p

þ z t3h

� �� 	Y2

t¼0

ð
ffiffiffi
a

p
þ z t3hÞ x� d

ffiffiffi
a

p
� z t3hffiffiffi

a
p

þ z t3h

� �� 	

¼ ð�xþ dÞ�6h3
ffiffiffi
a

p 3ðh3 þ
ffiffiffi
a

p 3Þ2

� x2 � d2

ffiffiffi
a

p
� hffiffiffi

a
p

þ h

� �2
 !

x2 � d2

ffiffiffi
a

p
� z3hffiffiffi

a
p

þ z3h

� �2
 !

� x2 � d2

ffiffiffi
a

p
� z2

3hffiffiffi
a

p
þ z2

3h

 !2
0
@

1
A:

Then we have

f1; a2; b2g ¼ d2

ffiffiffi
a

p
� hffiffiffi

a
p

þ h

� �2

; d2

ffiffiffi
a

p
� z3hffiffiffi

a
p

þ z3h

� �2

; d2

ffiffiffi
a

p
� z2

3hffiffiffi
a

p
þ z2

3h

 !2
8<
:

9=
;;

and the pair ða; hÞ satisfies (26). Thus AVD6 implies the condition (II).

Conversely if there exists a3 satisfying (26) for some fi; j; kg ¼ f0; 1; 2g, then

a3 0 0; 1 and the equalities (28) defines a birational map even if a3 ¼ �1 or
1G

ffiffi
3

p

1H
ffiffi
3

p
� 


. Thus we get a-5) from (22), a-2) and a-3).

Next assume AFD12. There is a birational map F from M to

M 0 : y2 ¼ ðx6 � 1Þ:

Put J :¼ ~FF � S2 � ~FF�1 as above. Then J �x ¼ z s6
x

ð0a sa 5Þ or J �x ¼ �x on M 0.

But when J �x ¼ zk6 =x, we can follow the same argument in the case of AFD6,

and we can get the relation (26) with a3 ¼ �1. (28) gives a birational map from

M to M 0 again.

When J �x ¼ �x, the set of fixed points of J is f0;yg. Since ~FF sends f0;yg
(the set of fixed points of S2) to f0;yg (the fixed points of J), we have F �x ¼ dx

or F �x ¼ d=x for some number d. At the same time ~FF sends fG1;Ga;Gbg to

fG1;Gz3;Gz2
3g, so we know that d ¼ zk3 and f1; a2; b2g ¼ f1; z3; z

2
3g. Thus we get

a-6). Overall, we know that AFC2 if and only if the three conditions (I), (II)

and (III) are satisfied at the same time. r
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5 Cyclic Trigonal Curves of Genus 5, 7, 9

Let M be a cyclic trigonal curve defined by

y3 � ðx� a1Þr1 � � � ðx� asÞrs ¼ 0 ð1a ri a 2; ai’s are distinctÞ: ð32Þ

The genus g of M is aS� 2. We also assume gb 5 (i.e., M has unique g1
3).

In this section we study M with odd g. In particular we will determine all

possible types of AutðMÞ=hVi and their standard defining equations of M for

g ¼ 5; 7; 9. We start with the following lemma.

Lemma 5.1. Assume that the genus g of M is odd. Then

(i) AutðMÞ=hVi is isomorphic to a cyclic group or a dihedral group,

(ii) If AutðMÞ=hViFD2n, then n is odd.

Proof. (i) Assume A4 HAutðMÞ=hVi. The equation aS ¼ 4e1 þ 6e2 þ
4e3 þ 12

P
1 for H ¼ A4 in Theorem 3.1 indicates that aS and g are even. This

is a contradiction. So A4 QAutðMÞ=hVi, and then A5;S4 QAutðMÞ=hVi.

(ii) The equality aS ¼ ne1 þ ne2 þ 2e3 þ 2n
Pd

i¼4 1 for H ¼ D2n in Theorem

3.1 implies that odd g does not happen for even n. r

Next we will investigate cyclic trigonal curves with g ¼ 5; 7; 9.

Theorem 5.1. Let M be a cyclic trigonal curve (32) with g ¼ 5; 7 or 9.

Assume that A :¼ AutðMÞ=hVi is non-trivial. Then the type of A and a standard

defining equation of M are as follows.

I. g ¼ 9.

AFC10. M is defined by

y3 ¼ xðx10 � 1Þ2, the exact sequence ð*Þ is split: ð33Þ

AFC9. y3 ¼ xðx9 � 1Þr ðr ¼ 1; 2Þ, (*) is non-split. ð34Þ

AFC5. y3 ¼ xðx5 � 1Þ2ðx5 � a5Þ2 ða5 0 0;G1Þ, (*) is split. ð35Þ

[-1) The curve (35) has AFC10 if and only if a5 ¼ �1.

AFC3. y3 ¼ xðx3 � 1Þu3ðx3 � a3Þu4ðx3 � b3Þu5 , (*) is non-split, ð36Þ

where 0, 1, a3, b3 are distinct, and a, b, u3, u4, u5 satisfy one of the following two

conditions a), b).
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a) ui 0 uj for some i; j A f3; 4; 5g.

b) b-i) u3 ¼ u4 ¼ u5 and b-ii) fa3; b3g0 fz3; z
2
3g.

[-2) AFC9 if and only if fa3; b3g ¼ fz3; z
2
3g and u3 ¼ u4 ¼ u5 hold. In this

case (36) coincides with (34).

AFC2. M is defined by

y3 ¼ xðx2 � 1Þu3ðx2 � a2Þu4ðx2 � b2Þu5ðx2 � c2Þu6ðx2 � d 2Þu7 ; ð*Þ is split; ð37Þ

where 0, 1, a2, b2, c2, d 2 are distinct, and a, b, c, d, u3; . . . ; u7 satisfy one of the

following two conditions a), b).

a) a-i) u3 ¼ � � � ¼ u7 ¼ 2 and a-ii) f1; a2; b2; c2; d 2g0 fzk5 j 0a ka 4g.

b) ui ¼ uj ¼ uk ¼ 1, ul ¼ um ¼ 2 for some fi; j; k; l;mg ¼ f3; 4; 5; 6; 7g.

[-3) AFC10 if and only if u3 ¼ � � � ¼ u7 ¼ 2 and f1; a2; b2; c2; d 2g ¼
fzk5 j 0a ka 4g hold. In this case (37) coincides with (33).

II. g ¼ 7.

AFD18. M is defined by

y3 ¼ ðx9 � 1Þ, ð*Þ is split: ð38Þ

AFC8. y3 ¼ xðx8 � 1Þ, (*) is split. ð39Þ

AFD14. y3 ¼ xðx7 � 1Þ, (*) is split. ð40Þ

AFC4. y3 ¼ xðx4 � 1Þðx4 � a4Þ ða4 0 0;G1Þ, (*) is split. ð41Þ

[-4) AFC8 if and only if a4 ¼ �1. In this case (41) coincides with (39).

AFD6.

y3 ¼ ðx3 � 1Þðx6 � bx3 þ 1Þu ð“b0G2” and “u0 1 or b0�1”Þ; ð*Þ is split:

ð42Þ

[-5) AFD18 if and only if u ¼ 1 and b ¼ �1 hold. And (42) coincides with

(38).

AFC3. y3 ¼ ðx3 � 1Þðx3 � a3
1Þ

v1ðx3 � a3
2Þ

v2 , (*) is split. ð43Þ

Here 1, a3
1 , a3

2 are distinct, and a1, a2, v1, v2 satisfy the following three

conditions a), b) and c) at once.

a) a3
1a

3
2 0 1 or v1 0 v2, b) a3

1 0 a6
2 or v1 0 1, c) a6

1 0 a3
2 or v2 0 1.
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[-6) Assume a3
1a

3
2 ¼ 1 and v1 ¼ v2. Then (43) becomes

y3 ¼ ðx3 � 1Þfx6 � ða3
1 þ a3

2Þx3 þ 1gv1 :

Therefore

[-6-i) AFD6 if and only if a3
1 þ a3

2 0�1 or v1 0 1 (in this case (43)

becomes (42) with b ¼ a3
1 þ a3

2 ), and

[-6-ii) AFD18 if and only if a3
1 þ a3

2 ¼ �1 and v1 ¼ 1 hold (in this case

(43) coincides with (38)).

[-7) Assume a3
i ¼ a6

j and vi ¼ 1 for fi; jg ¼ f1; 2g. Then there is a birational

morphism F from M to

M 0 : y3 ¼ fx6 � ða3
j þ a�3

j Þx3 þ 1gðx3 � 1Þvj :
defined by

F �x ¼ a�1
j x; F � ¼ a

�2�vj
j x:

Therefore

[-7-i) AFD6 if and only if a3
j 0 zG1

3 or vj 0 1 (in this case (43) is

birational to (42) with b ¼ a3
j þ a�3

j ð0�1Þ), and

[-7-ii) AFD18 if and only if a3
j ¼ zG1

3 and vj ¼ 1 hold ((43) is birational

to (38)).

AFC2.

M : y3 ¼ xðx2 � 1Þu3ðx2 � c2
4Þ

u4ðx2 � c2
5Þ

u5ðx2 � c2
6Þ

u6 ; ð*Þ is split; ð44Þ

where 1, c2
4 , c2

5 , c2
6 are distinct, and u3, u4, u5, u6, c4, c5, c6 satisfy one of the

following conditions a) or b). Here we put c3 :¼ 1.8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

a-i) u3 ¼ u4 ¼ u5 ¼ u6 ¼ 1,

a-ii) there is no number a satisfying

fc2
4 ; c

2
5 ; c

2
6g ¼ f�1; a2;�a2g; ð?Þ

a)
and

a-iii) for each fi; j; k; lg ¼ f3; 4; 5; 6g; there is no number a

satisfying

c2
i : c2

j : c2
k : c2

l ¼ 3 : � a� 1

aþ 1

� �2

: � z3a� 1

z3aþ 1

� �2

: � z2
3a� 1

z3
3aþ 1

 !2

: ð??Þ

b)
b-iÞ ui ¼ 1; uj ¼ uk ¼ ul ¼ 2 with fi; j; k; lg ¼ f3; 4; 5; 6g; and

b-iiÞ there is no number a satisfying ð??Þ for the same i; j; k; l in b-i).

�
[-8) Assume a-i) and there is a satisfying ð?Þ. Then

[-8-i) AFC4 if and only if a4 0�1,

[-8-ii) AFC8 if and only if a4 ¼ �1.
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[-9) Assume a-i) and there is a satisfying ð??Þ for some fi; j; k; lg ¼
f3; 4; 5; 6g. Then (44) is birational to

M 0 : y3 ¼ ðx3 � 1Þfx6 � ða3 þ a�3Þx3 þ 1g:

In fact the equalities

F �x ¼ xþ g

�xþ g
; F �y ¼ 21=3a�1ð1 þ a3Þ2=3

yð�xþ gÞ�3 with g ¼ ci=
ffiffiffiffiffiffiffi
�3

p
ð45Þ

give a birational morphism from M to M 0. And then

[-9-i) AFD6 if and only if a3 0 zG1
3 ,

[-9-ii) AFD18 if and only if a3 ¼ zG1
3 .

[-10) Assume b-i) for some fi; j; k; lg ¼ f3; 4; 5; 6g.

Then A ¼ D6 if and only if there is a number a satisfying ð??Þ for the i, j, k,

l in b-i). And (44) becomes birational to

y3 ¼ xðx3 � 1Þfx6 � ða3 þ a�3Þx3 þ 1g2:

In fact the equalities

F �x ¼ xþ g

�xþ g
; F �y ¼ 21=3a�2ð1 þ a3Þ4=3

yð�xþ gÞ�5 with g ¼ ci=
ffiffiffiffiffiffiffi
�3

p
ð46Þ

give a birational morphism from M to M 0.

III. g ¼ 5

AFD10.

M : y3 ¼ x2ðx5 � 1Þ; ð*Þ is split:

AFC2.

M : y3 ¼ xðx2 � 1Þu3ðx2 � c2
4Þ

u4ðx2 � c2
5Þ

u5 ; ð*Þ is split;

where ui ¼ 2, uj ¼ uk ¼ 1 for fi; j; kg ¼ f3; 4; 5g, and fc2
j ; c

2
kg0 c2

i
1�z5

1þz5

� 
2

;

�
c2
i

1�z2
5

1þz2
5

� 
o
. Here we denote c3 ¼ 1.

[-11) If ui ¼ 2, uj ¼ uk ¼ 1 and fc2
j ; c

2
kg ¼ c2

i
1�z5

1þz5

� 
2

; c2
i

1�z2
5

1þz2
5

� 
� 	
, then M is

birational to M 0 : y3 ¼ x2ðx5 � 1Þ and AFD10.

In fact

F �x ¼ xþ ci

�xþ ci
; F �y ¼

ffiffiffi
2

p
yð�xþ ciÞ�3 ð47Þ

give a birational morphism from M to M 0.
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Proof. Assume AICn with nb 2. Then, from Theorem 3.1, M can be

defined by

y3 ¼ 1u1xu2

Yd
i¼3

ðxn � biÞui ; AICn ¼ hSni; ð48Þ

ð48-IÞ aS ¼ e1 þ e2 þ n
Xd
i¼3

1;

ð48-IIÞ u1 þ u2 þ n
Xd
i¼3

ui 1 0 ðmod 3Þ;

8>>>>><
>>>>>:

where 0 and bi ð3a ia dÞ are distinct, 0a u1; u2 < 3, ui ¼ 1; 2 ðib 3Þ, and

ek ¼ 1 (resp. ek ¼ 0) if uk > 0 (resp. uk ¼ 0) ðk ¼ 1; 2Þ.

gF 9.

Then aS ¼ 11. For n ¼ 8; 7; 6; 4 and nb 12, there are no ei ði ¼ 1; 2Þ or d,

which satisfy (48-I) with aS ¼ 11. When n ¼ 11, e1 ¼ e2 ¼ 0 and d ¼ 3 satisfy

(48-I) with aS ¼ 11. Therefore u1 ¼ u2 ¼ 0 and u3 ¼ 1 or 2. But they do not

satisfy (48-II). Thus a number n satisfying AICn is among 10, 9, 5, 3, 2.

Moreover Lemma 5.1 implies that only D6, D10, D18 are candidates for A among

dihedral groups.

Case AIC10. From (48-I), we have d ¼ 3 and e1 þ e2 ¼ 1. And then (48-II)

holds if and only if ‘‘u1 ¼ 2, u2 ¼ 0, u3 ¼ 1’’, ‘‘u1 ¼ 0, u2 ¼ 2, u3 ¼ 1’’, ‘‘u1 ¼ 1,

u2 ¼ 0, u3 ¼ 2’’ or ‘‘u1 ¼ 0, u2 ¼ 1, u3 ¼ 2’’. These solutions define one curve up

to birational morphisms. That is

y3 ¼ xðx10 � 1Þ2; AIC10 ¼ hS10i:

By Lemma 5.1, we have AFC10.

Case AIC9. We have d ¼ 3 and e1 ¼ e2 ¼ 1. (48-II) holds if and only if

‘‘u1 ¼ 1, u2 ¼ 2’’ or ‘‘u1 ¼ 2, u2 ¼ 1’’. Then M is defined by

y3 ¼ xðx9 � 1Þr; AIC9 ¼ hS9i; with r ¼ 1; 2 ð49Þ

up to birational morphisms. From Lemma 5.1, we have AFC9 or D18.

Assume AFD18. Let A ¼ hS9;T
0i with T 02 ¼ 1 and T 0S9T

0�1 ¼ S�1
9 . Then

T 0ð0Þ ¼ y and T 0�x ¼ a=x with some number a. But, since 2 þ 9rD 0 ðmod 3Þ,
there does not exist an automorphism of M which induces T 0. Thus AIC9

means AFC9.
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Case AIC5. Then d ¼ 4 and e1 þ e2 ¼ 1. (48-II) holds if and only if ‘‘u1 ¼ 2

(resp. 0), u2 ¼ 0 (resp. 2) and u3 ¼ u4 ¼ 1’’ or ‘‘u1 ¼ 1 (resp. 0), u2 ¼ 0 (resp. 1)

and u3 ¼ u4 ¼ 2’’. Then M is defined by

y3 ¼ xðx5 � 1Þ2ðx5 � a5Þ2; AIC5 ¼ hS5i ð50Þ

up to birational morphisms. If AXC5, then AFC10 or D10.

When AFC10, there is an element S 0 A A such that S 02 ¼ S5. Necessarily

S 0�x ¼ hx holds with a primitive 10-th root h of 1, and then a5 ¼ �1.

When AFD10, A ¼ hS5;T
0i with T 02 ¼ 1 and T 0S5T

0�1 ¼ S�1
5 . By the

same argument as in Case AIC9, we can deduce a contradiction from

2 � 1 þ 2 � 5 þ 2 � 5D 0 ðmod 3Þ. So AFD10 does not happen. Thus we get

[-1).

Case AIC3. Then d ¼ 5 and e1 ¼ e2 ¼ 1. (48-II) holds if and only if

‘‘u1 þ u2 ¼ 3’’. Therefore M is defined by

y3 ¼ xðx3 � 1Þu3ðx3 � a3Þu4ðx3 � b3Þu5 ; AIC3 ¼ hS3i: ð51Þ

If AZC3, then AFC9;D6 or D18. The case AFD18 has already been

eliminated when we considered the case AIC9.

Assume AFD6. Let A ¼ hS3;T
0i with T 02 ¼ 1, and T 0S3T

0�1 ¼ S2
3 . Then,

by the same argument as in Case AIC9, we can deduce a contradiction.

Assume AFC9. There exists S 0 A A such that S 03 ¼ S3. Then S 0�x ¼ hx

with a primitive 9-th root of 1, and we can see that u3 ¼ u4 ¼ u5 and

fa3; b3g ¼ fz3; z
2
3g. Then (51) coincides with (34). Thus we get [-2).

Case AIC2. Then d ¼ 7 and e1 þ e2 ¼ 1. (48-II) holds if and only if

8>>>>>>>>>><
>>>>>>>>>>:

1) u1 ¼ 0 (resp. 1); u2 ¼ 1 (resp. 0); u3 ¼ � � � ¼ u7 ¼ 2;

2) u1 ¼ 0 (resp. 2); u2 ¼ 2 (resp. 0); u3 ¼ � � � ¼ u7 ¼ 1;

3) u1 ¼ 0 (resp. 1); u2 ¼ 1 (resp. 0); ui ¼ uj ¼ uk ¼ 1; ul ¼ um ¼ 2 with

fi; j; k; l;mg ¼ f3; 4; 5; 6; 7g;
or

4) u1 ¼ 0 (resp. 2); u2 ¼ 2 (resp. 0); ui ¼ uj ¼ uk ¼ 2; ul ¼ um ¼ 1 with

fi; j; k; l;mg ¼ f3; 4; 5; 6; 7g:

Therefore, up to birational isomorphisms, we have two types of equations with

AIC2 ¼ hz2i. That is:
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y3 ¼ xðx2 � 1Þ2ðx2 � aÞ2ðx2 � bÞ2ðx2 � cÞ2ðx2 � dÞ2 ðfrom 1Þ and 2ÞÞ

y3 ¼ xðx2 � 1Þu3ðx2 � a2Þu4ðx2 � b2Þu5ðx2 � c2Þu6ðx2 � d 2Þu7

with ui ¼ uj ¼ uk ¼ 1; ul ¼ um ¼ 2 for fi; j; k; l;mg ¼ f3; 4; 5; 6; 7g:

ðfrom 3Þ and 4ÞÞ:

Assume AXC2. The possibility of AFD6;D10 or D18 has already been elim-

inated when we considered AXC3;C5. Then AFC10. By the same way as in

Case AIC9, we know f1; a2; b2; c2; d 2g ¼ fzk5 j 1a ka 5g and u3 ¼ � � � ¼ u7.

Thus we get [-3).

gF 7.

Then aS ¼ 9. For n ¼ 6; 5 and nb 10, there are no ei ði ¼ 1; 2Þ or d, which

satisfy (48-I) with aS ¼ 9. Thus a number n satisfying AICn is among 9, 8, 7,

4, 3, 2. Moreover, by Lemma 5.1, only D18, D14, D6, among dihedral groups, are

candidates for A.

Case AIC9. Then M : y3 ¼ ðx9 � 1Þ and AFD18.

Case AIC8. Then M : y3 ¼ xðx8 � 1Þ and AFC8.

Case AIC7. Then M : y3 ¼ xðx7 � 1Þ and AFD14.

Case AIC4. Then M : y3 ¼ xðx4 � 1Þðx4 � a4Þ. If AXC4, we have AFC8.

By the same way as in Case AIC5 of g ¼ 9, we have a4 ¼ �1. Then we get

[-4).

Case AID6. Then, from (10) in Theorem 3.1, M can be defined by

y3 ¼ ðx3 � 1Þðx6 � bx3 þ 1Þu ðb0G2Þ; AID6 ¼ hS3;Ti:

If AXD6, AFD18. There is an element S 0 A A satisfying S 03 ¼ S3. Then

S 0�x ¼ hx with a primitive 9-th root h of 1. Thus S ¼ fzk9 j 0a ka 8g, b ¼ �1

and u ¼ 1. Then we get [-5).

Case AIC3. We have

y3 ¼ ðx3 � 1Þðx3 � a3
1Þ

v1ðx3 � a3
2Þ

v2 ; AIC3 ¼ hS3i: ð52Þ

If AXC3, then AFD6 or AFD18.

Assume AID6 ¼ hS3;T
0i with T 02 ¼ 1 and T 0S3T

0�1 ¼ S2
3 .

Put H ¼ fzk3 j 0a ka 2g, H1 ¼ fa1z
k
3 j 0a ka 2g, H2 ¼ fa2z

k
3 j 0a ka 2g

and H ¼ fH;H1;H2g. Then T 0 acts on H, and T 0 fixes exactly one element in

H because T 0 is of order 2 and it has just two fixed points. For example,
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T 0H ¼ Hi and T 0Hj ¼ Hj with fi; jg ¼ f1; 2g. From T 0H ¼ Hi and T 0ð0Þ ¼ y,

T 0�x ¼ ðzk3 aiÞ=x ð0a ka 2Þ and vi ¼ 1. T 0Hj ¼ Hj implies that T 0 has a fixed

point in Hj, and then we need a3
i ¼ a6

j . Thus (52) becomes

M : y3 ¼ fx6 � ða3
i þ 1Þx3 þ a3

i gðx3 � a3
j Þ

vj with a3
i ¼ a6

j : ð53Þ

Moreover F �x ¼ a�1
j x and F �y ¼ a

�2�vj
j y define a birational morphism from M

to

M 0 : y3 ¼ fx6 � ða3
j þ a�3

j Þx3 þ 1gðx3 � 1Þvj :

From (42) and [-5), we get [-7).

In case T 0H ¼ H we obtain [-6).

Case AIC2. M is defined by

y3 ¼ xðx2 � 1Þu3ðx2 � c2
4Þ

u4ðx2 � c2
5Þ

u5ðx2 � c2
6Þ

u6 ; AIC2 ¼ hS2i

with
a-iÞ u3 ¼ u4 ¼ u5 ¼ u6 ¼ 1; or

b-iÞ ui ¼ 1; uj ¼ uk ¼ ul ¼ 2 for fi; j; k; lg ¼ f3; 4; 5; 6g:

�

If AXC2, then AFC4;C8;D6;D14 or D18. But the possibility of D18 has been

eliminated.

Assume that AFC4 (resp. C8). By the same argument as in Case AIC5 of

g ¼ 9, we can see A ¼ hS4i (resp. hS8i). Thus we get [-8).

Assume AFD6. From (42), there exists a birational map F from M to

M 0 : y3 ¼ ðx3 � 1Þðx6 � bx3 þ 1Þu ðb0G2 and “u0 1 or b0�1”Þ: ð54Þ

Let ~FF denote the induced morphism as before, and put T 0 ¼ ~FF � S2 � ~FF�1 A

AutðM 0Þ=hVi ¼ hT ;S3i. Then T 0�x ¼ ze3=x for some 0a ea 2. Let

S 0 :¼ f1; z3; z
2
3 ; a; az3; az

2
3 ; a

�1; a�1z3; a
�1z2

3g

with a root a of the equation x6 � bx3 þ 1 ¼ 0. As b0G2 and then a3 0G1,

T 0 has only one fixed point z2e
3 ð0a ea 2Þ in S 0. On the other hand S2 has

only one fixed point 0 in S on M. Since ~FF sends f0;yg (fixed points of S2) and

S to fGz2e
3 g (fixed points of T 0) and S 0 respectively, we have ~FFð0Þ ¼ z2e

3 ,
~FF ðyÞ ¼ �z2e

3 and

F �x ¼ Ax with A ¼ z2e
3 gz2e

3

�1 g

� �
ðg: a suitable numberÞ:

Since ~FF also sends the orbit decomposition of S by hS2i to that of S 0 by hT 0i,

we have

33The automorphism group of a cyclic p-gonal curve



fA�1ðz2f
3 Þ;A�1ðz2g

3 Þg ¼ fci;�cig; fA�1a;A�1ða�1Þg ¼ fcj;�cjg;

fA�1ðz3aÞ;A�1ðz2
3a

�1Þg ¼ fck;�ckg; fAðz3aÞ;Aðz2
3a

�1Þg ¼ fcl ;�clg;

where f f ; gg ¼ f0; 1; 2g � feg, fi; j; k; lg ¼ f3; 4; 5; 6g, and we denote c3 ¼ 1.

From these relations, we have g2 ¼ z
ðe�gÞ
3

þ1

z
ðe�gÞ
3

�1

� �2

c2
i ¼ �c2

i =3 and

c2
i : c2

j : c2
k : c2

l ¼ 3 : � a� z2e
3

aþ z2e
3

 !2

: � z3a� z2e
3

z3aþ z2e
3

 !2

: � z2
3a� z2e

3

z2
3aþ z2e

3

 !2

:

By permuting j, k, l suitably, we get the relation ð??Þ.
Conversely we assume that there exists a satisfying ð??Þ for some

fi; j; k; lg ¼ f1; 2; 3; 4g.

When a-i) is satisfied, a3 0 zG1
3 or a3 ¼ zG1

3 , we can see that (45) defines

birational morphism from M to

M 0 : y3 ¼ ðx3 � 1Þfx6 � ða3 þ a�3Þx3 þ 1g

by direct calculations. Then, from (42) and [-5), AFD6 (resp. AFD18)

provided a3 0 zG1
3 (resp. a3 ¼ zG1

3 ). Thus we get [-9).

When b-i) is satisfied with the same i, j, k, l in the relation ð??Þ, we can

check that (46) gives a birational morphism from M to

M 0 : y3 ¼ ðx3 � 1Þfx6 � ða3 þ a�1Þx3 þ 1g2:

Thus we get [-10).

gF 5.

Then aS ¼ 7. For n ¼ 4; 3 and nb 6, there are no ei ði ¼ 1; 2Þ and d

satisfying (48-I, II) with aS ¼ 7. Thus non-trivial A is possibly isomorphic to

C2, C5 or D10.

Case AIC5 ¼ hS5i. Then M is defined by y3 ¼ x2ðx5 � 1Þ. Moreover we can

see A ¼ D10 ¼ fS5;Tg.

Case AIC2 ¼ hS2i. Then M is defined by

M : y3 ¼ xðx2 � 1Þu3ðx2 � c2
3Þ

u4ðx2 � c2
2Þ

u5 ;

where ui ¼ 2, uj ¼ uk ¼ 1 for fi; j; kg ¼ f3; 4; 5g.

Assume AZC2. Then AFD10. Let F be a birational morphism from M to

M 0 : y3 ¼ x2ðx5 � 1Þ:

Put J :¼ ~FF � S2 � ~FF�1 as before. Then J �x ¼ zk5 =x ð0a ka 4Þ and J fixes Gz3k
5 .

Only 0 is fixed by S2 in S ¼ f0;Gc3;Gc4;Gc5g, and only z3k
5 is fixed by J in
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S 0 ¼ f0;y; 1; z3; . . . ; z
4
3g. Therefore ~FF ð0Þ ¼ z3k

5 , ~FF ðyÞ ¼ �z3k
5 and

F �x ¼ z3k
5 xþ dz3k

5

�xþ d
ðwith a suitable number dÞ:

By the same calculations as before, we have

ðF �xÞ2ððF �xÞ5 � 1Þ ¼ 2zk5 ð�xþ dÞ�9
xðx2 � d2Þ2

� x2 � d2 1 � z5

1 þ z5

� �2
( )

x2 � d2 1 � z2
5

1 þ z2
5

 !2
8<
:

9=
;: ð55Þ

Then fc2
3 ; c

2
4 ; c

2
5g ¼ d2; d2 1�z5

1þz5

� 
2

; d2 1�z2
5

1þz2
5

� 
2
� 	

. As ui ¼ 2 and uj ¼ uk ¼ 1, we can

see d2 ¼ ci and fc2
j ; c

2
kg ¼ c2

i
1�z5

1þz5

� 
2

; c2
i

1�z2
5

1þz2
5

� 
2
� 	

from (55).

Conversely we can check that (47) defines a birational morphism from M to

M 0. Overall we proved [-11). r

Appendix

Here Sn, T , U , W , R, K , Z are elements of SL2ðCÞ defined by Sn ¼
�
z2n 0
0 z�1

2n

�
,

T ¼
�

0 i
i 0

�
, U ¼ 1�i

2

�
i �i
1 1

�
, W ¼ 1þi

2

��1 i
1 i

�
, R ¼

� 1þiffiffi
2

p 0

0 1�iffiffi
2

p



, Z ¼ z�1

10

�
z5 0
0 1

�
, K ¼

1ffiffi
5

p
�
z4

5�z3
5 z3

5�1

1�z2
5 z5�z2

5



. And the symbol

n1 n2 � � �
a1 a2 � � �

� 	
means that ~pp is ramified over

ai with ramification index ni.

Table 1: Finite subgroups of AutðP1Þ.

group H ½aH � f1ðxÞ=f0ðxÞ,
ramification indeces

branch points

� 	 generators

A ¼
�
a b
c d

�
ðA SLð2;CÞ=fG1gÞ

cyclic Cn, ½n� xn

1
,

n n

0 y

� 	
Sn

dihedral D2n, ½2n� x2n þ 1

xn
,

2 2 n

�2 2 y

� 	
Sn, T

tetrahedral A4, [12]
ðx4 � 2

ffiffiffi
3

p
ix2 þ 1Þ3

ðx4 þ 2
ffiffiffi
3

p
ix2 þ 1Þ3

,
3 2 3

0 1 y

� 	
U , W

octahedral S4, [24]
ðx8 þ 14x4 þ 1Þ3

108x4ðx4 � 1Þ4
,

3 3 4

0 1 y

� 	
W , R

icosahedral A5, [60]
f�x20 � 1 þ 228ðx15 � x5Þ � 494x10g3

1728x5ðx10 þ 11x5 � 1Þ5
,

3 2 5

0 1 y

� 	
K, Z
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