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NORMALITY AND COLLECTIONWISE NORMALITY OF
PRODUCT SPACES, II

By

Kaori YAMAZAKI

Abstract. We prove that the product space X x Y is collectionwise
normal if and only if X x Y is normal in the following cases; (1) X is
a collectionwise normal X-space and Y is a collectionwise normal first
countable P-space, (2) X is the closed image of a normal M-space
and Y is a collectionwise normal first countable P-space, (3) X is the
closed image of a paracompact M-space and Y is a collectionwise
normal P-space. In particular, (2) and (3) essentially generalize K.
Chiba’s theorems [3].

1. Introduction

Throughout this paper we assume all spaces to be Hausdorff, and all maps to
be continuous. For two collectionwise normal spaces X and Y, the result which
asserts normality of X x Y implies its collectionwise normality has been proved
in cases Y being metrizable, Lasfiev, a paracompact M-space and o-locally
compact paracompact by Okuyama [I2], Hoshina [5], Rudin-Starbird and
Chiba [3], respectively. In a previous paper [16, Theorem 2.2], the author proved
another case that the product of a paracompact X-space X and a collectionwise
normal P-space Y is collectionwise normal if and only if it is normal; this extends
Nagami’s theorem [9] with Y being a paracompact o-space as well as affirma-
tively answers to the problem posed by Yang [17].

In [2], K. Chiba showed the following; for a collectionwise normal Z-space X
and a paracompact first countable P-space Y, X x Y is collectionwise normal. If
we weaken the paracompactness of Y to the collectionwise normality, even the
normality of X x Y need not be implied. Being suggested by these facts, we
obtain the following result.
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THEOREM 1.1. Let X be a collectionwise normal X-space and Y a collec-
tionwise normal first countable P-space. Then the product X x Y is collectionwise
normal if and only if X x Y is normal.

In [3], K. Chiba showed that normality of X x Y implies its collectionwise
normality in the following cases;

(A) X is the closed image of a normal M-space and Y is a paracompact first
countable P-space,

(B) X is the closed image of a paracompact first countable M-space and Y is
a collectionwise normal X-space.

In the proof of both cases, it needed to show at first the collectionwise
normality of Z x Y which is essential to the proof, where Z is an M-space
assumed in (A) or (B). In this paper, we prove further the following two theorems
which generalize the Chiba’s results above; it should be noted that in our results
even the normality of Z x Y, where Z is an M-space in our theorems, need not
be implied from our cases.

THEOREM 1.2. Let X be the closed image of a normal M-space and Y a
collectionwise normal first countable P-space. Then the product X x Y is col-
lectionwise normal if and only if X x Y is normal.

THEOREM 1.3. Let X be the closed image of a paracompact M-space and Y a

collectionwise normal P-space. Then the product X x Y is collectionwise normal if
and only if X x Y is normal.

2. Preliminaries and key lemmas

Let N be the set of all positive integers.
A space Y is a P-space [8] if for any index set Q and for any collection

{G(o1,...,0n) |ot1,...,0n €Q;ne N} of open subsets of Y such that
G(ag,...,00) < Gy, ... 00, 0,41) foray,...,o, an1 € Q,
there exists a collection {F(ay,...,a,)|a1,...,a, € Q;ne N} of closed subsets of

Y such that the conditions (a), (b) below are satisfied:

(@) F(ay,...,0,) < G(oy,...,0,) for aj,...,a, € Q,

(b) Y ={J{G(ar,...,as) |[neN} =Y = | J{F(ou,...,a,) |ne N}.

A X-space is a space X having a sequence, called a X-net, {&,|n € N} of
locally finite closed covers of X which satisfies the following conditions:

(c) &, is written as {E(oy,...,0,)|01,...,0, € Q} with an index set Q,
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(d) E(o,...,0m) = J{E(o1, .., 0, tni1) |tns1 € Q} for ay,... 0, €Q,

(e) For every x € X, C(x) is countably compact, and there exists a sequence
ar, o, ... € Q such that C(x) = V with V open implies C(x) < E(ay,...,0,) < V
for some n, where C(x)=(\{E|yeEeé&,, neN}. We call {E(xi,...,00)]
ne N} a local net of C(x).

The definition of M-spaces is due to Morita [8]

The well-known facts are that every M-space is a X-space, every Z-space is a
P-space, every normal P-space is countably paracompact and every normal M-
space is collectionwise normal (see Nagata [I1]). We also note that not every
closed image of a paracompact M-space is a X-space (see Gruenhage [4]).

The following lemma will be fundamental for the proof of our results.

LeMMA 2.1. Let X be a space. Suppose {K;|L e A} a discrete collection of
closed subsets of X satisfies the following conditions (i) and (ii) below:

(i) for each ne€ N there exists a locally finite collection O, = {O} |1 e A} of
open subsets of X such that

K, = J{O" ne N}

for every Ae A,
(i1) there exists an open subset W, of X such that

K,cWw, and W,N(({Ku|lu#AineA}l) =g

for every Ae A.
Then there exists a disjoint collection {Q;|A € A} of open subsets of X such
that K, < Q; for every A€ A.

PrOOF. Suppose {K;|A e A} satisfies the conditions (i) and (ii). Let {0, |
ne N} and {W; | A e A} be the collections described in the conditions (i) and (ii).
Here we put

"RI=0!NW,

for each Ae A and ne N. Then {R}|A € A} is a locally finite collection of open
subsets of X for every n e N, which satisfies

RIN(U{Kulu # dueA}) = &
for each e A, ne N and

K, < | J{R]|ne N}
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for every A e A. We define
Q= U{Ri’_ U{R—ﬂ##i,#el\;iSn}lneN}

for each A € A. Then we can easily show that {Q; |4 € A} is a disjoint collection
of open subsets of X such that K; = Q, for every 4 € A. It completes the proof of
Lemma 2.1. O

REMARK. X is collectionwise normal if and only if X is normal and every
discrete collection {K; |1 € A} of closed subsets of X satisfies the condition (i) of
Lemma 2.1.

We need the following lemmas for our results. Our proofs of the lemmas are
based on the proof of [16, Theorem 2.2].

LEMMA 2.2. Let X be a collectionwise normal X-space and Y a collectionwise
normal first countable P-space. Let {K;|A€ A} be a locally finite collection of
closed subsets of X x Y. Then {K; | A € A} satisfies the condition (1) of Lemma 2.1.

ProOOF. Let {&,|ne N} be a Z-net of X, where we express
En={E(ag,...,00) ] 01,...,0, € Q}.

Since X is collectionwise normal and countably paracompact, for each ne N

there exists a locally finite open cover {L(ai,...,0,)]|a1,...,a, € Q} of X such
that

(1) E(oy,...,0n) < L{ag, ..., 00)

for each ay,...,a, € Q.

Define A = {I' =« A|Card I is finite}. For each ay,...,2,€Q, ne N and
I'e A, let us put

Gr(ay,...,a,) = U{0| O is open in Y and
(B, o) x 0)N (U{KiJA ¢ T}) = @}.

Then Gr(ai,...,a,) is open in Y and we have

Gl’(al,---,“n) < Gr(“l,---,“nvan+1)
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for each ay,...,a,,apy1 € Q since E(ay,...,0,) 2 E(ay,...,0,,0,+1). Hence if we
put

G(ocl,...,ocn) = U{Gr(d],...,(xn)lreA},

then G(ay,...,a,) is an open subset of ¥ and we have
G(oty,...,00) = G0y, ..., 0, 0pt1)
for each ay,...,a,, 0,401 € Q. Since Y is a P-space, there exists a collection

{M(oq,...,0)|01,...,0,€Q;ne N}
of closed subsets of Y such that
(2) Moy, ..., 0n) < G(ag,..., o)
for each ay,...,0,€Q; ne N, and

(3) Y = {G(t1,..., o) |neN}=Y = [ J{M(a1,...,a) |n e N}.

Here we may assume

(4) Moy, ...,00)  M(a1,. .. 00, til)
for each ay,...,a,, 0,1 € Q.
Fix ne N and ay,...,a, € Q arbitrarily. Define

Pr(oy,...,0) ={ye Y|(E(a,-...,000) Xx {y})NK; # & if and only if A eI'}
for each T e A. We show that the collection
(5) {M(a1,...,ax) N Pr(o, ., an) | T € A}

is locally finite in Y. To prove this, let ye€ Y and we show that the above
collection is locally finite at y. Since M(ay,...,a,) is closed in Y, we may assume
that y e M(oy,...,a,). Then by (2) we have y e G(ay,...,a,), and hence there
exists a I'y € A such that y e Gr,(«i,...,a,). Suppose

Gry(oq,...,oc,,)ﬂPr(ocl,...,oc,,) # O,
then we show I' = I'),. To show this, let a A eT. Select a point
ze€ Gr,(a1,...,0,) N Pr(a,...,0).

Since z € Pr(ay,...,a,), we have

(E(ocl,...,oc,,) X {Z})QKA # O,



788 Kaori YAMAZAKI

SO
(6) (E(a1,. ) % Gr, (@1, -, ) N Ky # .

By the definition of Gr,(«,...,®,), we have

(7) (E(o1, ..., 0) X Gr, (0, -, ) N (U{Kulué¢}) =&
The formulations (6) and (7) show AeT),, it follows that I' = I',. And since
Gr,(ay,...,a,) is an open neighborhood of y and Card T, is finite, we have

shown that the collection (5) above is localy finite at y.
Since Y is collectionwise normal and countably paracompact, there exists a
locally finite collection {Hr(a,...,a,) | € A} of open subsets of Y such that

M(ocl,...,oc,,)ﬂPr(ozl,...,oc,,) cHr(ocl,...,oc,,)

for each I € A.
We define

0} = J{L(w1,...,0s) x Hr(a1,...,as) [T €eAand 1 eT; ay,..., 00 € Q},

for each ne N and A€ A. Then we can see that {O} |41 € A} is a locally finite
collection of open subsets of X x Y for each ne N.

We shall show that K; < | J{O}|ne N} for every Ae A. To see this, let
(x,y) € K;. We choose aj,a;,... € Q so that

{E(ay,...,a,) |ne N} is a local net of C(x).

Before everything, we show that ¥ = | J{G(«;,...,2,)|ne N}. Let any z e
Y. Put

I ={reAl(C(x) x {z})NK, # T}

Since C(x) x {z} is countably compact and {K,|u € A} is locally finite, I'y; is
finite, that is, I'y, € A. Moreover, since C(x) x {z} is countably compact and Y is
first countable, there exist open subsets O and O’ of X and Y, respectively, such
that

Cx)x{z} cOxO0' <« X x Y — | J{Ku|pué¢Tx}
From the property of the local net, there exists an n € N such that
C(x) < E(oq,...,0,) < O.
Therefore

(E(ag, ..., 00) X ONVN(U{K, | ¢ Tx:}) = .



Normality and Collectionwise normality 789

Thus we can verify ze O’ < Gr_(o,...,%) < G(u,...,%,). Hence we have Y =

U{G(a1,...,00) |n € N}.
It follows from (3) that

Y = {J{M(ou,...,0)|neN}.
So there exists an ne N such that ye M(ay,...,a,). Let
Ty ={neA|(C(x) x {yhNK, # S}

Likewise the matter shown above, we have I'y, € A, and there exist open subsets
O, and O, of X and Y, respectively, such that

Cx) x{y} =0 x 0, c X xY —(J{Ku|uué¢ Ty}
From the property of the local net, there exists an m e N such that
C(x) x {y} = E(a,- .., m) X {y} = Ox x Oy,
where we can select m > n. So we have
(8) (B, om) x NN (UK |1 £ T}) = .

Moreover, by the definition of I'y, and the fact C(x) < E(ay,...,am), we
have

(9) (E(agy...,000) x {y})NK, # & forevery uely,.
It follows from the formulations (8) and (9) that
yePr (... ,0m).
By (4), ye M(ay,...,0,) < M{ay,...,0%,). So we have
(10) yeMay,...,0m) NP (01,...,0m) < Hr (o1, .,0n).
It follows from (1) and that
(x,y) € L(a1,...,0,) X Hr, (a1, ., 0mn).

Since (x, y) € K}, it is clear that A € I'y,. Thus we have (x, y) € OF', which proves
that K; = | J{O} |n e N}. It follows that {K; |4 € A} satisfies the condition (i) of
Lemma 2.1. This completes the proof of the lemma. O

If C(x) in the proof of Lemma 2.2 is compact, then without using the first
countability of Y the similar proof to the above yields the following lemma.
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LEMMA 2.3. Let X be a paracompact X-space and Y a collectionwise normal
P-space. Let {K; | A€ A} be a locally finite collection of closed subsets of X x Y.
Then {K;|A € A} satisfies the condition (i) of Lemma 2.1.

3. The proofs of Theorems

Let us proceed to the proofs of Theorems.

ProoF oF THEOREM 1.1. It is shown by Remark of Lemma 2.1 and Lemma
2.2, O

PrROOF OF THEOREM 1.2. Let Z be a normal M-space and f a closed
continuous map from Z onto X. Then we can express that X = ( J{X;|i > 0},
where X; is closed discrete for every i > 1 and f~!(x) is countably compact for
each x € X (see Nagata [11]).

First we observe that for a subset 4 of Z x Y the following equality holds:

(1) (f x 1A N (Ko x ¥) = (7 x T)(A) N (Xo x Y).

Let {D;|A € A} be a discrete collection of closed subsets of X x Y. For each
i > 1, we can take a discrete collection {U]|1€ A} of open subsets of X x Y
such that

D;N(X;x Y)<= U,

for every A€ A, because X and Y are collectionwise normal.
Let

F, =D, -\ {Ujli=1}

for each Ae A. Then F; is closed in X x Y and we have F; < X, x Y.

Here {(f x 1y)"'(F;)|Ae A} is a discrete collection of closed subsets of
ZxY.

Since Z is a normal M-space (therefore a collectionwise normal Z-space), it
follows that {(f x 1y)'(F;)| A€ A} satisfies the condition (i) of Lemma 2.1
because of Lemma 2.2.

Since X x Y is normal, for each A€ A, there exists an open subset W, of
X x Y such that

FocW,cWycXxY—J{F,|u#2 ueA}.
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Then {(f x 1y)""(W,)|4e A} is the required collection for {(f x 1y) " (F)|
A € A} to satisfy the condition (ii) of Lemma 2.1. Hence {(f x 1y) ™ (F))|Ae A}
satisfies the condition (ii) of Lemma 2.1.

By Lemma 2.1, we can take a disjoint collection {Q; |4 € A} of open subsets
of Z x Y such that

(f x 1y) " (F;) = Qs
for each 1€ A.
Define

Vi=XxY—-(fx1y)(ZxY—-Q))

for each A € A. It is clear that {V; |1 e A} is a disjoint collection of open subsets
of X x Y. Since F;, = Xy x Y, we can show that

F;_CVi

for each Ae A by [11). By the normality of X x Y, there exists a discrete
collection {U? |4 € A} of open subsets of X x Y such that

FACU}?CVl

for each A€ A.
The collection {U}|A€ A,i >0} has the properties that

D; = {Uj|i= 0}

for each A€ A and that {U]| 1€ A} is discrete for each i > 0. Namely {D;|A e
A} satisfies the condition (i) of Lemma 2.1, and also satisfies the condition (ii) of
Lemma 2.1 because of the normality of X x Y. Therefore we can get a disjoint
collection {B; |1 € A} of open subsets of X x Y such that D; = B; for each 1 € A
by Lemma 2.1. Hence X x Y is collectionwise normal, which completes the proof
of Theorem 1.2. O]

PrROOF OF THEOREM 1.3. Let Z be a paracompact M-space and f a closed
continuous map from Z onto X. We can express X = | J{X;|i > 0} that has the
properties of the proof of Theorem 1.2. Let {D; |41 e A} be a discrete collection
of closed subsets of X x Y. The proof of this theorem is similar to that of
Theorem 1.2, because we can use Lemma 2.3 instead of Lemma 2.2. So we can
take a discrete collection {U}|A e A} of open subsets of X x Y for each i >0
such that

D, = U{Uj|i= 0}
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for each A € A as the proof of Theorem 1.2. Hence {D; | A € A} satisfies the condi-
tion (i) of Lemma 2.1. Since X x Y is normal, {D,|A € A} satisfies the condition
(ii) of Lemma 2.1. Therefore we can get a disjoint collection {B;|4 € A} of open
subsets of X x Y such that D, « B; for each Ae A. Hence X x Y is collec-
tionwise normal, which completes the proof of Theorem 1.3. O

REMARK. Since w; is a collectionwise normal first countable M-space and
w; +1 is a compact space, the assumption of the normality of X x Y of
Theorems 1.1, 1.2 and 1.3 can not be dropped.

4. Some problems

It is well-known by Nagami [10, Corollary 4.2] that for a paracompact X-
space X and a paracompact P-space Y the product X x Y is paracompact. If we
replace the paracompactness of X and Y by the collectionwise normality, then
even the normality of X x Y need not implied in general. Thus the following
problem naturally arises. [16, Theorem 2.2] or Theorem 1.1 can be regarded as a
partial answer to this problem.

PROBLEM 4.1. Let X be a collectionwise normal Z-space and Y a collec-
tionwise normal (or a paracompact) P-space. Is it true that X x Y is collectionwise
normal if and only if X x Y is normal?

Corresponding to Nagami’s result above, we have the following theorem.

THEOREM 4.2. Let X be the closed image of a paracompact M-space and Y a
paracompact P-space. Then X x Y is paracompact if and only if X x Y normal.

Proor. First we note the fact that for spaces X and Y given in the theorem
X x Y is normal iff X x Y is countably paracompact; the proof is similar to
Beslagi¢c and Chiba [1, Section 5]. Assume X x Y is normal, therefore it is
countably paracompact. Let K be a compact space. Then Y x K is a para-
compact P-space, and by the fact above the countably paracompact space
(X x Y)x K=Xx (Y xK) is normal. Hence X x Y is paracompact from
Tamano’s theorem [15, Theorem 2]. O

In view of this result, under the similar consideration to Problem 4.1, the
following problem also arises. A partial answer to this problem is Theorem 1.2 or
Theorem 1.3.
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PrROBLEM 4.3. Let X be the closed image of a normal M-space and Y a

collectionwise normal (or a paracompact) P-space. Is it true that X x Y is col-

lectionwise normal if and only if X x Y is normal?
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